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Dpto. Lenguajes y Sistemas Informáticos
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Preface

The 8th Ibero-American Conference on Artificial Intelligence, IBERAMIA 2002,
took place in Spain for the second time in 14 years; the first conference was organized
in Barcelona in January 1988.

The city of Seville hosted this 8th conference, giving the participants the
opportunity of enjoying the richness of its historical and cultural atmosphere.

Looking back over these 14 years, key aspects of the conference, such as its
structure, organization, the quantity and quality of submissions, the publication
policy, and the number of attendants, have significantly changed. Some data taken
from IBERAMIA’88 and IBERAMIA 2002 may help to illustrate these changes.

IBERAMIA’88 was planned as an initiative of three Ibero-American AI
associations: the Spanish Association for AI (AEPIA), the Mexican Association for
AI (SMIA), and the Portuguese Association for AI (APIA). The conference was
organized by the AEPIA staff, including the AEPIA president, José Cuena, the
secretary, Felisa Verdejo, and other members of the AEPIA board.

The proceedings of IBERAMIA’88 contain 22 full papers grouped into six areas:
knowledge representation and reasoning, learning, AI tools, expert systems, language,
and vision. Papers were written in the native languages of the participants: Spanish,
Portuguese, and Catalan. Twenty extended abstracts describing ongoing projects were
also included in the proceedings.

IBERAMIA 2002 was organized as an initiative of the Executive Committee of
IBERAMIA. This committee is in charge of the planning and supervision of
IBERAMIA conferences. Its members are elected by the IBERAMIA board which
itself is made up of representatives from the following Ibero-American associations:
AEPIA (Spain), APPIA (Portugal), AVINTA (Venezuela), SBC (Brazil), SMIA
(Mexico), and SMCC (Cuba).

The organizational structure of IBERAMIA 2002 is similar to other international
scientific conferences. The backbone of the conference is the scientific program,
which is complemented by tutorials, workshops, and open debates on the principal
topics of AI.

An innovative characteristic, which differentiates IBERAMIA from other
international conferences, is the division of the scientific program into two sections,
each with different publication requirements. The paper section is composed of
invited talks and presentations of the contributions selected by the PC. Since the 6th
conference held in Lisbon in 1998, Springer-Verlag has published the proceedings of
the papers section in English as part of the LNAI series.

The open discussion section is composed of working sessions devoted to the
presentation of ongoing research being undertaken in Ibero-American countries, and
to the discussion of current research issues in AI. Selected papers here are  written
either in Spanish, Portuguese, or English. The proceedings are published in a local
edition.
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A total of 345 papers were submitted to IBERAMIA 2002 from 28 different
countries, 316 papers submitted to the paper section and the remaining 29 papers to
the open discussion section. The number of papers per country and section are shown
in the following table:

Country Paper
Section

Open
Section

Country Paper
Section

Open
Section

Algeria 3 Mexico 21 6
Argentina 2 Peru 1
Australia 1 Poland 3
Austria 1 Portugal 20
Brazil 25 5 Ireland 1
Canada 3 Romania 2
Cuba 1 Russia 1
Chile 3 Slovakia 1
China 1 Spain 187 17
France 14 The Netherlands 1
Germany 3 Tunisia 1
India 2 UK 4
Italy 3 USA 1
Japan 1 Venezuela 8 1

Of the 316 papers submitted to the paper section, only 97 papers were selected for
publication in the proceedings. The AI topics covered by the submitted papers and the
papers accepted can be seen in the following  table:

Topic Submitted Accepted
Knowledge Representation and Reasoning 66 19
Machine Learning 18 6
Uncertainty and Fuzzy Systems 23 7
Genetic Algorithms 31 9
Neural Nets 38 15
Knowledge Engineering and Applications 3 0
Distributed Artificial Intelligence
and Multi-Agent Systems 42 9
Natural Language Processing 33 9
Intelligent Tutoring Systems 13 5
Control and Real time 23 8
Robotics 19 6
Computer Vision 8 4

Total 317 97
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The quantity and the quality of the submissions to IBERAMIA have improved
since 1988. Furthermore, the number of submissions for the paper section in
IBERAMIA 2002 was significantly higher than those of previous  conferences. We
received 316 submissions, 97 of them (30.5%) were accepted; IBERAMIA 2000
received 156, 49 (32%) were accepted; IBERAMIA’98 received 120, 32 (26%) were
accepted.

The evaluation of this unexpectedly large number of papers was a challenge, both
in terms of evaluating the papers and maintaining the high quality of preceding
IBERAMIA conferences. All these goals were successfully achieved by the PC and
the auxiliary reviewers. The acceptance rate was very selective 30.5%. It was in line
with that of IBERAMIA 2000, 33%, and with IBERAMIA’98, 26%, the most
selective.

A large Spanish participation and a low number of application-oriented papers
were also significant characteristics of IBERAMIA 2002. The Spanish AI groups
submitted 187 papers (50% of the total), to the paper section. This is a reflection of
the growth of AI research in Spain, and the maturity attained over the last 16 years.

The correlation between theoretical research and applications seems unbalanced. In
IBERAMIA’88 the large majority of papers, 15 out of a total of 22, detailed
applications. A full section with 7 papers was devoted to Expert Systems applications.
In IBERAMIA 2002 the large majority of papers selected for presentation were
devoted to theoretical aspects of AI.

There is no doubt about the need for theoretical research on the modeling and
understanding of the mechanisms of intelligence; however, the power and the validity
of theoretical models should be demonstrated outside academic labs. It is necessary to
go beyond simulated solutions to real engineering solutions which incorporate the
scientific and technological knowledge into useful systems, which are able to one day
successfully pass the Turing test.

Bridging the gap between theory and practice and incorporating theoretical results
into useful products is still one of the key issues for industrialized countries. In the
context of Ibero-America it seems essential that AI researchers accept the challenge
of solving real-world problems, making the science and technology based on AI
contribute to the progress of our developing communities.

This book contains revised versions of the 97 papers selected by the program
committee for presentation and discussion during the conference. The volume is
structured into 13 thematic groups according to the topics addressed by the papers.

November 2002

Francisco J. Garijo Miguel Toro Bonilla José C. Riquelme Santos
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Fabiola López y López, Michael Luck



XVI Table of Contents

Distributed Agenda Management through Decentralised Vowels
Co-ordination Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 596

João L.T. da Silva, Yves Demazeau

Meta-modelling in Agent Oriented Software Engineering . . . . . . . . . . . . . . . . 606
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STeLLa v2.0: Planning with Intermediate Goals . . . . . . . . . . . . . . . . . . . . . . . . 805
Laura Sebastia, Eva Onaindia, Eliseo Marzal

Scheduling as Heuristic Search with State Space Reduction . . . . . . . . . . . . . . 815
Ramiro Varela, Elena Soto

Domain-Independent Online Planning for STRIPS Domains . . . . . . . . . . . . . 825
Oscar Sapena, Eva Onaind́ıa

A Pomset-Based Model for Estimating Workcells’ Setups in Assembly
Sequence Planning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 835

Carmelo Del Valle, Miguel Toro, Rafael Ceballos,
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Abstract. In the past years, Naive Bayes has experienced a renais-
sance in machine learning, particularly in the area of information re-
trieval. This classifier is based on the not always realistic assumption
that class-conditional distributions can be factorized in the product of
their marginal densities. On the other side, one of the most common ways
of estimating the Independent Component Analysis (ICA) representation
for a given random vector consists in minimizing the Kullback-Leibler
distance between the joint density and the product of the marginal densi-
ties (mutual information). From this that ICA provides a representation
where the independence assumption can be held on stronger grounds. In
this paper we propose class-conditional ICA as a method that provides
an adequate representation where Naive Bayes is the classifier of choice.
Experiments on two public databases are performed in order to confirm
this hypothesis.

1 Introduction

For years, the most common use of the Naive Bayes Classifier has been to ap-
pear in classification benchmarks outperformed by other, more recent, methods.
Despite this fate, in the past few years this simple technique has emerged once
again, basically due to its results both in performance and speed in the area
of information retrieval and document categorization [1,2]. Recent experiments
on benchmark databases have also shown that Naive Bayes outperforms several
standard classifiers even when the independence assumption is not met [3]. Ad-
ditionally, the statistical nature of Naive Bayes implies interesting theoretic and
predictive properties and, if the independence assumption is held and the uni-
variate densities properly estimated, it is well known that no other classifier can
outperform Naive Bayes in the sense of misclassification probability. Attempts
to overcome the restriction imposed by the independence assumption have mo-
tivated attempts to relax this assumption via a modification of the classifier [4],
feature extraction in order to hold the assumption on stronger grounds, and ap-
proaches to underestimate the independence assumption by showing it doesn’t
make a big difference [3,5]. This paper is clearly on the second line of research:
we propose a class-conditional Independent Component Analysis Representation

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 1–10, 2002.
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(CC-ICA) together with an appropriate feature selection procedure in order to
obtain a representation where statistical independence is maximized. This rep-
resentation has already proved successful in the area of object recognition and
classification of high dimensional data [6].

For multivariate random data, Independent Component Analysis (ICA) pro-
vides a linear representation where the projected components (usually called in-
dependent components) have maximized statistical independence. Additionally,
in many problems the unidimensional densities of the independent components
belong to restricted density families, such as supergaussian or subgaussian, expo-
nential densities, etc. This prior knowledge allows a simple parametric approach
to the estimations. The success of performing Naive Bayes over an ICA repre-
sentation has an additional explanation. It has been shown that Naive Bayes
performance improves under the presence of low-entropy distributions [5]. In
many problems, this is precisely the type of distribution achieved by an ICA
representation [7,8,9,10].

In Section 2 we introduce the concept of independence and conditional inde-
pendence, making some observations that justify the need for class-conditional
representations. Here, we also introduce the Bayes Decision scheme and the par-
ticular case corresponding to the Naive Bayes classifier. Section 3 introduces
Independent Component Analysis (ICA) and explains how it can be employed,
through class-conditional representations, to force independence on the random
vector representing a certain class. Naive Bayes is adapted to our representation.
The problem of estimating the resulting marginal densities is also covered in this
section. In Section 4, using the concept of divergence, briefly provides a scheme
to select those features that preserve class separability from each representation
in order to classify using a restricted set of features. Finally, experiments are
performed on the Letter Image Recognition Data, from the UCI Repository [11]
and the MNIST handwritten digits database [12]. These experiments illustrate
the importance of the independence assumptions by applying the Naive Bayes
classifiers to different representations and comparing the results. The representa-
tions used are the original representation, a class-conditional PCA representation
(since PCA uncorrelates the data, under our line of reasoning, it can be under-
stood as a second-order step towards independence) and finally our CC-ICA
representation.

2 Independence and the Bayes Rule

Let X and Y be random variables and p(x, y), p(x), p(y) and p(x|y) be, respec-
tively, the joint density of (X, Y ), the marginal densities of X and Y , and the
conditional density of X given Y = y. We say that X and Y are independent if
p(x, y) = p(x)p(y) or equivalently, p(x|y) = p(x). It proves useful to understand
independence from the following statement derived from the latter: Two variables
are independent when the value one variable takes gives us no knowledge on the
value of the other variable. For the multivariate case (X1, ..., XN ), independence
can be defined by extending the first expression as p(x) = p(x1)...p(xN ).
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In the context of statistical classification, given K classes in a D-dimensional
space Ω = {C1, ...CK} and a set of new features xT = (x1, ..., xD) we wish to
assign xT to a particular class minimizing the probability of misclassification.
It can be proved that the solution to this problem is to assign xT to the class
that maximizes the posterior probability P (Ck|xT. The Bayes rule formulates
this probability in terms of the likelihood and the prior probabilities, which
are simpler to estimate. This transformation, together with the assumption of
independence and equiprobable priors results on the Naive Bayes rule,

CNaive = arg max
k=1...K

D∏
d=1

P (xd|Ck) (1)

The simplification introduced in (1), transforming one D-dimensional prob-
lem into D 1-dimensional problems, is particularly useful in the presence of
high dimensional data, where straightforward density estimation proves ineffec-
tive [13,14]. Notice that class-conditional independence is required: a represen-
tation that achieves global independence of the data (sometimes referred to as
”linked independence”) is useless in this sense. A frequent mistake is to think
that the independence of the features implies class-conditional independence, be-
ing Simpson’s paradox [15] probably the most well known counterexample. We
conclude that in order to assume class-conditional independence, it is not enough
to work in an independent feature space. For this particular case, in which class-
conditional independence is not true, we now introduce a local representation
where this assumption can be held on stronger grounds.

3 Independent Component Analysis

The ICA of an N dimensional random vector is the linear transform which mini-
mizes the statistical dependence between its components. This representation in
terms of independence proves useful in an important number of applications such
as data analysis and compression, blind source separation, blind deconvolution,
denoising, etc. [16,17,10,18]. Assuming the random vector we wish to represent
through ICA has no noise, the ICA Model can be expressed as

W(x − x) = s (2)

where x corresponds to the random vector representing our data, x its mean,
s is the random vector of independent components with dimension M ≤ N , and
W is called the filter or projection matrix. This model is frequently presented
in terms of A, the pseudoinverse of W, called the mixture matrix. Names are
derived from the original blind source separation application of ICA. If the com-
ponents of vector s are independent, at most one is Gaussian and its densities
are not reduced to a point-like mass, it can be proved that W is completely
determined [19].

In practice, the estimation of the filter matrix W and thus the independent
components can be performed through the optimization of several objective func-
tions such as likelihood, network entropy or mutual information. Though several
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algorithms have been tested, the method employed in this article is the one
known as FastICA. This method attempts to minimize the mutual information
by finding maximum negentropy directions, proving to be fast and efficient [18].
Since mutual information is the Kullback-Leibler difference between a distribu-
tion and its marginal densities, we would be obtaining a representation where
the Naive Bayes rule best approximates the Bayes Rule in the sense of Kullback-
Leibler.

As mentioned, global feature independence is not sufficient for conditional
independence. In [6] we introduced a class-conditional ICA (CC-ICA) model
that, through class-conditional representations, ensures conditional indepen-
dence. This scheme was successfully applied in the framework of classification
for object recognition. The CC-ICA model is estimated from the training set for
each class. If Wk and sk are the projection matrix and the independent com-
ponents for class Ck with dimensions Mk × N and Mk respectively, then from
(2)

sk = Wk(x − xk) (3)

where x ∈ Ck and xk is the class mean, estimated from the training set. As-
suming the class-conditional representation actually provides independent com-
ponents, we have that the class-conditional probability noted as pk(s)

def
= p(sk)

can now be expressed in terms of unidimensional densities,

p(x|Ck) = νkpk(s) = νk

Mk∏
m=1

pk(sm) (4)

with νk = (
∫

pk(s)ds)−1, a normalizing constant. Plugging in (4) in (1) and
applying logarithms, we obtain the Naive Bayes rule under a CC-ICA represen-
tation,

CNaive = arg max
k=1...K

(
Mk∑

m=1

log P k(slm)

)
+ νk (5)

In practice, classification is performed as follows. Representative features are
extracted from the objects belonging to class Ck, conforming training set Tk. Tk

is then used to estimate the ICA model and projected into this model. From the
projected features, the Mk one dimensional densities are estimated, together with
the normalization constants. If we have no prior information on these marginal
distributions, nonparametric or semiparametric methods can be used in the one
dimensional estimation. Given a test object, its representative features are pro-
jected on each class, and the class-conditional likelihoods calculated. The test
object is assigned to the class with the highest probability.

As a matter of fact, the nonparametric density estimation is not even neces-
sary, due to the fact that the ICA Model gives us a priori information that can
be used in the estimation of the marginal densities of the independent compo-
nents. In ICA, since progressive maximization of mutual information is achieved
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in the directions of maximum nongaussianity [20], the resulting marginal distri-
butions are strongly nongaussian. Actually, a close relationship between sparsity
and ICA has been pointed out [8,9,7]. Classification can be interpreted in terms
of sparsity in the following way. If an independent feature corresponds to an
object belonging to a certain class, then a sparse representation for this feature
will be provided. This means that the independent components of the projected
object will be nearly zero for most values and consequently should have a large
probability. Instead, if the object does not belong to the class, it should activate
several independent components at the same time when projected and conse-
quently have a low probability. This property is illustrated in Figure (1) for two
class-conditional representations obtained in the experiments.

Though several parametric, semi-parametric and nonparametric approaches
are possible, the experiments were performed using Laplacian or Gaussian mix-
tures for estimating the marginal distributions.

50 100 150

−10

−5

0

5

10

50 100 150

−10
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5

10

Fig. 1. In top row: representative for MNIST classes ”0” and ”9”. The bottom
row plots the features of each representative on its own and on the other’s class-
conditional representations. Sparsity of the first representation (continuous) is
observed as well as random feature activation when class belonging is not met
(dotted).

4 Feature Selection

The fact the features we are dealing with are statistically independent can also
be an advantage in the context of feature selection. Divergence, a frequently used
measure for feature selection is additive for statistically independent variables.

Class separability is a standard criterion in feature selection for classification.
Measures for class separability are generally obtained from the distance among
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the previously estimated class-conditional distributions. A commonly used dis-
tance measure for (class-conditional) densities, for its connection with informa-
tion theory, is the Kullback-Leibler distance,

KL(Ci, Cj) =
∫

Ω

p(x|Ci) log
p(x|Ci)
p(x|Cj)

dx (6)

where 1 ≤ i, j ≤ K. The asymmetry of Kullback-Leibler motivates the symmetric
measure of divergence, since long ago used for feature selection [21], defined as

D̂ij = D̂(Ci, Cj) = KL(Ci, Cj) + KL(Cj , Ci) (7)

Besides being symmetric, divergence is zero between a distribution and itself,
always positive, monotonic on the number of features and provides an upper
bound for the classification error [22]. The two main drawbacks of divergence
are that it requires density estimation and has a nonlinear relationship with
classification accuracy. While the second drawback is usually overcomed by using
a transformed version of divergence, introduced by Swain and Davis [23,24], the
first inconvenient is not present when class-conditional features are independent.
For this case, it can be proved that divergence is additive on the features. So,
for this particular case, unidimensional density estimation can be performed and
the calculation of divergence for a feature subset S ⊆ {1, ..., N} (noted by D̂S

ij)
is straightforward. A very important property besides monotonicity shared by
transformed divergence and divergence, is that

(n1 /∈ S, n2 /∈ S) ∧ (Dn1
ij ≤ Dn2

ij ) ⇒ (DS
⋃

n1
ij ≤ D

S
⋃

n1
ij ) (8)

This property of order suggests that, at least for the two class case, the best
feature subset is the one that contains the features with maximum marginal
(transformed) divergence, and thus provides a very simple rule for feature selec-
tion without involving any search procedure.

Although, (transformed) divergence only provides a measure for the distance
between two classes there are several ways of extending it to the multiclass case,
providing an effective feature selection criterion. The most common method is to
use the average divergence, defined as the average divergence over all class pairs.
This approach is simple and preserves the exposed property of order for feature
subsets, but it is not reliable as the variance of the pairwise divergences increases.
A more robust approach is to sort features by their maximum minimum (two-
class) divergence. This works fine for small subsets but decays as the size of the
subset increases: sorting features by maximum minimum divergence is a very
conservative election.

In the CC-ICA context we have K local linear representations, each one
making x|Ck independent. This involves the selection of possibly distinct single
features belonging to different representations. We now provide an alternative
definition of divergence, adapted to local representations.

The log-likelihood ratio (L) is defined as,

Lij(x) = log p(x|Ci) − log p(x|Cj) (9)
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Lij(x) measures the overlap of the class-conditional densities in x. It can be
seen from (7) that Dij = ECi

(Lij)+ECj
(Lji) where ECi

is the class-conditional

expectation operator. Approximating ECi(g(x)) ≈ (1/#Ci)
∑

x∈Ci
g(x)

def
=

g(x)Ci
, and reordering the terms, we have

Dij ≈
(

log p(x|Ci)Ci
− log p(x|Ci)Cj

)
+
(

log p(x|Cj)Cj
− log p(x|Cj)Ci

)
def
= D′

ij + D′
ji

(10)

D′
ij measures the difference in the expected likelihood of classes i and j, assuming

all samples are taken from class i. It is no longer symmetric but still additive for
conditionally independent variables. Introducing (4) D′

ij can be expressed as,

D′
ij = νi

Mi∑
m=1

(
log pi(sm)Ci

− log pi(sm)Cj

)
def
= νi

Mi∑
m=1

D′m
ij (11)

Divergence is maximized by maximizing both D′
ij and D′

ji. The asymme-
try and locality of the latter will cause different feature subsets on each class
representation, meaning that while certain features might be appropriate for sep-
arating class Ci from class Cj in the ith representation, possibly distinct features
will separate class Cj from class Ci in the jth representation.

Extension to the multiclass case can be performed as with divergence. For
instance, having fixed the representation, the average has to be taken over only
one index,

D′m
Ai

=
1

K − 1

K∑
j=1,j �=i

D′m
ij (12)

5 Experiments

A first experiment is performed on the Letter Image Recognition Data [11].
Each instance of the 20000 images within this database represents a capital
typewritten letter in one of twenty fonts. Each letter is represented using 16
integer valued features corresponding to statistical moments and edge counts.
Training is done on the first 16000 instances and test on the final 4000. There
are approximately 615 samples per class in the training set. Fig. (2) illustrates
the results of the Naive Bayes Classifier for different representations and feature
subsets. The divergence feature selection criterion was used for ICA (a global
ICA representation), CC-ICA and ORIG (the original representation), while for
PCA, features were selected as ordered by the representation. For all the Naive
Bayes Classifiers, the mixture of two gaussians was used to estimate the resulting
unidimensional densities. The results of Maximum Likelihood classification on
PCA were also included as a reference.
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Fig. 2. Naive Bayes performance on the original, PCA (class-conditional), PCA-
ML (global), ICA (global) and CC-ICA representations of the Letter (a) and
MNIST (b) databases. The importance of the independence assumption on Naive
Bayes performance is observed. Notice log-scale on (b)

We can observe in Fig. 2(a) the importance of the independence assump-
tion when using, both Naive Bayes and the divergence criterium. The CC-ICA
representation, by seeking this independence, achieves much better results than
all the other implementations. To test the feature selection criterion, on this
database we also tried Naive Bayes on 10000 random 8-feature combinations
for each class, resulting that no combination achieved our classification results
(83.17%).

The second experiment was performed on the MNIST handwritten digit
database [12], which contains 60000 training and 10000 test samples. The images
were resized from 28 × 28 to 16 × 16 resulting in 256 dimensional samples. 5000
and 750 samples per digit were randomly chosen for training and test sets, re-
spectively. Overall accuracy using 1 through 128 features is plotted in Fig. 2(b).
In all cases, a Naive Bayes classifier was used and the unidimensional densities
estimated using the same approach (mixture of three gaussians) for adequate
comparison. Also in all cases using simpler estimation methods such as gaus-
sian or nonparametric (frequential) estimation performs worst than the exposed
results. In the graph, PCA stands for a class-conditional PCA representation
using the features as given by PCA. This approach performs poorly for a low
number of features (< 50) but, after 60 features outperforms all the other meth-
ods, starting to decrease in performance after 100 features. Using the divergence
feature selection criterion on PCA (PCA-FS) improves the performance of Naive
Bayes on a PCA representation for a low number of features. CC-ICA obtains
the best accuracy when the number of features is less than 60, obtaining an ac-
curacy of .9 with as few of 50 features and .8 with only 9 features. The accuracy
of CC-ICA is monotonic on the number of features. Several hypothesis can be
thought of when analyzing lower accuracy of CC-ICA with respect to PCA for
a large number of features. From the ICA perspective, it is well known that in
large dimensions degenerate independent sources can arise. This seems to be our
case since, in order to allow a dimensionality of 128, we have included sources
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with estimated kurtosis as high as 100. This affects both the classifier and the
feature selection criterion.

In all cases unidimensional feature densities are estimated using the same
approach (gaussian mixtures) for adequate comparison. Also in all cases using
simpler estimation methods such as gaussian or nonparametric (frequential) es-
timation performs considerably worst than the exposed results.

6 Conclusions

The Naive Bayes classifier, though its generally unmet assumptions and no-
torious simplicity, still performs well over a large variety of problems. In this
article, by making use of Independent Component Analysis, we present a class-
conditional representation that allows to hold the Naive Bayes independence
assumption on stronger grounds and thus improve the performance. Reinforcing
the hypothesis is not the only reason for this improvement. It has been shown
that Naive Bayes performance has a direct relationship with feature low entropy,
and it is also well known that in several cases the independent components have
low entropy (supergaussian/sparse distributions). For this representation we also
introduce a scheme for selecting those (class-conditional) features most adequate
for the task of classification. This scheme takes advantage of the property that
states that feature divergence is additive on statistically independent features.
Precisely the assumption we will make when using Naive Bayes.

A first experiment is performed in order to show that our proposed repre-
sentation and feature selection criterion performs well even in low dimensional
problems. The second experiment, on the MNIST database, evaluates Naive
Bayes improvement in a high dimensional database. In both experiments results
are compared against applying Naive Bayes on the original representation and
on a PCA representation.
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Abstract. In this paper we propose an incremental clustering algorithm for
event detection, which makes use of the temporal references in the text of
newspaper articles. This algorithm is hierarchically applied to a set of articles in
order to discover the structure of topics and events that they describe. In the
first level, documents with a high temporal-semantic similarity are clustered
together into events. In the next levels of the hierarchy, these events are
successively clustered so that more complex events and topics can be
discovered. The evaluation results demonstrate that regarding the temporal
references of documents improves the quality of the system-generated clusters,
and that the overall performance of the proposed system compares favorably to
other on-line detection systems of the literature.

1   Introduction

Starting from a continuous stream of newspaper articles, the Event Detection problem
consists in determining for each incoming document, whether it reports on a new
event, or it belongs to some previously identified event. One of the most important
issues in this problem is to define what an event is. Initially, an event can be defined
as something that happens at a particular place and time. However, many events occur
along several places and several time periods (e.g. the whole event related to a
complex trial). For this reason, researchers in this field prefer the broader term of
Topic, which is defined as an important event or activity along with all its directly
related events [5].

A Topic Detection System (TDS) is intended to discover the topics reported in the
newspaper articles to organize them in terms of these topic classes. In this work we
will consider on-line systems, which incrementally build the topic classes as each
article arrives. Current on-line TD systems have in common that use both the
chronological order of articles, and a fast document-clustering algorithm. For
example, the system presented in [8] uses the Single-Pass algorithm and a moving
time window to group the incoming articles into topics. Moreover, this system defines
a similarity function that takes into account the position of the articles in the time
window. In [6] the Single-Pass algorithm is applied to a set of document classifiers
whose thresholds take into account the temporal adjacency of articles. The UMass
system [1] uses an 1NN algorithm over the sequence of incoming articles, which has a
quadratic time complexity.
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One drawback of current TD systems is that they make irrevocable clustering
assignments. As a consequence, the set of events detected by the system could be
different depending on the arrival order of the documents. Another limitation is that
they only use the document publication date to locate the occurrences of events.

Our main research interest is to discover the temporal structure of topics and
events, that is, to identify not only the topics but also the possible smaller events they
comprise. In our opinion, all temporal properties of articles must be further exploited
to achieve this purpose. In this sense, we think that the time references extracted from
the article texts can be efficiently used to cluster those articles that report about the
same event.

In this paper we propose an incremental clustering algorithm for event detection,
which makes use of the temporal references in the text of newspaper articles. This
algorithm is hierarchically applied to a set of articles in order to discover the structure
of topics and events that they describe.

The remainder of the paper is organized as follows: Section 2 presents the
representation of documents taking into account their temporal components, Section 3
proposes a new document similarity function for these documents, Section 4 describes
the clustering algorithm, and Section 5 describes our experiments. Conclusions and
further work are presented in Section 6.

2   Document Representation

The incoming stream of documents that feed our system comes from some on-line
newspapers available in Internet, which are automatically translated into XML
(eXtended Markup Language). This representation preserves the original logical
structure of the newspapers, so that different thematic sections can be distinguished as
well as the different parts of the articles (e.g. the title, authors, place, publication date,
etc.). Nevertheless, in this work we will use only the publication date and the textual
contents of the articles. From them, we define two feature vectors to represent each
document, namely:
� A vector of weighted terms, where the terms represent the lemmas of the words

appearing in the text. Stop words, such as articles, prepositions and adverbs, are
disregarded from this vector. Terms are statistically weighted using the normalized
term frequency (TF).
In our work, we do not use the Inverse Document Frequency (IDF) because of the
on-line nature of the final detection system. In this context we assume that it does
not exist a training corpus to obtain the initial values for the IDF weights.

� A vector of weighted time entities, where time entities represent either dates or date
intervals expressed in the Gregorian calendar. These entities are automatically
extracted from the texts by using the algorithm presented in [3]. Briefly, this
algorithm firstly applies shallow parsing to detect the temporal sentences in the
text. Afterwards, these temporal sentences are translated into time entities of a
formal time model. Finally, those time entities that represent specific dates or date
intervals are selected. It is worth mentioning that this tool deals with both absolute
(e.g. “10th of April of 1999”) and relative time references (e.g. “today”, “this
week”, etc.).
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Time entities are statistically weighted using the frequency of their references in
the text. From this vector, all the time references that are no relevant to the article
are removed, namely: those that are separated more than ten days from the
publication date, and those whose frequency is smaller than a tenth part of the
maximum in the vector.

Summarizing, each article is represented as follows:

� A vector of terms iT  = ( iTF1 , ... , i
nTF ), where i

kTF  is the relative frequency of

term tk in the document id .

� A vector of time entities iF = ( if
TF

1
, ... , i

im
f

TF ), where i
kf

TF is the absolute

frequency of the time entity fk in the document id  and k = 1,..., mi.

3   Document Similarity Measure

Automatic clustering of documents, as in event detection, relies on a similarity
measure. Most of the clustering algorithms presented in the literature use the cosine
measure to compare two documents. In our case, the aim of the similarity measure is
to indicate whether two articles refer to a same event or not. For this purpose we have
also taken into account the proximity of the temporal properties of the documents.
Thus, we consider that two articles refer to the same event if their contents and time
references approximately coincide.

To compare the term vectors of two documents id  and jd  we use the cosine
measure:
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To compare the time vectors of two documents we propose the traditional distance
between sets, which is defined as follows:

{ }),(min),(
,
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FRfFRf
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F ffdddD

jjii ∈∈
=

where ),( ji ffd  is the distance between the dates if  and jf , and iFR is the set of

all dates if  of the document id that satisfy the following conditions:

� each if has the maximum frequency in id , that is, 




=

=
i
ki

i fmkf
TFmaxTF

,...,1

� each if has the minimum distance to the publication date of id .



14 A. Pons-Porrata, R. Berlanga-Llavori, and J. Ruíz-Shulcloper

The last condition is not considered when comparing cluster representatives instead
of documents.

It is not difficult to see that the set iFR is not necessarily unitary. The distance d is
defined as follows:

� If f i and f j are dates, then d(f i , f j) is the number of days between f i and f j.
� If f i  = [a , b] and f j = [c , d ] are date intervals, then

{ }),(),( 21
],[],,[ 21

ffdminffd
dcfbaf

ji

∈∈
=

� If if  is a date and jf  is an interval, then )],,([),( jiiji fffdffd = .

� If jf  is a date and if  is an interval, this function is defined in a similar way.

Finally, the temporal-semantic similarity measure can be defined as follows:





 ≤=

otherwise

),d(dDif),d(dS
ddS time

ji
F

ji
Tji

time
0

),(

where �time is the maximum number of days that are required to determine whether two
articles refer to the same or to different events.

4   Temporal-Semantic Clustering of Documents

Given a document collection � we must find or generate a natural structure for these
documents in the adopted representation space. This structure must be carried out by
using some document similarity measure. In general, the clustering criterion has three
parameters, namely: a similarity measure S, a property � that establishes the use of S,
and a threshold �0. Thus, clusters are determined by imposing the fulfillment of
certain properties over the similarities between documents.

According to this, we will consider the following definitions:

Definition 1: Two documents id and jd  are 0-temporal-semantic similar if

.),( 0β≥ji
time ddS  Similarly, id  is a 0-isolated element if ∈∀ jd �,

0),( β<ji
time ddS , where 0 is an user-defined parameter.

Definition 2 [4]: The set NU � �, NU � �, is a 0-compact set if:

a) � jd � � [ id � NU 	 0),()},({ β
ζ
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≠
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time
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time
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t
d

ddSddSmax ] 
 jd � NU.

b) [ 0),()},({ β
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≠

∈

tp
time

ip
time

pdid

id

ddSddSmax 	 td � NU ] 
 pd � NU.

c) Any �0-isolated element is a 0-compact set (degenerated).
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The first condition says that all documents of NU has the most 0-temporal-semantic
similar document in NU. The second condition says that it does not exist outside of
NU a document whose the most 0-temporal-semantic similar document is in NU.

Notice that this criterion is equivalent to find the connected components of the
undirected graph based on the maximum similarity. In this graph, the nodes are the
documents and there is an edge from the node d i to the node d j if d j is the most 0-
temporal-semantic similar document to d i. This criterion produces disjoint clusters.

4.1   Incremental  �0-Compact Algorithm

In this paper we propose a new incremental clustering algorithm for event detection,
called incremental �0-compact algorithm, which is based on Definition 2. Figure 1
presents this algorithm, which works as follows.

Each document di has associated the cluster to which it belongs and three fields:
To(di), which contains its most 0-temporal-semantic similar document (or
documents), the value of this maximum similarity MaxSimil(di), and From(di), which
contains those documents for which di is the most 0-temporal-semantic similar
document.

Every time a new document arrives, its similarity with each document of the
existing clusters is calculated and its fields are updated (Step 2). Then, a new cluster
with the new document is built together with the documents connected to it in the
graph of maximum similarity (Step 3 and 4). Every time a document is added to the
new cluster, it is removed from the cluster in which it was located before (Step 4).

Finally, in Step 5 the clusters that can potentially become unconnected after Step 4
are reconstructed to form their �0-compact set.

The worst case time complexity of this algorithm is O(n2), since for each
document, all the documents of the existing clusters must be checked to find the most
similar document. The construction of the connected components of the graph based
on the maximum similarity in the Steps 4 and 5 is O(n+e), since the graph is
represented by its adjacency lists. Here e is the number of edges and, in our case,
e=cn, where c is the maximum number of documents more similar to a given one.

It is worth mentioning that this clustering algorithm allows the finding of clusters
with arbitrary shapes, as opposed to algorithms such as K-means and Single-Pass,
which require central measurements in order to generate the clusters, restricting the
shapes of these clusters to be spherical. Another advantage of this algorithm is that the
generated set of clusters at each stage is unique independently on the arrival order of
the documents. As we know the set of all compact sets of a given set is unique [4].

The parameter settings are chosen in practice by mathematical modeling of the
problem together with the user-specialist.

4.2   Representation of Clusters

The first time we apply the previous clustering algorithm to the document stream we
obtain several clusters with a high temporal-semantic similarity. In this level, the
individual events reported by the documents are identified. In the next levels,
applying the same clustering algorithm these events are successively clustered. As a
consequence, more complex events and topics can be identified. The resulting
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hierarchy will describe the structure of topics and events taking into account their
temporal occurrence. In this work we only deal with the two first levels of this
hierarchy, called the Event Level and Topic Level respectively.
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Fig. 1. �0-compact clustering algorithm

Once the clusters of the event level have been calculated and the representatives of
each cluster are determined, they are grouped to form the clusters of the next level in
the hierarchy.

The representative of a cluster c, denoted as c , is a pair ),( cc FT , in which cT is the

component of the terms, and cF the temporal component. In this work, it is calculated
as the average of the cluster’s documents:



Detecting Events and Topics by Using Temporal References 17
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 and s is the total

number of time entities that describe the documents of this cluster.
In order to reduce the dimension of the cluster representatives, we also truncate

their vectors by eliminating the terms (res. dates) whose frequency are lesser than the
tenth part of the vector maximum frequency.

5   Evaluation

The effectiveness of the proposed clustering algorithm has been evaluated using a
collection of 452 articles published in the Spanish newspaper "El País" during June
1999. We have manually identified 71 non-unitary events, being their maximum size
of 16 documents. From these events we have identified 43 topics, whose maximum
size is 57 documents. The original collection covers 21 events associated to the end of
the war of Kosovo along with their immediate consequences. These events have a
high temporal-semantic overlapping, which makes difficult their identification. Table
1 shows some of these events.

Table 1. Sample of Events of the Kosovo war episode.

Event Description Date Range #Docs

Peace agreement negotiations June 07-08 16

Sign of the peace agreement June 09-11 13

Political reactions in Yugoslavia June 14-19 16

Serbian troops leave Kosovo June 10-19 6

Deployment of NATO Troops June 11-19 13

Return of Albanian refugees to Kosovo June 16-24 8

Serbian refugees escape from Kosovo June 14-24 11

To evaluate the clustering results we use two measures of the literature that
compare the system-generated clusters with the manually labeled events, namely: the
F1-measure and the Detection Cost [5].

The F1-measure is widely applied in Information Retrieval Systems, and it
combines the precision and recall factors. In our case, the F1-measure of the cluster
number j with respect to the event number i can be evaluated as follows:

 
 n n

n
·  i, jF

ji

ij

+
= 2)(1

where nij is the number of common members in the event i and the cluster j, ni is the
cardinality of the event i, and nj is the cardinality of the cluster j.
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To define a global measure, first each event must be mapped to the cluster that
produces the maximum F1-measure:

 jiFmax i
j

)},(1{arg)( =σ

Hence, the overall F1-measure [2] is calculated as follows:

 iiFn
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=
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1

The detection cost is a measure that combines both the miss and false alarm errors
between an event i and a system-generated cluster j:

CDET (i, j) = Pmiss(i, j) · Ptopic + Pfalse_alarm(i, j)·(1 � Ptopic)

where Pmiss = (ni � nij) / ni and Pfalse_alarm= (nj � nij) / (N � ni), Ptopic is the a priori probability
of a document belonging to a given event, and N is the collection size.

It is worth mentioning that the Ptopic probability must be different for each clustering
level. This is because of the cluster sizes, which are higher as we add levels to the
cluster hierarchy. The higher the average cluster size, the greater the probability of a
document belonging to a given cluster is. In our experiments, the Ptopic for the event
level has been estimated in 0.014, and for the topic level it is about 0.025.

Again, to define the final measure, each event must be mapped to the cluster that
produces the minimum detection cost:

 jiCmin  i DET
j

)},({arg)( =σ

The macro-average of this measure (also called Topic Weighted) is then defined as
follows:

 iiC
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Figure 2 shows the results for the F1-measure and Detection Cost at the Event
Level with respect to the time threshold �time. These graphics show a dramatic
decrement in the system effectiveness when disregarding the temporal component
(�time=�). As a consequence, we can conclude that the time component improves
notably the quality of the system-generated events. Notice also that the optimal time
threshold is different for the two measures.

With regard to the Topic Level, Figure 3 shows the results for the F1-measure and
Detection Cost. Although still important, the temporal component has a minor impact
over the F1-measure at the topic level, and it does not affect to the Detection Cost.

Finally, we have implemented the three systems mentioned in the introduction and
we have evaluated their effectiveness (optimizing their parameters) using the same
collection of 452 articles of "El País". In Table 2 we compare the performance of our
system with respect to these approaches. As it can be noticed, our system overcomes
clearly the other systems in all the performance measures.
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Fig. 2. F1-measure and Detection Cost for the Event Level.

Fig. 3. F1-measure and Detection Cost for the Topic Level.

Table 2. Results for other systems (Event Level)

CdetApproach
(best result)

F1-measure
Topic-weighted Story-weighted

Umass [1]  (�=0.33) 0,6364 0,0121 0,0135

Yang [8] (�=0.1, window=150) 0,5885 0,0158 0,0160

Papka [6]  (0.1, 0.0005, 80) 0,5003 0,0243 0,0243

Our System  (�0= 0.33, �
time

=5) 0,7037 0,0074 0,0087

F1-measure (Event Level)
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Detection Cost for Topics (Ptopic=0.025)
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6   Conclusions

In this paper a new similarity measure between documents considering both the
temporality and contents of the news has been introduced. Unlike other proposals, the
temporal proximity is not just based on the publication date, but it is calculated using
a group of dates automatically extracted from the texts of the news [3]. This temporal
component characterizes the time span of events and topics, which can be used in a
similar way to the Timelines [7] to browse the whole document collection.

A new algorithm for determining a hierarchy of clustered articles is also
introduced. In the first level the individual events are identified. In the next levels,
these events are successively clustered so that more complex events and topics can be
identified. This algorithm is based on the incremental construction of existing �0-
compact sets in the document collection. Its main advantage is that the generated set
of clusters is unique, independently of the document arrival order. Our experiments
have demonstrated the positive impact of the temporal component in the quality of the
system-generated clusters. Moreover, the obtained results for the F1-measure and the
detection cost also demonstrate the validity of our algorithm for event detection tasks.

As future work, we will study other methods for calculating the cluster
representatives and the inclusion of other article attributes such as the event places.
Additionally, we will analyze new incremental algorithms that take into account
overlapping topics and events, and we will analyze the conceptual description of the
obtained groups at any level of the hierarchy.
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Abstract. The k-Nearest-Neighbours (kNN) is a simple but effective method for
classification. The success of kNN in classification depends on the selection of a
“good value” for k.  To reduce the bias of k and take account of the different
roles or influences that features play with respect to the decision attribute, we
propose a novel asymmetric neighbourhood selection and support aggregation
method in this paper. Our aim is to create a classifier less biased by k and to
obtain better classification performance.
Experimental results show that the performance of our proposed method is
better than kNN and is indeed less biased by k after saturation is reached.  The
classification accuracy of the proposed method is better than that based on
symmetric neighbourhood selection method as it takes into account the different
role each feature plays in the classification process.

1 Introduction

k-Nearest-Neighbours (kNN) is a non-parametric classification method which is
simple but effective in many cases [Hand et al., 2001]. For a data record t to be
classified, its k nearest neighbours are retrieved, and this forms a neighbourhood of t.
Majority voting among the data records in the neighbourhood is used to decide the
classification for t. However, to apply kNN we need to choose an appropriate value
for k, and the success of classification is very much dependent on this value. In a
sense the kNN method is biased by k.  There are many ways of choosing the k value,
but a simple one is to run the algorithm many times with different k values and
choose the one with the best performance. This is a pragmatic approach, but it lacks
theoretical justification.

In order for kNN to be less dependent on the choice of k, Wang [wang, 2002]
proposed to look at multiple sets of nearest neighbours rather than just one set of k
nearest neighbours as we know for a data record t each neighbourhood bears certain
support for different possible classes. The proposed formalism is based on
probability, and the idea is to aggregate the support for various classes to give a more
reliable support value, which better reveals the true class of t.  However, in practice
the given dataset is usually a sample of the underlying data space, and with limited
computing time it is impossible to gather all the neighbourhoods to calculate the
support for classifying a new data record. In a sense, the classification accuracy of
the CPT method in [Wang, 2002] depends on a number of chosen neighbourhoods
and this number is limited. Moreover, for most datasets in practice, features always
play different roles with respect to decision attribute. Distinguishing different
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influences of features on the decision attribute is a critical issue and many solutions
have been developed to choose and weigh the features [Wang et al., 1998, Liu et al.,
1998, Kononenko, 1994]. In this paper, we propose an asymmetric neighbourhood
selection method based on information entropy, which takes into account the
different role each feature plays to the decision attribute. Based on these specific
neighbourhoods, we propose a simple aggregation method. It aggregates all the
support of a set of chosen neighbourhoods to various classes for classifying a new
data record in the spirit of kNN.

2 Aggregation Problem

Let Ω be a finite set called a frame of discernment. A mass function is m: 2Ω →[0,1]
such that

                                      ∑
Ω⊆

=
x

Xm 1)(                                                       (2.1)

The mass function is interpreted as a representation (or measure) of knowledge or
belief about Ω, and m(A) is interpreted as a degree of support for A for A⊆Ω  [Bell et
al., 1996].

To extend our knowledge to an event, A, that we cannot evaluate explicitly for m,
Wang [Wang, 2002] defines a new function G: 2Ω →[0,1] such that for any A⊆Ω

G(A)=
X

XA
Xm

x

∩
∑

Ω⊆
)(                                             (2.2)

This means that the knowledge of event A may not be known explicitly in the
representation of our knowledge, but we know explicitly some events X that are
related to it (i.e., A overlaps with X or A∩X≠∅ ). Part of the knowledge about X, m(X),
should then be shared by A, and a measure of this part is  A∩X/ X .

The mass function can be interpreted in different ways. In order to solve the
aggregation problem, one interpretation is made by Wang as follows.

 Let S be a finite set of class labels, and Ω be a finite dataset each element of
which has a class label in S. The labelling is denoted by a function ƒ: Ω →S so that
for x∈Ω , ƒ(x) is the class label of x.

Consider a class c∈ S. Let N=Ω , Nc = {x∈Ω  |:ƒ(x)=c} , and Mc = ∑
Ω⊆X

XcP )|( .

The mass function for c is defined as mc: 2
Ω →[0,1] such that, for A⊆Ω ,

cX

c M

AcP

XcP

AcP
Am

)|(

)|(

)|(
)( ==

∑ Ω⊆

                                 (2.3)

clearly ∑
Ω⊆

=
X

c Xm 1)( , and if the distribution over Ω is uniform, then

)12( −= Nc
c N

N
M . Based on the mass function,  the aggregation function for c is

defined as ]1,0[2: →Ω
cG  such that, for Ω⊆A
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∑
Ω⊆

∩
=

x
cc

X

XA
XmAG )()(                                         (2.4)

When A is singleton, denoted as a, equation 2.4 can be changed to equation 2.5.

∑
Ω⊆

∩=
x
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X

Xa
XmaG
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)()(                                         (2.5)

If the distribution over Ω is uniform then, for α∈Ω  and c∈ S, )(aGc can be

represented as equation 2.6.
βα += cc acPaG )|()(                                           (2.6)

Let n
NC  be the combinatorial number representing the number of ways of picking n

unordered outcomes from N possiblities, then, ∑
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Let t be a data record to be classified. If we know P(c|t) for all c∈ S then we can
assign t to the class c that has the largest P(c|t). Since the given dataset is usually a
sample of the underlying data space we may never know the true P(c|t).  All we can
do is to approximate P(c|t).

Equation 2.6 shows the relationship between P(c|t) and Gc(t), and the latter can be
calculated from some given events. If the set of events is complete, i.e., 2Ω, we can
accurately calculate Gc(t) and hence P(c|t); otherwise if it is partial, i.e., a subset of
2Ω, Gc(t) is a approximate and so is P(c|t).

From equation 2.5 we know that the more we know about a the more accurate
Gc(a) (and hence P(c|a)) will be. As a result, we can try to gather as many relevant
events about a as possible. In the spirit of the kNN method we can deem the
neighbourhood of a as relevant. Therefore we can take neighbourhoods of t as events.
But in practice, the more neighbourhoods chosen for classification, the more
computing time it will take. With limited computing time, the choice of the more
relevant neighbourhoods is not trivial. This is one reason that motivated us to seek a
series of more relevant neighbourhoods to aggregate the support for classification.
Also in the spirit of kNN, for a data record t to be classified, the closer a tuple is to t,
the more contribution the tuple donates for classifying t.  Based on this understanding,
to limit the number of neighbourhoods (for example, k) chosen for aggregation, we
choose a series of specific neighbourhoods, which we think are relevant to a data item
to be classified, for classification. Moreover, for computational simplicity, we modify
equation 2.4 to equation 2.7 only keeping the core of aggregation and the spirit of
kNN.

                         )|(
1

)(
1

0

’
i

k

i
c AcP

k
tG ∑

−

=
= , iAt ∈                                              (2.7)

Given a data record t to be classified, we choose k neighbourhoods,
,, 10 AA …, 1−kA  which satifies t∈ 0A and ⊂⊂ 10 AA ,…,⊂ 1−kA . According to



24         G. Guo, H. Wang, and D. Bell

equation 2.7 we  calculate )(’ tGc for all classes c∈ S, and classify t as ci with maximal

)(’ tG
ic , where ci ∈ S.

Example 1. Given some examples with known classification S={+, -} shown in Fig.
1, three neighbourhoods around t are denoted as ),(0 blankA ),(1 stripedA  )(2 wavyA ,

where 210 AAA ⊂⊂ . Classify a new point t by counting the ‘+s’, and ‘-s’

respectively, in the neighbourhoods as follows:

mass+(A0)=2/3, mass-(A0)=1/3, mass+(A1)=4/10, mass-(A1)=6/10, mass+(A2)=6/14,
mass-(A2)=8/14

498.0
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−− i
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As )()( tGtG +− > , so t is classified with label ‘-’.

It is clear that a data point close to t plays more contribution to t than a distant
one.  In Fig. 1 for example, if  we only select 3 neighbourhoods to aggregate the
support for classification, the contribution of data close to t labelled “-” in A0  is

168.0)
14

1

10

1

3

1
(

3

1 =++× and the data marked ‘a’ is slight away from t plays

057.0)
14

1

10

1
(

3

1 =+× contribution to t as well as another data marked ‘b’ which is far

away from t plays 024.0
14

1

3

1 =× contribution to t.

In Fig. 1, these neighbourhoods are nested, hence aggregation may count some
data points 2 or 3 times in aggragation. This is desirable because points close to the
data item to be classified are more influential.

Fig. 1. Three symmetric neighbourhoods
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3 Asymmetric Neighbourhood Selecting Algorithm

In [Wang2002], there is no discussion on how to choose the best neighbourhoods for
classification. In practice, the given dataset is usually a sample of the underlying data
space. It is impossible to gather all the neighbourhoods to calculate the support for
classifying a new data record. In a sense, the classification accuracy of the CPT
depends on a set of chosen neighbourhoods and the number of neighbourhoods is
limited. Moreover, for most datasets in practice, features always play different roles to
decision attribute. Distinguishing influences features play to the decision attribute is a
critical issue and many solutions have been developed to choose and weigh features.
In practice we cannot collect all neighbourhoods to gather the support for
classification, so methods to consider the contributions different features make to the
decision attribute and select the more relevant neighbourhoods in the process of
picking up neighbourhoods are important.

Our motivation in proposing the asymmetric neighbourhood selection method is
an attempt to improve classification accuracy by selecting a given number of
neighbourhoods with information for classification as possible. In this paper, we use
the entropy measure of information theory in the process of neighbourhood selection.
We propose a neighbourhood-expansion method by which the next neighbourhood is
generated by expanding the previous one. Obviously, the previous one is covered by
the later one. In each neighbourhood expansion process, we calculate the entropy of
each candidate and select one with minimal entropy as our next neighbourhood. The
smaller the entropy of a neighbourhood, the more unbalanced there is in the class
distribution of the neighbours, and the more relevant the neighbours are to the data to
be classified. More details of our algorithm are presented below.

Let C be a finite set of class labels denoted as S= ,,( 21 cc … ), mc , and Ω be a finite

dataset denoted as Ω={d1, d2, …, dN}. Each element di in Ω denoted as di=(di1, di2, …,
din) has a class label in S. t is a data record to be classified denoted as
t= ,,( 21 tt … ), nt . Let N=Ω , 

icN = {x∈Ω : f(x)=ci} to all of  ci∈ S.

Firstly, we project dataset Ω into n-dimensional space. Each data is a point in the
n-dimensional space. Then we partition the n-dimensional space into a multi-grid. The
partitioning algorithm of our multi-grid is described as follows:

For each dimension of n-dimensional space, if attribute ai is ordinal, we partition
dom(ai)=|aimax-aimin| into h equal intervals. h is an option, its value depends on
concrete application domains. We use symbol ∆i to represent the length of each grid
of ith attribute, in which ∆i= aimax-aimin/ h. If attribute ai is nominal, its discrete values
provide a natural partitioning. At the end of the partitioning process all the data in
dataset Ω are distributed into this multi-grid.

Assume Ai is the ith neighbourhood and iG = ,,( 21
ii gg … ), i

ng is the corresponding

grid in n-dimensional space, for any ordinal attribute aj, 
i
jg is a interval denoted as

i
jg =[ i

jg 1 , i
jg 2 ]. The set of all the data covered by grid ],,[,,( 211

i
jj

i
j

i ggg ∆−�

… ), i
ng as well as the set of all the data covered by grid ],,[,,( 211 j

i
j

i
j

i ggg ∆+�

… ), i
ng  will be the candidates for the next neighbourhood selection.  If attribute aj is
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nominal, i
jg  is a set denoted as i

jg = { i
jq

i
j

i
j ggg ,,, 21 � }. For every element x∈

dom(aj), where x ∉ i
jg , the set of all the data covered by grid },{,,( 1 xgg i

j
i ∪�

… ), i
ng  will be the candidates for the next neighbourhood selection.

Given a set of label-known samples, the algorithm to classify a new data record t
is described as follows:

Suppose that a data record t= ,,( 21 tt … ), nt to be classified initially falls into grid
0G = ,,( 0

2
0
1 gg … ), 0

ng of n-dimensional space, i.e., t∈ 0G . To grid 0G , if feature jt  is

ordinal, 0
jg represents a interval, denoted as 0

jg =[ 0
1jg , 0

2jg ], where 0
1jg =tj-

|∆j|/2, 0
2jg =tj+|∆j|/2. Obviously, tj satisfies 0

2
0
1 jjj gtg ≤≤ ; if feature jt is nominal, 0

jg

is a set, denoted as 0
jg = { 0

jqg }, where  tj=
0
jqg . All the data covered by grid 0G

make up of a set denoted by A0, which is the first neighbourhood of our algorithm.
The detailed neighbourhood selection and support aggregation algorithm for
classification is described as follows:

1. Set A0={ di |di∈ 0G }
2. For i=1 to k-1

{Find ith neighbourhood iA with minimal entropy Ei among all the

candidates expanding from 1−iA }

3. Calculate )/(
1

)(
1

0
∑

−

=
=

k

i
i

c
ic AA

k
tG  for all c∈ S

4. Classify t for c that has the largest )(tGc

In above algorithm, the entropy iE is defined as follows:

,,( 21
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A
i ccIE

i
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Ω
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Suppose that Ai and Aj are two neighbourhoods of t having the same amount of

entropy, i.e., ,,( 21
ii

A ccI
i

… ), i
mc = ,,( 21

jj
A ccI

j
… ), j

mc , if |Ai| < |Aj|, we believe that Ai is

more relevant to t than Aj, so in this case, we prefer to choose Ai to be our next
neighbourhood. Also, if two neighbourhoods Ai and Aj of t have the same number of
data tuples, we prefer to choose the one with minimal entropy as our next
neighbourhood. According to equation 3.2, the smaller a neighbourhood’s entropy is,
the more unbalanced its class distribution is, and consequently the more information
it has for classification. So, in our algorithm, we adopt equation 3.1 to be the
criterion for neighbourhood selection. In each expanding process, we select a
candidate with minimal Ei as our next neighbourhood.
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To grasp the idea here, the best way is by means of an example, so we
graphically illustrate the asymmetric neighbourhood selection method here. For
simplicity, we decribe our asymmetric neighbourhood selection method in 2-
dimensional space.   

Example 2.  Suppose that a data record x to be classified locates at grid [3,3] in Fig.
2. We collect all the data, which are covered by grid [3.3] (G0), into a set called A0 as
our first neighbourhood. Then we try to expand our neighbourhood one step in each
of 4 different directions respectively (up, down, left, right) and choose a candidate
having minimal Ei as our new expanded area, e.g. G1. Then we look up, down, left,
right again and select a new area (e.g. G2 in Fig. 4). All the data covered by the
expanded area make up of the next neighbourhood called A1 and so on. At the end of
the procedure, we obtain a series of asymmetric neighbourhoods e.g. ,, 32 AA …, as in

Fig. 2 to Fig. 4.

1       2        3        4           1       2        3        4           1        2       3        4

If the data record y to be classified locates at grid [2,3] in Fig. 5, the selection
process of 3 asymmetric neighbourhoods is demonstrated by Fig. 5 to Fig. 7. The
support aggregation method is demonstrated by Example 1 in the previous section.

               1       2        3        4           1       2        3        4           1        2       3        4

4 Evaluation and Experiment

For experimentation we used 7 public datasets available from the UC Irvine Machine
Learning Repository. General information about these datasets is shown in Table 1.
The datasets are relatively small but scalability is not an issue when datasets are
indexed.
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We used the asymmetric neighbourhood selection algorithm introduced in the
previous section to select a series of neighbourhoods on 7 public datasets. The
experimental results are graphically illustrated in Fig. 8. For each value of k, nokNN
(we use the notation nokNN in this paper to label our method) represents the average
classification accuracy of aggregating k neighbourhoods’ support, and kNN
represents the average classification accuracy of the kth neighbourhood. A
comparison of asymmetric nokNN and kNN is shown in Table 2.

Fig. 8.  A Comparison of Asymmetric nokNN and Asymmetric kNN

Table 1.  General information about the datasets

Dataset NA NN NO NB NE CD
Iris 4 0 4 0 150 50:50:50

Wine 13 0 13 0 178 59:71:48
Hear 13 3 7 3 270 120:150
Aust 14 4 6 4 690 383:307
Diab 8 0 8 0 768 268:500
Vote 18 0 0 18 232 108:124
TTT 9 9 0 0 958 332:626

In Table 1, the meaning of the title in each column is follows: NA-Number of attributes,
NN-Number of Nominal attributes, NO-Number of Ordinal attributes, NB-Number of
Binary attributes, NE-Number of Examples, and CD-Class Distribution.

Table 2.  A comparison of asymmetric kNN and asymmetric nokNN in 5-fold cross validation

Asymmetric kNN NokNN
Worst case Best case All of 12Dataset

k %correct k %correct %correct
Iris 12 90.67 2 97.33 96.67

Wine 1 83.71 4 96.07 95.51
Hear 12 59.63 3 81.85 83.70
Aust 1 83.04 9 85.51 85.22
Diab 1 68.75 11 76.43 74.48
Vote 8 85.78 3 92.67 91.38
TTT 10 75.78 8 79.65 78.08

Average 78.19 87.07 86.43
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From the experimental results it is clear that kNN performance varies when different
neighbourhoods are used while nokNN performance improves with increasing
number of neighbourhoods but stabilises after a certain stage. Furthermore the
performance of nokNN is obviously better than that of kNN after stabilisation for
each k. The experiment further shows that the stabilised performance of nokNN is
comparable to the best performance of kNN within 12 neighbourhoods.

Fig. 9.  A Comparison of Symmetric nokNN and Symmetric kNN

To further verify our aggregation method, we also developed a symmetric
neighbourhood selection algorithm, which in each neighbourhood selection process
all features are expanded in the same ratio as its domain interval, seeing Fig. 1.

Fig. 9 and Table 3 show that similar results are obtained while using the
symmetric neighbourhoods selection method.

Table 3.  A comparison of symmetric kNN and symmetric nokNN in 5-fold cross validation

Symmetric kNN NokNN
Worst case Best case All of 12Dataset

k %correct K %correct %correct
Iris 12 74.00 1 96.67 96.67

Wine 4 91.01 3 93.82 95.51
Hear 12 55.56 3 75.93 75.93
Aust 12 78.55 3 85.07 83.91
Diab 1 68.62 3 75.52 75.00
Vote 1 85.34 5 92.67 91.38
TTT 12 75.99 9 79.12 77.97

Average 75.58 85.54 85.19

A comparison of asymmetric nokNN with symmetric nokNN in classification
performance is shown in Fig. 10 and a comparison of asymmetric kNN with
symmetric kNN in classification performance is shown in Fig. 11.

It is obvious that the asymmetric neighbourhood selection method is better than
the symmetric neighbourhood selection method for both nokNN and kNN. From the
experimental results it is clear that our hypothesis is correct – the bias of k can be
removed by this method.
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Fig. 10.  Comparison of Asymmetric nokNN and Symmetric nokNN

Fig. 11.  Comparison of Asymmetric kNN and Symmetric kNN

5 Summary and Conclusion

In this paper we have discussed the existed issues related to the kNN method for
classification. In order for kNN to be less dependent on the choice of k, we looked at
multiple sets of nearest neighbours rather than just one set of k nearest neighbours. A
set of neighbours is called a neighbourhood. For a data record t each neighbourhood
bears certain support for different possible classes. Wang addressed a novel
formalism based on probability to aggregate the support for various classes to give a
more reliable support value, which better reveals the true class of t.  Based on
[Wang, 2002] method, for specific neighbourhoods using in kNN, which always
surround around the data record t to be classified, we proposed a simple aggregation
method to aggregate the support for classification. We also proposed an asymmetric
neighbourhood selection method based on information entropy which partitions a
multidimensional data space into multi-grid and expands neighbourhoods with
minimal information entropy in this multi-grid. This method is independent of
‘distance metric’ or ‘similarity metric’ and also locally takes into account the
different influence of each feature on the decision attribute.

Experiments on some public datasets shows that using nokNN the classification
performance (accuracy) increases as the number of neighbourhoods increases but
stabilises soon after a small number of neighbourhoods; using kNN, however, the
classification performance varies when different neighbourhoods are used.
Experiments also show that the stabilised performance of nokNN is comparable to
the best performance of kNN.  The comparison of asymmetric and symmetric
methods shows that our proposed asymmetric method has better classification
performance as it takes into account the different influence of each feature on the
decision attribute.
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Abstract. Machine learning has focused a lot of attention at Bayesian classifiers
in recent years. It has seen that even Naive Bayes classifier performs well in many
cases, it may be improved by introducing some dependency relationships among
variables (Augmented Naive Bayes). Naive Bayes is incremental in nature but, up
to now, there are no incremental algorithms for learning Augmented classifiers.
When data is presented in short chunks of instances, there is an obvious need
for incrementally improving the performance of the classifiers as new data is
available. It would be too costly, in computing time and memory space, to use the
batch algorithms processing again the old data together with the new one.
We present in this paper an incremental algorithm for learning Tree Augmented
Naive classifiers. The algorithm rebuilds the network structure from the branch
which is found to be invalidated, in some sense, by data. We will experimentally
demonstrate that the heuristic is able to obtain almost optimal trees while saving
computing time.

1 Introduction

Classification plays an important role in the field of machine learning, pattern recognition
and data mining. Classification is the task to identify the class labels for instances based
on a set of features or attributes. The induction of Bayesian classifiers from data have
received a lot of attention within the Bayesian Network learning field [7,3,8].

The simplest Bayesian Classifier is the Naive Bayes [5,11]. It assumes that attributes
are independent when the class label is known. Even it is a very strong assumption
and it does not hold in many real world data sets, the Naive Bayes classifier is seen to
outperform more sophisticated classifiers specially over data sets where the features are
not strongly correlated [11].

More recently, a lot of effort has focused on improving the Naive Bayes classi-
fier by relaxing independence assumptions [7,3]. Mainly, these methods infer restricted
networks among features from data. In this way, these methods combine some of the
Bayesian Networks ability to represent dependencies with the simplicity of Naive Bayes.
This sort of classifiers are usually called Augmented Naive Bayes.

Naive Bayes is an incremental classifier. That is, it is able to revise the classifier when
new data instances are available, with neither beginning from scratch nor processing

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 32–41, 2002.
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again old data instances. This sort of learning is useful when data instances are presented
in streams while the classifier still must work.

When Naive Bayes classifier is augmented, it looses the incremental property as
most of the algorithms for inferring Bayesian Networks are batch [2]. In this paper, we
use an incremental algorithm for learning tree-shaped Bayesian Networks to obtain an
incremental Tree Augmented Naive Bayes classifier. We will show, in this paper, that the
incremental version obtains most of times the same accuracy than the batch classifier
while saving computational time.

Incremental learning attempts to update current Bayesian Networks in response to
newly observed data instances. Langley [10] stated that an algorithm is incremental if
(1) it inputs one training experience at a time, (2) does not reprocess any previous data
instances, and (3) retains only one knowledge structure in memory.

Each of these three constraints aims at clear objectives. The first wants incremental
algorithms to be able to output a Bayesian Network at any moment of the learning
process. The second keeps low and constant the time required to process each data
instance over all the data set. And finally, the third constraint wants learning algorithms
not to do unreasonable memory demands.

2 Bayesian Network Classifiers

Bayesian classifiers have proven to be competitive with other approaches like nearest
neighbor, decision trees or neural networks [7]. Bayesian classifiers learn from pre-
classified data instances the probability of each attribute Xi given the class label C,
P (Xi|C). Then the Bayes rule is used to compute the probability that an example
e =< x1, . . . , xn > belongs to a class Ci, P (Ci|x1, . . . , xn). In this way, the class
with highest posterior probability is calculated. The independence assumptions among
attributes or variables distinguish the different Bayesian classifiers.

2.1 Naive Bayes

The Naive Bayes as discussed by Duda and Hart [5] assume that all attributes are inde-
pendent given the class label. This classifier can be represented by a simple Bayesian
Network where the class variable is the parent of all attributes.

Given the independence assumptions, the posterior probability is formulated as

P (Ci|x1, . . . , xn) ∝ P (Ci)
∏
k

P (xk|Ci)

This simple expression can very efficiently be calculated and it is only needed to estimate
P (Ci) and P (xk|Ci) from data. To do so, we only need to keep a counter for the number
of training instances, a counter for each class label, and a counter for each attribute value
and class label pair.

Note that to incrementally learn the Naive Bayes classifier we only need to increase
the counters as new instances are precessed. See also that the network structure is not
learnt from data but fixed before hand. So, we could use the incremental approach
proposed by Spiegelhalter et. al [13] in order to incrementally update the conditional
probabilities of the classifier.
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2.2 Tree Augmented Naive Bayes

The Tree Augmented Naive Bayes (TAN) classifier was introduced [7] in order to im-
prove the performance of the Naive Bayes. The TAN classifier relaxes the independence
assumptions having a dependence tree T among the attributes x1, . . . , xn and maintain-
ing the class variable as a parent of each attribute.

In order to learn the TAN classifier, first it is learned the tree among the attributes
and afterwards an arch is added from the class variable to each attribute. To learn the
tree structure, it is used the algorithm proposed by Chow and Liu [4].

Given the independence assumptions in the tree T , the posterior probability is

P (Ci|x1, . . . , xn) ∝ P (Ci)
∏
k

P (xk|xj(k), Ci)

where xj(k) stands for the parent of variable xk in the tree T , and x0 for the null variable.
Friedman et al. [7] showed that TAN outperforms Naive Bayes while maintaining

the computational simplicity on learning and classifying. We now need to keep a counter
for the number of training instances, a counter for each class label, and a counter for
each attribute value, parent value and class label triplet.

Note that Chow and Liu’s proposal is a batch learning algorithm. In the next section
we will explain the Chow and Liu batch algorithm and our incremental approach.

3 Tree-Shaped Bayesian Network Learning

The Chow and Liu’s algorithm , CL algorithm from now on, estimates the underlying n-
dimensional discrete probability distribution from a set of samples. The algorithm yields
as an estimation a distribution of n−1 first order dependence relationships among the n
variables, forming a tree dependence structure. It builds a maximal cost tree introducing
branches into the tree in decreasing cost order.

Our incremental approach revises an already learnt tree-shaped Bayesian Network
without processing the old data instances. Roughly speaking, we state that new data
invalidates the old tree-shaped structure when the branches are not anymore in decreasing
cost order. Then, the tree is rebuilt from the first branch found in a bad position into the
order. In this way, our algorithm, can both detect the need of updating and update the
current network. We will call our proposal ACO heuristic (Arches in Correct Order).

3.1 Chow and Liu’s Batch Algorithm

The Chow and Liu’s algorithm uses the mutual information as closeness measure between
P (X) and Pτ (X), where P (X) is the probability distribution from a set of samples, and
Pτ (X) is the tree dependence distribution. It is an optimization algorithm that gives the
tree distribution closest to the distribution from the samples. Let us give some notation
in order to explain the Chow and Liu’s measure and algorithm.

Let (m1, · · · , mn) be a permutation of integers 1, 2, · · · , n, let j(i) be a mapping
with 0 ≤ j(i) ≤ i, let T = (X, E) be a tree where X(T ) = {Xmi |1, 2, · · · , n} is the
set of nodes, E(T ) = {(Xmi , Xmj(i))|1, 2, · · · , n} is the set of branches, and where
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X0 is the null node. If we now assign the mutual information between two variables,
I(Xmi ; Xmj(i)), as a cost to every dependence tree branch, the maximum-cost depen-
dence tree is defined as the tree T such that for all T ′ in Tn,

∑n
i=1 I(Xmi

; Xmj(i))≥∑n
i=1 I(Xmi ; Xmj′(i)

). Where Tn stands for the set of trees with n variables.
Chow and Liu used the Kruskal algorithm for the construction of trees of maximum

total cost where I(Xmi ; Xmj(i)) may represent the distance cost from node Xmi to node
Xmj(i) . An undirected graph is formed by starting with a graph without branches and
adding a branch between two nodes with the highest mutual information. Next, a branch
is added which has maximal mutual information associated and does not introduce a
cycle in the graph. This process is repeated until the (n − 1) branches with maximum
mutual information associated are added as seen in Algorithm 1.

In this paper, we give a direction to all the branches of the tree. We take as the root of
the tree one of the nodes of the first branch and the direction of the branches introduced
afterwards goes from the node already into the structure to the one recently introduced.

Algorithm 1 CL
Require: a database D on X = {Xm1 , · · · , Xmn} variables
Ensure: T be a dependence tree structure

Calculate SUFFD(T )
T = (V, E) the empty tree where V(T ) = {∅} and
E(T ) = {∅}
Calculate costs for every pair I(Xmi ; Xmj )
Select the maximum cost pair (Xmi , Xmj )
V(T ) = {Xmi , Xmj }; E(T ) = {(Xmi , Xmj )}
repeat

B(T ) = {(Xmi , Xmj ) | ((Xmi , Xmk) ∈ E(T ) ∨ (Xmk , Xmi) ∈ E(T )) ∧ Xmj �∈
V(T )}
Select the max cost pair (Xmi , Xmj ) from B(T )
V(T ) = V(T ) ∪ {Xmj }
E(T ) = E(T ) ∪ {(Xmi , Xmj )}

until (V = X)

3.2 Incremental Algorithm

We introduce some notation before the explanation of our algorithm. Let ND
X (x) be the

number of instances in D where X = x. Let N̂D
X be the vector of numbers ND

X (x) for all
values of X . We call the vector N̂D

X the sufficient statistics of the variable X , suffD(X).
In the same way, the sufficient statistics of the tree T , suffD(T ), are defined as the set
of vectors N̂Xmi

,Xmj(i)
∀i : 0 ≤ i ≤ n.

To find the maximal cost tree we need the vector numbers N̂D
Xmi

,Xmj(i)
for all the

pairs of variables in X(T ), we will call this set of numbers SUFFD(T ). Note that
SUFFD∪D′(T ) can be calculated as N̂D

X ⊕ N̂D′
X , where ⊕ stands for the addition of

vector components.
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We divide our algorithm into two steps. In the first step, the algorithm calculates
the sufficient statistics for both old D and new D′ data instances, and in the second, it
revises the tree structure according to the new sufficient statistics.

In the first step of the algorithm, we assume that sufficient statistics of the old data
set D are stored. Thus, in order to recover the sufficient statistics, SUFFD∪D′(T ), of
the whole set of data instances the algorithm does not need to go through the old ones.

The second step uses a heuristic which decides to update the structure only when
the arches are not in correct order. When the tree is built for the very first time using the
CL algorithm, arches are introduced into the tree structure in decreasing cost order. This
order O is stored. When new data instances D′ are presented, the cost I(Xmi ; Xmj(i))
for each branch is calculated again using the new sufficient statistics SUFFD∪D′(T ),
and only when the order O does not hold anymore the structure is updated.

Algorithm 2 ACO heuristic
Require: a database D′ on X = {Xm1 , · · · , Xmn} variables a tree structure T , an order O of

branches and SUFFD(T )
Ensure: T ′ be a dependence tree structure

Calculate SUFFD∪D′(T )
T ′ = (V, E) the empty tree where V(T ′) = E(T ′) = {∅}
Let Xmh be the root of T
B(T ) = {(Xmh , Xmj ) | (Xmh , Xmj ) ∈ E(T )}
continue=false; k=0
if ((Xmi , Xmj )O(1) = arg max(Xmr ,Xms )∈B(T )∩E(T )I(Xmr , Xms)) then

V(T ′) = {Xmh , Xmj }; E(T ′) = {(Xmh , Xmj )}
continue=true; k=2 be the number of branches added (+ 1)

end if
while (continue) and (k ≤ |E(T )|) do

B(TO(k)) = {(Xmi , Xmj ) | ((Xmi , Xmk) ∈ E(TO(k))∨ (Xmk , Xmi) ∈ E(TO(k)))∧
Xmj �∈ V(TO(k))}
if ((Xmi , Xmj )O(k) = arg max(Xmr ,Xms )∈B(TO(k))∩E(T )I(Xmr , Xms)) then

V(T ′) = V(T ′) ∪ {Xmj }
E(T ′) = E(T ′) ∪ {(Xmi , Xmj )}; k++

else
continue=false

end if
end while
if (k ≤ |V (X)|) then

Continue building T ′ using the original CL algorithm
end if

More precisely our algorithm, seeAlgorithm 2, inspects the arches in the order O they
were added into the tree. When an arch (Xmi , Xmj(i))O(k) at the k-th position in O has
not the highest cost among all candidate arches present into the former structure, the tree
is rebuilt from that arch using the original CL algorithm. Formally, when the arch at the
k-th position (Xmi , Xmj(i))O(k) �= arg max(Xmk

,Xml
)∈B(TO(k))∩E(T )I(Xmk

, Xml
).
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Where TO(k) stands for the tree built only with the first k − 1 arches of the order O
and B(TO(k)) stands for the set of arches that do not introduce any cycle in TO(k),
B(TO(k)) = {(Xmi , Xmj ) | ((Xmi , Xmk

) ∈ E(TO(k))∨ (Xmk
, Xmi) ∈ E(TO(k)))∧

Xj �∈ V(TO(k))}.
Note, it may happen that (Xmi , Xmk

) has the maximum cost among the arches in
B(TO(k)) ∩ E(T ) and not among the ones in B(TO(k)). In such situation, the ACO
heuristic and the CL algorithm would not recover the same tree structure.

4 Experiments

We conducted several experiments in order to compare the repeated use of the batch CL
algorithm against our incremental ACO heuristic. We presented data instances to both
algorithms in chunks of 100. Then we compared the Bayesian Network structures and
the classifiers accuracy during all the learning process. We used five well-known datasets
from the UCI machine learning repository [12]: Adult (13 attributes, 48.842 instances
and 2 classes), Nursery (8 attributes, 12.960 instances and 5 classes), Mushroom (22
attributes, 8.124 instances and 2 classes), DNA (60 attributes, 3.190 instances and 3
classes) and finally Car (6 attributes, 1.738 instances and 4 classes).

We presented the instances to the algorithms in three different kind of orders. Namely,
an order where similar instances are consecutive, another where dissimilar instances are
consecutive, and finally a random order. We used five different orders of each kind to
run both algorithms, and all numbers presented in the tables of this section are the mean
and the standard deviation of the quantity being analyzed.

We used these three different kind of orders because it is widely reported in the
literature that incremental algorithms may yield different results when the same instances
are presented in different orders [10].

4.1 Computational Time Gain

The main objective of the incremental algorithm proposed was to reduce the time spent
in learning a new tree structure when the system already learned one from past data. In
Table 1, we compare the operations done by the batch and the incremental algorithms.

At the first two columns, we show the number of I(X; Y ) calculations, which is the
most time consuming function of the learning algorithm. In our implementation, both
batch and incremental algorithms calculate the I(X; Y ) amounts once, when it is firstly
needed, and store them in an array. At the third and fourth columns, we show the number
of times the I(X; Y ) is recalled. This gives an idea of the number of comparisons the
algorithms perform in order to find the arch with highest I(X; Y ).

We can see that the number of I(X; Y ) calculations and recalls are much higher for
the batch algorithm. Note that the number of I(X; Y ) calculations and recalls are the
same for all runs of the batch algorithm as it always builds the tree structure from scratch,
while they are different for the incremental algorithm as it builds the tree structure from
the arch found in an incorrect order.

We also note from Table 1 that the more attributes data sets have the greater the gain
is. Compare Adult against Nursery and Car results. And also, we can see that the gain
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grows with the number of data instances (see Adult results). This last point is due to the
fact than when many data instances have already been processed, the new data instances
slightly modify the probability distribution of the database and therefore the network
structure does not need to be updated.

Another cause which may influence the time spent is the order in which the instances
are presented. Usually, when similar instances are presented consecutively, the network
structures learned from data are not good models of the probability distribution of the
entire database. Thereof, the incremental algorithm spends more time as it must update
the network structure. We see, at Table 1, that the number of I(X; Y ) calculations and
recalls are usually higher when similar instances are ordered together.

Table 1. CPU clock ticks and operations spent in learning

I(X; Y ) Calculations I(X; Y ) Recalls
Batch Incremental Batch Incremental

Rand 4801.00 (445.57) 28830.20 (1234.17)
Adult Sim 25350 4468.40 (564.36) 114400 24727.20 (2826.10)

Diss 4243.00 (153.88) 19744.60 (5114.83)

Rand 1155.40 (271.08) 3305.60 (903.06)
Nursery Sim 2408 1216.80 (359.76) 6622 3411.20 (798.36)

Diss 1092.80 (246.21) 3304.60 (411.21)

Rand 5702.20 (3085.10) 43269.40 (18451.79)
Mush- Sim 12474 10947.80 (1383.95) 94500 73106.80 (9536.44)
room Diss 8490.40 (1839.75) 56983.20 (12287.89)

Rand 35827.60 (3042.28) 692008.60 (70438.44)
DNA Sim 37170 34847.60 (970.70) 754551 652884.80 (51460.44)

Diss 33489.80 (6154.39) 647897.00 (144846.32)

Rand 87.60 (49.51) 171.60 (100.51)
Car Sim 165 106.40 (16.53) 330 218.80 (53.65)

Diss 77.80 (24.10) 154.00 (74.14)

4.2 Quality of the Recovered Structures

In Figure 1, we show the behavior of our heuristic along the learning process where the
algorithm is fed with chunks of 100 data instances, and using a random data order. We
compare the structures obtained with our incremental proposal against the ones obtained
with the CL batch algorithm.

Graphics present three curves. The first, shows the first arch which is not in decreasing
cost order. When the number shown coincides with the number of attributes, it means
that all arches are in decreasing cost order and consequently the structure is not updated.
This curve gives an idea of when ACO detects that the structure must be updated. The
second, shows the number of different arches between the structures learnt by the batch
algorithm and the ones learnt by our incremental proposal. This curve gives us an idea
of how well ACO approximates the best solution. Finally, the third curve, shows the
number of arches that are different between the former and the current tree structure
learnt with the batch algorithm. This curve gives an idea of the degree in which the new
100 data instances make the current structure to change.
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Looking at the figure, we discover that our incremental algorithm approximates very
well the best solution. It is able to detect when the structure should be updated and is
updated correctly. The third curve shows that, at the early stages of the learning process,
when few data instances have already been processed, the structure changes quite a lot
and that the number of changed arches tend to decrease as more data is processed. This
is very well seen at the graphic of the DNA dataset. Even in this case the incremental
algorithm learns structures very close to the best one. If we look back to Table 1, we can
see that the incremental algorithm saves, in this case, little time as it must trigger the CL
algorithm very often at firsts arches, building almost the entire tree.

Fig. 1. Quality of recovered structures. Each graphic presents three curves; the first (Unordered
arch), shows the first arch which is not in decreasing cost order. When the number shown coincides
with the number of attributes, it means that all arches are in decreasing cost order. The second
(Batch-Incremental) shows the number of different arches between the trees learnt by the batch
algorithm and the ones learnt with the ACO heuristic. The third curve (Batch: Previous-current),
shows the number of different arches between the former and the current trees learnt by the batch
algorithm. Note that the y axis of the first curve is on the right while the y axis of the second and
third curves is on the left.

4.3 Accuracy Curves

In this section, we compare the accuracy curves of the batch and the incremental al-
gorithms when data is presented in the three different orders we explained above. In
our experiments, we used two thirds of the data instances to train the classifier and the
remainder for testing. In all data orders the test instances were randomly sampled.

In Figure 2, we can see the evolution of the accuracy for the DNA data set. The
graphic on the left corresponds to the repeated use of the batch algorithm and the one
on the right corresponds to the incremental algorithm.

Note that the shape of both graphics is almost the same. That is, our incremental
classifier behaves as well as the batch one. We expected this result as the tree structures
yielded by both algorithms are, most of the times, the same as shown in Figure 1.
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If we compare the accuracy curves of the three different orders, we can see that
the accuracy is best when data is randomly presented, while it is worse when similar
instances are presented consecutively. That is due to the fact that when similar instances
come together, the classifier is, at the beginning, trained with instances from one single
class, and though it is not able to correctly classify instances from other classes. Lately,
when new instances from other classes are used to train the classifier its accuracy is
improved. Note also that the accuracy of the last learnt classifier is almost the same for
the three orders.

We can see at Figure 2 that the classifier accuracy dramatically drops around the
600th instance when similar instances are presented together. That is due to overfitting,
that is, the classifier is too specialized to recognize the training instances and it is not
able to correctly classify the test ones.

Fig. 2. Accuracy curves. DNA data set.

5 Discussion and Final Conclusions

Previous work on incremental learning of Bayesian Networks have focused on learning
general network structures, namely, directed acyclic graphs (DAGs) [1,6,9]. The authors
assume that the size of the sufficient statistics necessary to recover any possible DAG is
very large and thereof it is not feasible to store them in main memory.

We presented in this paper an extension of the CL algorithm in order to incrementally
learn tree-shaped Bayesian Networks. We used our algorithm to incrementally learn Tree
Augmented Naive Bayes classifiers. We obtained in this way a TAN classifier which is
incremental like Naive Bayes.

We claim that our algorithm is very reactive, that is, it is able to quickly detect
changes in new data and to correctly update the structure. In Figure 1, we could see that
the heuristic is sound in the sense that it triggers the updating process only when changes
are actually needed. We could also see in Figure 2 that the accuracy of the incremental
classifier is as good as the accuracy of the batch one.

The major benefit of our incremental proposition is that it saves computing time.
Even when the tree must be updated the number of calculations and the number of
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comparisons required is very much reduced each time a branch is checked as correctly
ordered. The number of comparisons the CL algorithm must perform to order the arches
is (n

2 ) +
∑n

i=2 i(n − i), while in our proposition when the first branch is checked as
correct the number of comparisons is reduced by (n

2 ) and the number of calculations
of mutual information is reduced from (2n) to a maximum of (n−1

2 ). And when the k-th
branch is checked as correct, being 1 < k < n, the number of comparisons is reduced
by k(n − k) and the number of tests is reduced from (n−k

2 ) to a maximum of (n−k−1
2 ).
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Abstract. In this work a back propagation neural network (BPNN) is used for
the segmentation of Meteosat images covering the Iberian Peninsula. The ima-
ges are segmented in the classes land (L), sea (S), fog (F), low clouds (CL), mid-
dle clouds (CM), high clouds (CH) and clouds with vertical growth (CV). The
classification is performed from an initial set of several statistical textural fea-
tures based on the gray level co-occurrence matrix (GLCM) proposed by Welch
[1]. This initial set of features is made up of 144 parameters and to reduce its
dimensionality two methods for feature selection have been studied and com-
pared. The first one includes genetic algorithms (GA) and the second is based
on principal component analysis (PCA). These methods are conceptually very
different. While GA interacts with the neural network in the selection process,
PCA only depends on the values of the initial set of features.

1   Introduction

In order to understand and model the radiation balance in the climatic system a
very accurate information of the cloud cover is needed. Clouds play an important
role reflecting the solar radiation and absorbing thermal radiation emitted by the
land and the atmosphere, therefore reinforcing the greenhouse effect. The contri-
bution of the clouds to the Earth albedo is very high, controlling the energy ente-r-
ing the climatic system. An increase in the average albedo of the Earth-
atmosphere system in only 10 percent could decrease the surface temperature to
levels of the last ice age. Therefore, global change in surface temperature is
highly sensitive to cloud amount and type.

These reasons make that numerous works about this topic have been published in
the last years. Many of them deal with the search of a suitable classifier. Welch [1]
used linear discrimination techniques, Lee et al. [2] tested a back-propagation neural
network (BPNN), Macías et al. at [3] showed that the classification results obtained
with a BPNN were better than those obtained with a SOM+LVQ neural network, and
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at [4] they used a BPNN to studying the evolution of the cloud cover over Cáceres
(Spain) along 1997. Bankert et al. [5] and Tiam et al. [6][7] used a probabilistic neural
network (PNN). In [8] linear discrimination techniques, and PNN and BPNN neural
networks were benchmarked and the results showed that BPNN achieves the highest
classification accuracy.

Other works are related with the search of an initial feature set that allow to obtain
reliable classification results. First works used simple spectral features like albedo and
temperature. Later works include textural features too since they are less sensitive to
the effects of atmospheric attenuation and detector noise that the first ones [9]. In [1]
Welch et al. used statistical measures based on gray level co-occurrence matrix
(GLCM) proposed by Haralick et al. in [10]. In [6] several image transformation
schemes as singular value decomposition (SVD) and wavelet packets (WP’s) were
exploited. In [11] Gabor filters and  Fourier features are recommended  for cloud
classification and in [6] authors showed that SVD, WP´s and GLCM textural features
achieved almost similar results.

In spite of it, the initial set of features and the classifier proposed in each work is
very dependent on the origin of the images (season, satellite type, location on the
Earth, etc.) that have been used.

In this work we propose a BPNN neural network and GLCM textural features for
the segmentation of Meteosat images covering the Iberian Peninsula. The initial
GLCM feature set consists of 144 features. Because of the finite size of the prototypes
set and in order to remove the redundancy in  these features, a selection process has to
be used.

In that sense, in [12] Doak identifies three different categories of search algorithms:
exponential, sequential and randomised. In [13] Aha et al. use the most common se-
quential search algorithms for feature selection applied to the clouds classification: the
forward sequential selection (FSS) and the backward sequential selection (BSS). In
[14], [15] and [16] a genetic algorithm (GA) representative of the randomised cate-
gory is used for feature selection. They use GA because it is less sensitive than other
algorithms to the order of the features that have been selected.

All these algorithms interact with the network in the selection process. Thus, it
seems that this process is going to be very dependent of the prototypes selection
and classification by the Meteorology experts. This process is particularly proble-
matic in this application, since clouds of different types could overlap on the
same pixel of the image. Taking into account this drawback, feature selection
algorithms not dependent on the labelled of the prototypes, as principal compo-
nent analysis (PCA), acquire a notable interest for comparison studies.

Therefore, in this work we want to compare the classification results obtained
from the two previously mentioned feature selection methods. In section 2 we
show the methodology followed in all the process, namely, the pre-processing
stage, a brief of the PCA feature selection algorithm and the characteristics of our
GA feature selection algorithm. In section 3 the classification results with both of
the feature selection methods are given and finally the conclusion and comments
are presented in section 4.
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2   Methodology

In this paper images from the geostationary satellite Meteosat are used. This satellite
gives multi-spectral data in three wavelength channels. In this work two of them, the
visible and infrared channels, are used. The subjective interpretation of these images
by Meteorology experts suggested us to consider the following classes: sea (S), land
(L), fog (F), low clouds (CL), middle clouds (CM), high clouds (CH) and clouds with
vertical growth (CV).

For the learning step of the neural models, several Meteorology experts selected a
large set of prototypes. These are grouped into rectangular zones, of such form that,
each of these rectangular zones contains prototypes belonging to the same class. For
this selection task a specific plug-in for the image-processing program GIMP was
implemented.

In order to compare the classification results obtained by the two feature selec-
tion algorithms and to carry out the GA feature selection process, the set of proto-
types was divided into a training set, a validation set and a test set. For obtaining an
optimal neural network with good generalization, we started from a BPNN with
very few neurons in its hidden layer. This network was trained with the training set.
The learning process stops when the number of misclassifications obtained on the
validation set reaches a minimum. After that, the process was repeated by increas-
ing the network size. The new network is considered optimal if the number of mis-
classifications over the validation set is lower than the previous one. Finally, we
select the optimal feature selection algorithm according to the classification results
on the test set.

For the training of the BPNN, the Resilient Backpropagation RProp algorithm de-
scri-bed in [17] is used. Basically this algorithm is a local adaptive learning scheme
which performs supervised batch learning in multi-layer perceptrons. It differs from
other algorithms since it considers only the sign of the summed gradient information
over all patterns of the training set to indicate the direction of the weight update. The
different simulations were performed by means of the freeware neural networks
simulation program SNNS (Stuttgart Neural Network Simulator).

2.1   Preprocessing Stage

Our final aim is the definition of a segmentation system of images corresponding to
different times of the day and different days of the year. Therefore, satellite data must
be corrected in the preprocessing stage to obtain physical magnitudes which are cha-r-
acteristic of clouds and independent of the measurement process.

From the infrared channel, we obtained brightness temperature information cor-
rected from the aging effects and  transfer function of the radiometer.  From the visi-
ble  channel we obtained albedo after correcting it from the radiometer aging effects
and considering the viewing and illumination geometry. This correction deals with the
Sun-Earth distance and the solar zenith angle at the image acquisition date and time,
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and the longitude and latitude of the pixel considered. In [7] no data correction is
made and an adaptive PNN network is proposed to resolve this issue.

Next, from the albedo and brightness temperature data, which are already charac-
teristic of the cloud, 144 statistical measures based on grey level co-occurrence matrix
(GLCM) were computed. These measures constitute the characteristic vector for each
pixel in the image. The large dimensionality of this vector and the limited quantity of
prototypes available lead us to the case where the sparse data provide a very poor
representation of the mapping. This phenomenon has been termed the curse of dimen-
sionality [18]. Thus, in many problems, reducing the number of input variables can
lead to improved performances for a given data set, even though some information is
being discarded. Therefore, this process constitutes one of the fundamentals steps of
the preprocessing stage and also one of the most significant factors in determining the
performance of the final system.

In the next sections we are going to describe briefly the algorithms used for redu-
cing the dimensionality of the input vector. Two different methods will be applied, GA
as representative of the algorithms that select a subset of the inputs and discard the
remainder and PCA as representative of the techniques based on the combination of
inputs together to make a, generally smaller, set of features.

2.2 PCA Feature Selection

Principal Components Analysis is one of the most known techniques of multivariate
analysis [19]. Due to its versatility, this method has been used for many different pur-
poses related to synthesizing information. This method starts with a large set of vari-
ables which are highly intercorrelated and defines new uncorrelated variables, which
are linear combination of the initial ones, ordered by the information they account for.
In this study, the 144 mentioned statistical measures were calculated for 4420 pixel
extracted from a set of 20 images chosen to be representative of all types of clouds,
land and sea. The distance between selected pixels is, at least, five pixels, which
means about 35 km for the region of study. This avoids considering too much redun-
dant information.

Next, a PCA was performed with the correlation matrix of the 144 variables and
4420 cases. The correlation matrix was chosen as the dispersion matrix since the vari-
ables have different units. Thus, all variables have the same weight irrespective of
their original variance. The most representative principal components (PCs) were
selected according to the Kaiser’s rule [20]. Then, the variable most correlated to each
PC was chosen as representative of the information accounted for by the PC.

Since rotating PCs results in a less ambiguous classification of variables, the PCs
were also rotated according to Varimax method [21]. This rotation was chosen since it
is widely accepted as being the most accurate orthogonal rotation method.

Thus, finally, two sets of variables were selected, one for the case of unrotated PCs
(PCANR) and other for the case of rotated PCs (PCAR).
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2.3   GA Feature Selection

The GA algorithm [22] tries to select a subset of features that offer the neural network
with the best generalisation by using the prototypes selected and labelled by the ex-
perts in Meteorology. That is, the network that, trained with the prototypes of the
learning set, achieves the minimum number of misclassifications over the validation
set.

For each subset of features the algorithm uses one hidden layer perceptrons where
the number of the neurons of the hidden layer changed from 20 till 40. For each topol-
ogy the training process is repeated 20 times randomizing the weights each time. As
fitness we have used the sum of squared error (SSE) over the validation set.

The GA was configured using a cross-over probability of 0.6, a mutation probabil-
ity of 0.1, a population of 350 individuals, a tournament selection and a steady-state
population replacement with a 30% of replacement.

The simulations were done in a Beowulf style cluster with Clustermatic as OS
(a patched RedHat 7.2 Linux OS, with bproc for cluster management). The clus-
ter is built using on master node, a double Pentium III @ 800 MHz with 1 Gbyte
of RAM memory, and 25 nodes, with AMD Athlon @ 900 MHz with 512 Mbytes
of memory each. For GA simulations we used the PGAPack [23] simulator with
MPI enabled.

3   Results

In order to implement the processes described above, the experts in Meteorology se-
lected 4599 prototypes, 2781 for the training set, 918 for the validation set and 900 for
the test set. The prototype selection was made from the Iberian Peninsula Meteosat
images corresponding to the years 1995-1998.

In the feature selection process the PCANR algorithm selected 8 variables, the
PCAR 17 and the GA gave 13. In table 1 we can observe the set of parameters se-
lected for each algorithm.

Table 1. Parameters selected for each algorithm

Algorithm Number Parameters
GA 13 113, 143, 83, 85, 72, 125, 110, 119, 88, 72, 17, 58, 40

PCAR 17
136, 25, 67, 94, 15, 22, 96, 126, 60, 121, 102, 84, 30, 50,
56, 86, 132

PCANR 8 140, 25, 22, 78, 12, 121, 56, 86

Once feature selection is made, we use a BPNN to make the comparison of the algo-
rithms and to make the final classification. In order to select the network with the best
generalization for each algorithm we take one hidden layer BPNN with variable num-
ber of neurons. We train the neural network with the training set and we calculate the
SSE over the validation set each training iteration. The network that reaches a mini-
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mum of misclassification over the validation set is chosen as representative for this
algorithm.

In the GA case the minimum value for the sum of squared error (SSE) over the
validation set was SSEV=35 and this value was reached with 23 neurons in the hidden
layer. With the PCAR algorithm SSEV=136 with 24 neurons in the hidden layer and,
finally, with the PCANR algorithm we used 48 neurons in the hidden layer to obtain a
SSEV=196.

In tables 2,3 and 4 the percentage of success over the seven classes defined in the
learning process and the SSE calculated over the three subsets of prototypes by the
network representative of each feature selection algorithm can be observed.

Table 2. Classification results over the learning set reached by the networks with the best gene-
ralization over the three sets of features.

Learning set
Algorithm F CL CM CH CV L S SSEL

GA 96.4 95.1 94.6 100 96.5 100 100 146

PCAR 87.4 86.1 89.6 98.4 89.2 100 100 347

PCANR 84.2 92.3 93.3 97.8 86.7 94.5 95.0 376

Table 3. Classification results over the validation set reached by the networks with the best
generalization over the three sets of features.

Validation set
Algorithm F CL CM CH CV L S SSEV

GA 96.4 96 99.4 98.4 98.9 100 100 35

PCAR 83.2 87.9 88.7 98.4 87.8 90.3 100 136

PCANR 74.3 87.9 79.9 98.4 90 88.2 95.2 196

Table 4. Classification results over the test set reached by the networks with the best genera-
lization over the three sets of features.

Test set
Algorithm F CL CM CH CV L S SSET

GA 92.7 86.5 77.6 100 75.9 100 100 167

PCAR 84.6 69.7 78.8 97.3 76.8 97.6 100 194

PCANR 62.6 94.2 94.1 91.8 60.7 69.6 99.3 262

4 Conclusions

Since the feature selection algorithm interacts with the network in the selection proc-
ess for the GA case, the minimum value for the SSEv is lower than the minimum ob-
tained with the other algorithms. But it also happens that the value of the SSET for the
GA algorithm is the lowest obtained. Thus we propose the features selected by the GA
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algorithm to perform the future automatic segmentation of the Iberian Peninsula Me- 
teosat images. 

In Figure 1 an example of an Iberian Peninsula Meteosat image segmentation can 
be observed. For the final classification a new class, the indecision class (I), has been 
added. W e  consider that one pixel belongs to a class when the output of the neuron 
representative of this class is bigger than 0.6 and the others outputs are least than 0.4. 
In other case the pixel is considered to belong to the indecision class. 

Fig. 1. Example of an Iberian Peninsula Metmsat image segmentation. 

Acknowledgements. Thanks are due to EUMETSAT for kindly providing the Meteo- 
sat data and to project lFD970723 (financed by the FEDER and Ministerio de  Edu- 
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Abstract. It is common in Machine Learning where rules are learned from
examples that some of them could not be informative, otherwise they could be
irrelevant or noisy. This type of examples makes the Machine Learning
Systems produce not adequate rules. In this paper we present an algorithm that
filters noisy continuous labeled examples, whose computational cost is
O(N·logN+NA2) for N examples and A attributes. Besides, it is shown
experimentally to be better than the embedded algorithms of the state-of-the art
of the Machine Learning Systems.

1 Introduction

In Machine Learning environment the process of learning rules from available labeled
examples (training data) is called training and the process of applying these learned
rules to unlabeled examples (test data) is called testing.

An example is represented by a sequence of pairs attribute-value and a label that
represents its category. The category can be symbolic or continuous. The examples
have the same attributes although some values could be missing.

A good performance could be reached supposing that the sets of training and test
data have the same distribution of the category over theirs attributes [3].

One of the most difficult tasks when dealing with real problems is to find the
attributes more related to the category in the way to define a fixed distribution that a
Machine Learning System (MLS) could learn. An additional difficulty is the possible
presence of noisy examples mainly caused by the collection of them.

In this paper an algorithm that filters noisy continuous labeled examples is
presented. It is shown that some MLS perform better using the filtered data set than
using the original one.

2 Task Definition

This paper describes an algorithm that removes noisy examples from a set of
continuous labeled examples producing a subset containing informative ones.

This Noisy Continuos Labeled Examples Filter (NCLEF) takes an example e and
classifies it as noisy or as informative. This classification is made according to two
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errors: the error committed when the current example is taking into account on the
data set and the error committed when the current example is removed from the data
set. The method employed to evaluate these errors is the continuous version of knn
[1],  it is used with Leaving-One-Out (LOO)[12] (See Fig. 1).

It is well known that knn is noise sensitive [1], that is, adding a noisy example to
the data set the performance of knn would be worse. The algorithm described in this
paper is based on this idea on a reverse way: “if the removal of an example produces
lower error then this example is supposed to be noisy”.

The algorithm has two main disadvantages. The first one is that its computacional
cost is O(N·O(knn))=O(N·kAN2)=O(kAN3) for N examples and A attributes. The
second one is the insignificant influence of an example over the knn’s error for large
data sets. A Divide and Conquer method (D&C) is incorporated to overcome these
difficulties. The resulting filter adding D&C, called NCLEFDC, makes its cost be
O(N·logN+NA2).

3 Related Work

This work is related with Example Selection. There are several techniques about
Example Selection proposed by Wilson & Martinez [14]; Aha [2]; Aha, Kibler &
Albert [1] and Cameron-Jones [5].

Blum and Langley [4] propose at least three reasons for selecting examples:
purposes of computational efficiency, high cost of labeling and focusing attention on
informative examples. Our algorithm pays attention to the third one in the way that it
trends to remove noisy examples and keep informative ones.

 Most of the algorithms for Example Selection work only on symbolic labeled
examples. There are algorithms to deal with data set containing noisy continuous
labeled examples which are embedded in the MLS (M5’ [11], RT [9], Cubist [8]), but
there is no documentation for commercial systems like Cubist.

In this paper is compared the performance of using NCLEFDC before the MLS
with the performance of using only those MLS.

4 The NCLEFDC Algorithm

The algorithm involves three steps which are detailed in the next subsections: the
principle, the iterative algorithm and the incorporation of a D&C.

4.1 The Principle

The principle involves the election of the measures employed to decide if an example
is noisy or not. A trivial measure could be the knn’s error for this example, being the
noisiest example that with the highest error. That is true in most cases, but it is not
useful since there could be no noisy examples with high error and since it is difficult
to find out the meaning of “high error“. Fortunately, noisy examples in knn entails
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another very useful feature, namely, adding a noisy example to the data set causes an
increasing of the errors of its neighbors (See Figure 1).

Taking into account this last feature, the algorithm sees the effect that an example
causes to the error of its neighbors in order to decide if it is noisy or not. The error is
approached  by means of LOO with knn over the data set. The error for N examples is
denoted by EN, the error when removing example e from the data set is  denoted  by
EN-1(e) and the error EN but without considering the error of the example e is denoted
by E’N(e). This latter error is given by equation (1).

1

}){},{(·
)('

−
=−=−=

N

etesteDataSetdataErrorKnnNE
eE N

N (1)

)()(’)( 1 eEeEeisySupposedNo NN −>⇐ (2)

It could be supposed that an example is noisy in the way of equation (2). This
means that the presence of this example makes that the knn’s error of the examples
that take it as its neighbor be bigger than if the example is removed from the data set.

Continuous
Category

 e1  e2   e3   e4     e5    e6     e7  (X)

Less error
(error = 0)

A bit less error

More error

Example (   )
Error (vertical segment)
Value predicted by knn (k=2) (   )

Errors with the examples in
study e3 and e6

Errors without the examples
in study e3 and e6

 e1  e2        e4     e5           e7  (X)

Continuous
Category

Fig. 1. Schema of a discrete step function and of how the errors vary when examples are
removed. Examples e3 and e6 have the same error, but e3 is informative (it is the first example of
the next step) and e6 is noisy. If e6 is removed the errors of its neighbors (e5 and e7) becomes 0,
but if e3 is removed  the sum of the error of its neighbors (e2 and e4) is higher.

The algorithm requires choosing the value of k for the knn. It should not be so
small because it is necessary that an example has enough neighbors in order to
measure its influence. It should also not be so big because the predictions of knn
should significantly vary if an example is removed. A good value for k is generally
determined via cross-validation [13] but a bad value is preferred in order to make knn
be very noise sensitive. Although the experiments show that the influence of k over
NCLEF is not so much significant, it is chosen the best one obtained in our
experiments, that is: k=A/2+1, where A is the number of attributes of the problem.
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4.2 The NCLEF Algorithm

The NCLEF algorithm based on the principle previously shown tries to remove the
example with more error in each iteration. Over this structure it is possible to develop
several versions. We prefer to make a prudent version, one that the main objective is
to keep informative examples. In this way three aspects of the algorithm are changed.
Firstly a new test for noisy examples is proposed. This test, described in equation (3),
takes into account the number of examples previously removed in order to avoid
removing informative ones. Secondly, the application of the test is limited to
examples whose error is above a fixed threshold (MinError in equation (4)). Finally,
the algorithm ends when it considers the example as not noisy.

)()(’)( 1 eE
N

movedExamplesreN
eEesyprudentNoi NN −>−⇐ (3)

( )))(())(( DataSetknnLOODataSetknnLOOMinError σ+= (4)

In equation (4) LOO(knn(DataSet)) is the set of errors of a LOO execution on the
data set using knn. MinError is chosen to be the sum of the average and the typical
deviation of all LOO executions. The addition of the typical deviation to the average
assures that the algorithm only tries to remove examples with high knn’s error.

The NCLEF algorithm is described as follows.

DataSet NCLEF(DataSet DS){
  // Obtain the initial Average Error using knn
  {ExampleMaxErr,AverageErr,DeviationErr}=LOOKNN(DS);
  MinError=AverageErr+DeviationErr;

  for(ite=1;ExampleMaxErr.Error>MinError;ite++){
    // Obtain the Average Error and Example with
    // more error using knn
    {ExampleMaxErrN1,AverageErrN1}=

LOOKNN(DS-{ExampleMaxErr});
    //If the example is noisy, it is eliminated

      if(prudentNoisy(ExampleMaxErr)){
        DS=DS-{ExampleMaxErr};
        ExampleMaxErr=ExampleMaxErrN1;
        AverageErr=AverageErrN1;
      }
      else break; // the example is not noisy
  } // end of for
 return DS;
} // end of NCLEF

Function LOOKNN applies LOO with knn to the data set given as a parameter. It
returns the average error, the deviation error and the example with highest error. This
information is necessary in function prudentNoisy to test if an example is noisy or not.
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4.3 Using Divide and Conquer on NCLEF

As NCLEF iterates for each example and uses knn its order is O(NCLEF)=
O(N·O(knn))=O(N·kAN2)=O(kAN3). Besides, given that we choose k to be A/2-1, then
O(NCLEF)=O(kAN3)=O(A2N3) for N examples and A attributes. This order makes
NCLEF computationally unacceptable. That is the reason why D&C is applied.

The new algorithm, called NCLEFDC, divides recursively the data set in subsets,
then applies NCLEF to each subset and finally joins all partial filtered subsets.

The goal is to divide the original data set into subsets where all the neighbors of an
example in the original set were in the same subset. As this could be impossible or, at
least, very computationally expensive, the Divide method based on the following
heuristic is used: (1) To take an example e and to calculate its || ||1, (2) to obtain two
subsets, one with the examples with more || ||1 than e and the other one with the
examples with less || ||1 than e. The algorithm looks for an example that produces two
subsets with similar number of elements. The attributes values are normalized
between 0 and 1 to avoid the generation of concentric subsets obtained by the
application of a norm. Given that all norms are equivalent in finite dimension spaces,
|| ||1 is chosen due to its faster calculus than euclidean one employed by knn.

The order of NCLEFDC is O(NCLEFDC)=O(N/M(O(Divide)+O(knn))), where M
is the maximum number of the size of the subsets and N/M is the number of subsets.

The order of Divide is O(Divide)=O(NDIVM), where NDIV is the number of examples
of the data subset. In each execution NDIV could be different, so the average is
estimated in the following way: Supposing that Divide splits the data set into two
subsets with equal number of examples, the algorithm is executed 2i times, each one
with a data set of N/2i examples in depth i of the recursive algorithm. This is made
until M/2<N/2L<M, been L the maximum depth of the recursive algorithm. If M and N
are integers such that 0<M<N then equation (8) represents an estimation of NDIV. Then
O(Divide) and O(NCLEFDC) are given by the equations (9) and (10) respectively.
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Fixing M to be constant in all experimentation, then O(NCLEFDC) is:

( )( )2
2·log)( NANNONCLEFDCO += (11)

The algorithm does not always split the data set into two subsets with exactly the
same number of examples, otherwise it could split into subsets with a proportion
between 40%-60%. Then, the base of the logarithm in equation (11) could be lower
than 2, but even though the first addend would be always lower that N2.

The algorithm NCLEFDC is described below:

DataSet NCLEFDC(DataSet DS,int M){
 // If there are more examples in the data set than M
 // we divide the data set into two subsets
 if(#DS>M) {
  {DS1,DS2}=Divide(DS,M);
  //  The global result is the Union of the partial
  // result of the two recursive calls to NCLEFDC
  return Union(NCLEFDC(DS1),NCLEFDC(DS2));
 } else return NCLEF(DS); // base case
} // End of program

{DataSet DS1,DataSet DS2} Divide(DataSet DS,int M){
 Min=0;
 Max=MaxNormalizedNorm1;
 Example ERand;
 for(iterations=1;iterations<M;iterations++) {
  ERand=RandomExampleBetween(DS,Min,Max);
  above=PercentExamplesWithMoreNorm1(DS,ERand);
  if(above>=40 and above=<60) break; // good solution
  // Redefine search interval
  if(above<40) Max=Norm1(ERand);
  if(above>60) Min=Norm1(ERand);
 } // End of for
 DS1=ExamplesWithLessNorm1(DS,ERand);
 DS2=ExamplesWithMoreNorm1(DS,ERand);
}// End of Divide

The function Divide searches for an example e whose || ||1 is a percentile between
40% and 60% in the distribution of all || ||1. This interval is fixed as an approximation
of ‘equal number of examples’.
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5 Experimental Evaluation

A set of experiments were conducted to compare the performance of M5’, Cubist and
RT with and without NCLEFDC.

The well known heterogeneous data sets of the Torgo’s repository at LIACC [10]
are used. Each experiment consists of a Cross Validation (CV) with 10 folds. Besides,
it is employed MLC++[6] with 2032 seed to make the experiments to be repeatable.

The result of a CV experiment is the Medium Average Deviation (MAD), but in the
forward tables it is shown the Relative Medium Average Deviation (RMAD) which is
the MAD divided by the MAD of the system that always predicts the average function.

Table 1. List of the data sets of the Torgo’s repository. The name, the number of examples
(#Ex), the number of attributes (#Att) and the MAD of the system that always predict the
average function (Av. MAD) are shown for each data set. Each data set is also numbered (Nº)
to be referred forward using this number.

Nº Name #Ex #Att Av.MAD Nº Name #Ex #Att Av.MAD

1 Abalone 4177 8 2,363 16 Diabetes 43 2 2,363
2 Ailerons 13750 40 0,0003 17 Elevators 16599 18 0,0046
3 Airpla.Com. 950 9 5,4852 18 Friedman Ex. 40768 10 4,0648
4 Auto-Mpg 398 4 6,5459 19 Housing 506 13 6,6621
5 Auto-Price 159 14 4600,65 20 Kinematics 8192 8 0,2156
6 Bank 32NH 8192 32 0,0903 21 Machine-Cpu 209 6 96,9004
7 Bank 8FM 8192 8 0,1236 22 MvExample 40768 10 8,8932
8 Cal. Hou. 20640 9 91174,5 23 PoleTele. 15000 48 37,2124
9 Cart Delve 40768 10 3,6069 24 Pumadyn(32) 8192 32 0,0235

10 Census(16) 22784 16 32428,2 25 Pumadyn(8) 8192 8 4,8659
11 Census(8) 22784 8 32428,2 26 Pyrimidines 74 27 0,0957
12 Com.Act 8192 21 10,6326 27 Servo 167 2 1,1662
13 Com.Act(s) 8192 12 10,6326 28 Triazines 186 60 0,1187
14 Delta Ailer. 7129 5 0,0003 29 Wisconsin 198 32 29,6833
15 Delta Eleva 9517 6 0,002

Table 2 shows that the use of NCLEFDC does not improve the performance
significantly because the data sets do not have enough noisy examples. Table 3 shows
the results when the 10% of training data are changed by noisy examples in each
execution of the CV (the test data are not modified). Under these circumstances the
performance of Cubist, M5’ and RT gets better. So NCLEFDC removes examples
better than the embedded filters that use these systems.
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Table 2. RMAD of the MLS with and without the NCLEFDC filter. It is shown the RMAD for
each data set of Torgo’s repository and the average of all RMADs (Av.) of a MLS.

Only the systems NCLEFDC before the systems
Cubist 1.10 M5' RT 4.1 Cubist 1.10 M5' RT 4.1

1 105,16% 101,12% 100,46% 104,63% 99,89% 100,46%
2 73,88% 66,67% 84,74% 73,88% 66,67% 84,74%
3 39,54% 33,82% 42,62% 39,54% 33,82% 39,14%
4 27,83% 28,01% 48,81% 27,83% 28,01% 48,76%
5 33,07% 31,75% 36,73% 33,65% 30,54% 36,70%
6 34,04% 34,41% 43,17% 34,79% 34,83% 34,45%
7 12,67% 11,69% 16,94% 12,60% 11,76% 17,20%
8 63,48% 64,24% 67,85% 63,06% 64,43% 71,23%
9 100,00% 50,00% 50,00% 100,00% 50,00% 50,00%

10 19,37% 20,64% 24,33% 19,37% 20,43% 24,41%
11 17,88% 18,53% 22,90% 17,88% 18,45% 22,90%
12 50,67% 51,42% 52,40% 50,65% 51,57% 52,39%
13 58,47% 64,45% 70,21% 58,14% 63,23% 70,32%
14 26,38% 28,51% 30,64% 26,81% 28,51% 30,64%
15 15,89% 17,80% 22,65% 15,80% 17,89% 22,65%
16 55,61% 56,17% 66,70% 55,52% 56,17% 66,88%
17 22,07% 22,08% 22,43% 22,07% 22,08% 22,44%
18 6,37% 8,28% 8,78% 6,56% 8,25% 8,76%
19 52,41% 58,01% 57,93% 51,60% 57,47% 57,49%
20 49,67% 54,57% 54,56% 49,28% 54,28% 54,02%
21 38,89% 35,98% 41,68% 35,45% 35,94% 42,08%
22 50,00% 36,96% 52,17% 50,00% 36,96% 52,17%
23 23,83% 26,63% 33,88% 23,83% 26,70% 33,79%
24 100,00% 33,33% 33,33% 100,00% 33,33% 33,33%
25 0,22% 0,97% 12,42% 0,22% 0,97% 12,36%
26 85,17% 81,80% 88,96% 89,89% 81,55% 89,72%
27 101,27% 97,49% 100,56% 101,07% 97,16% 96,76%
28 30,88% 28,16% 40,53% 32,18% 27,57% 42,62%
29 55,00% 55,00% 55,00% 55,00% 55,00% 55,00%

Av. 46,54% 42,02% 47,70% 46,60% 41,84% 47,36%

Table 2 shows that there are no significant differences in the precision when
NCLEFDC is applied to no noisy data sets. However, the application of NCLEFDC to
noisy data sets (see Table 3) causes an improvement in the performance.
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Table 3. RMAD of the MLS with and without the NCLEFDC. It is shown the RMAD for each
data set of Torgo’s repository and the average of all RMADs (Av) of a MLS. The data in each
execution of a CV are modified with a 10% of noisy examples.

Only the systems NCLEFDC before the systems
Cubist 1.10 M5' RT 4.1 Cubist 1.10 M5' RT 4.1

1 98,19% 101,52% 96,18% 98,88% 98,50% 95,58%
2 76,05% 71,01% 90,44% 75,84% 69,85% 90,86%
3 41,22% 50,84% 53,20% 38,84% 40,98% 43,10%
4 54,59% 60,01% 79,86% 39,61% 43,19% 54,45%
5 38,85% 37,01% 43,45% 35,57% 34,32% 40,66%
6 46,13% 42,09% 53,64% 41,18% 40,42% 52,08%
7 19,66% 20,60% 25,72% 15,28% 14,98% 28,02%
8 64,60% 68,83% 73,61% 62,53% 64,25% 75,30%
9 100,00% 50,00% 50,00% 100,00% 50,00% 50,00%

10 35,88% 41,70% 41,97% 27,85% 33,15% 34,19%
11 26,26% 30,44% 34,39% 20,53% 23,55% 28,20%
12 53,01% 54,31% 55,26% 53,04% 53,32% 55,07%
13 64,75% 76,53% 82,57% 57,28% 69,35% 76,34%
14 31,20% 36,32% 37,61% 30,77% 36,32% 37,18%
15 33,94% 40,85% 41,38% 24,13% 32,91% 33,81%
16 58,02% 60,58% 72,82% 57,79% 59,65% 72,77%
17 23,02% 24,10% 26,27% 22,25% 22,50% 24,03%
18 14,27% 18,35% 18,98% 10,52% 12,23% 12,35%
19 57,33% 79,30% 76,55% 48,19% 62,31% 60,37%
20 50,08% 74,08% 73,12% 43,14% 56,42% 56,37%
21 42,11% 41,53% 49,54% 42,59% 39,72% 47,09%
22 52,63% 56,14% 68,42% 45,61% 42,11% 57,89%
23 25,43% 34,82% 44,17% 24,92% 32,48% 41,29%
24 100,00% 33,33% 66,67% 100,00% 33,33% 66,67%
25 7,38% 15,24% 17,32% 3,65% 7,19% 9,65%
26 97,13% 93,53% 95,25% 93,28% 95,74% 98,20%
27 157,47% 156,00% 152,13% 156,73% 152,29% 151,54%
28 45,21% 44,78% 51,63% 42,80% 40,01% 46,15%
29 55,00% 55,00% 60,00% 55,00% 55,00% 60,00%

Av. 54,12% 54,10% 59,73% 50,61% 48,83% 55,15%

6 Conclusions

This paper describes an algorithm that filters noisy continuous labeled examples from
a data set. This algorithm uses knn to determine if an example is noisy or not. knn is
helped by D&C in order to reduce its computational cost.

The quality of this algorithm has been evaluated by two criteria: the cost associated
to the filtering and the accuracy of M5’, Cubist and RT when they use the filtered data
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set instead of the original one. The cost of the algorithm is O(Nlog2N+A2N) where N is
the number of examples and A is the number of attributes.

It is shown experimentally that the accuracy of the latter systems is better when
they use this filter under the presence of noisy examples. However, the accuracy is the
same when there are no noisy examples.

A conclusion is that the performance of M5’, Cubist and RT is worse under the
presence of noisy examples. Another conclusion is that in our experiments NCLEFDC
deals with noisy examples better than the embedded algorithms of the latter systems.

In this paper only basic principles are presented, but a lot remains could be done in
this area. We are interested in the following issues: (1) to calculate automatically the
stop condition of the D&C phase; (2) to extend this idea to a discrete labeled
examples; (3) to transfer the use of knn as noise detector to the area of feature
selection.
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Abstract. In this paper, we propose that the Case Based Reasoning (CBR)
paradigm offers an interesting alternative to developing adaptive hypermedia
systems, such that the inherent analogy-based reasoning strategy can
inductively yield a ‘representative’ user model and the case adaptation
techniques can be used for dynamic adaptive personalization of generic
hypermedia-based information content. User modeling is achieved by applying
an ontology-guided CBR retrieval technique to collect a set of similar past cases
which are used to form a global user-model. Adaptive personalization is
accomplished by a compositional adaptation technique that dynamically
authors a personalized hypermedia document—a composite of multiple fine-
grained information ‘snippets’—by selectively collecting the most relevant
information items from matched past cases (i.e. not the entire past solution) and
systematically amalgamating them to realize a component-based personalized
hypermedia document.

1   Introduction

Web-mediated information portals routinely suffer from their inability to satisfy the
heterogeneous needs of a broad base of information seekers. For instance, web-based
education systems present the same static learning content to learners regardless of
their individual knowledge of the subject; health information portals deliver the same
generic medical information to consumers with different health profiles; and web e-
stores offer the same selection of items to customers with different preferences.

A solution to this overly-simplified approach for ‘generic’ information delivery is
the development of adaptive hypermedia systems—web-based systems that belong to
the class of user-adaptive software systems—that have the ability to adapt their
behavior to the goals, tasks, interests and needs of individual users and group of users
[1]. An adaptive hypermedia system involves two distinct activities: (a) development
of a user model and (b) adaptation of static generic information content to user-
specific personalized content [2].

In this paper, we argue that the Case Based Reasoning (CBR) paradigm [3] offers
an interesting alternative to developing adaptive hypermedia systems [4], such that
the inherent analogy-based reasoning strategy can inductively yield a ‘representative’
user model and the case adaptation techniques can be used for dynamic adaptive
personalization of generic hypermedia-based information content [5]. In our work,
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user modeling is achieved by applying an ontology-guided CBR retrieval technique to
collect a set of similar past cases which are used to form a global user-model.
Adaptive personalization is accomplished via a novel compositional adaptation
technique that dynamically authors a personalized hypermedia document—a
composite of multiple fine-grained information ‘snippets’—by selectively collecting
the most relevant information items from matched past cases (i.e. not the entire past
solution) and systematically amalgamating them to realize a component-based
personalized hypermedia document. For concept explication purposes, we have
chosen the healthcare sector and present an adaptive hypermedia system designed to
dynamically author personalized healthcare information hypermedia content based on
an individual’s current health status/profile. The choice of the application domain is
driven by the need for information personalization in the healthcare sector [5, 6, 7], as
personalized health maintenance information is deemed to have a significant impact
in ensuring wellness maintenance both at the individual and community level.

2   CBR-Mediated Adaptive Personalization

Our CBR-mediated adaptive hypermedia system development approach builds on a
corpus of past cases specified by medical practitioners. Each case depicts a situation-
action construct, such that (a) the situation component defines the local user-model—
i.e. an individual’s Health Profile (HP)—in terms of attribute-value pairs (ideally
originating from the individual’s electronic medical record); and (b) the action
component comprises a corresponding Personalized Healthcare Information
Prescription (PHIP) that is composed of a number of fine-grain, Problem-focused
(hypermedia) Documents (PD). Each PD is designed to contain health maintenance
information pertaining to a specific medical problem/issue. Note that the PHIP is a
composite of multiple PDs, whereby each constituent PD is prescribed by a medical
practitioner in response to some facet (i.e. an attribute-value) of an individual’s HP.

2.1  Problem Specification

We argue that one limitation of traditional CBR approaches is that the recommended
solution/action to a new problem-situation—i.e. a new case—is taken as the entire
solution of the matched past case. In a healthcare information delivery context where
information accuracy is paramount it would be rather naive to assume that
heterogeneous individuals may have a similar HP or user model! Hence, it is argued
that the entire PHIP associated with matched past cases (i.e. existing user-profiles)
cannot be regarded as an accurate inferred solution to a new user-model.

In this scenario, adaptive personalization is characterized as the problem of
selective collection of only the relevant information ‘snippets’ from the multiple
matched past PHIPs, as opposed to selecting the entire PHIP (which may potentially
contain irrelevant or damaging information for a particular individual). We believe
that a component-based information representation and compilation strategy will
ensure that the healthcare content disseminated to an individual is specifically focused
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towards the individual’s prevailing healthcare needs, akin to the kind of personalized
service one enjoys from a visit to a medical practitioner [5].

2.2  Our Compositional Adaptation Strategy

We have devised a case adaptation strategy—based on notions of compositional
adaptation [8, 9]—that is applicable to the adaptation of a specialized class of cases in
which the case solution is a composite of individual sub-solutions; where each sub-
solution addresses a particular problem-defining attribute of a case. Our
compositional adaptation strategy is applicable to dynamic adaptive personalization of
hypermedia documents, as it allows the tailoring of a personalized documents via
user-profile driven selection of ‘generic’ information snippets (analogous to sub-
solutions) from an ensemble of past-compiled hypermedia documents. The systematic
amalgamation of ‘relevant’ information snippets yields a unified personalized
document corresponding to a particular user-model. Figure 1 shows our CBR-
mediated compositional adaptation strategy for adaptive hypermedia personalization.

Case Base

Current HP defined
over 7 different
attributes with values
shown as patterns

Set of matched past cases.
Each HP attribute is
associated with a PD

Compositional adaptation
of past solutions. The PDs
associated with each HP
attribute are adapted for
the final composite solution

The final composite
solution, derived by
synthesizing the
relevant PDs from
multiple past cases.

aa aaa

bbb b bb

cc c cc

aa aaa

bbb b bb

cc c cc

cab b cba

PHIP
(Personalized
hypermedia)

Local user-model Global user-model
Adaptive
personalization

Personalized
hypermedia document

Fig. 1. A pictorial illustration of our CBR-Mediated compositional adaptation based strategy
for generating adaptive personalized hypermedia documents.

The rationale for our approach is grounded in the principle that since inter-case
similarity is determined at an attribute-level, therefore fine-grained solution
adaptation should also be conducted at the attribute-level. By adapting the attribute-
specific sub-solutions based on the attribute’s similarity measure we ensure that the
best matching attribute values impact the most on a selected segment of the
solution—i.e. the sub-solution component associated with the attribute—as opposed
to impacting the entire solution component [9]. In this way we are able to generate a
solution that contains components that reflect the best features—i.e. most relevant
information—of similar past solutions.



Designing Adaptive Hypermedia for Internet Portals 63

3   An Algorithm for CBR-Mediated Adaptive Personalization

In this section we will discuss our compositional adaptation algorithm for performing
adaptive personalization of hypermedia documents. We will continue with the
exemplar application of generating a personalized health information package (PHIP)
based on a specific user-model (i.e. an individual’s HP).

3.1  Case Representation Scheme

The HP depicts a ‘local’ user-model defined in terms of a list of health specific
attributes as shown in Table 1. The HP, deemed as the problem description in a CBR
content, contains multi-valued attributes, where the domain of attribute-values is
determined from standard medical resources. In a CBR-context, the PHIP is deemed
as the solution component of a case. Structurally, the PHIP is a composite of multiple
PDs. Conceptually, each HP attribute is related to at least one PD in the solution
component.

Table 1. An exemplar HP illustrating the 7 information groups and their corresponding values.

Acute
Disease

(AD)

Short-Term
Illness

(SI)

Current
Symptoms

(S)

Current
Drugs

(D)

Allerg-
ies
(A)

Demograp-
hic Data

(DD)

Lifestyle
Data
(LD)

Diabetes-
Mellitus
Hypertension

Fever High Temp.
Cough
Rashes

Panadol
Bendryl

Allergic
Rhinitis

Age : 56 y
Sex : Male
Edu.: High

Fitness: N
Diet : H
Smoke: Y

3.2   User-Modeling: Case Retrieval Procedure

In CBR terms, user modeling involves the generation of a global user-model derived
based on the similarity between the local user-model (i.e. the HP) and a set of past
user-models. Given a local user-model, we retrieve a set of similar past user-models
based on similarity measures—referred as Total Weighted Distance (TWD). The
value of the TWD is derived as the sum of the individual Total Distance (TD)
between the corresponding attributes in the current and past user-models. This process
is akin to the case retrieval process in the CBR formalism. To illustrate our case
retrieval strategy, Table 2 shows an exemplar current HP; for illustration purposes we
will focus on a single HP attribute, namely Acute Disease (AD). In Table 2, the HP
section shows that the AD attribute has 3 values (given in uppercase typeface)—each
HP attribute-value code is derived as a combination of the class-code, sub-class-code
and the element-code originating from a medical taxonomy. Table 2 also illustrates
four matched Past Cases (PC) that are retrieved (note that we show the values for the
attribute AD in the past cases in a lowercase typeface).
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Table 2. Current HP and 4 matching past cases. Note that only the AD attribute is shown.

HP

C
ur

re
nt

C
as

e AD1 = 1-1-0021

AD2 = 1-3-0352

AD3 = 2-1-0043

PC1 PC2 PC3 PCtotal= 4

P
as

t
C

as
es

(P
C

) ad1 = 1-1-0021

ad2 = 1-3-0352

ad3 = 2-1-0043

ad1 = 1-2-0211

ad2 = 2-1-0032

ad3 = 1-1-0023

ad1 = 1-1-0201

ad2 = 1-3-0352

ad3 = 2-1-0043

ad1 = 3-1-0021

ad2 = 3-1-0042

A domain-specific similarity matrix (as shown in Table 3) is used to determine the
attribute-level Degree of Similarity (DS)—the DS spans from perfect match to close
match to weak match and no match—between the current and past HP attribute-values
belonging to the same attribute. For instance, the attribute values 1-2-2001 and 1-2-
2002 will result in a DS of ‘close match’ as the class and sub-class codes match,
whereas the DS between the attribute values 1-2-2001 and 1-3-3004 is a ‘weak match’
because only the class code is similar.

Table 3. Similarity Matrix used to determine DS between the current HP and past HP attributes

Degree of Similarity
(DS)

Class
Code

Sub-Class
Code

Element
Code

Numeric Value
for DS

Perfect Match � � � 1

Close Match � � � 75

Weak Match � � � 25

No Match � � � 100

We trace below the steps involved in the calculation of TWD between a current HP
and a set of past HPs, leading to the retrieval of similar past cases.

Step 1 : Determine attribute-level Distance.
The idea is to establish equivalence between the current HP and a past case’s HP at
the attribute level. We calculate the DS between each current HP attribute-value with
respect to corresponding attribute-value(s) in each past case’s HP. Since each HP
attribute can have multiple values, we need to individually determine the DS for each
current HP attribute-value. The pseudo code for performing the same is given below;
for illustration purposes we consider matching the values for the current HP attribute
of ‘AD’ with the corresponding retrieved past case attribute of ‘adx’.

For P = 1 to PCtotal {total is the no. of past cases}

For J = 1 to ADN  {N = no. of AD values in current HP}

For K = 1 to adm {m = no. of ad values in a past HP}

compare each ADJ with all adK in PCP using the
similarity matrix given in table 4 such that

DS[ADJ, adK
p] = similarity_matrix(ADJ, adK

p )
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Step 2 : Find the best matching attribute-value in the past HP.
For each current HP attribute-value, we find the best matching attribute-value(s) in

the past cases based on the value of DS(ADx , ady). This is achieved by determining
the Distance (D) as shown in the pseudo code below:

For P = 1 to PCtotal

For J = 1 to ADN

For K = 1 to adm

]),[min( P
KJ

ad
AD adADDSD

P
K

J
=

where 
P
K

J

ad
ADD  implies that ADJ best matches with the attribute-value adK in the past

case P, and the variable D holds the distance measure between ADI and adK which
would be the minimum for all ad values in the past case P. Note that we individually

calculate 
P
K

J

ad
ADD for all the past cases. Using the current HP and the set of past cases

given in Table 2, we present a trace of the calculation of DS in Table 4.

Step 3 : Calculate the Total Distance for each current HP attribute.
For each current HP attribute, we calculate its distance with the corresponding
attribute in a specific past case. Since each attribute can have multiple values, the TD
is derived via averaging the individual matching D’s associated with the multiple
attribute-values. Note that a DAD value of 100 refers to a non-match and hence it will
not included in the calculation of the TD. We calculate a separate TD for each current
HP attribute for all past cases as follows:

For P = 1 to PCtotal

NDTD
N

K

ad
AD

P
AD

P

K
/

1
∑

=

=

where P
ADTD  refers to the total distance of the current HP attribute of AD with the same

attribute in the past case P, and N is the number of non-zero DAD. Note that the same
procedure is applied to calculate the TD for the other four attributes in the current HP,
given as TDSI, TDS, TDD and TDA. In Table 5, we illustrate the calculation of TD for
the current HP attribute of AD as per the procedure mentioned above.

Step 4 : Calculate the Total Weighted Distance for each past case.
We use the individual TD values for all the current HP attributes with respect to a
specific past case to calculate the TWD between the entire current HP and the HP
component of a specific past case. The case-level distance is weighted—i.e. the user
can modulate the influence of each attribute in the determining the similarity between
the current and past HPs.

Step 5: Retrieve similar past cases to form global user model.
Finally, we retrieve all past cases that have a TWD less than a pre-defined threshold.
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Table 4. Calculation of DS and TD for the current HP and the set of past cases. The legend
(AD1 � ad1) implies that the attribute value AD1 matches with value ad1.

P J K DS[ADJ ,adP

K] TDAD P J K DS[ADJ ,adP

K] TDAD

1 1 (AD1 � ad1) 1 25  (AD1 � ad1)
2 75 2 751
3 100

1
3 100

1 75 1 75
2 1 (AD2 � ad2) 2 1  (AD2 � ad2)2
3 100

2
3 100

1 100 1 100
2 100 2 100

1

3
3 1 (AD3 � ad3)

1.00 3

3
3 1  (AD3 � ad3)

9.00

1 75 1 100
2 100 2 1001
3 1  (AD1 � ad3)

1

1 75  (AD2 � ad1) 1 100
2 100 2 1002
3 100

2

1 100 1 100
2 25  (AD3 � ad2) 2 100

2

3
3 100

33.67 4

3

100.00

Table 5. Calculation of the TWD of the current HP with the HP component of the past cases.
The TDs for attribute other than AD are set to 50 for illustration purposes only.

Past Case TDAD TDSI TDS TDD TDA TWD Case Retrieved
(TWD < 55)

PC1 1.00 50 50 50 50 40.20 �
PC2 33.67 50 50 50 50 46.73 �
PC3 9.00 50 50 50 50 41.80 �
PC4 100.00 50 50 50 50 60.00 �

3.3   Adaptive Personalization via Compositional Adaptation

In the adaptive personalization stage, we personalize the solution component of the
retrieved past cases to generate an individual-specific solution—i.e. a PHIP. As per
our compositional adaptation approach, for each HP’s attribute-value we select the
most relevant past sub-solution (which manifests as a specific PD) from the entire
solution of the retrieved past cases. The processing sequence is as follows: (i) Each
attribute-value of the current HP is mapped to a set of matching attribute-values in the
retrieved past cases; (ii) the PD associated with the matching past case’s attribute
value is selected; and (iii) the set of selected PDs are systematically amalgamated to
yield the most representative PHIP. We explain below our compositional adaptation
technique, building upon the case retrieval mechanism described earlier.

Step 1: Calculate the Relative Distance of each matched current HP value.
We determine the Relative Distance (RD) of each current HP attribute-value with
respect the attribute-level distance (calculated earlier as D) and case-level distance
(calculated earlier as TWD) for each retrieved past case as follows:
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For P = 1 to PCretrieved

For K = 1 to N {N = total no. of matched AD value}

)/()( TWDFieldTWD
P

Field
ad
AD

ad
AD WWWTWDWDRD

P
x

K

P
x

K
+∗+∗=

where 
P
x

K

ad
ADRD is the relative distance between the current HP attribute-value ADK

and the corresponding attribute-value adx in the retrieved past case P (shown in Table
7). Here, we introduce two user-specified weights WAttribute and WTWD to impact the
influence of attribute-level and case-level similarity, respectively.

Table 7. Calculation of RD of each AD attribute-value with the corresponding attribute-values
in the three retrieved cases.

K P TWDP
P
xad

P
x

K

ad
ADD

P
x

K

ad
ADRD ADK Temp NRDP

ADK

1 1-1-002 1 28.44 0.38
2 1-1-002 1 33.01 0.331
3

40.20
1-1-020 25 36.76

1 0.092
0.29

1 1-3-035 1 28.44 0.40

2 1-2-021 75 55.21 0.212
3

46.73
1-3-035 1 29.56

2 0.086
0.39

1 2-1-004 1 28.44 0.38

2 2-1-003 25 40.21 0.263

3

41.80
2-1-004 1 29.56

3 0.092

0.36

Step 2 : Calculate the Normalized Relative Distance of current HP values.
To acquire a uniform range of RD’s over the entire set of current-HP attribute values
we calculate the Normalized Relative Distance (NRD) of a specific current HP
attribute-value (say AD) over the entire set of retrieved past cases (i.e. PCretrieved):

For K = 1 to ADN

∑
=

=
retrieved P

x

KK

PC

P

ad
ADAD RDTemp

1

/1

Next, the NRD for the attribute-value AD for a retrieved past case P is calculated:

)/(1
P
x

KK

P
x

K

ad
ADAD

ad
AD RDTempNRD ∗=

where 
P
x

K

ad
ADNRD  is the normalized relative distance between the current HP

attribute-value ADK and the attribute-value adx in the past case P, shown in Table 7.

Step 3 : Determine the appropriateness of available solution components.
Since each current HP attribute-value can match with one or more past case attribute-
value, there exist the possibility that a current HP attribute-value can be associated
with multiple PDs. We select the most appropriate PDs (from the set of collected
PDs) for each current HP attribute-value. This is achieved by determining the
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Appropriateness Factor (AF) of all the available PDs via the aggregation of their
NRD over the entire set of retrieved cases in the following manner:

For I = 1 to ADN

∑
=

=
retrieved P

x

I

P
x

I

PC

P

ad
AD

ad
AD NRDAF

1

where 
P
x

I

ad
ADAF is the appropriateness factor for the PD associated with the

attribute-value adx in the past case P with respect to the current HP attribute-value of
ADI. Next, we compare the AF for each PD against a pre-defined threshold; if the AF
of a PD exceeds the threshold then it is included in the final solution.

The Output: A Personalized Document Comprising Multiple Sub-Documents.
Table 8 shows the final calculations of AF for the 9 candidate PDs (note that there are
only 6 distinct PDs). For attribute AD1, we have two distinct candidate PDs: PD 1-1-
002 from two past cases—i.e. PC1 and PC2; and PD 1-1-020 from PC3. Since, PD 1-1-
002 is recommended by two past cases it has a stronger bias for being included in the
final solution, as is reflected by its AF value. In this way, our compositional
adaptation strategy favors those PDs that are recommended by multiple past solutions.

Table 8. Selection of the most appropriate PDs based on their AF values. The selection criteria
is AFPD > 0.35. The selected PDs represent the final solution component (i.e. PHIP).

ADN adP

  � PDP NRD AFPD

Selected PDs as the
FINAL SOLUTION

ad1 = 1-1-002
ad2 = 1-1-002

0.38
0.33 0.71 �

(1-1-002)AD1

(1-1-002)
ad3 = 1-1-020 0.29 0.28 �

ad1 = 1-3-035
ad3 = 1-3-035

0.40
0.39 0.79 �

(1-3-035)AD2

(1-3-035)
ad2 = 1-2-021 0.21 0.21 �

ad1 = 2-1-004
ad3 = 2-1-004

0.38
0.36 0.74 �

(2-1-004)AD3

(2-1-004)
ad2 = 2-1-003 0.26 0.26 �

The composition of the final solution (shown in the last column of Table 8) clearly
illustrates an adaptive personalization affect whereby the final PHIP comprises three
PDs, one each for AD1, AD2 and AD3. The solution for AD1 is collected from past
cases 1 and 2, whereas the solution for AD2 is collected from past cases 1 and 3. This
is in accordance with our compositional adaptation approach that posits the collection
of the most appropriate sub-solutions from all the retrieved past cases as opposed to
the selection of the entire solution of the most similar past case.

4   Concluding Remarks

In this paper, we have presented an interesting compositional adaptation technique
that is applied to problem of adaptive hypermedia design. We conclude that our
compositional adaptation approach is well-suited for personalized hypermedia
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document generation, if the hypermedia document is a composite of multiple fine-
grained information ‘snippets’. In this scenario, we design a personalized hypermedia
document by selecting the most appropriate sub-solutions (or information snippets)
from all the retrieved past cases. From our experiments, we have determined that (a)
the higher the frequency of occurrence of a particular sub-solution across the various
retrieved past cases, the higher its appropriateness towards the current solution; and
(b) the appropriateness of a particular sub-solution is more accurately determined by
taking into account both its individual appropriateness factor  and the similarity
measure of the entire past case with the current problem description.

Finally, we believe that the said compositional adaptation mediated personalization
approach can be used for a variety of applications such as education material
personalization based on academic performance, stock market reporting and advice
based on user-specific portfolio, tourist information based on user-specific criterion
and so on; the only constraint being the availability of a large volume of past cases.
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thamy@cseg.inaoep.mx, fuentes@inaoep.mx

Abstract. We present a new algorithm called Ordered Classification,
that is useful for classification problems where only few labeled examples
are available but a large test set needs to be classified. In many real-world
classification problems, it is expensive and some times unfeasible to ac-
quire a large training set, thus, traditional supervised learning algorithms
often perform poorly. In our algorithm, classification is performed by a
discriminant approach similar to that of Query By Committee within the
active learning setting. The method was applied to the real-world astro-
nomical task of automated prediction of stellar atmospheric parameters,
as well as to some benchmark learning problems showing a considerable
improvement in classification accuracy over conventional algorithms.

1 Introduction

Standard supervised learning algorithms such as decision trees (e.g. [1,2]), in-
stance based learning (e.g. [3]), Bayesian learning and neural networks require
a large training set in order to obtain a good approximation of the concept to
be learned. This training set consists of instances or examples that have been
manually, or semi-manually, analyzed and classified by human experts. The cost
and time of having human experts performing this task is what makes unfeasible
the job of building automated classifiers with traditional approaches in some do-
mains. In many real-world classification problems we do not have a large enough
collection of labeled samples to build an accurate classifier. The purpose of our
work is to develop new methods for reducing the number of examples needed for
training by taking advantage of large test sets.

Given that the problem setting described above is very common, an increas-
ing interest from the machine learning community has arisen with the aim of
designing new methods that take advantage of unlabeled data. By allowing the
learners to effectively use the large amounts of unlabeled data available, the size
of the manual labeled training sets can be reduced. Hence, the cost and time
needed for building good classifiers will be reduced, too. Among the most popu-
lar methods proposed for incorporating unlabeled data are the ones based on a
generative model, such as Naive Bayes algorithm in combination with the Expec-
tation Maximization (EM) algorithm [4,5,6,7,8]. While this approach has proven

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 70–79, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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to increase classifier accuracy in some problem domains, it is not always appli-
cable since violations to the assumptions made by the Naive Bayes classifier will
deteriorate the final classifier performance [9,10]. A different approach is that of
co-training [11,10], where the attributes describing the instances can naturally
be divided into two disjoint sets, each being sufficient for perfect classification.
One drawback of this co-training method is that not all classification problems
have instances with two redundant views. This difficulty may be overcome with
the co-training method proposed by Goldman and Zhou [12], where two differ-
ent learning algorithms are used for bootstrapping from unlabeled data. Other
proposals for the use of unlabeled data include the use of neural networks [13],
graph mincuts [14], Semi-Supervised Support Vector Machines [15] and Kernel
Expansions [16], among others.

In this paper we address the problem of building accurate classifiers when the
labeled data are insufficient but a large test set is available. We propose a method
called Ordered Classification (OC), where all the unlabeled data available are
considered as part of the test set. Classification with the OC is performed by
a discriminant approach similar to that of Query By Committee within the
active learning setting [17,18,19]. In the OC setting, the test set is presented
to an ensemble of classifiers built using the labeled examples. The ensemble
assigns labels to the entire test set and measures the degree of confidence in its
predictions for each example in the test set. According to a selection criterion
examples with a high confidence level are chosen from the test set and used
for building a new ensemble of classifiers. This process is repeated until all the
examples from the test set are classified.

We present some experimental results of applying the OC to some benchmark
problems taken from the UCI Machine Learning Repository [20]. Also, as we
are interested in the performance of this algorithm in real-world problems, we
evaluate it on a data set obtained from a star catalog due to Jones [21] where
the learning problem consists in predicting the atmospheric parameters of stars
from spectral indices. Both types of experiments show that using the OC results
in a considerable decrease of the prediction error.

2 The Ordered Classification Algorithm

The goal of the OC algorithm is to select those examples whose class can be
predicted by the ensemble with a high confidence level in order to use them
to improve its learning process by gradually augmenting an originally small
training set. How can we measure this confidence level? Inspired by the selection
criterion used in previous works within the active learning setting (e.g. [17,18,
19]) we measure the degree of agreement among the members of the ensemble.
For real-valued target functions, the confidence level is given by the inverse of
the standard deviation on the predictions of the ensemble. Examples with low
standard deviation in their predicted target function are considered more likely
to be correctly classified by the ensemble, thus these examples are selected and
added to the training set. For discrete target functions we measure the confidence
level by computing the entropy on the classifications made by the ensemble on
the test set. Again, examples with low entropy values are selected for rebuilding
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the ensemble. The test set is considered as the unlabeled data since they do
not have a label indicating their class, so from now on we will use the words
unlabeled data and test set to refer to the same set.

Our algorithm proceeds as follows: First, we build several classifiers (the en-
semble) using the base learning algorithm and the training set available. Then,
each classifier predicts the classes for the unlabeled data and we use these pre-
dictions to estimate the reliability of the predictions for each example. We now
proceed to select the n previously unlabeled examples with the highest confi-
dence level and add them to the training set. Also, the ensemble re-classifies all
the examples added until then, if the confidence level is higher than the previous
value then the labels of the examples are changed. This process is repeated until
there are no unlabeled examples left. See Table 1 for an outline of our algorithm.

The OC can be used in combination with any supervised learning algorithm.
In the experimental results presented here, when the learning task involves real-
valued target functions we used Locally Weighted Linear Regression (LWLR)
[3]; for discrete-valued target functions we used C4.5 [2]. The next subsections
briefly describe these learning algorithms.

2.1 Ensembles

An ensemble of classifiers is a set of classifiers whose individual decisions are
combined in some way, normally by voting. In order for an ensemble to work
properly, individual members of the ensemble need to have uncorrelated errors
and an accuracy higher than random guessing. There are several methods for
building ensembles. One of them, which is called bagging [22], consists of manip-
ulating the training set. In this technique, each member of the ensemble has a
training set consisting of m examples selected randomly with replacement from
the original training set of m examples (Dietterich [23]). Another technique simi-
lar to bagging manipulates the attribute set. Here, each member of the ensemble
uses a different subset randomly chosen from the attribute set. More informa-
tion concerning ensemble methods, such as boosting and error-correcting output
coding, can be found in [23]. The technique used for building an ensemble is
chosen according to the learning algorithm used, which in turn is determined by
the learning task. In the work presented here, we use bagging when C4.5 [2] is
the base learning algorithm; and the one that randomly selects attributes when
using Locally Weighted Regression [3].

2.2 The Base Learning Algorithm C4.5

C4.5 is an extension to the decision-tree learning algorithm ID3 [1]. Only a brief
description of the method is given here, more information can be found in [2].
The algorithm consists of the following steps:

1. Build the decision tree form the training set (conventional ID3).
2. Convert the resulting tree into an equivalent set of rules. The number of

rules is equivalent to the number of possible paths from the root to a leaf
node.
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Table 1. The ordered classification algorithm

Is is a matrix whose rows are vectors of attribute values
Ls is the class label
S is the training set, given by the tuple [Is, Ls]
U is the unlabeled test set
A is initially empty and will contain the unlabeled examples added to the training set

1. While U �= � do:
– Construct E, the ensemble containing k classifiers
– Classify U and estimate reliability of predictions
– V are the n elements of U for which the classification assigned by the
ensemble is most reliable

– S = S ∪ V
– U = U − V
– A = A ∪ V
– Classify A using E and change the labels of the examples with higher
confidence level

2. End

3. Prune each rule by removing any preconditions that result in improving its
accuracy, according to a validation set.

4. Sort the pruned rules in descending order according to their accuracy, and
consider them in this sequence when classifying subsequent instances.

Since the learning tasks used to evaluate this work involve nominal and numeric
values, we implemented the version of C4.5 that incorporates continuous values.

2.3 Locally Weighted Linear Regression

LWLR belongs to the family of instance-based learning algorithms. These al-
gorithms build query specific local models, which attempt to fit the training
examples only in a region around the query point. They simply store some or all
of the training examples and postpone any generalization until a new instance
must be classified. In this work we used a linear model around the query point
to approximate the target function.

Given a query point xq, to predict its output parameters yq, we assign to
each example in the training set a weight given by the inverse of the distance
from the training point to the query point: wi = 1

|xq−xi|
Let W , the weight matrix, be a diagonal matrix with entries w1, . . . , wn. Let

X be a matrix whose rows are the vectors x1, . . . ,xn, the input parameters of
the examples in the training set, with the addition of a “1” in the last column.
Let Y be a matrix whose rows are the vectors y1, . . . ,yn, the output parameters
of the examples in the training set. Then the weighted training data are given
by Z = WX and the weighted target function is V = WY . Then we use the
estimator for the target function yq = xT

q (Z
T Z)−1ZT V.
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Table 2. Description of Data sets

name cases features % Cont. %Discr.
chess 3196 37 0 100

lymphography 148 19 0 100
credit 653 16 60 40
soybean 266 36 0 100

spectral indices 651 24 100 0

3 Experimental Results

In order to assess the effectiveness of the OC algorithm we experimented on some
learning tasks taken from the UCI Machine Learning Repository [20] as well as
on an astronomical data set of spectral indices due to Jones [21]. In Table 2 we
present a description of each data set used.

In all the experiments reported here we used the evaluation technique 10-fold
cross-validation, which consists of randomly dividing the data into 10 equally-
sized subgroups and performing ten different experiments. We separated one
group along with their original labels as the validation set; another group was
considered as the starting training set; the remainder of the data were considered
the test set. Each experiment consists of ten runs of the procedure described
above, and the overall average are the results reported here.

3.1 Benchmark Experiments

We described in this subsection the experiments with the data sets of the UCI
Machine Learning Repository. To analyze the effectiveness of the Ordered Clas-
sification algorithm we performed three different experiments and compared the
resulting accuracy. In the first type of experiment we built an ensemble of classi-
fiers, with seven members, using C4.5 and the training set available. The test set
was then classified by this ensemble and the resulting classification error rates
are presented in Table 3 under the column named standard. In the next type of
experiment we built again an ensemble with seven members, C4.5 and the train-
ing set available. This time a random selection of n examples from the test set
was made and added to the training set until the complete test set was classified.
We set n = |T |

10 , where T is the training set. The error rates for this experiment
are also in Table 3 under the feature random selection. The column named OC
presents the results of experimenting using our algorithm. Parameters k and n
where set to the same values as the previous experiment.

The main difference between random selection and the OC algorithm is that
the former does not measures the confidence level on the predictions of the
ensemble, it simply selects randomly which unlabeled examples are going to be
added in the training process. We performed the random selection experiment
with the purpose of finding if the selection criterion used in the OC algorithm
gives better results than simply using labeled examples selected randomly.
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Table 3. Comparison of the error rates

standard random selection OC
lymphography 0.2912 0.2668 0.2567

chess 0.0551 0.0523 0.0419
soybean 0.2714 0.2255 0.1947
credita 0.0952 0.0915 0.0848

Unsurprisingly, the error rates of random selection are lower than the tradi-
tional C4.5, but in all the learning tasks, the lowest error rates were obtained
with our algorithm. We can notice that by incrementally augmenting a small
training set we can boost accuracy of standard algorithms. The advantage of
using our algorithm over random selection is that we are maximizing the infor-
mation gained by carefully selecting unlabeled data, and that is the reason why
we can improve further classifier accuracy. For these benchmark problems error
reductions of up to 29% were attained. Results from Table 3 suggest that the
OC algorithm is the best alternative.

Fig. 1. Stellar spectrum

3.2 Prediction of Stellar Atmospheric Parameters

We introduce here the problem of automated prediction of stellar atmospheric
parameters. As mentioned earlier, we are interested in the applicability of our
algorithm to real-world problems. Besides, we know that important contribu-
tions might emerge from the collaboration of computer science researchers with
researchers from different scientific disciplines.
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Table 4. Comparison of mean absolute errors in the prediction of stellar atmospheric
parameters

traditional random selection OC
Teff[K] 147.33 133.79 126.88

Log g[dex] 0.3221 0.3030 0.2833
Fe/H 0.223 0.177 0.172

In order to predict some physical properties of a star, astronomers analyze its
spectrum, which is a plot of energy flux against wavelength. The spectra of stars
consists of a continuum, with discontinuities superimposed, called spectral lines.
These spectral lines are mostly dark absorbtion lines, although some objects can
present bright emission lines. By studying the strength of various absorption
lines, temperature, composition and surface gravity can be deduced. Figure 1
shows the spectrum of a star from the data set we are using.

Instead of using the spectra as input data, a very large degree of compres-
sion can be attained if we use a measurement of the strength of several selected
absorption lines that are known to be important for predicting the stellar atmo-
spheric parameters. In this work we use a library of such measurements, which
are called spectral indices in the astronomical literature, due to Jones [21]. This
dataset consists of 24 spectral indices for 651 stars, together with their estimated
effective temperatures, surface gravities and metallicities. It was observed at Kitt
Peak National Observatory and has been made available by the author at an
anonymous ftp site at the National Optical Astronomy Observatories(NOAO).

For the learning task of predicting stellar atmospheric parameters we used
LWLR as the base learning algorithm. Results from the experiments are pre-
sented in Table 4, which presents the mean absolute errors for the three types
of experiments performed. Each experiment was carried out as explained in the
previous subsection. We can observe that the lowest error rates were attained
when using our algorithm. An error decrease of up to 14% was reached taking
advantage of the large test set available. However, both learners that used un-
labeled data outperformed the traditional Locally Weighted Linear Regression
Algorithm.

A different experiment was performed to analyze the effect of using the OC
algorithm with training sets of different sizes. Figure 2 shows a graphical com-
parison of predicting the stellar atmospheric parameter metallicity using an en-
semble of LWLR and the OC algorithm. From these results we can conclude
that even when standard LWLR performs satisfactory well with a large enough
training set, OC can take advantage of the test set and outperform accuracy of
LWLR.

4 Conclusions

The Ordered Classification algorithm presented here was successfully applied to
the problem of automated prediction of stellar atmospheric parameters, as well



Improving Classification Accuracy of Large Test Sets 77

Fig. 2. Error Comparison between an ensemble of C4.5 and the OC algorithm as the
number of training examples increases

as evaluated with some benchmark problems proving in both cases to be an
excellent alternative when the labeled data are scarce and expensive to obtain.

Results presented here prove that poor performance of classifiers due to a
small training sets can be improved upon when a large test set is available or
can be gathered easily. One important feature of our method is the criterion by
which we select the unlabeled examples from the test set -the confidence level
estimation. This selection criterion allows the ensemble to add new instances that
will help obtain a better approximation of the target function; but at the same
time, this discriminative criterion decreases the likelihood of hurting the final
classifier performance, a common situation when using unlabeled data. From
experimental results we can conclude that unlabeled data selected randomly
improve the accuracy of standard algorithms, moreover, a significant further
improvement can be attained when we use the selection criterion proposed in
this work.

Another advantage of the algorithm presented here is that it is easy to imple-
ment and given that it can be applied in combination with almost any supervised
learning algorithm, the possible application fields are unlimited.

One disadvantage of this algorithm is the computational cost involved. As
expected, the running time of our algorithm increases with the size of the test
set. It evaluates the reliability of every single examples in the test set, thus
the computational cost is higher than traditional machine learning approaches.
However, if we consider the time and cost needed for gathering a large enough
training set, for traditional algorithms, our approach is still more practical and
feasible.

Some directions of future work include:

– Extending this methodology to other astronomical applications.
– Performing experiments with a different measure of the confidence level.
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– Experimenting with a heterogeneous ensemble of classifiers.
– Performing experiments with other base algorithms such as neural networks.
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Abstract. Cross-validation (CV) is the most accurate method available
for algorithm recommendation but it is rather slow. We show that in-
formation about the past performance of algorithms can be used for the
same purpose with small loss in accuracy and significant savings in ex-
perimentation time. We use a meta-learning framework that combines
a simple IBL algorithm with a ranking method. We show that results
improve significantly by using a set of selected measures that represent
data characteristics that permit to predict algorithm performance. Our
results also indicate that the choice of ranking method as a smaller effect
on the quality of recommendations. Finally, we present situations that
illustrate the advantage of providing recommendation as a ranking of
the candidate algorithms, rather than as the single algorithm which is
expected to perform best.

1 Introduction

The problem selecting an appropriate algorithm for a given data set is commonly
recognized as a difficult one [1,2]. One approach to this problem is meta-learning,
which aims to capture certain relationships between the measured data set char-
acteristics and the performance of the algorithms. We adopt a framework which
uses the IBL algorithm as a meta-learner. The performance and the usefulness
of meta-learning for algorithm recommendation depends on several issues. Here
we investigate the following hypotheses:

– data characterization: can we improve performance by selecting and
transforming features that we expect to be relevant?

– ranking method: given that there are several alternatives, can we single
out one which is better than the others?

– meta-learning: are there advantages in using meta-learning, when com-
pared to other alternatives?

– type of recommendation: is there advantage in providing recommenda-
tion in the form of ranking, rather than recommending a single algorithm?
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We start by describing the data characteristics used (Section 2). In Section
3, we motivate the choice of recommending a ranking of the algorithms, rather
than a single algorithm. We also describe the IBL ranking framework used and
the ranking methods compared. Ranking evaluation is described in Section 4.
Next, we describe the experimental setting and present results. In Section 6, we
present some conclusions.

2 Data Characterization

The most important issue in meta-learning is probably data characterization. We
need to extract measures from the data that characterize relative performance of
the candidate algorithms, and can be computed significantly faster than running
those algorithms. It is known that the performance of different algorithms is
affected by different data characteristics. For instance, k-Nearest Neighbor will
suffer if there are many irrelevant attributes [3].

Most work on meta-learning uses general, statistical and information theo-
retic (GSI) measures or meta-attributes [2,4]. Examples of these three types of
measures are number of attributes, mean skewness and class entropy, respectively
[5]. Recently, other approaches to data characterization have been proposed (e.g.
landmarkers [6]) which will not considered here.

As will be described in the next section, we use the k-Nearest Neighbor
algorithm for meta-learning, which, as mentioned above, is very sensitive to
irrelevant and noisy attributes. Therefore, we have defined a small set of measures
to be used as meta-features, using a knowledge engineering approach. Based on
our expertise on the learning algorithms used and on the properties of data that
affect their performance, we select and combine existing GSI measures to define
a priori a small set of meta-features that are expected to provide information
about those properties. The measures and the properties which they are expected
to represent are:

– The number of examples discriminates algorithms according to how scalable
they are with respect to this measure.

– The proportion of symbolic algorithms is indicative of the preference of the
algorithm for symbolic or numeric attributes.

– The proportion of missing values discriminates algorithms according to how
robust they are with respect to incomplete data.

– The proportion of numeric attributes with outliers discriminates algorithms
according to how robust they are to outlying values, which are possibly
due to noise1. An attribute is considered to have outliers if the ratio of the
variances of mean value and the α-trimmed mean is smaller than 0.7. We
have used α = 0.05.

– The entropy of classes combines information about the number of classes
and their frequency, measuring one aspect of problem difficulty.

1 Note that we have no corresponding meta-attribute for symbolic attributes because
none was available.
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– The average mutual information of class and attributes indicates the amount
of useful information contained in the symbolic attributes.

– The canonical correlation of the most discriminating single linear combina-
tion of numeric attributes and the class distribution indicates the amount of
useful information contained in groups of numeric attributes.

More details about the basic features used here can be found in [5]. We
note all three proportional features shown above represent new combinations of
previously defined data characteristics.

3 Meta-learning Ranking Methods

Here we have used the meta-learning framework proposed in [7]. It consists of
coupling an IBL (k-NN) algorithm with a ranking method. The adaptation of k-
NN for ranking is simple. Like in the classification version, the distance function
is used to select a subset of cases (i.e. data sets) which are most similar to the
one at hand. The rankings of alternatives (i.e. algorithms) in those cases are
aggregated to generate a ranking which is expected to be a good approximation
of the ranking in the case at hand (i.e. is expected to reflect the performance of
the algorithms on the data set at hand).

Several methods can be used to aggregate the rankings of the selected neigh-
bors. A ranking method specific for multicriteria ranking of learning algorithms
is proposed in [7]. Here we will focus on three ranking methods that take only
accuracy into account [8]. These methods represent three common approaches
to the comparison of algorithms in Machine Learning, as described next.

Average Ranks Ranking Method. This is a simple ranking method, inspired
by Friedman’s M statistic [9]. For each data set we order the algorithms according
to the measured error rates2 and assign ranks accordingly. The best algorithm
will be assigned rank 1, the runner-up, 2, and so on. Let ri

j be the rank of
algorithm j on data set i. We calculate the average rank for each algorithm
r̄j =

(∑
i ri

j

)
/n, where n is the number of data sets. The final ranking is obtained

by ordering the average ranks and assigning ranks to the algorithms accordingly.

Success Rate Ratios Ranking Method. As the name suggests this method
employs ratios of success rates (or accuracies) between pairs of algorithms. For

each algorithm j, we calculate SRRj =
∑

k
n

√∏
i SRi

j/SRi
k/m where SRi

j is
the accuracy of algorithm j on data set i, n is the number of data sets and m
is the number of algorithms. The ranking is derived directly from this measure,
which is an estimate of the average advantage/disadvantage of algorithm j over
the other algorithms. A parallel can be established between the ratios underlying
this method and performance scatterplots that have been used in some empirical
studies to compare pairs of algorithms [10]
2 The measured error rate refers to the average of the error rates on all the folds of

the cross-validation procedure.
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Significant Wins Ranking Method. This method builds a ranking on the
basis of results of pairwise hypothesis tests concerning the performance of pairs of
algorithms. We start by testing the significance of the differences in performance
between each pair of algorithms. This is done for all data sets. In this study we
have used paired t tests with a significance level of 5%. This is the highest of
the most commonly used values for the significance level not only in AI, but
in Statistics in general [9]. We have opted for this significance level because we
wanted the test to be relatively sensitive to differences but, at the same time, as
reliable as possible. We denote the fact that algorithm j is significantly better
than algorithm k on data set i as SRi

j � SRi
k. Then, we construct a win table for

each of the data sets as follows. The value of each cell, W i
j,k, indicates whether

algorithm j wins over algorithm k on data set i at a given significance level and
is determined in the following way:

W i
j,k =




1 iff SRi
j � SRi

k

−1 iff SRi
k � SRi

j

0 otherwise
(1)

Note that W i
j,k = −W i

k,j by definition. Next, we calculate pwj,k for each pair
of algorithms j and k, by dividing the number of data sets where algorithm j is
significantly better than algorithm k by the number of data sets, n. This value
estimates the probability that algorithm j is significantly better than algorithm
k. The ranking is obtained by ordering the pwj = (

∑
k pwj,k) /(m − 1) obtained

for each algorithm j, where m is the number of algorithms. The kind of tests
underlying this method is often used in comparative studies of classification
algorithms.

In Section 5 we present the results of an empirical study addressing the
following hypotheses:

– Given the sensitivity of the Nearest-Neighbor algorithm to the quality of the
attributes, the subset of meta-features selected is expected to provide better
results than the complete set which is commonly used.

– The SRR ranking method is expected to perform better than the other two
methods because it exploits quantitative information about the differences
in performance of the algorithms.

– Our meta-learning approach is expected to provide useful recommendation
to the users, in the sense that it enables them to save time without much
loss in accuracy.

The results are obtained with the evaluation methods described in the next
section.

4 Evaluation of Rankings and Ranking Methods

Ranking can be seen as an alternative ML task, similar to classification or re-
gression, which must therefore have appropriate evaluation methods. Here we
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will use two of them. The first one is the methodology for evaluating and com-
paring ranking methods that has been proposed earlier for meta-learning [8].
The rankings recommended by the ranking methods are compared against the
true observed rankings using Spearman’s rank correlation coefficient [9]. An in-
teresting property of this coefficient is that it is basically the sum of squared
errors, which can be related to the commonly used error measure in regression.
Furthermore, the sum is normalized to yield more meaningful values: the value
of 1 represents perfect agreement and -1, perfect disagreement. A correlation
of 0 means that the rankings are not related, which would be the expected
score of the random ranking method. We note that the performance of two or
more algorithms may be different but not with statistical significance. To ad-
dress this issue, we exploit the fact that in such situations the tied algorithms
often swap positions in different folds of the N -fold cross-validation procedure
which is used to estimate their performance. Therefore, we use N orderings to
represent the true ideal ordering, instead of just one. The correlation between
the recommended ranking and each of those orderings is calculated and its score
is the corresponding average. To compare different ranking methods we use a
combination of Friedman’s test and Dunn’s Multiple Comparison Procedure [9]
that is applied to the correlation coefficients.

The second evaluation method is based on an idea which is quite common in
Information Retrieval. It assumes that the user will select the top N alternatives
recommended. In the case of ranking algorithms, the performance of the top N
algorithms of a ranking will be the accuracy of the best algorithm in that set.

5 Results

Before empirically investigating the hypotheses in the beginning of this paper,
we describe the experimental setting.

Our meta-data consists of 53 data sets mostly from the UCI repository [11]
but including a few others from the METAL project3 (SwissLife’s Sisyphus data
and a few applications provided by DaimlerChrysler). Ten algorithms were ex-
ecuted on those data sets4: two decision tree classifiers, C5.0 and Ltree, which
is a decision tree that can introduce oblique decision surfaces; the IB1 instance-
based and the naive Bayes classifiers from the MLC++ library; a local imple-
mentation of the multivariate linear discriminant; two neural networks from the
SPSS Clementine package (Multilayer Perceptron and Radial Basis Function
Network); two rule-based systems, C5.0 rules and RIPPER; and an ensemble
method, boosted C5.0. Results were obtained with 10-fold cross-validation using
default parameters on all algorithms.

At the meta-level we empirically evaluated the k-NN approach to ranking
using a leave-one-out method.

3 Esprit Long-Term Research Project (#26357) A Meta-Learning Assistant for Pro-
viding User Support in Data Mining and Machine Learning (www.metal-kdd.org).

4 References for these algorithms can be found in [6].
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Fig. 1. Mean correlation obtained by SW ranking method for increasing number of
neighbors using two sets of GSI data characteristics: reduced and extended.

5.1 Comparison of Data Characterizations

Figure 1 shows the mean average correlation for increasing number of neighbors
obtained by SW ranking method using two different sets of meta-features: the
reduced set (Section 2) and an extended set with 25 measures used in previous
work [7]. We observe that the results are significantly better with the reduced set
than with the extended set. We also observe that the quality of the rankings ob-
tained with the reduced set decreases as the number of neighbors increases. This
is not true when the extended set is used. These results indicate that the mea-
sures selected do represent properties that affect relative algorithm performance.
The shape of the curves also indicates that the extended set probably contains
many irrelevant features, which, as is well known, affects the performance of the
k-NN algorithm used at the meta-level. Similar results were obtained with the
other two ranking methods, AR and SRR.

5.2 Comparison of Ranking Methods

In this section we compare the three ranking methods described earlier for two
settings of k-NN on the meta-level, k=1 and 5, using the reduced set of meta-
features. The 1-NN is known to perform often well [12]. The 5 neighbors represent
approximately 10% of the 45 training data sets, which has lead to good results
in a preliminary study [7]. Finally we also evaluated a simple baseline setting
consisting of applying the ranking methods to all the training data sets (i.e.,
52-NN).

In the next section, we analyze the results of concerning the final goal of pro-
viding useful recommendation to the users. But first, we will compare the three
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Fig. 2. Comparison of mean average correlation scores (r̄S) obtained with the 1-NN,
5-NN and the baseline (52-NN) combined with the three ranking methods, AR, SRR
and SW.

ranking methods to each other. We observe in Figure 2 that for k=1, SW obtains
the best result5. For k=5, AR is the best method and significantly better than
the other two, according to Friedman’s test (95% confidence level) and Dunn’s
Multiple Comparisons Procedure (75% confidence level). Comparing the results
of the three baselines, we observe that AR is the best at finding a consensus
from a set of very diverse rankings. This is consistent with previous results that
showed good performance of AR [8]. The results of SRR are somewhat surprising
because earlier results in the baseline setting indicated that it was a competi-
tive method [8]. However, the results presented in that paper were based on less
meta-data (only 16 data sets).

Comparing these results to the ones presented in the previous section, we
observe that the choice of an adequate data characterization yields larger gains
in correlation than the choice of ranking method.

5.3 How Useful Is the Recommendation Provided?

In this section, we start by comparing the gains obtained with the k-NN approach
to ranking when compared to the baseline ranking methods. Next, we take a more
user-oriented view of the results, by analyzing the trade-off between accuracy
and time obtained by the algorithm recommendation method described when
compared to cross-validation.

We observe in Figure 2 that meta-learning with k-NN always improves the
results of the baseline (52-NN), for all ranking methods. Friedman’s test (95%
5 As expected, it not significantly different from the other two ranking methods for

k=1, because no aggregation is performed with only one data set.
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confidence level) complemented with Dunn’s Multiple Comparison Procedure
(75% confidence level) shows that most of the differences are statistically signif-
icant. The exceptions are the pairs (1-NN, baseline) and (1-NN, 5-NN) in the
AR method and (5-NN, baseline) in the SRR method.

We also observe that there is a clear positive correlation between the recom-
mended rankings generated and the ideal rankings. The critical value for Spear-
man’s correlation coefficient (one-sided test, 95% confidence level) is 0.5636.
Given that we are working with mean correlation values, we can not conclude
anything based on this critical value. However, the fact that the values obtained
are close to the statistically significant value is a clear indication that the rank-
ings generated are good approximations to the true rankings.

The evaluation performed so far provides information about the ranking as
a whole. But it is also important to assess the quality of the recommendation
provided by the meta-learning method in terms of accuracy. Since recommenda-
tion is provided in the form of a ranking, we don’t know how many algorithms
the user will run. We use an evaluation strategy which is common in the field of
Information Retrieval, basically consisting in the assumption that the user will
run the top N algorithms, for several values of N. This strategy assumes that the
user will not skip any intermediate algorithm. This is a reasonable assumption,
although, as mentioned earlier, one of the advantages of recommending rankings
is that the user may actually skip some suggestions, due to personal preferences
or other reasons. In this kind of evaluation, we must take not only accuracy into
account but the time required to run the selected algorithm(s). If accuracy is the
only criterion that matters, i.e. there are no time constraints, the user should
run all algorithms and choose the most accurate.

The cross-validation strategy will be used as a reference to compare our
results to. It is the most accurate algorithm selection method (an average of
89.94% in our setting) but it is very time consuming (more than four hours in
our setting). As a baseline we will use boosted C5.0, which is the best algorithm
on average (87.94%) and also very fast (less than two min.). We also include the
Linear Discriminant (LD), which is the fastest algorithm, with an average time
of less than five seconds.

The results of the SW method using 1 neighbor and the reduced set of meta-
features are presented in Figure 3, assuming the selection of the first 1, 2 or 3
algorithms in the ranking. For each selection strategy (including the baselines),
we plot the average loss in accuracy (vertical axis), when compared to CV,
against the average execution time (horizontal axis). In the ranking setting,
when the algorithm recommended in position N was tied with the one at N+1,
we selected, from all the tied algorithms, the ones with the highest average
accuracy (in the training data sets) such that exactly N algorithms are executed.
The results demonstrate the advantage of using a ranking strategy. Although
the Top-1, with an average loss of accuracy of 5.16%, does not seem to be very
competitive in terms of accuracy, if the user is willing to wait a bit longer, he/she
could use the Top-2 algorithms. The time required is quite good (less than five
min., while CV takes more than three hours, on average) and the loss in accuracy
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Fig. 3. Evaluation of several algorithm selection strategies (Linear Discriminant,
boosted C5.0, Top-1, 2 and 3) according to two criteria (accuracy loss when com-
pared to CV and time). Note that cross-validation takes on average more than three
hours.

is only of 1.23%. Running another algorithm, i.e. running the Top-3 algorithms
would provide further improvement in accuracy (1.06% loss) while taking only
a little longer.

Comparing to the baselines, we observe that even the Top-1 strategy will be
much more accurate than LD but the latter is faster. The comparison of Top-1
with boosted C5.0 is, at first sight, not very favorable: it is both less accurate
and slower. However, the Top-2 and Top-3 strategies compete well with boosted
C5.0: they are both more accurate but take more time (although, as mentioned
above, they still run in acceptable time for many applications).

6 Conclusions

We have investigated different hypotheses concerning the design of a meta-
learning method for algorithm recommendation. First, we compared a large set
of general, statistical and information-theoretic meta-features, commonly used
in meta-learning, with one of its subsets, containing measures that represent
properties of the data that affect algorithm performance. This selection has
significantly improved the results, as would be expected, especially considering
that the k-NN algorithm was used at the meta-level. We plan to compare this
approach to data characterization with new approaches, like landmarking.

Next, we analyzed a few variants of the recommendation method. We com-
pared two different settings of the k-NN algorithm (k=1 and 5) and three
different ranking methods to generate a ranking based on information about the
performance of the algorithms on the neighbors. We observed that meta-learning
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is beneficial in general, i.e. results improve by generating a ranking based on the
most similar data sets. The differences in performance between the three ranking
methods, although statistically significant in some cases, are not so large as the
ones obtained with the selection of meta-features.

Finally, we have compared the results obtained with our ranking approach
with the most accurate method for algorithm recommendation, cross-validation
(CV) and with boosted C5.0, the best algorithm on average in our set, in terms
of accuracy and time. The results obtained show that the strategy of running the
Top-2 or 3 algorithms achieves a significant improvement in time when compared
to CV (minutes compared to hours) with a small loss in accuracy (approximately
1%). Furthermore, it competes quite well with boosted C5.0, which is faster but
less accurate.
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Abstract. Logic-Based Argumentation (LBA) exhibits unique prop-
erties and advantages over other kinds of argumentation proceedings,
namely: the adequacy to logic-based pre-argument reasoning, similarity
to the human reasoning process, reasoning with incomplete information
and argument composition and extension. Logic enables a formal
specification to be built and a quick prototype to be developed. In order
for LBA to achieve feasibility in Electronic Commerce scenarios, a set
of properties must be present: self-support, correctness, conjugation,
temporal containment and acyclicity. At the same time, LBA is shown
to achieve stability in argument exchange (guaranteed success problem)
and, depending on the definition of success, computational efficiency at
each round (success problem).

Keywords: logic-based argumentation, electronic commerce, success
problem, guaranteed success problem.

1 Introduction

The use of logic (be it propositional, extended logic programming, modal or any
other sort) enables systems to be modeled with the added benefit of mathe-
matical correctness and avoidance of ambiguity. Logic programming tools even
provide a working prototype for the modeled system, amazingly reducing the
time between formal specification and prototype development/testing. Argu-
mentation systems benefit from the use of logic for two reasons: the intrinsic
logic behind argumentation [1,7] and the already stated benefits in the software
development cycle.
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Electronic Commerce (EC) environments provide an unparalleled arena for
the combination of logic and argumentation [5]. Logic provides the formal tools
for the sound development of agents and agent reasoning mechanisms. Argumen-
tation provides a way to exchange justified information among business coun-
terparts (be it in Business-to-Consumer – B2C – or Business-to-Business – B2B
– scenarios) or even to develop negotiation techniques that aim at shorter times
for each deal (with more information present at each stage) [11,16]. However, the
feasibility of Logic-Based Argumentation (LBA) for EC can only be determined
if two problems are approached:

– EC-directed properties: in order for LBA to be feasible for EC, arguments
must exhibit properties that may lead to reducing algorithmic complexity,
guarantee acyclicity and deliver correction, just to name a few;

– complexity of success and guaranteed success problems: once the
desired kind of arguments and an algorithm are chosen, feasibility can only be
achieved by argumentation procedures which enable success determination
and guarantee success with a relatively low cost.

On section 2 a formalization for LBA is presented, together with advantages,
mathematical foundations and the proof of each necessary property for EC fea-
sibility. On section 3 the success and guaranteed success problems are stated
and the complexity for LBA is presented. Finally, sections 4 and 5 show related
work and some conclusions.

The main contributions of this work are: (i) deliver the power of mathemat-
ical logic to argumentative procedures in EC; (ii) state the main advantages
of LBA; (iii) state and prove some of the most important properties for feasi-
ble argumentation; (iv) determine if LBA provides success determination and if
success is guaranteed.

2 Logic-Based Argumentation for Electronic Commerce

Although the use of logic has been questioned in the field of argumentation [12],
logic-based argumentation still presents a set of characteristics which can not be
measured by a simplistic computational efficiency metric, such as [5,6]:

– adequacy to logic-based approaches to pre-argument reasoning:
some agent development strategies [8,15] define a stage that precedes the
instant an agent starts to articulate an argument. This stage is called pre-
argument reasoning and enables the agent to reason about such things as the
right to deal some product or the right to deal with some counterpart. Due
to the fundamental use of logic as a formalization tool and the manipulation
of a logic Knowledge Base (KB) [8] a set of rules is available in order for an
argument to be formulated;

– similarity to the human reasoning processes: the use of logical mech-
anisms in reasoning and, in special, such inference mechanisms as modus
ponens, enable easy construction of rules even by non-experts. On the other
hand, the set of available rules (in an agent’s KB) is largely human-readable;
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– reasoning with incomplete information: the use of null values [2,7], in
combination with negation as failure, enables the use of incomplete informa-
tion and a reasoning mechanism that deals with uncertainty (i.e., the un-
known valuation in clauses). An agent is able to construct arguments where
some of the steps are not taken as simple true or false elements;

– argument composition and extension: the set of logical elements (rules)
which compose an argument may be extended in order to strengthen the
argument conclusion, therefore inumerous compositions might be available,
which permits easy adaption to the specific kind of argument intention (e.g.,
information exchange). On the other hand, taking an argument for A and
the insertion of a rule such as B ← A, an argument for B is easily reached;

2.1 Mathematical Foundations

Extended Logic Programming (ELP) is a useful, simple and powerful tool for
problem solving. If argumentation in EC-oriented agents is to be addressed
through ELP the structure of each agent’s KB needs to be defined. This KB
is considered to be a collection of organized clauses (logic theory OT ′) that en-
able inferencing and, therefore, action justification and argument construction.

Definition 1. (knowledge clause) The knowledge available in each agent is
composed of logic clauses of the form rk : Pi+j+1 ←P1 ∧P2 ∧ ...∧Pi−1 ∧not Pi ∧
... ∧ not Pi+j ., where i, j, k ∈ N0, P1, ..., Pi+j+1 are literals; i.e, formulas of the
form p or ¬p, where p is an atom. In these clauses rk, not, Pi+j+1, and P1∧P2∧
...∧Pi−1∧not Pi∧ ...∧not Pi+j stand, respectively, for the clause’s identifier, the
negation-as-failure operator, the rule’s consequent, and the rule’s antecedent.
If i = j = 0 the clause (rule) is called fact and represented as rk : P1.

An ELP program (ΠELP ) is seen as a set of knowledge clauses as the ones pre-
sented above. Arguments are to be constructed from inference sequences over an
agent’s KB (in fact, a ΠELP ). The use of ELP in the KB enables a three-valued
approach to logical reasoning [4,2,8] which leads to the possibility of using null
values to represent incomplete information. These null values combined with
a meta-theorem solver enable the construction of arguments that rely not only
on rules that are positively triggered (i.e., their logical valuation after variable
instantiation is true) but on all the three logical valuations: true, false and un-
known. This reasoning over incomplete and unknown information is extremely
important in EC scenarios due to the pervasive nature of fuzzy negotiation sit-
uations (e.g., agent A is able to deal product P with agent B using the set of
conditions C1, however it is not known if it can do the same thing with a set C2
– leading to further dialog).

Definition 2. (negotiation argument) Taking ordered theory OT ′, a negotia-
tion argument is a finite, non-empty sequence of rules 〈r1, ..., demo(ri, Vi), ..., rn〉
such that, for each sequence rule rj with P as a part of the antecedent, there is
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a sequence rule ri (i < j) on which the consequent is P (demo(ri, Vi) represents
the meta-theorem solver application over rule ri and valuation Vi).

The conclusion of an argument relates to the consequent of the last rule used
in that same argument. Therefore, having in mind the use of such premise in
further definitions, a formal statement of argument conclusion is to be reached.

Definition 3. (conclusion) The conclusion of an argument A1 = 〈r1, ..., rn〉,
conc(A1), is the consequent of the last rule (rn) an none other than that one.

Notice that, through the current definition of negotiation argument, it is possible
to build incoherent arguments; i.e., it is possible to build arguments where there
are rules that attack (deny) previous rules stated in the sequence. The formal
characterization of coherency is provided in terms of a constraint statement in
the form:

Definition 4. (coherency) An argument A1 = 〈r1, ..., rn〉 is said to be “coher-
ent” iff ¬∃ai,ajai, aj ∈ subarguments(A) ∧ i �= j : ai attacks aj.

Taking into account the two forms of argument attack (conclusion denial and
premise denial), a conflict among two opposing agents (e.g., buyer/seller) can
be formally stated.

Definition 5. (conflict/attack over negotiation arguments)
Let A1 = 〈r1,1, ..., r1,n〉 be the argument of agent 1 and A2 = 〈r2,1, ..., r2,m〉 be
the argument of agent 2. Then,

(1) A1 attacks A2 iff A1 executes a conclusion denial attack or a premise denial
attack over A2; and

(2) A1 executes a conclusion denial attack over A2 iff and conc(A1) =
¬conc(A2); and

(3) A1 executes a premise denial attack over A2 iff ∃r2.j ∈ A2 − conc(A2) :
conc(A1) = ¬r2,j.

Once coherent arguments are exchanged, a negotiation history (set of exchanged
arguments) of the sender agent to the receiver agent can be defined.

Definition 6. (history) The argumentation history of agent A to agent B is
hA→B = 〈A1,A→B, A2,A→B , ..., An,A→B〉.
It is also important to state that argumentation procedures (i.e., the exchange
of arguments amongst agents on a particular issue) should exhibit acyclicity.
Once some conclusion has been put forward by one of agents and attacked by
a counterpart, that same conclusion can not be put forward and attacked once
again due to the danger of an argumentative cycle.

Definition 7. (termination) Given the argumentation histories hA→B, hB→A

and arguments Ai ∈ hA→B and Aj ∈ hB→A, ∃1(i,j) conc(Ai) = P
∧
conc(Aj) =

¬P in order to deliver argumentative acyclicity and termination.
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2.2 Properties

After stating the mathematical foundations of LBA, it is now possible to present
and prove a set of theorems that establish its most important features. By prov-
ing the validity of such properties, it is possible to ensure that EC-directed
arguments based on the present LBA system ensure correction and feasibility.
EC needs: arguments which are supported and inferred from the specific knowl-
edge of each agent (self-support property), truthful agents (non-contradiction
property), easy to combine arguments (conjugation property), non-monotonous
knowledge bases to capture the commercial reality (temporal containment prop-
erty) and an acyclic line of argument generation (acyclicity property).

In order to prove many of these properties it must be ensured that stable
time intervals are considered, once if long range reasoning is assumed and given
the non-monotonous characteristics of each agent’s KB (necessary to faithfully
express real-world commerce) contradictory arguments might be generated. The
arguments in an LBA system for EC exhibit, therefore, a set of properties pre-
sented in terms of the statements:

Theorem 1. (self-support) Given a stable time interval, argument A1 ∈
hA→B and having A1 
 P , then KBA 
 P .

Proof. By A1 ∈ hA→B and the definition of argument, A1 = 〈r1, ..., rn〉 being
ri ∈ KBA. Therefore, KBA ⊇ A1 
 P and by consequence KBA 
 P .

It is then proved that agent A can only support its arguments by the knowl-
edge present at its own KB. �

Corollary 1. Given a stable time interval, A1 ∈ hA→B and having conc(A1) =
P , then KBA 
 P .

Theorem 2. (correctness or non-contradiction) Given a stable time inter-
val, arguments A1 ∈ hB→A, A2 ∈ hA→B, A3 ∈ hA→C , A4 ∈ hC→A, argument
conclusions conc(A1) = ¬P , conc(A2) = P , conc(A3) = P and an attack of A4
over A3, then conc(A4) �= ¬P .

Proof. If an attack of A4 over A3 takes place, either the conclusion or the
premises of A3 are denied by A4. Assuming each situation separately:

– conclusion attack : conc(A4) = ¬conc(A3) = ¬P . Taking into account that
A4 ⊆ KBA, then KBA 
 ¬P . However, the KB of each agent is coherent
and by conc(A2) = P it is know that KBA 
 P , therefore it must be stated
that conc(A4) �= ¬P ; and

– premise attack : conc(A4) = ¬Q (Q ∈ A3 − [conc(A3)]). By the definition of
argument conclusion and by conc(A3) = P it is known that conc(A4) �= ¬P .

It is then proved that agent A is unable to “lie” (i.e., state ¬P after having
stated P in the same time frame). �
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Theorem 3. (conjugation) Given a stable time interval, argument A1 ∈
hA→B, argument A2 ∈ hA→B, conc(A1) = P1, conc(A2) = P2 and a general
rule Q ← P1, P2., then argument A = A1 
 A2 
 Q ← P1, P2. (where 
 stands
as the concatenation operator) delivers conc(A) = Q.

Proof. Taking conc(A1) = P1 and conc(A2) = P2, then by the definition
of argument and argument conclusion, argument A is valid only if A′ =
〈P1, P2, Q← P1, P2.〉 is valid (due to the fact that the justifications for A1 and
A2 are independent). Once again, by the definition of argument, A′ is valid and,
by the definition of argument conclusion, conc(A) = Q.

It is then proved that agent A is able to compose valid arguments into new
arguments with combined conclusions. �

Theorem 4. (temporal containment) Given time instants t1 �= t2,
KBt1(the agent’s KB at time instant t1), KBt2 (the agent’s KB at time in-
stant t2), argument A = 〈r1, ..., rn〉, ri ∈ KBt1 and conc(A) = P , then it can
not be concluded that KBt2 
 P .

Proof. Proceeding by an absurd reduction proof, assume that with time instants
t1 �= t2, KBt1 , KBt2 , argument A = 〈r1, ..., rn〉, ri ∈ KBt1 and conc(A) = P ,
then it can be concluded that KBt2 
 P . By having, for example, KBt1 =
{a.; b← a, c.}, KBt2 = {¬a.}, t1 �= t2 and A = 〈a〉, it can be concluded that
conc(A) = a and, by the taken assumption, KBt2 
 a, however by looking at
KBt2 is is easily seen that KBt2 � a. The initial assumption is, therefore, false.

It is then proved that the fact that an argument is generated at a given time
instant, does not mean that the KB of that same agent is able to generate that
same argument at a different time instant. �

Theorem 5. (acyclicity) Given an acyclic KB, then ∀A,A ∈ hA→B generated
from KB is acyclic.

Proof. Take the Atom Dependency Graphs [4] ADGA and ADGKB (i.e., a
graph which has ground atoms at each vertex and directed edges labeled with
〈Pi, Pj , s〉, representing the existence of a rule with Pi at the head, Pj in the
body and s ∈ {+,−} if the atom is positive or negative, respectively) derived
from the ELP programs present at A and KB, respectively. Having A ⊆ KB,
if ∀i(ui, ui+1) ∈ edges(ADGA) (with ui ∈ vertices(ADGA)) then (ui, ui+1) ∈
edges(ADGKB) (with ui ∈ vertices(ADGKB)). If a cycle exists within ADGA,
∃i(ui, ui) ∈ edges(ADGA) and due to A ⊆ KB, ∃i(ui, ui) ∈ edges(ADGKB),
once ADGKB is acyclic a cycle in ADGA can not exist.

It is then proved that an acyclic ELP KB (which implies a terminating pro-
gram [4,3]) delivers acyclic (therefore, terminating) arguments. �
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3 The Success and Guaranteed Success Problems

Although the presented properties show that LBA has the necessary semantic
and syntactic soundness to be used in EC environments, it must be proved that
computational feasibility is also present. It must be shown that LBA protocols
exhibit computational feasibility at each round and, at the same time, stability
or termination is reached. These problems are also known as the success and
guaranteed success problems, respectively.

In a negotiation process, through which the acceptability region of each
agent is constrained [11], there is an active adversarial process that proceeds
by an argument/counter-argument mechanism, where an agent successively at-
tacks another agent’s premises or conclusions. On the other hand, there is a
different situation where argumentation is used as a way of exchanging justified
information and support the decision-making process. Therefore, the success and
guaranteed success problems have to be considered for these two situations.

3.1 The Success Problem

In the case of EC-directed negotiation, success can be measured in many ways
(e.g., the number of “victories” over a set of rounds, or the lowest argument
length average), however in pragmatic terms victory rarely depends on a suc-
cessful history of arguments (which serve in adversarial argumentation, as a way
to constrain the acceptability space of each agent) but rather on the conclu-
sions of the present round (which may be the last or just a step on the overall
argumentation history).

Definition 8. (success) A set of exchanged LBA arguments⋃
i,j∈Agents,i�=j hi→j exhibits success if

∧
i,j∈Agents,i�=j concext

(
A|hi→j |

)
� ⊥,

where concext(), Agents and A|hi→j | stand, respectively, for the extended
conclusion, the set of involved agents and the last argument sent from agent
i to agent j. The extended conclusion results from extending the conclu-
sion function by assigning logic values to two specific situations: concession
(an agent quits by agreeing with the counterparts’ conclusions) and drop-out
(an agent quits by refusing to agree with the counterparts’ conclusions), formally:

concext(A) =



�, if concession
⊥, if drop− out
conc(A), otherwise

.

Considering that each conclusion is a ground literal, the previous definition of
success leads to an algorithm that searches for the presence of ⊥ or the presence
of both P and ¬P , which can easily be done in O

(
|Agents|2

)
. However, if

success is defined in terms of the total argument and not only its conclusion,
by assuming propositional rules an equivalent to the logic satisfiability problem
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is achieved, which is proven to be NP-complete [20,10]. By assuming DATALOG
restrictions, complexity is proven to be EXPTIME-complete [10].

In the case of a non-adversarial argument exchange, the existence of premise
and conclusion-denial situations lead to a much easier way to solve the success
problem. In an EC-directed environment where non-adversarial argumentation
occurs (typically B2B situations), each agent presents (in an informative way)
what it can deduce from its knowledge about the world, therefore concext() on
Definition 8 is to be changed to allow a permanent success situation:

concext(A) = �.

3.2 The Guaranteed Success Problem

Although it is important to determine the eventual success at each argumenta-
tion round, LBA for EC can only be considered feasible if the guaranteed success
problem is not computationally intractable; i.e., it is possible to achieve stability
on the set of exchanged arguments. The pragmatic characteristics of EC do not
support large (or even infinite) argument exchange sets.

In the case of non-adversarial argumentation (e.g., many B2B situations), the
necessity to reach a stable situation does not directly arise. Though each agent
uses the premise and conclusion denial tools to generate counter-arguments, the
aim of such action is not to arrive at an agreement on some knowledge but rather
a cooperative information exchange [7]. Therefore, success is guaranteed at each
round.

Adversarial argumentation is more complex than the non-adversarial one. By
considering that each argument was built through the use of a language based
on propositional Horn clauses LHC

0 , it has been proven that the guaranteed suc-
cess problem for such a language is co-NP-complete [20]. Nonetheless such an
approach, the expressiveness from the desired ELP is reduced to propositional
logic while maintaining an high algorithmic complexity. However, the set of prop-
erties present in LBA (and previously proven) yield an interesting conclusion,
that is now stated in the form:

Theorem 6. Assuming that each round is a stable time interval, then adver-
sarial LBA exhibits guaranteed success.

Proof. Given the stable time interval of a round, Properties 2 (non-
contradiction) and 5 (acyclicity), and Definition 7 (termination), it is easy to
conclude that each agent can not generate argumentative cycles through “lies”
or arguments with cyclic clauses and, at the same time, it can not incur in the
use of arguments which have been denied by a counterpart.

Being n0 the finite size of the Atom Dependency Graph (i.e., the total number
of edges and vertexes) associated with the knowledge of a given agent (ADGKB),
the argumentative process proceeds, round by round, on an acyclic argumenta-
tive path, progressively constraining the possible set of usable inferences to per-
form premise and conclusion-denial attacks. Therefore, ADGKB has the number
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of traversable edges and vertexes, in order to reach some conclusion P , progres-
sively reduced:

n0, n1, n2, ..., nm, n0 > n1 > n2 > ... > nm

where ni is the size of the traversable ADGKB at each round. It is then easy to
see that, in a number of steps lower than n0 (therefore finite), no path will be
available on ADGKB and a concession or drop-out occurs. �

4 Related Work

The study of argumentation through mathematical logic (especially ELP) goes
back to work done by Loui [14], Simari et al. [18], and by Kowalski and Toni
[13]. Formalization through reasoning models happened even earlier by Toulmin
[19] and, in philosophical terms, during Classic Antiquity.

The use of LBA in the Law arena, is present in the work of Prakken and Sartor
[17]. However, the use in EC scenarios was proposed by Jennings et al. [11]. The
formalization and viability study for B2C, B2B and cooperative argumentation
was approached by Brito and Neves [5,6] combined with a presentation of a
4-step approach to agent development by Brito et al. [7,9].

A complexity study on the use of logic in negotiation has been presented by
Wooldridge and Parsons [20].

5 Conclusions

The use of ELP is important either to formally specify the reasoning mechanisms
and the knowledge exchange in EC scenarios, or to quickly develop a working
prototype. LBA exhibits a set of characteristics which are unique to this kind of
argumentation: it deals with incomplete information and is similar to the human
reasoning processes.

A formal way that will endorse adversarial or even cooperative argument ex-
changes in EC implies that an important set of characteristics need to be present
on LBA, namely: self-support, correctness, conjugation, temporal containment
and acyclicity. It has been proven that, through the present LBA formalization,
the necessary properties are available.

However it is necessary to evaluate, at each round, the success of an argumen-
tative procedure and it must be proven that stability is reached at some stage
(guaranteed success). These questions are extremely important in EC scenarios
and condition the feasibility and viability of LBA for EC. It has been proven
that for non-adversarial situations the success and guaranteed success problems
are trivially solved. As for adversarial situations, the success problem can be
reduced to polynomial complexity (depending on the definition of success) and
there is guaranteed success.
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Abstract. A hybrid neuro-symbolic problem solving model is presented
in which the aim is to forecast parameters of a complex and dynamic en-
vironment in an unsupervised way. In situations in which the rules that
determine a system are unknown, the prediction of the parameter val-
ues that determine the characteristic behaviour of the system can be a
problematic task. The proposed model employs a case-based reasoning
system to wrap a growing cell structures network, a radial basis func-
tion network and a set of Sugeno fuzzy models to provide an accurate
prediction. Each of these techniques is used in a different stage of the
reasoning cycle of the case-based reasoning system to retrieve, to adapt
and to review the proposed solution to the problem. This system has
been used to predict the red tides that appear in the coastal waters of
the north west of the Iberian Peninsula. The results obtained from those
experiments are presented.

1 Introduction

Forecasting the behaviour of a dynamic system is, in general, a difficult task, es-
pecially when dealing with complex, stochastic domains for which there is a lack
of knowledge. In such a situation one strategy is to create an adaptive system
which possesses the flexibility to behave in different ways depending on the state
of the environment. An artificial intelligence approach to the problem of fore-
casting in such domains offers potential advantages over alternative approaches,
because it is able to deal with uncertain, incomplete and even inconsistent data
numerically represented. This paper presents a hybrid artificial intelligence (AI)
model for forecasting the evolution of complex and dynamic environments that
can be numerically represented. The effectiveness of this model is demonstrated
in an oceanographic problem in which neither artificial neural network nor sta-
tistical models have been sufficiently successful.

However, successful results have been already obtained with hybrid case-
based reasoning systems [1,2,3] used to predict the evolution of the temperature
of the water ahead of an ongoing vessel, in real time. The hybrid system pro-
posed in this paper presents a new synthesis that brings several AI subfields
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together (CBR, ANN and Fuzzy inferencing). The retrieval, reuse, revision and
learning stages of the CBR system use the previously mentioned technologies
to facilitate the CBR adaptation to a wide range of complex problem domains
and to completely automate the reasoning process of the proposed forecasting
mechanism.

The structure of the paper is as follows: first the hybrid neuro-symbolic model
is explained in detail, then a case of study is briefly outlined and finally the results
are analyzed together with the conclusions and future work.

2 Overview of the Hybrid CBR Based Forecasting Model

In this paper, a method for automating the CBR reasoning process is presented
for the solution of complex problems in which the cases are characterised predom-
inantly by numerical information. Figure 1 illustrates the relationships between
the processes and components of the proposed hybrid CBR system. The diagram
shows the technology used at each stage, where the four basic phases of the CBR
cycle are shown as rectangles.

Fig. 1. Hybrid neuro-symbolic model.

The retrieval stage is carried out using a Growing Cell Structures (GCS) ANN
[4]. The GCS facilitates the indexation of cases and the selection of those that
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are most similar to the problem descriptor. The reuse and adaptation of cases
is carried out with a Radial Basis Function (RBF) ANN [5], which generates
an initial solution creating a forecasting model with the retrieved cases. The
revision is carried out using a group of pondered fuzzy systems that identify
potential incorrect solutions. Finally, the learning stage is carried out when the
real value of the variable to predict is measured and the error value is calculated,
updating the knowledge structure of the whole system.

When a new problem is presented to the system, a new problem descriptor
(case) is created and the GCS neural network is used to recover from the case-
base the k most similar cases to the given problem (identifying the class to which
the problem belongs, see Figure 2).

In the reuse phase, the values of the weights and centers of the RBF neural
network used in the previous forecast are retrieved from the knowledge-base.
These network parameters together with the k retrieved cases are then used
to retrain the RBF network and to obtain an initial forecast (see Figure 2).
During this process the values of the parameters that characterise the network
are updated.

Fig. 2. Summary of technologies employed by the hybrid model.

In the revision phase, the initial solution proposed by the RBF neural network
is modified according to the response of the fuzzy revision subsystem (a set of
fuzzy models). Each fuzzy system has been created from the RBF network using
neurofuzzy techniques [6] as it will be seen later.

The revised forecast is then retained temporarily in the forecast database.
When the real value of the variable to predict is measured, the forecast value
for the variable can then be evaluated, through comparison of the actual and
forecast value and the error obtained (see Figure 2). A new case, corresponding
to this forecasting operation, is then stored in the case-base. The forecasting
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error value is also used to update several parameters associated with the GCS
network, the RBF network and the fuzzy systems.

2.1 Growing Cell Structures Operation

To illustrate the working model of the GCS network inside the whole system, a
two-dimensional space will be used, where the cells (neurons) are connected and
organized into triangles [4]. Each cell in the network (representing a generic case),
can be seen as a “prototype” that identifies a set of similar problem descriptors.
The basic learning process in a GCS network is carried out in three steps.

In the first step, the cell c, with the smallest distance between its weight
vector, wc, and the actual case, x, is chosen as the winner cell. The second step
consists in the adaptation of the weight vector of the winning cells and their
neighbours. In the third step, a signal counter is assigned to each cell, which
reflects how often a cell has been chosen as winner. Repeating this process several
times, for all the cases of the case-base, a network of cells will be created.

For each class identified by the GCS neural network, a vector of values is
maintained (see Figure 1). This vector (to which we will refer as “importance”
vector) is initialised with a same value for all its components whose sum is one,
and represents the accuracy of each fuzzy system (used during the revision stage)
with respect to that class. During revision, the importance vector associated to
the class to which the problem case belongs, is used to ponder the outputs of
each fuzzy system. For each forecasting cycle, the value of the importance vector
associated with the most accurate fuzzy system is increased and the other values
are proportionally decreased. This is done in order to give more relevance to the
most accurate fuzzy system of the revision subsystem.

Figure 3 provides a more concise description of the GCS-based case retrieval
regime described above, where vx is the value feature vector describing a new
problem, confGCS represents the set of cells describing the GCS topology after
the training, K is the retrieved set of most relevant cases given a problem and
P represents the “importance” vector for the identified prototype.

The neural network topology of a GCS network is incrementally constructed
on the basis of the cases presented to the network. Effectively, such a topology
represents the result of the basic clustering procedure and it has the added
advantage that inter-cluster distances can be precisely quantified. Since such
networks contain explicit distance information, they can be used effectively in
CBR to represent: (i) an indexing structure which indexes sets of cases in the
case-base and, (ii) a similarity measure between case sets [7].

2.2 Radial Basis Function Operation

Case adaptation is one of the most problematic aspects of the CBR cycle, mainly
if we have to deal with problems with a high degree of dynamism and for which
there is a lack of knowledge. In such a situation, RBF networks have demon-
strated their utility as universal approximators for closely modelling these con-
tinuous processes [8].
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Fig. 3. GCS-based case retrieval.

Again to illustrate how the RBF networks work, a simple architecture will be
presented. Initially, three vectors are randomly chosen from the training data set
and used as centers in the middle layer of the RBF network. All the centers are
associated with a Gaussian function, the width of which, for all the functions, is
set to the value of the distance to the nearest center multiplied by 0.5 (see [5]
for more information about RBF network).

Training of the network is carried out by presenting pairs of correspond-
ing input and desired output vectors. After an input vector has activated each
Gaussian unit, the activations are propagated forward through the weighted con-
nections to the output units, which sum all incoming signals. The comparison of
actual and desired output values enables the mean square error (the quantity to
be minimized) to be calculated. A new center is inserted into the network when
the average error in the training data set does not fall during a given period.

The closest center to each particular input vector is moved toward the input
vector by a percentage a of the present distance between them. By using this
technique the centers are positioned close to the highest densities of the input
vector data set. The aim of this adaptation is to force the centers to be as close
as possible to as many vectors from the input space as possible. The value of a is
linearly decreased by the number of iterations until its value becomes zero; then
the network is trained for a number of iterations (1/4 of the total of established
iterations for the period of training) in order to obtain the best possible weights
for the final value of the centers.

Figure 4 provides a more concise description of the RBF-based case adap-
tation regime, where vx is the value feature vector describing a new problem,
K is the retrieved set of most relevant cases, confRBF represents the previously
configuration of the RBF network and fi represents the initial forecast generated
by the RBF.
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Fig. 4. RBF-based case adaptation.

The working model commented above together with their good capability of
generalization, fast convergence, smaller extrapolation errors and higher relia-
bility over difficult data, make this type of neural networks a good choice that
fulfils the necessities of dealing with this type of problems. It is very impor-
tant to train this network with a consistent number of cases. Such consistence
in the training data set is guaranteed by the GCS network, that provides con-
sistent classifications that can be used by the RBF network to auto-tuning its
forecasting model.

2.3 Fuzzy System Operation

The two main objectives of the proposed revision stage are: to validate the initial
prediction generated by the RBF and, to provide a set of simplified rules that
explain the system working mode. The construction of the revision subsystem is
carried out in two main steps:

(i) First, a Sugeno-Takagi fuzzy model [9] is generated using the trained RBF
network configuration (centers and weights) in order to transform a RBF neural
network to a well interpretable fuzzy rule system [6].

(ii) A measure of similarity is applied to the fuzzy system with the purpose
of reducing the number of fuzzy sets describing each variable in the model.
Similar fuzzy sets for one parameter are merged to create a common fuzzy set to
replace them in the rule base. If the redundancy in the model is high, merging
similar fuzzy sets for each variable might result in equal rules that also can be
merged, thereby reducing the number of rules as well. When similar fuzzy sets
are replaced by a common fuzzy set representative of the originals, the system’s
capacity for generalization increases.

In our model, the fuzzy systems are associated with each class identified
by the GCS network, mapping each one with its corresponding value of the
importance vector. There is one “importance” vector for each class or prototype.
These fuzzy systems are used to validate and refine the proposed forecast.
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The value generated by the revision subsystem is compared with the predic-
tion carried out by the RBF and its difference (in percentage) is calculated. If
the initial forecast does not differ by more than 10% of the solution generated by
the revision subsystem, this prediction is supported and its value is considered
as the final forecast. If, on the contrary, the difference is greater than 10% but
lower than 30%, the average value between the value obtained by the RBF and
that obtained by the revision subsystem is calculated, and this revised value
adopted as the final output of the system. Finally, if the difference is greater or
equal to 30% the system is not able to generate an appropriate forecast. This
two thresholds have been identified after carrying out several experiments and
following the advice of human experts.

The exposed revision subsystem improves the generalization ability of the
RBF network. The simplified rule bases allow us to obtain a more general knowl-
edge of the system and gain a deeper insight into the logical structure of the sys-
tem to be approximated. The proposed revision method then help us to ensure
a more accurate result, to gain confidence in the system prediction and to learn
about the problem and its solution. The fuzzy inference systems also provides
useful information that is used during the retain stage.

2.4 Retain

As mentioned before, when the real value of the variable to predict is known,
a new case containing the problem descriptor and the solution is stored in the
case-base. The importance vector associated with the retrieved class is updated
in the following way: the error percentage with respect to the real value is cal-
culated, then the fuzzy system that has produced the most accurate prediction
is identified and the error percentage value previously calculated is added to the
degree of importance associated with this fuzzy subsystem. As the sum of the
importance values associated to a class (or prototype) has to be one, the values
are normalized. When the new case is added to the case-base, its class is identi-
fied. The class is updated and the new case is incorporated into the network for
future use.

3 A Case of Study: The Red Tides Problem

The oceans of the world form a highly dynamic system for which it is difficult to
create mathematical models [10]. The rapid increase in dinoflagellate numbers,
sometimes to millions of cells per liter of water, is what is known as a bloom of
phytoplankton (if the concentration ascends above the 100.000 cells per liter).
The type of dinoflagellate in which this study is centered is the pseudo-nitzschia
spp diatom, causing of amnesic shellfish poisoning (known as ASP).

In the current work, the aim is to develop a system for forecasting one week
in advance the concentrations (in cells per liter) of the pseudo-nitzschia spp at
different geographical points.

The problem of forecasting, which is currently being addressed, may be sim-
ply stated as follows:
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– Given: a sequence of data values (representative of the current and imme-
diately previous state) relating to some physical and biological parameters,

– Predict: the value of a parameter at some future point(s) or time(s).

The raw data (sea temperature, salinity, PH, oxygen and other physical char-
acteristics of the water mass) which is measured weekly by the monitoring net-
work for toxic proliferations in the CCCMM (Centro de Control da Calidade
do Medio Marino, Oceanographic environment Quality Control Centre, Vigo,
Spain), consists of a vector of discrete sampled values (at 5 meters’ depth) of
each oceanographic parameter used in the experiment, in the form of a time se-
ries. These data values are complemented by data derived from satellite images
stored on a database. The satellite image data values are used to generate cloud
and superficial temperature indexes which are then stored with the problem de-
scriptor and subsequently updated during the CBR operation. Table 1 shows the
variables that characterise the problem. Data from the previous 2 weeks (Wn−1,
Wn) is used to forecast the concentration of pseudo-nitzschia spp one week ahead
(Wn+1).

Table 1. Variables that define a case.

Variable Unit Week
Date dd-mm-yyyy Wn−1, Wn

Temperature Cent. degrees Wn−1, Wn

Oxygen milliliters/liter Wn−1, Wn

PH acid/based Wn−1, Wn

Transmitance % Wn−1, Wn

Fluorescence % Wn−1, Wn

Cloud index % Wn−1, Wn

Recount of diatoms cel/liter Wn−1, Wn

Pseudo-nitzschia spp cel/liter Wn−1, Wn

Pseudo-nitzschia spp (future) cel/liter Wn+1

Our proposed model has been used to build an hybrid forecasting system
that has been tested along the north west coast of the Iberian Peninsula with
data collected by the CCCMM from the year 1992 until the present. The pro-
totype used in this experiment was set up to forecast the concentration of the
pseudo-nitzschia spp diatom of a water mass situated near the coast of Vigo
(geographical area A0 ((42◦28.90’ N, 8◦57.80’ W) 61 m)), a week in advance.
Red tides appear when the concentration of pseudo-nitzschia spp is higher than
100.000 cell/liter. Although the aim of this experiment is to forecast the value
of the concentration, the most important aspect is to identify in advance if the
concentration is going to exceed this threshold.

A case-base was built with the above mentioned data normalized between
[-1, 1]. For this experiment, four fuzzy inference systems have been created from
the RBF network, which uses 18 input neurons representing data coming from
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the previous 2 weeks (see Table 1), between three and fifty neurons in the hidden
layer and a single neuron in the output layer that represents the concentration
for the pseudo-nitzschia spp diatom.

The following section discusses the results obtained with the prototype de-
veloped for this experiment as well as the conclusions and future work.

4 Results, Conclusions, and Future Work

The hybrid forecasting system has been proven in the coast of north west of the
Iberian Peninsula with data collected by the CCCMM from the year 1992 until
the present time. The average error in the forecast was found to be 26.043,66
cel/liter and only 5.5% of the forecasts had an error higher than 100.000 cel/liter.
Although the experiment was carried out using a limited data set, it is believed
that these error value results are significant enough to be extrapolated over the
whole coast of the Iberian Peninsula.

Two situations of special interest are those corresponding to the false alarms
and the not detected blooms. The first one happens when the system predicts
bloom (concentration of pseudo-nitzschia ≥ 100.000 cel/liter) and this doesn’t
take place (real concentration ≤ 100.000 cel/liter). The second, more important,
arise when bloom really exists and the system doesn’t detect it.

Table 2 shows the predictions carried out with success (in absolute value and
%) and the erroneous predictions differentiating the not detected blooms and
the false alarms. This table also shows the average error obtained with several
techniques. As it can be shown, the combination of different techniques in the
form of the hybrid CBR system previously presented, produces better results
that a RBF neural network working alone or anyone of the tested statistical
techniques. This is due to the effectiveness of the revision subsystem and the
retrained of the RBF neural network with the cases recovered by GCS network.
The hybrid system is more accurate than any of the other techniques studied
during this investigation.

Table 2. Summary of results forecasting pseudo-nitzschia spp.

Method OK OK (%) N. detect. Fal. alarms Aver. error (cel/liter)
CBR-ANN-FS 191/200 95,5% 8 1 26.043,66

RBF 185/200 92,5% 8 7 45.654,20
ARIMA 174/200 87% 10 16 71.918,15

Quadratic Trend 184/200 92% 16 0 70.354,35
Moving Average 181/200 90,5% 10 9 51.969,43

Simp. Exp. Smooth. 183/200 91,5% 8 9 41.943,26
Lin. Exp. Smooth. 177/200 88,5% 8 15 49.038,19

In summary, this paper has presented an automated hybrid CBR model that
employs case-based reasoning to wrap a growing cell structures network (for the
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index tasks to organize and retrieve relevant data), a radial basis function net-
work (that contributes generalization, learning and adaptation capabilities) and
a set of Sugeno fuzzy models (acting as experts that revise the initial solution) to
provide a more effective prediction. The resulting hybrid model thus combines
complementary properties of both connectionist and symbolic AI methods in
order to create a real time autonomous forecasting system.

In conclusion, the hybrid reasoning problem solving approach may be used
to forecast in complex situations where the problem is characterized by a lack
of knowledge and where there is a high degree of dynamism. The prototype pre-
sented here will be tested in different water masses and a distributed forecasting
system will be developed based on the model in order to monitor 500 km. of the
North West coast of the Iberian Peninsula.

This work is financed by the project: Development of techniques for the auto-
matic prediction of the proliferation of red tides in the Galician coasts, PGIDT-
00MAR30104PR, inside the Marine Program of investigation of Xunta de Gali-
cia. The authors want to thank the support lent by this institution, as well as
the data facilitated by the CCCMM.
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Abstract. In this article, new tools to represent the different states
of a same knowledge are described. These states are usually expressed
through linguistic modifiers that have been studied in a fuzzy framework,
but also in a symbolic context. The tools we introduce are called gen-
eralized symbolic modifiers: they allow linguistic modifications. A first
beginning of this work on modifiers has been done by Akdag & al and
this paper is the continuation. Our tools are convenient and simple to
use; they assume interesting mathematical properties as order relations
or infinite modifications and, moreover, they can be seen as an interval
scale. Besides, they are used in practice through a colorimetric applica-
tion and give very good results. They act as a link between modifications
expressed with words and colorimetric alterations.

1 Introduction

When imperfect knowledge has to be expressed, modifiers are often used to
translate the many states of a same knowledge. For example, we can associate
the modifiers “very”, “more or less”, “a little”, etc. with the knowledge “young”.
These intermediate descriptions have been called by Zadeh [1] linguistic hedges
or linguistic modifiers and have been taken up by Eshragh & al [2] and Bouchon–
Meunier [3] notably. It seems to be interesting to define modifiers that would
allow to modify values at will for a given application. In this paper, new tools,
the generalized symbolic modifiers, are introduced for this kind of modification.
These tools have very interesting mathematical properties and are also fully
appropriate in practice.

The paper is organized as follows: section 2 is devoted to the different existing
approaches about modifiers. In particular, we briefly present modifiers defined
in a fuzzy framework [1], [3], [4] but also in a symbolic framework [5]. Our
propositions about generalized symbolic modifiers are described in section 3. In
particular, we assure that very few conditions are necessary to use and apply
them and we explain how they can be considered as an interval scale. In section
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4 the application developed is detailed. Indeed, generalized modifiers are very
useful in colorimetry and allow to propose adaptive colorimetric alterations.
Finally, section 5 concludes this study.

2 Modifiers and Measure Scales

There are especially two kinds of approaches about linguistic modifiers: fuzzy
and symbolic approaches. The first ones deal with fuzzy logic and represent the
modifiers as modifications of membership functions while the others represent
them as modifications of values on a scale basis.

2.1 Context in Fuzzy Logic

Zadeh has been one of the pioneers in this domain [6]. He has proposed to
model concepts like “tall” or “more or less high”,. . . with fuzzy subsets and, more
precisely, with membership functions. Afterwards, some authors like Desprès
have proposed an approach aiming at a classification of the fuzzy modifiers
[4]. Desprès has defined classes or families of modifiers: the intensive ones that
reinforce the initial value and the extensive ones that weaken it. The figure 1
sums these different cases up.

B

A

1

1 1

1

intensive modifier

extensive modifier
(concentrating)

extensive modifier
(contrasting)

extensive
modifier

Fig. 1. Examples of modifiers enabling us to go from A to B.

Besides, the modifiers can be studied in a symbolic framework. Let us now
have a look at what has been done concerning more symbolic approaches.

2.2 Symbolic Context

Akdag & al suggest to model modifiers in a symbolic context [5], [7]. Indeed,
adverbs evaluating the truth of a proposition are often represented on a scale
of linguistic degrees. They propose tools, i.e. symbolic linguistic modifiers, to
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combine and aggregate such symbolic degrees. The authors also introduce the
notion of intensity rate associated to a linguistic degree on a scale basis.

Formally, Akdag & al define a symbolic linguistic modifier m as a semantic
triplet of parameters. Let a be a symbolic degree and b a scale basis1; to a pair
(a, b) corresponds a new pair (a′, b′) obtained by linear transformation depending
on m. a′ is the modified degree and b′ the modified scale basis:

(a′, b′) = fm(quantifier,nature,mode)(a, b)

The quantifier (called λ) expresses the strength of the modifier, the nature is
the way to modify the scale basis (i.e. dilation, erosion or conservation) and
the mode is the sense of modification (weakening or reinforcing). Besides, they
associate to each linguistic degree D of range a on a scale b its intensity rate,
the proportion Prop(D) = a/(b − 1).

As Desprès, the authors classify their modifiers into two main families:

– weakening modifiers: they give a new characterisation which is less strong
than the original one. They are divided into two subfamilies: the ones that
erode the basis (EG(λ) and EG(λ

1
2 )) and the ones that dilate the basis

(IG(λ) and IG(λ
1
2 )),

– reinforcing modifiers: they give a new characterisation which is stronger than
the original one. They are divided into two subfamilies: the eroding ones
(ED(λ) and ED(λ

1
2 )) and the dilating ones (ID(λ) and ID(λ

1
2 )).

This is gathered and briefly defined in figure 2 for a best understanding.

2.3 Measure Scales

As we have seen, the symbolic modifiers just introduced above act on scales.
That is why it seems now appropriate to look into the existing works about this
subject.

Measure scales are often used by statisticians [8] but also by researchers in
fuzzy logic, like Grabisch [9]. [8] defines four measure scales that are described
below:

The nominal scale. The codes that identify the variable are independent from
each other. There is no order relation. Example: sex (F/M), etc.

The ordinal scale. The codes allow us to establish an order relation between
them. Example: groups of age (under 18, between 18 to 30, 30 to 50, etc.).

The interval scale. The conditions are the same as in the previous case, but,
moreover, the codes must be uniformly distributed on the scale. Example:
ambient temperature in ◦C.

The ratio scale. The conditions are the same as in the previous case, but,
moreover, the position of zero is important (absolute zero). Examples: com-
pany turnover; programme execution time, etc.

Let us see now our propositions about symbolic modifiers and how they can
be considered as measure scales.
1 The authors consider that a degree’s scale denoted b represent a finite number of
ordered degrees 0, 1, 2, . . . b − 1. b − 1 is thus the biggest degree of the scale.
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10 5432 6
Original

10 432 75 6

10 432 75 6

10 432 5

10 432 75 6

10 432 5

10 432 5

IG(λ
1
2 ) ⇒ a′ = max(0, a − 1), b′ = b + 1

ID(λ) ⇒ a′ = a + 1, b′ = b + 1

10 5432 6
ID(λ

1
2 ) ⇒ a′ = min(a + 1, b − 1), b′ = b

EG(λ) ⇒ a′ = max(0, a − 1), b′ = b − 1

10 5432 6
EG(λ

1
2 ) ⇒ a′ = max(0, a − 1), b′ = b

IG(λ) ⇒ a′ = a, b′ = b + 1

ED(λ) ⇒ a′ = min(a + 1, b′ − 1), b′ = b − 1

ED(λ
1
2 ) ⇒ a′ = min(a, b′ − 1), b′ = b − 1

Fig. 2. Summary and comparison of the symbolic linguistic modifiers.

3 Generalized Symbolic Modifiers

Here we propose a generalization of symbolic linguistic modifiers presented in
section 2.2. We clarify the role of the quantifier λ and we propose more general
families of modifiers, for any given quantifier. Moreover, we establish a link
between our modifiers and one of the measure scales studied above.

3.1 Definition

We associate to the notion of modifier a semantic triplet {radius, nature, mode}.
The radius ρ (ρ ∈ N

∗) represents the strength of the modifier. As defined in sec-
tion 2.2, the nature is the way to modify the scale basis (i.e. dilation, erosion or
conservation) and the mode is the sense of modification (weakening or reinforc-
ing). The more ρ increases, the more powerful the modifier.

In a more general way, we define a generalized symbolic modifier as a function
allowing us to go from a pair (a, b) to a new pair (a′, b′).
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Definition 1 Let (a, b) be a pair belonging to N × N
∗. A generalized symbolic

modifier with a radius ρ, denoted m or mρ is defined as:

N × N
∗ → N × N

∗

(a, b) �→(a′, b′) with a < b and a′ < b′

a is a degree on a uniformely distributed scale b.

The definitions of our modifiers are summarized in the Table 1.

Table 1. Summary of reinforcing and weakening generalized modifiers.

MODE Weakening Reinforcing
NATURE

a′ = a
a′ = max(0, a − ρ) b′ = max(a + 1, b − ρ)

ER(ρ)

b′ = max(1, b − ρ) a′ = min(a + ρ, b − ρ − 1)
Erosion EW(ρ)

b′ = max(1, b − ρ)
ER’(ρ)

a′ = a
b′ = b + ρ

DW(ρ)
a′ = a + ρ

a′ = max(0, a − ρ) b′ = b + ρ
Dilation

b′ = b + ρ
DW’(ρ)

DR(ρ)

a′ = max(0, a − ρ) a′ = min(a + ρ, b − 1)Conservation
b′ = b

CW(ρ)
b′ = b

CR(ρ)

3.2 Order Relation

The generalized modifiers assume a partial order relation �. First we define what
exactly this relation is.
Preliminary notation: If we consider a modifier mρ, a the original degree on
a scale b and a′ the modified degree on the modified scale b′ then we denote:

a′ = mρ(a) and b′ = mρ(b)

Definition 2 Let mρ,1 and mρ,2 be two modifiers. Prop(mρ,1) =
mρ,1(a)

mρ,1(b)− 1
is

comparable with Prop(mρ,2) =
mρ,2(a)

mρ,2(b)− 1
if and only if



Prop(mρ,1) ≤ Prop(mρ,2) for any given a and b
or
Prop(mρ,2) ≤ Prop(mρ,1) for any given a and b

Definition 3 Two modifiers mρ,1 and mρ,2 entail an order relation if and only
if Prop(mρ,1) is comparable with Prop(mρ,2), for any given a and b. Formally,
the relation � is defined as follows:

mρ,1 � mρ,2 ⇔ Prop(mρ,1) ≤ Prop(mρ,2) for any given a and b
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Let us note that if a pair of modifiers (mρ,1, mρ,2) are in relation to each
other, the comparison between their intensity rates is possible obviously because
these intensity rates are rational numbers but particularly because the unit is the
same, for all a and b. Indeed, the degrees are uniformly distributed on the scales.
Furthermore, it is easy to see that the binary relation � over the generalized
modifiers is a partial order relation as the relation ≤.

If we compare the generalized modifiers in pairs, we establish a partial or-
der relation between them that we express through a lattice (cf. figure 3). The
relation is only partial because some modifiers can not be compared with some
others.

DR(ρ)

Original

DW(ρ)

CW(ρ)

DW′(ρ)

ER′(ρ)

CR(ρ)

EW(ρ)

ER(ρ)

Fig. 3. Lattice for the relation �.

3.3 Finite and Infinite Modifiers

Moreover, we can notice that some modifiers can modify the initial value towards
infinity. That is the case of two modifiers: DW(ρ) and DR(ρ).

Definition 4 We define an infinite modifier mρ as follows:

mρ is an infinite modifier ⇔


(∀ρ ∈ N

∗, Prop(mρ+1) > Prop(mρ))
or
(∀ρ ∈ N

∗, Prop(mρ+1) < Prop(mρ))

This means that the modifier will always have an effect on the initial value.

Definition 5 We define a finite modifier mρ as follows:

mρ is a finite modifier ⇔
{∃ρ ∈ N

∗ such as ∀ρ′ ∈ N
∗ with ρ′ > ρ

Prop(mρ′) = Prop(mρ)

This means that, starting from a certain rank, the modifier has no effect on
the initial value.
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3.4 The Modifiers as an Interval Scale

Our modifiers correspond to one measure scale: the interval one. Indeed, we
work on scales with an order relation (the degrees are ordered) and, as it is said
in the definition, there is a condition about the degrees’ distribution: they are
uniformly distributed on the scale.

4 Application

An interesting implementation of our generalized modifiers lies in colorimetrics.
We propose a piece of software that is dedicated to colour modification according
to colorimetric qualifiers (like “dark”, “bright”, “bluish”. . . ) and linguistic terms
for the modification (as “much more”, “a little bit less”. . . ). For example, the
user can ask for a red “a little bit more bluish”.

4.1 Context

To modify a colour, we modify its colorimetric components expressed in a certain
space (either RGB-space for Red-Green-Blue, or HLS-space for Hue-Lightness-
Saturation. . . ). The space we have chosen is HLS for many reasons explained in
[10]. We increase or decrease the components thanks to our generalized modifiers.
We establish a link between the linguistic terms and the symbolic generalized
modifiers.

A colour is associated to three symbolic scales, one scale for each colorimetric
component. For example, to display on the user’s screen a “brighter” green, we
can use the modifier CR(ρ) with ρ equal a certain value (depending on the total
number of linguistic terms) that increases the value of L (Lightness). The three
components H, L and S can be modified at the same time or not, depending
on the selected qualifier. Indeed, some qualifiers (like “gloomy”, for example)
require a modification of only one component, while some others (like “bluish”,
for example) require modifications of more than one component.

To simplify the modification, we split the range of a component (i.e. [0,255])
into three equal parts, and we split the parts into a certain number of sub-parts
— this number depending on the quantity of linguistic terms we have, since
each sub-part is associated to a linguistic term. The figure 4 shows a very simple
example of qualifiers associated to the component L.

A deeper study of this process is explained in [11] and a comparison between
this symbolic approach with a fuzzy one is done in [12].

4.2 Which Modifiers for What Modification?

We can use all kinds of our generalized modifiers in this application. But, it
is preferable not to use the infinite ones because the very principle of these
modifiers — for example DR(ρ) that reinforces — is never to reach the top of
the scale, i.e b − 1. It means that, knowing that a component takes its values
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0 255

pallidheavygloomy

(1st part) (2nd part) (3rd part)

very a bit a little bit

gloomy

extremely rather

0 85

more
or less∅

(L)

(L)

Fig. 4. Qualifiers associated to parts of L space.

between 0 and 255, 255 will never be reached. In fact, with the approximation
of the calculus, it will probably be reached, but, theoretically, we don’t want to
use these modifiers since we do want to reach the maximum.

So, the modifiers we use are the finite ones and, depending on where the
initial value of the component is, we use the most powerful modifiers or the less
powerful ones.

– In the cases where the initial value of the colorimetric component has to be
set to the first or the third part (for example if the user has asked for a
gloomier or a more pallid colour), we use the most powerful modifiers, i.e.
ER’(ρ) and/or CR(ρ) and DW’(ρ) and/or CW(ρ),

– In the cases where the initial value of the colorimetric component has to be
set to the second part (for example if the user has asked for a heavier colour),
we use the less powerful modifiers, i.e. ER(ρ) and EW(ρ). The figure 5 shows
both cases.

The reason of these choices is simple: the biggest distance between an initial
value and the “2nd part” is twice as short as the biggest distance between an
initial value and the “1st part” (or the “3rd part”). So, a slow approach when
the initial value is close to the value to be reached has been favored. It is a way
to compensate the differences between distances.

4.3 Learning for an Adaptive Alteration

As the perception of colours is very subjective, we have added to our software
a learning process. Indeed, a “very much more pallid red” for one person can
be interpreted as a “little bit more pallid red” or even as a “much heavier red”
for another person. That is why it is possible to change the association between
the colours modifications (through the generalized symbolic modifiers) and the
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0 255original
value 1

(2nd part) original
value 2

0 255

0 255(1st part) original

original
value

value

(3rd part)

Fig. 5. Left, case of “big jumps” performed by the most powerful generalized modifiers
and right, case of “small jumps” performed by the less powerful ones.

linguistic terms. In our application, a linguistic term corresponds to both a qual-
ifier (“pallid”, . . . ) and a linguistic quantifier (“much more”, . . . ). A particular
association will reflect the perception of a particular user. This process is carried
out thanks to an internal representation of the modifications through a graph.
More explanations about that will be given in a further work.

Besides this learning process, one interesting thing is that this process of
modification can be done in both directions. Indeed, the user can ask for a
certain colour through a linguistic expression and he obtains it, but, on the
contrary, from a colour, the software can give a linguistic expression composed
of a qualifier and a modifier.

Furthermore, this application could be inserted in another one that would
classify pictures by predominant colour, for example.

5 Conclusion

We have presented new symbolic modifiers: the generalized symbolic modifiers,
coming from the linguistic symbolic modifiers introduced by Akdag & al [5]. We
have seen that they embody some good mathematical properties and we notably
use them in a colorimetric application.

Moreover, we believe that the modification process can be seen as an aggre-
gation process. Indeed, for us, to modify is equivalent to aggregating an initial
value with an expression of the modification. In the colours application, this can
be summed up as shown on the figure 6.

The symbol “+” on the figure symbolizes the aggregation process.
The modifiers which have been introduced in this paper can help a lot in an

aggregation process. An interesting perspective would be to pursue our research
in this domain and imagine an aggregator defined as a composition (in the
mathematical sense) of our modifiers.
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semantic
link modified colours

result:

colours

+

linguistic expression
of the desired modification

Fig. 6. Link between aggregation and modification.
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Abstract. This article describes a first synthesis of a Conceptual
Graph and RDF(S) approach for representing and querying document
contents. The framework of this work is the escrire project [1], the
main goal of which is to compare three knowledge representation
formalisms (KR): conceptual graphs (CG), descriptions logics (DL),
and object-oriented representation languages (OOR) for querying
about document contents by relying on ontology-based annotations on
document content. This comparison relies on an expressive XML-based
pivot language to define the ontology and to represent annotations and
queries; it consists of evaluating the capacity of the three KR formalisms
for expressing the features of the pivot language. Each feature of the
pivot language is translated into each KR formalism, which is than used
to draw inferences and to answer queries. Our team was responsible
on the CG part. The motivation of this paper is to give a first synthe-
sis of the translation process from the pivot language to RDF(S) and
CG, to underline the main problems encountered during this translation.

Keywords: Knowledge representation, Conceptual Graphs, Ontologies,
RDFS, XML, and Semantic information retrieval.

1 Introduction

Documents available from the Web or from any digital representation constitute
a significant source of knowledge to be represented, handled and queried. The
main goal of the escrire project is to compare three knowledge representation
(KR) formalisms in the task of annotating and querying document (by using a
specific domain ontology). The test base consist of abstracts of biological articles
from the Medline database [2]. This annotated base is queried by each KR for-
malisms (CG, DL, OOR). A pivot language based on XML syntax was specially
defined for the comparison. This pivot language is represented by a DTD con-
taining the syntactic rules to describe an ontology and annotations and to query
these annotations using an OQL-based format. Besides, the XML and RDF lan-
guages are recommended respectively by the World Wide Web consortium to
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structure information and to describe any resource on the Web. In [3,4] the im-
pact of using conceptual graphs for indexing and searching information has been
studied and analyzed. CG seems to be a good candidate to represent the content
of documents. In the following, we would like to stress on the use of conceptual
graphs (as an inference mechanism) and on RDF(S) [5,6] language (as an inter-
mediate syntax to represent ontologies and annotations) in the escrire project.
In our experiments we used corese, a semantic search engine [7].
The remaining of this paper is structured as follows.In Section 2, we describe

briefly the escrire language. Section 3 presents the translation process from
the pivot language to RDF(S) and CGs. In Section 4 we discuss some difficulties
encountered during this translation. Section 5 concludes our work.

2 Escrire Language

As explained in the introduction, a pivot language was defined (1) to represent
a domain ontology, to annotate document contents and to query this base of
annotations and (2) to be used as a bridge between the documents constituting
the test base and each KR formalism involved in the escrire project. We recall
the main features of this language detailed in [1].

2.1 Description of Domain Ontology

Basically, an ontology is a hierarchy of concepts and relations between these
concepts representing a particular application domain. For the escrire project,
a genetic ontology (genes and interactions between these genes) was built and
represented by a DTD by one of our colleagues [8]. This DTD defines classes,
relation classes, and a subsumption relation organizes these classes into a hi-
erarchy. A class is described by a set of attributes (roles and attributes for the
relation classes) the type of which is a class belonging to the ontology (a concrete
type, such as integer, string, or Boolean for relation classes attributes). Inside an
ontology, a class can be defined (i.e. the attribute of the classes are necessary and
sufficient conditions for the membership of an individual to this class) or prim-
itive (i.e. the attributes of classes are considered as only necessary conditions).
For example, the following code represents a relation called substage, composed
by two roles: superstage and substage the type of which is development-
stage (another class in the ontology). This relation does not have any attribute
and it is qualified by properties of transitivity, reflexivity, and antisymmetry.

<esc:descbinrel name="substage" transitive="yes" reflexive="yes"
antisymmetric="yes">

<esc:defrole name="superstage">
<esc:classref name="development-stage"/>

</esc:defrole>
<esc:defrole name="substage">
<esc:classref name="development-stage"/>

</esc:defrole>
</esc:descbinrel>
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2.2 Description of Annotations

To each document Di that belongs to a base of documents corresponds a seman-
tic annotation Annotai representing the content of Di. The set of annotations
Annota1, . . . , Annotan is represented in the pivot language and uses the con-
ceptual vocabulary specified into the domain ontology, which is also defined in
the pivot language. In the escrire project, an annotation describes genes (ob-
jects) and interactions between genes (relations). The objects are described by
attributes (name, class to which they belong to) and the relations are described
by roles (domain and range) and attributes (to represent the relation character-
istics). For example, the annotation given below describes an interaction between
a promoter gene called dpp (with dorso-ventral-system type) and a target gene,
called Ubx (with BX-C type). The effect of the interaction is that the dpp gene
inhibits the Ubx gene.

<esc:relation type="interaction">
<esc:role name="promoter">

<esc:objref type="dorso-ventral-system" id="dpp"/>
</esc:role>
<esc:role name="target">

<esc:objref type="BX-C" id="Ubx"/>
</esc:role>
<esc:attribute name="effect">

<esc:value>inhibition</esc:value>
</esc:attribute>

</esc:relation>

2.3 Queries

An escrire query is similar to an OQL [9] query, and is based on the block
Select (values to be shown in the result), From (variables typed by a class),
Where (constraints to be considered), and Orderby (the result order specified
by a list of paths). Logical operators (conjunction, disjunction, and negation) as
well as quantifiers (universal and existential) can be used. For example, the
query given below represents a query to find documents mentioning interactions
between the Ubx (ultrabithorax) gene acting as target and, as promoter, the
en (engrailed) gene or the dpp (decapentaplegic) gene. The criterion to order
answers is the promoter name.

SELECT I.promoter.name, I.effect
FROM I:interaction
WHERE (I.target=OBJREF(gene,’Ubx’) AND

( I.promoter=OBJREF(gene,’en’) OR
I.promoter=OBJREF(gene,’dpp’)) )

ORDERBY I.promoter.name
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3 Translation Process: Pivot Language-RDF(S)-CG

In this section, we detail the process of translating ontologies and annotations
from pivot language to RDF(S) and conceptual graphs. This double translation
has two motivations: (1) RDF(S) and pivot language are languages based on
XML, and (2) we used corese, a semantic search engine based on CG as its
inference mechanism and ontology-based annotations represented in RDF(S).
Our translation methodology is based on two mappings: (1) pivot language →
RDF(S) - to map from the escrire ontology and annotations to RDF Schema
and RDF statements - and (2) RDF(S) → CG - to map from an RDF Schema and
RDF statements to the CG support and assertional conceptual graphs. A depth
comparison and correspondance between CG and RDF(S) models are studied
in [10].
To improve clarity, we give a brief overview of the CG model. A conceptual

graph [11,12] is an oriented graph that consists of concept nodes and relations
nodes describing relations between this concepts. A concept has a type (which
corresponds to a semantic class) and a marker (which corresponds to an instan-
tiation to an individual class). A marker is either the generic marker ∗ corre-
sponding to the existential quantification or an individual marker corresponding
to an identifier; M is the individual markers set.
A relation has only a type. Concept types and relation types (of same ar-

ity) are organized into hierarchies TC and TR respectively. This hierarchies are
partially ordered by generalization/specialization relation ≥ (resp. ≤).
A CG support upon which conceptual graphs are constructed is defined as

(TC , TR, M). The projection operator permits to compare two conceptual graphs,
it enables to determine the generalization relation (≤) between two graphs: G1 ≤
G2 iff there exists a projection π from G2 to G1. π is a graph morphism such
that the label of a node n1 of G1 is a specialization of the label of the node n2
of G2 with n1 = π(n2).
In particular, an RDF Schema (the class hierarchy and property hierarchy)

corresponds to a CG support (TC and TR respectively) and the RDF statements
correspond to assertional conceptual graphs in CG.

3.1 Classes and Relations

Since the pivot language and RDF(S) share an XML syntax, we have imple-
mented the mapping pivot language → RDF(S) as an XSLT style sheet. escrire
ontology is translated into RDF Schema.
To finish the cycle, the mapping RDF(S) → CG is carried out by corese:

RDF statements and RDF Schema are translated respectively into assertional
conceptual graphs and into CG support.
The definition and description of classes and relation classes are represented

by RDFS classes (rdfs:Class) and in conceptual graphs like concept types belong-
ing to the TC hierarchy of the CG support. We reified escrire relations classes
because, in CG and RDF(S) models the qualified relations (relations with roles
and attributes) are not considered i.e., they are translated into RDFS classes
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(Concept types in TC). Roles and attributes of escrire relations are translated
into RDF properties (rdf:Property); these properties correspond to relation types
in TR. corese can handle relation properties like transitivity, reflexivity, symme-
try and inverse property. Currently, the antisymmetric property is not handled
in corese, we are planning to implement it in a future version of corese.
The binary relations supported by corese do not have roles or attributes. We
adapted these algorithms for processing escrire relations (which contain roles
and attributes). The following example shows the corese representation of the
substage relation declare in Section 2.1.

<rdfs:Class rdf:ID="substage">
<cos:reflexive>true</cos:reflexive>
<cos:transitive>true</cos:transitive>

</rdfs:Class>

<rdf:Property ID="superstage">
<rdfs:domain rdf:resource="#substage"/>
<rdfs:range rdf:resource="#development-stage"/>

</rdf:Property>

<rdf:Property ID="substage">
<rdfs:domain rdf:resource="#substage"/>
<rdfs:range rdf:resource="#development-stage"/>

</rdf:Property>

<rdfs:Class rdf:ID="development-stage"/>

3.2 Objects and Relations

Objects and relations exist inside annotations and in the ontology. The global
object features inside the ontology are always true for all the annotations. We
consider as global objects: objects and relations both of them existing in the
ontology and referred in the annotations. These global objects represent com-
mon and reusable knowledge for annotations, avoiding redundant information.
Figure 1, shows two annotations sharing antenapedia gene information, located
into the global object base.
Objects and relations existing in annotations (escrire annotations) are rep-

resented as RDF statements corresponding to assertional conceptual graphs. The
same translation process is applied to global objects.
A document is represented by an individual concept, for example the concept

[ Document : URL-94008526 ], is an individual concept with type field Document
belonging to TC and marker field URL-94008526 belonging to M and represent-
ing the URL and document name. The interaction relation shown in section 2.2
is represented in RDF and CG in the following way:
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Written with RDF syntax:

<ns:Interaction>
<ns:promoter>

<ns:dorso-ventral-system rdf:about="#dpp"/>
</ns:promoter>
<ns:target>

<ns:BX-C rdf:about="#Ubx"/>
</ns:target>
<ns:effect>inhibition</ns:effect>

</ns:interaction>

This can be interpreted in CG as:

[Interaction : *]->(promoter)->[dorso-ventral-system : dpp]
->(target)->[BX-C : Ubx]
->(effect)->[literal : inhibition]

gene: Antp
Name: Antenapedia

gene:ems                       gene: hkb
gene : orthodenticle    gene: buttonhead
posterior-gap:  kni       posteior-gap:  gt
central-gap  : Kr
anterior-gap:  hb 
terminal-gap : tll

gene-class: gap

gene:  N
Name: Notch

gene:  gt
Name: giant

<esc:role name "target">
  <esc:objref type="gene" id="Antp"/>
</esc:role>
</esc:relation>

Annotation 90292349
<esc:relation type "interaction">
<esc:role name "promoter">
   <esc:objref type="gene" id="gt"/>
</esc:role>

....

Global base

N
Antp

gap

gt

...

Annotation 88196080

....

<esc:role name "target">
  <esc:objref type="gene" id="Antp"/>
</esc:role>
</esc:relation>

<esc:relation type "interaction">
<esc:role name "promoter-class">
   <esc:objref type="gene" id="gap"/>
</esc:role>

Fig. 1. Annotations sharing global object informations.

3.3 Evaluating Queries

Given a document collection, we have an escrire annnotation that indexes each
document (representing its content). These annotations are translated in RDF
statements and into assertional conceptual graphs (annotation graphs), consti-
tuting an annotation graph base (AGBase). An escrire query is translated as a
query conceptual graph Q and processed by a CG projection of the query Q on the
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Projection 
answer 

Select l promoter name - 
I effect 

From 
I Interactton 

Where 
And ( I  target=Ubx 

OR ( I  promotel-en 
I p r o m o t e ~ d p p ) ~  

) 

Fig. 2. Query Eva,luation using joint graphs. 

aiiiiotation graph base. The projection operator recovers relevant graphs. Figure 
2 shows the process carried out to  satisfy a query Q considering the global ob- 
jects. Equation (I) represents the result set retrieved by projection of the query 
Q on the conceptual joint graph (GjOint). This joint graph is composed of the 
global graph (representing the global objects) and each annotation graph staying 
into AGE,,,. The annotation graph base size is denoted by N .  

Result = (Q ,  Gjoint[i]) I 
G . .  joznt[z] . - G  - global objects U AGEase[i]} , i [I ,  N]  

To compose the joint graph, we select only the relevant arcs of the global 
graph and the annotation graph. The q5 operator [ll] assigns a first-order for- 
mula 4(G) to  each graph G. $(G) is a positive, conjunctive and existentially 
closed formula; therefore, the fact of having the logical disjuiictioii o r ,  implies a 
special processing because disjunction is not considered in the conceptual graphs 
forinalisin (traditional projection). We have iinpleineiited the o r  operator as fol- 
lows. A query Q is a unique graph if there is not an o r  operator, otherwise Q 
is split into several graphs such that,  each of those do not contain o r  opera- 
tors to  be projected on the AGE,,,. The result corresponding to the query Q 
is composed of the values selected in the query Q (select part) and by URL of 
docuineiits [8]. This result is presented to  the user by an XSLT style sheet. 

4 Discussion: Translation Problems 

In this section we would like to stress on problems faced during the translation 
froin the pivot language to  RDF(S) and CG. 



128 R.C. Medina Ramı́rez, O. Corby, and R. Dieng-Kuntz

Defined classes. The distinction between defined classes and primitive classes
exists in CG but it does not exist in RDF(S). An extension of RDF(S) in order
to handle defined classes and the primitive classes remaining of interest in this
case. In corese, the translation in CG of the pivot language rests on RDF(S),
however none of the mappings pivot language → RDF(S) or RDF(S) → CG
considers it.

Evaluating relation properties. Binary relations are represented as classes
and the properties of transitivity, symmetry, reflexivity and inverse property are
processed by a specific code in corese. Once again, the RDF(S) model could
be extended to support the representation of such kind of properties [13]. In
corese, several extensions of RDF(S) model have been added for enabling to
process this kind of meta-properties and enrich the annotation base. A in-depth
description and manipulation of meta-properties are studied in [7].

Handling negation queries. Conceptual graphs correspond to an existential,
conjunctive and positive logic, thus the negation is not considered in the for-
malism of simple conceptual graphs. In some models of conceptual graphs one
can put a negation (¬) in some contexts [14]. RDF(S) statements are positive
and conjunctive, so handling the negation implies yet another type of extension.
In the Notio CG platform [15] on which corese was developed, the NOT did
not exist. We have implemented particular algorithms to process the negation
of each escrire element. Our main algorithm is the following:
Let be Q= ¬(G1 ∧ (G2 ∨ G3)) , where G1, G2, G3 are conceptual graphs.
We have to build :

1. A CG query Q’ as the normalization of the query Q by the application of
Morgan’s rules.

2. A positive CG query Q” (without negation graphs) by replacing negative
operators (NOT (A=B)) in each Gi by positive ones (A != B). In this way,
only positive graphs are ready to be sent to projection. If there is an or
operator in Q’ we split Q” such as shown in table 1.

3. The result set (R), as the the projection of each graph in Q” on the annotation
graph base (AGBase).

4. Validation of R.

The validation process consists of applying the algorithms which process the
operator negations (for exemple NOT (A=B)) into the result set R by recalling
the original negation criterions.

Evaluating quantifiers. The variables in a query FROM clause are existentially
quantified. However, the variables in a WHERE clause can be quantified. In CG,
since the logical interpretation of a graph G is a first order logical formula φ(G),
positive and existentially quantified, the existential quantifier can be taken into
account. Nevertheless, it is not obvious to handle a universal quantification. A
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Table 1. Evaluating negative disjunctive queries.

Q = ¬(G1 ∧ (G2 ∨ G3)) Original Query
Q′ = ¬G1 ∨ (¬G2 ∧ ¬G3) Normalization
Q′′ = G′

1 ∨ (G′
2 ∧ G′

3) Positive Query
where G′

1, G
′
2, G

′
3 are positive conceptual graphs

G4 = (G′
2 ∧ G′

3)
R1 = π (G′

1,AGBase )
R2 = π (G4,AGBase ) Projection
R = R1∪ R2 Validation

way to support it could be to transform a universally quantified formula into the
negation of an existentially quantified formula, but this would require a complex
extension of the projection operator.

5 Conclusion

In this paper, we have described a pivot language to represent a domain ontol-
ogy, annotate document contents and to query this base of annotations. Some
expressiveness problems encountered during the mappings: (1)pivot language →
RDF(S) and (2) RDF(S) → CG have been discussed. These problems under-
line the need of expressiveness extensions for RDF(S), in order to support de-
fined classes, relation properties, negation and quantifiers. We also described a
technique to treat negative disjunctive queries. For this first experiment, a hun-
dred of 4500 abstracts of biological articles extracted from NIH Medline public
database have been considered. We have applied a representative query set to
validate all aspects of pivot language. Our future efforts are focused on the anal-
ysis of semantic expressiveness extension works for RDF(S) [13] and XML [16],
to complete our solution. Finally, in order to extend the ontology we are using
the inference mechanism provided by corese to build a rule base for retrieving
hidden knowledge from annotations in order to be exploited afterwards by query
evaluations.
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Abstract. This paper investigates the optimization by fold/unfold of
functional-logic programs with operational semantics based on needed
narrowing. Transformation sequences are automatically guided by tu-
pling, a powerful strategy that avoids multiple accesses to data struc-
tures and redundant sub-computations. We systematically decompose in
detail the internal structure of tupling in three low-level transformation
phases (definition introduction, unfolding and abstraction with folding)
that constitute the core of our automatic tupling algorithm. The resulting
strategy is (strongly) correct and complete, efficient, elegant and realis-
tic. In addition (and most important), our technique preserves the na-
tural structure of multi-paradigm declarative programs, which contrasts
with prior pure functional approaches that produce corrupt integrated
programs with (forbidden) overlapping rules.

1 Introduction

Functional logic programming languages combine the operational methods and
advantages of the most important declarative programming paradigms, namely
functional and logic programming. The operational principle of such languages
is usually based on narrowing. A narrowing step instantiates variables in an ex-
pression and applies a reduction step to a redex of the instantiated expression.
Needed narrowing is the currently best narrowing strategy for first-order (in-
ductively sequential) functional logic programs due to its optimality properties
w.r.t. the length of derivations and the number of computed solutions [6], and
it can be efficiently implemented by pattern matching and unification.

The fold/unfold transformation approach was first introduced in [10] to opti-
mize functional programs and then used for logic programs [21]. This approach
is commonly based on the construction, by means of a strategy, of a sequence
of equivalent programs each obtained from the preceding ones by using an ele-
mentary transformation rule. The essential rules are folding and unfolding, i.e.,
contraction and expansion of subexpressions of a program using the definitions of
this program (or of a preceding one). See [19,15] for more applications of these
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rules. Other rules which have been considered are, for example: instantiation,
definition introduction/elimination, and abstraction. The first attempt to intro-
duce these ideas in an integrated language is presented in [3], where we investi-
gated fold/unfold rules in the context of a strict (call-by-value) functional logic
language. A transformation methodology for lazy (call-by-name) functional logic
programs was introduced in [4]; this work extends the transformation rules of [21]
for logic programs in order to cope with lazy functional logic programs (based
on needed narrowing). The use of narrowing empowers the fold/unfold system
by implicitly embedding the instantiation rule (the operation of the Burstall and
Darlington framework [10] which introduces an instance of an existing equation)
into unfolding by means of unification. [4] also proves that the original structure
of programs is preserved through the transformation sequence, which is a key
point for proving the correctness and the effective applicability of the transfor-
mation system. These ideas have been implemented in the prototype Synth
([2]) which has been successfully tested with several applications in the field of
Artificial Intelligence ([1,17]).

There exists a large class of program optimizations which can be achieved
by fold/unfold transformations and are not possible by using a fully automatic
method (such as, e.g., partial evaluation). Typical instances of this class are the
strategies that perform tupling (also known as pairing) [10,13], which merges sep-
arate (nonnested) function calls with some common arguments (i.e., they share
the same variables) into a single call to a (possibly new) recursive function which
returns a tuple of the results of the separate calls, thus avoiding either multiple
accesses to the same data structures or common subcomputations, similarly to
the idea of sharing which is used in graph rewriting to improve the efficiency of
computations in time and space [7]. In this paper, we propose a fully automatic
tupling algorithm where eureka generation is done simultaneously at transfor-
mation time at a very low cost. In contrast with prior non-automatic approaches
(tupling has only been semi-automated to some extent [11,12]) where eurekas are
generated by a complicate pre-process that uses complex data structures and/or
produces redundant computations, our approach is fully automatic and covers
most practical cases. Our method deals with particular (non trivial) features of
integrated (functional-logic) languages and includes refined tests for termination
of each transformation phase. More exactly, we have identified three syntactic
conditions to stop the search for regularities during the unfolding phase1.

The structure of the paper is as follows. After recalling some basic definitions,
we introduce the basic transformation rules and illustrate its use by means of
interesting tupling examples in Section 2. The next three sections describe the
different transformation phases that constitute the core of our tupling algorithm.
Finally, Section 6 concludes. More details can be found in [16].

Preliminaries. We assume familiarity with basic notions from term rewriting
[7] and functional logic programming [14]. In this work we consider a (many-
sorted) signature Σ partitioned into a set C of constructors and a set F of
1 The method is not universal but, as said in [19], ”one cannot hope to construct a
universal technique for finding a suitable regularity whenever there is one”.
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defined functions. The set of constructor terms with variables is obtained by
using symbols from C and X . The set of variables occurring in a term t is
denoted by Var(t). We write on for the list of objects o1, . . . , on. A pattern is
a term of the form f(dn) where f/n ∈ F and d1, . . . , dn are constructor terms.
A term is linear if it does not contain multiple occurrences of one variable. A
term is operation-rooted (constructor-rooted) if it has an operation (constructor)
symbol at the root. A position p in a term t is represented by a sequence of
natural numbers.Positions are ordered by the prefix ordering: p ≤ q, if ∃w such
that p.w = q. Positions p, q are disjoint if neither p ≤ q nor q ≤ p. Given a term
t, we let FPos(t) denote the set of non-variable positions of t. t|p denotes the
subterm of t at position p, and t[s]p denotes the result of replacing the subterm
t|p by the term s. For a sequence of (pairwise disjoint) positions P = pn, we let
t[sn]P = (((t[s1]p1)[s2]p2) . . . [sn]pn). By abuse, we denote t[sn]P by t[s]P when
s1 = . . . = sn = s, as well as ((t[s1]P1) . . . [sn]Pn) by t[sn]Pn

. We denote by
{x1 �→t1, . . . , xn �→tn} the substitution σ with σ(xi) = ti for i = 1, . . . , n (with
xi �= xj if i �= j), and σ(x) = x for all other variables x. id denotes the identity
substitution.

A set of rewrite rules l → r such that l �∈ X, and Var(r) ⊆ Var(l) is called
a term rewriting system (TRS). The terms l and r are called the left-hand side
(lhs) and the right-hand side (rhs) of the rule, respectively. A TRSR is left-linear
if l is linear for all l → r ∈ R. A TRS is constructor–based (CB) if each left-hand
side is a pattern. In the remainder of this paper, a functional logic program is a
left-linear CB-TRS. A rewrite step is an application of a rewrite rule to a term,
i.e., t →p,R s if there exists a position p in t, a rewrite rule R = (l → r) and a
substitution σ with t|p = σ(l) and s = t[σ(r)]p.

The operational semantics of integrated languages is usually based on narrow-
ing, a combination of variable instantiation and reduction. Formally, s ❀p,R,σ t
is a narrowing step if p is a non-variable position in s and σ(s) →p,R t. We
denote by t0 ❀∗

σ tn a sequence of narrowing steps t0 ❀σ1 . . . ❀σn tn with
σ = σn ◦ · · · ◦ σ1 (if n = 0 then σ = id). Modern functional logic languages are
based on needed narrowing and inductively sequential programs.

2 Tupling by Fold/Unfold

Originally introduced in [10,13] for optimizing functional programs, the tupling
strategy is very effective when several functions require the computation of the
same subexpression. In this case, it is possible to tuple together those functions
and to avoid either multiple accesses to data structures or common subcompu-
tations [20]. Firstly, we recall from [4] the basic definitions of the transformation
rules. Programs constructed by using the following set of rules are inductively
sequential. Moreover, the transformations are strongly correct w.r.t. goals con-
taining (old) function symbols from the initial program.

Definition 1. Let R0 be an inductively sequential program (the original pro-
gram). A transformation sequence (R0, . . . ,Rk), k > 0 is constructed by apply-
ing the following transformation rules:
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Definition Introduction: We may get program Rk+1 by adding to Rk a new
rule (“definition rule” or “eureka”) of the form f(x) → r, where f is a new
function symbol not occurring in the sequence R0, . . . ,Rk and Var(r) = x.

Unfolding: Let R = (l → r) ∈ Rk be a rule where r is an operation-rooted term
or Rk is completely defined. Then, Rk+1 = (Rk − {R}) ∪ {θ(l) → r′ | r ❀θ

r′ in Rk}. An unfolding step where θ = id is called a normalizing step.
Folding: Let R = (l → r) ∈ Rk be a non definition rule, R′ = (l′ → r′) ∈ Rj,

0 ≤ j ≤ k, a definition rule2 and p a position in r such that r|p = θ(r′) and
r|p is not a constructor term. Then, Rk+1 = (Rk − {R}) ∪ {l → r[θ(l′)]p}.

Abstraction: Let R = (l → r) ∈ Rk be a rule and let Pj be sequences of
disjoint positions in FPos(r) such that r|p = ei for all p in Pi, i = 1, . . . , j,
i.e., r = r[ej ]Pj

. We may get program Rk+1 from Rk by replacing R with
l → r[zj ]Pj

where 〈z1, . . . , zj〉 = 〈e1, . . . , ej〉 (where zj are fresh variables).

The following well-known example uses the previous set of transformation rules
for optimizing a program following a tupling strategy. The process is similar to
[10,11,20] for pure functional programs, with the advantage in our case that we
avoid the use of an explicit instantiation rule before applying unfolding steps.
This is possible thanks to the systematic instantiation of calls performed impli-
citly by our unfolding rule by virtue of the logic component of narrowing [4].

Example 1. The fibonacci numbers can be computed by the original program R0 =
{R1 : fib(0) → s(0), R2 : fib(s(0)) → s(0), R3 : fib(s(s(X))) → fib(s(X)) + fib(X)}
(together with the rules for addition +). Note that this program has an exponential
complexity, which can be reduced to linear by applying the tupling strategy as follows:

1. Definition introduction: (R4) new(X) → 〈fib(s(X)), fib(X)〉
2. Unfold rule R4 (narrowing the needed redex fib(s(X))):

(R5) new(0) → 〈s(0), fib(0)〉, (R6) new(s(X)) → 〈fib(s(X)) + fib(X), fib(s(X))〉
3. Unfold (normalize) rule R5: (R7) new(0) → 〈s(0), s(0)〉
4. Abstract R6: (R8) new(s(X)) → 〈Z1 + Z2, Z1〉 where 〈Z1, Z2〉 = 〈fib(s(X)), fib(X)〉
5. Fold R8 using R4: (R9) new(s(X)) → 〈Z1 + Z2, Z1〉 where 〈Z1, Z2〉 = new(X)
6. Abstract R3: (R10) fib(s(s(X))) → Z1 + Z2 where 〈Z1, Z2〉 = 〈fib(s(X)), fib(X)〉
7. Fold R10 with R4: (R11) fib(s(s(X))) → Z1 + Z2 where 〈Z1, Z2〉 = new(X)

Now, the (enhanced) transformed program R7 (with linear complexity thanks to the
use of the recursive function new), is composed by rules R1, R2, R7, R9 and R11.

The classical instantiation rule used in pure functional transformation systems
is problematic since it uses most general unifiers of expressions (it is commonly
called ”minimal instantiation” [11]) and, for that reason, it is rarely considered
explicitly in the literature. Moreover, in a functional-logic setting the use of an
unfolding rule that (implicitly) performs minimal instantiation may generate cor-
rupt programs that could not be executed by needed narrowing. The reader must
note the importance of this fact, since it directly implies that tupling algorithms
(that performs minimal instantiation) developed for pure functional programs
are not applicable in our framework, as illustrates the following example.
2 A definition rule (eureka) maintains its status only as long as it remains unchanged,
i.e., once it is transformed it is not considered a definition rule anymore.
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Example 2. Consider a functional-logic program containing the following well-known
set of non overlapping rules: {. . . , double(0) → 0, double(s(X)) → s(s(double(X))),
leq(0, X) → true, leq(s(X), 0) → false, leq(s(X), s(Y)) → leq(X, Y), . . .}. Assume
now that a tupling strategy is started and after some definition introduction and unfold-
ing steps we obtain the following rule: new(. . . , X, Y, . . .) → 〈. . . , leq(X, double(Y)), . . .〉.
Then, if we apply an unfolding step (over the underlined term) with implicitly performs
minimal instantiation before (lazily) reducing it, we obtain:

new(. . . , 0, Y, . . .) → 〈. . . , true, . . .〉
new(. . . , X, 0, . . .) → 〈. . . , leq(X, 0), . . .〉

new(. . . , X, s(Y), . . .) → 〈. . . , leq(X, s(s(double(Y)))), . . .〉
And now observe that there exist overlapping rules that loose the program structure.
This loss prevents for further computations with needed narrowing. Fortunately (as
proved in [4]), our unfolding rule always generates a valid set of program rules by
using appropriate (non most general) unifiers before reducing a term. In the example,
it suffices with replacing the occurrences of variable X by term s(X) in each rule (as
our needed narrowing based unfolding rule does), which is the key point to restore the
required structure of the transformed program.

Since tupling has not been automated in general in the specialized literature,
our proposal consists of decomposing it in three stages and try to automate
each one of them in order to generate a fully automatic tupling algorithm. Each
stage may consists of several steps done with the transformation rules presented
in section 2. We focus our attention separately in the following transformation
phases: definition introduction, unfolding and abstraction+folding.

3 Definition Introduction Phase

This phase3 corresponds to the so-called eureka generation phase, which is the
key point for a transformation strategy to proceed. The problem of achieving
an appropriate set of eureka definitions is well-known in the literature related to
fold/unfold transformations [10,19,21,5]. For the case of the composition strat-
egy, eureka definitions can be easily identified since they correspond to nested
calls. On the other hand, the problem of finding good eureka definitions for the
tupling strategy is much more difficult, mainly due to the fact that the calls to be
tupled are not nested and they may be arbitrarily distributed in the right hand
side of a rule. Sophisticated static analysis have been developed in the literature
using dependencies graphs ([11,18]), m-dags ([8]), symbolic trace trees [9] and
other intrincated structures. The main problems appearing in such approaches
are that the analysis are not as general as wanted (they can fail even although
the program admits tupling optimizations), they are time and space consuming
and/or they may duplicate some work too4. In order to avoid these risks, our
approach generates eureka definition following a very simple strategy (Table 1)
3 Sometimes called ”tupling” [19], but we reserve this word for the whole algorithm.
4 This fact is observed during the so-called ”program extraction phase” in [19]. This
kind of post-processing can be made directly (which requires to store in memory
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that obtains similar levels of generality than previous approaches and covers
most practical cases. The main advantages are that the analysis is terminat-
ing, easy and quickly, and does not perform redundant calculus (like unfolding,
instantiations, etc.) that properly corresponds to subsequent phases.

Table 1. Definition Introduction Phase

INPUT: Original Program R and Program Rule R = (l → r) ∈ R
OUTPUT: Definition Rule (Eureka) Rdef

BODY: 1. Let T = 〈t1, . . . , tn〉 (n > 1) be a tuple where {t1, . . . , tn}
is the set of operation-rooted subterms of r that are
innermost (i.e., ti does not contain operation-rooted
subterms) such that each one of them shares at least
a common variable with at least one more subterm in T

2. Apply the DEFINITION INTRODUCTION RULE to generate :
Rdef = (fnew(x) → T )

where fnew is a new function symbol not appearing R,
and x is the set of variables of T

As illustrated by step 1 in Example 1, our eureka generator proceeds as
the algorithm in Table 1 shows. Observe that the input of the algorithm is the
original program R and a selected rule R ∈ R which definition is intended to be
optimized by tupling. In the worst case, every rule in the program could be used
as input, but only those that generate appropriate eureka definitions should be
considered afterwards in the global tupling algorithm.

One final remark: it is not clear in general neither the number nor the occur-
rences of calls to be tupled, but some intuitions exist. Similarly to most classical
approaches in the literature, we require that only terms sharing common vari-
ables be tupled in the rhs of the eureka definition [11,19]. On the other hand,
since it is not usual that terms to be tupled contain operation rooted terms
as parameters, we cope with this fact in our definition by requiring that only
operation-rooted subterms at innermost positions of r be collected. On the con-
trary, the considered subterms would contain nested calls which should be more
appropriately transformed by composition instead of tupling (see [5] for details).

4 Unfolding Phase

During this phase, that corresponds to the so-called symbolic computation in
many approaches (see a representative list in [19]), the eureka definition Rdef =

elaborated data structures, as is the case of symbolic computation trees) or via
transformation rules similarly to our method, but with the disadvantage in that
case that many folding/unfolding steps done at “eureka generation time” must be
redundantly redone afterwards at “transformation time” or during the program ex-
traction phase.
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(fnew(x) → T ) generated in the previous phase, is unfolded possibly several times
(at least once) using the original program R, and returning a new program Runf

which represents the unfolded definitions of fnew . Since the rhs of the rule to be
transformed is a tuple of terms (T ), the subterm to be unfolded can be decided
in a ”don’t care” non-deterministic way. In our case, we follow a criterium that
is rather usual in the literature ([10,11]), and we give priority to such subterms
where recursion parameters are less general than others, as occurs in step 2 of
Example 1 (where we unfold the term fib(s(X)) instead of fib(X)). Moreover,
we impose a new condition: each unfolding step must be followed by normalizing
steps as much as possible, as illustrates step 3 in Example 1.

Table 2. Unfolding Phase

INPUT: Original Program R and Definition Rule (Eureka) Rdef

OUTPUT: Unfolded Program Runf

BODY: 1. Let Runf = {Rdef} be a program
2. Repeat Runf=UNFOLD(Runf , R)

until every rule R′ ∈ Runf verifies TEST(R′, Rdef)>0

As shown in Table 2, the unfolding phase basically consists of a repeated
application of the unfolding rule defined in Section 2. This is done by calling
function UNFOLD with the set of rules that must be eventually unfolded. In each it-
eration, once a rule inRunf is unfolded, it is removed and replaced with the rules
obtained after unfolding it in the resulting program Runf , which is dynamically
actualized in our algorithm. Initially,Runf only contains Rdef = (fnew(x) → T ).
Once the process has been started, any rule obtained by application of the un-
folding rule has the form R′ = (θ(fnew(x)) → T ′). In order to stop the process,
we must check if each rule R′ ∈ Runf verifies one of the following conditions:
Stopping condition 1: If there are no subterms in T ′ sharing common vari-
ables5 or they can not be narrowed anymore, then rule R′ represents a case
base definition for the new symbol fnew. This fact is illustrated by step 3
and rule R7 in Example 1.

Stopping condition 2: There exists a substitution θ and a tuple T ′′ that
packs the set of different innermost operation-rooted subterms that share
common variables in T ′ (without counting repetitions), such that θ(T ) =
T ′′6. Observe that rule R6 verifies this condition in Example 1 since, for
θ = id there exists (in its rhs) two an one instances respectively of the terms
ocurring in the original tuple, that is, θ(T ) = T = T ′′ = 〈f(s(X)), f(X)〉.

5 This novel stopping condition produces good terminating results during the search
for regularities since it is more relaxed than other ones considered in the literature.

6 This condition is related to the so-called similarity, regularity or foldability conditions
in other approaches ([19]) since it suffices to enable subsequent abstraction+folding
steps which may lead to efficient recursive definitions of fnew.
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In algorithm of Table 2 these terminating conditions are checked by function
TEST, which obviously requires the rules whose rhs’s are the intended tuples T
and T ′. Codes 0, 1 and 2 are returned by TEST when none, the first or the second
stopping condition hold, respectively. We assume that, when TEST returns code
0 forever, the repeat loop is eventually aborted and then, the unfolding process
returns an empty program (that will abort the whole tupling process too).

5 Abstraction+Folding Phase

This phase follows the algorithm shown in Table 3 and is used not only for
obtaining efficient recursive definitions of the new symbol fnew (initially defined
by the eureka Rdef ), but also for redefine old function symbols in terms of the
optimized definition of fnew. This fact depends on the rule R to be abstracted
and folded, which may belong to the unfolded program obtained in the previous
phase (Runf ), or to the original program (R), respectively. In both cases, the
algorithm acts in the same way returning the abstracted and folded program R′.

Table 3. Abstraction+Folding Phase

INPUT: Program Raux = Runf ∪ R and Definition Rule (Eureka) Rdef

OUTPUT: Abstracted+Folded Program R′

BODY: 1. Let R′ = Raux be a program and let R′ be an empty rule
2. For every rule R ∈ Raux verifying TEST(R, Rdef)=2

R′=ABSTRACT(R, Rdef)
R′=FOLD(R′, Rdef)
R′=R′ − {R} ∪ {R′}

Firstly we consider the case R ∈ Runf . Remember that Rdef = (fnew(x) →
T ) where T = 〈t1, . . . , tn〉. If R = (σ(fnew(x)) → r′) satisfies TEST(R, Rdef)=2,
then there exists sequences of disjoint positions7 Pj in FPos(r′) where r′|p =
θ(tj) for all p in Pj , j = 1, . . . , n, i.e., r′ = r′[θ(tj)]Pj

. Hence, it is possible
to apply the abstraction rule described in Section 2 to R. This step is done
by function ABSTRACT(R, Rdef), that abstracts R accordingly to tuple T in rule
Rdef and generates the new ruleR′: σ(fnew(x)) → r′[zj ]Pj

where 〈z1, . . . , zn〉 =
θ(〈t1, . . . , tn〉) , being zj are fresh variables. This fact is illustrated by step 4 and
rule R8 in Example 1.

Observe now that this last rule can be folded by using the eureka definition
Rdef , since all the applicability conditions required by our folding rule (see Def-
inition 1) are fulfilled. This fact is done by the call to FOLD(R′, Rdef) which
returns the new rule: σ(fnew(x)) → r′[zj ]Pj

where 〈z1, . . . , zn〉 = θ(fnew(x)).
7 This positions obviously correspond to the set of innermost operation-rooted sub-
terms that share common variables in r′.
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Note that this rule (illustrated by rule R9 and step 5 in Example 1), as any other
rule generated (and accumulated in the resulting program R′) in this phase, cor-
responds to a recursive definition of fnew, as desired.

The case when R ∈ R is perfectly analogous. The goal now is to reuse as
much as possible the optimized definition of fnew into the original program R,
as illustrate steps 6 and 7, and rules R10 and R11 in Example 1.

6 Conclusions and Further Research

Tupling is a powerful optimization strategy which can be achieved by fold/unfold
transformations and produces better gains in efficiency than other simpler-
automatic transformations. As it is well-known in the literature, tupling is very
complicated and automatic tupling algorithms either result in high runtime cost
(which prevents them from being employed in a real system), or they succeed
only for a restricted class of programs [11,12]. Our approach drops out some
of these limitations by automating a realistic and practicable tupling algorithm
that optimizes functional-logic programs. Compared with prior approaches in
the field of pure functional programming, our method is less involved (we do not
require complicate structures for generating eureka definitions), more efficient
(i.e., redundant computations are avoided), and deals with special particulari-
ties of the integrated paradigm (i.e., transformed rules are non overlapping).

For the future, we are interested in to estimate the gains in efficiency pro-
duced at transformation time. In this sense, we want to associate a cost/gain
label to each local transformation step when building a transformation sequence.
We think that this action will allow to drive more accurately the transforma-
tion process, since it will help to define deterministic heuristics and automatic
strategies.

Acknowledgements. My thanks to Maŕıa Alpuente and Moreno Falaschi for
helpful discussions on transformation strategies. I am specially grateful to Ger-
man Vidal for critical comments that helped to improve this paper.
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Abstract. In this paper, we propose the use of formal techniques on
Software Engineering in two directions: 1) We present, within the general
framework of lattice theory, the analysis of relational databases. To do
that, we characterize the concept of f-family (Armstrong relations) by
means of a new concept which we call non-deterministic ideal operator.
This characterization allows us to formalize database redundancy in a
more significant way than it was thought of in the literature. 2) We
introduce the Substitution Logic SLF D for functional dependencies that
will allows us the design of automatic transformations of data models to
remove redundancy.

1 Introduction

Recently, there exists a wide range of problems in Software Engineering which are
being treated successfully with Artificial Intelligence (AI) techniques.Thus, [5,
6] pursue the integration between database and AI techniques, in [14,16,20] non
classical logics are applied to specification and verification of programs, [19]
shows the useful characteristics of logic for Information Systems, [10] introduces
an automatic tool that translates IBM370 assembly language programs to C.

Rough set theory [18] can be used to discover knowledge which is latent in
database relations (e.g. data mining or knowledge discovery in database [4,12]).
The most useful result of these techniques is the possibility of “checking depen-
dencies and finding keys for a conventional relation with a view to using the
solution in general knowledge discovery” [3]. Moreover, in [13] the authors em-
phasize that the solution to this classical problem in database theory can provide
important support in underpinning the reasoning and learning applications en-
countered in artificial intelligence. The discovery of keys can also provide insights
into the structure of data which are not easy to get by alternative means.

In this point, it becomes a crucial task to have a special kind of formal lan-
guage to represent data knowledge syntactically which also allows to automate
the management of functional dependencies. There exists a collection of equiv-
alent functional dependencies (FD) logics [2,9,15,17,21]. Nevertheless, none of
them is appropriate to handle the most relevant problems of functional depen-
dencies in an efficient way. The reason is that their axiomatic systems are not
close to automation.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 141–150, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



142 P. Cordero et al.

In [11,13,15], the authors indicate the difficulties of classical FD problems
and they point out the importance of seeking efficient computational methods.
In our opinion, an increasing in the efficiency of these methods might come from
the elimination of redundancy in preliminary FD specification. Up to now, re-
dundancy in FD sets was defined solely in terms of redundant FD (a FD α
is redundant in a given set of FD Γ if α can be deduced from Γ ). Neverthe-
less, a more powerful concept of FD redundancy can be defined if we consider
redundancy of attributes within FDs.

In this work we present an FD logic which provides:

– New substitution operators which allows the natural design of automated
deduction methods.

– New substitution rules which can be used bottom-up and top-down to get
equivalents set of FD, but without redundancy.

– The FD set transformation induced by these new rules cover the definition
of second normal form. It allows us to use substitution operators as the core
of a further database normalization process.

Besides that, we introduce an algebraic framework to formalize the data redun-
dancy problem. This formal framework allows us to uniform relational database
definitions and develop the meta-theory in a very formal manner.

2 Closure Operators and Non-deterministic Operators

We will work with posets, that is, with pairs (A,≤) where ≤ is an order relation.

Definition 1. Let (A,≤) be a poset and c : A → A. We say that c is a closure
operator if c satisfies the following conditions:

– a ≤ c(a) and c(c(a)) ≤ c(a), for all a ∈ A.
– If a ≤ b then c(a) ≤ c(b) (c is monotone)

We say that a ∈ A is c-closed if c(a) = a.

As examples of closure operators we have the lower closure operator1. Here-
inafter, we will say lower closed instead of ↓-closed. Likewise, we will use the
well-known concepts of ∨-semilattice, lattice and the concept of ideal of an ∨-
semilattice as a sub-∨-semilattice that is lower closed. Now, we introduce the
notion of non-deterministic operator.

Definition 2. Let A be a non-empty set and n ∈ N with n ≥ 1. If F : An → 2A

is a total application, we say that F is a non-deterministic operator with
arity n in A (henceforth, ndo) We denote the set ndos with arity n in A by
Ndon(A) and, if F is a ndo, we denote its arity by ar(F ).

As usual, F (a1, . . . , ai−1, X, ai+1, . . . , an) =
⋃

x∈X

F (a1, . . . , ai−1, x, ai+1, . . . , an).

1 If (U, ≤) is a poset, ↓: 2U→ 2U is given by X ↓=
⋃

x∈X

(x] =
⋃

x∈X

{y ∈ U | y ≤ x}.
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As an immediate example we have that, if R is a binary relation in a non-
empty set A, we can see R as an unary ndo in A where R(a) = {b ∈ A | (a, b) ∈
R}. We will use the following notation: R0(a) = {a} and Rn(a) = R(Rn−1(a))
for all n ≥ 1. Therefore, we say that R is reflexive if a ∈ R(a), for all a ∈ A,
and we say that R is transitive if R2(a) ⊆ R(a), for all a ∈ A.2

Most objects used in logic or computer science are defined inductively. By
this we mean that we frequently define a set S of objets as: “the smallest set of
objects containing a given set X of atoms, and closed under a given set F of con-
structors”. In this definition, the constructors are deterministic operators, that
is, functions of An to A where A is the universal set. However, in several fields
of Computer Science the ndos have shown their usefulness. So, the interaction
of these concepts is necessary.

Definition 3. Let A be a poset, X ⊆ A and F a family of ndos in A. Let us
consider the sets X0 = X and Xi+1 = Xi ∪ ⋃

F∈F F (Xar(F )
i ) We define the nd-

inductive closure of X under F as C�F (X) =
⋃

i∈N
Xi. We say that X is

closed for F if C�F (X) = X.

Theorem 1. Let F be a family of ndos in A. C�F is a closure operator in
(2A,⊆).

Example 1. Let (A,∨,∧) be a lattice. The ideal generated by X is C�{∨,↓}(X)
for all X ⊆ A.

3 Non-deterministic Ideal Operators

The study of functional dependencies in databases requires a special type of ndo
which we introduce in this section.

Definition 4. Let F be an unary ndo in a poset (A,≤). We say that F is a non-
deterministic ideal operator(briefly nd.ideal-o) if it is reflexive, transitive
and F (a) is an ideal of (A,≤), for all a ∈ A. Moreover, if F (a) is a principal
ideal, for all a ∈ A, then we say that F is principal.

The following example shows the independence of these properties.

Example 2. Let us consider the followings unary ndos in (A,≤):

F (x) = {0, x} G(x) = {0} H(x) =
{

(x] if x �= 0
A if x = 0 0

❅❅� ��✒
a b

��✒ ❅❅�
1

1. F is reflexive and transitive. However, F is not an nd.ideal-o because F (1)
is not an ideal of (A,≤).

2. G is transitive and G(x) is an ideal for all x ∈ A. But, G is not reflexive.
3. H is reflexive and H(x) is an ideal for all x ∈ A. However, H is not transitive

because H(H(a)) = A �⊆H(a) = (a].

The following proposition is an immediate consequence of the definition.
2 Or, equivalently, if Rn(a) ⊆ R(a), for all a ∈ A and all n ∈ N � {0}.
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Proposition 1. Let F be an nd.ideal-o in a poset (A,≤) and a, b ∈ A. F is a
monotone operator of (A,≤) to (2A,⊆).

Proposition 2. Let (A,≤) be a lattice. The following properties hold:

1. Any intersection of nd.ideal-o in A is a nd.ideal-o in A.
2. For all unary ndo in A, F , there exists an unique nd.ideal-o in A that is

minimal and contains F . This nd.ideal-o is named nd.ideal-o generated
by F and defined as F̂ =

⋂{F ′ | F ′ is a nd.ideal-o in A and F ⊆ F ′}.3

Theorem 2. Let (A,≤) be a lattice. ̂ : Ndo1(A) → Ndo1(A) is the closure
operator given by F̂ (x) = C�{F,∨,↓}({x}).
Example 3. Let us consider the lattice (A,≤) and the ndo
given by: F (x) = {x} if x ∈ {0, c, d, 1}, F (a) = {b, c} and
F (b) = {0}. Then, F̂ is the principal nd.ideal-o given by:
F̂ (0) = {0}; F̂ (b) = {0, b}; F̂ (x) = A if x ∈ {a, c, d, 1}
We define the following order relation which can be read as
“to have less information that”.

0
��✒❅❅�

a b
✟✟✟✯

✻ ✻
c d
��✒ ❅❅�

1

Definition 5. Let (A,≤) be a poset and F,G ∈ Ndo1(A). We define:

1. F � G if, for all a ∈ A and b ∈ F (a), there exist a′ ∈ A and b′ ∈ G(a′) such
that a ≤ a′ and b ≤ b′.

2. F ≺ G if F � G and F �= G.

Among the generating ndos of a given n.d.ideal-o we look for those that do not
contain any superfluous information.

Definition 6. Let (A,≤) be a poset and F,G ∈ Ndo1(A). We say that F and
G are ̂ -equivalents if F̂ = Ĝ. We say that F is redundant if there exists
H ∈ Ond1(A) ̂-equivalent to F such that H ≺ F .

Theorem 3. Let (A,≤) be a poset and F ∈ Ndo1(A). F is redundant if and
only if any of the following conditions are fullfilled:

1. there exists a ∈ A and b ∈ F (a) such that b ∈ F̂ab(a), where Fab is given by
Fab(a) = F (a) � {b} and Fab(x) = F (x) otherwise.

2. there exists a, b′ ∈ A and b ∈ F (a) such that b′ < b and b ∈ F̂abb′(a) where
Fabb′ is given by Fabb′(a) = (F (a)�{b})∪{b′} and Fabb′(x) = F (x) otherwise.

3. there exists a, a′ ∈ A and b ∈ F (a) such that a′ < a, b ∈ F̂ (a′) and b ∈
F̂aba′(a) where Faba′ is given by Faba′(a) = F (a)�{b}, Faba′(a′) = F (a′)∪{b}
and Faba′(x) = F (x) otherwise.

We woulkd like to remark the fact that condition 1 is present in the database
literature, but conditions 2 and 3 are stronger than it4.
3 If F, G ∈ Ndon(A) then (F ∩ G)(a) = F (a) ∩ G(a).
4 In fact, previous axiomatic systems can not remove redundancy from FD sets in such
an easy (and automatic) way.
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4 Nd.ideal-os and Functional Dependencies

In this section we summarize the concepts that are basic over functional de-
pendencies. The existence of conceptual data model with a formal basis is due,
principally, to H. Codd [7]. Codd conceives stored data in tables and he calls at-
tributes the labels of each one of the columns of the table. For each a attribute,
dom(a) is the domain to which the values of the column determined by such
attribute belong. Thus, if A is the finite set of attributes, we are interested in
R ⊆ Πa∈Adom(a) relations. Each t ∈ R, that is, each row, is denominated tuple
of the relation. If t is a tuple of the relation and a is an attribute, then t(a) is
the a-component of t.

Definition 7. Let R be a relation over A, t ∈ R and X = {a1, . . . , an} ⊆ A. The
projection of t over X, t/X , is the restriction of t to X. That is, t/X(ai) = t(ai),
for all ai ∈ X.

Definition 8 (Functional Dependency). Let R be a relation over A. Any
affirmation of the type X�→Y , where X,Y ⊆ A, is named functional depen-
dency (henceforth FD) over R.5 We say that R satisfies X�→Y if, for all
t1, t2 ∈ R we have that: t1/X = t2/X implies that t1/Y = t2/Y .
We denote by FDR the following set FDR = {X�→Y | X,Y ⊆ A,R satisfies X�→Y }

In an awful amount of research on Data Bases, the study of Functional De-
pendencies is based on a fundamental notion: the notion of f -family (Amstrong’s
Relation) which can be characterized in the framework of the lattice theory (and
without the strong restriction of working at 2U level for a U set with finite
cardinality) we present in this section.

Definition 9. Let U be a non.empty set.6 A f-family over U is a relation F
in 2U that is reflexive, transitive and satisfies the following conditions:

1. If (X,Y ) ∈ F and W ⊆ Y , then (X,W ) ∈ F .
2. If (X,Y ), (V,W ) ∈ F , then (X ∪ V, Y ∪W ) ∈ F .

Theorem 4. Let A be a non-empty set and F a relation in 2A. F is a f-family
over A if and only if F is a nd.ideal-o in (2A,⊆).

Proof. Let us suppose that F is a nd.ideal-o in (2A,⊆). If Y ∈ F (X) and W ⊆ Y ,
since F (X) is lower closed, we have that W ∈ (Y ] ⊆ F (X). Therefore, the item 1
in definition 9 is true. On the other hand, if Y ∈ F (X) and W ∈ F (V ) then, by
proposition 1, Y ∈ F (X) ⊆ F (X ∪ V ) and W ∈ F (V ) ⊆ F (X ∪ V ). Therefore,
since F (X ∪ V ) is an ∨-semilattice, we have that Y ∪ W ∈ F (X ∪ V ) and the
item 2 in definition 9 is true.

Inversely, let us suppose that F is a f -family over A and we prove that F
is a nd.ideal-o in (2A,⊆). Since F is reflexive and transitive, we only need to
probe that F (X) is an ideal of (22

A

,⊆) for all X ∈ 2A: the item 1 in definition 9
ensures that F (X) is lower closed and, if we consider V = X, item 2 ensures
that F (X) is a sub-∪-semilattice.
5 This concept was introduced by Codd in 1970.
6 In the literature, U is finite.
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It is immediate to prove that, if R is a relation over A, then FDR is a f -
family (or equivalently, a nd.ideal-o in (2A,⊆)) The proof of the inverse result
was given by Armstrong in [1]. That is, given a non-empty finite set, U , for all
f -family, F , there exists a relation R (named Armstrong’s relation) such that
F = FDR. The characterization of f -families as nd.ideal-o.s turns the proof of
the well-known properties of FDR in a trivial matter:

Proposition 3. Let R be a relation over A. Then 7

1. If Y ⊆ X ⊆ A then X�→Y ∈ FDR.
2. If X�→Y ∈ FDR then X�→XY ∈ FDR.
3. If X�→Y, Y �→Z ∈ FDR then X�→Z ∈ FDR.
4. If X�→Y,X�→Z ∈ FDR then X�→Y Z ∈ FDR.
5. If X�→Y ∈ FDR then X�→Y−X ∈ FDR.
6. If X�→Y ∈ FDR, X ⊆ U ⊆ A and V ⊆ XY then U�→V ∈ FDR.
7. If X�→Y,X ′�→Z∈FDR, X ′ ⊆ XY , X ⊆ U and V ⊆ ZU then U�→V∈FDR.

Proof. Since FDR is reflexive and lower closed, we have that (X] ⊆ FDR(X).
That is, (1). Since FDR is an ∨-semilattice, we have (2) and (4). Since FDR is
transitive, we have (3). Since FDR is lower closed, we have (5).

(6): Effectively, V
1∈ FDR(XY )

(2)
⊆ FDR(X)

(1)
⊆ FDR(U).

(7): Effectively, Z ∈ FDR(X ′)
(1)
⊆ FDR(XY )

(2)
⊆ FDR(X)

(1)
⊆ FDR(U).

Finally, by (2), ZU ∈ FDR(U)) and, by (1) we have that V ∈ FDR(U).

5 The FDL and SL
F D

Logics

The above algebraic study and, specifically, the notion of nd.ideal-o (as an equiv-
alent concept to the f -family concept) has guided the definition of the Functional
Dependencies Logic (FDL) that we present in this section.

Definition 10. Given the alphabet Ω ∪ {�→}where Ω is an infinite numerable
set, we define the language LFD = {X�→Y | X,Y ∈ 2Ω and X �= ∅} 8.
5.1 The FDL Logic

Definition 11. FDL is the logic given by the pair (LFD,SFD) where SFD has
as axiom scheme AxFD : �SF D

X�→Y, if Y ⊆ X9

and the following inference rules:

(Rtrans.) X�→Y, Y �→Z �SF D
X�→Z Transitivity Rule

(Runion) X�→Y, X�→Z �SF D
X�→Y Z Union Rule

In SFD we dispose of the following derived rules (these rules appear in [17]):

(Rg.augm.) X�→Y �SF D
U�→V , if X ⊆ U and V ⊆ XY

Generalized Augmentation Rule
7 If X and Y are sets of attributes, XY denote to X ∪ Y .
8 In the literature, attributes must be non-empty. In FD logic, we consider the empty
attribute (�) to ensure that the substitution-operators introduced in section 5.2
(see definition 15) are closed.

9 Particulary X
→�is an axiom scheme.
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(Rg.trans.) X�→Y, Z�→U �SF D V �→W , if Z ⊆ XY , X ⊆ V and W ⊆ UV
Generalized Transitivity Rule

The deduction and equivalence concepts are introduced as usual:

Definition 12. Let Γ, Γ ′ ⊆LFD and ϕ ∈LFD. We say that ϕ is deduced from
Γ in SFD, denoted Γ �SF D ϕ, if there exists ϕ1 . . . ϕn ∈ LFDsuch that ϕn = ϕ
and, for all 1 ≤ i ≤ n, we have that ϕi ∈ Γ , ϕi is an axiom AxFD, or it is
obtained by applying the inference rules in SFD.
We say that Γ ′ is deduced of Γ , denoted Γ �SF D Γ ′, if Γ �SF D α for all
α ∈ Γ ′ and we say that Γ and Γ ′ are SFD-equivalents, denoted Γ ≡SF D

Γ ′, if
Γ �SF D Γ ′ and Γ ′ �SF D Γ

Definition 13. Let Γ ⊆LFD we define the SFD-closure of Γ , denoted
ClFD(Γ ), as ClFD(Γ ) = {ϕ ∈ LFD | Γ �SF D

ϕ}
Now is evident the following result.

Lemma 1. Let Γ and Γ ′ ⊆LFD. Then, Γ and Γ ′ are SFD-equivalentes if
and only if ClFD(Γ ) = ClFD(Γ ′).

5.2 The Logic SLF D

Although the system SFD is optimal for meta-theoretical study, in this section,
we introduce a new axiomatic system (SL

F D
) for LFD more adequate for the

applications. First, we define two substitution operators and we illustrate their
behaviour for removing redundancy.
Note that the traditional axiomatic system treats the redundancy type described
in the item 1. of the theorem 3. We treat in a way efficient, the redundancy
elimination described in item 2 and 3 of theorem 3.

Definition 14. Let Γ ⊆LFD, and ϕ = X�→Y ∈ Γ . We say that ϕ is super-
fluous in Γ if Γ\{ϕ} �FD ϕ. We say that ϕ is l-redundant in Γ if exists
∅ �= Z ⊆ X such that (Γ\ϕ) ∪ {(X − Z)�→Y } �SF D ϕ. We say that ϕ is r-
redundant in Γ if exists ∅ �= U ⊆ Y such that (Γ\ϕ)∪{X�→(Y −U)} �SF D

ϕ.
We say that Γ have redundancy if it have an element ϕ that it is superfluous
or it is l-redundant or it is r-redundant in Γ .

The operators that we will introduce are transformations of SFD -equivalence.
This way, the application of this operators does not imply the incorporation of
wff , but the substitution of wffs for simpler ones, with an efficiency improvement
10.

Theorem 5. Given X,Y, Z ∈ 2Ω,

{X�→Y } ≡SF D
{X�→(Y −X)} and {X�→Y,X�→Z} ≡SF D

{X�→Y Z}
The following theorem allow us to introduce the substitution operators.

Theorem 6. Let X�→Y,U�→V ∈LFD with X ∩ Y = ∅.
10 It is easily proven that the reduction rule and union rule are SFD -equivalence trans-

formations.
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(a) If X ⊆ U then {X�→Y,U�→V } ≡SF D {X�→Y, (U−Y )�→(V −Y )}. Therefore,
if U ∩ Y �= ∅ or V ∩ Y �= ∅ then U�→V is l-redundant or r-redundant in
{X�→Y,U�→V }, respectively.

(b) If X �⊆U and X ⊆ UV then {X�→Y,U�→V } ≡SF D
{X�→Y,U�→(V − Y )}.

Therefore, if V ∩ Y �= ∅ then U�→V is r-redundant in {X�→Y,U�→V }.
Proof. (a)
⇒) : 11 ⇐) :
1. X
→Y Hypothesis 1. U 
→X AxFD

2. (U -Y )
→Y 1, Rg.augm. 2. X
→Y Hypothesis
3. (U -Y )
→(U -Y ) AxFD 3. U 
→Y 1, 2, Rtrans.
4. (U -Y )
→UY 2, 3, Runion 4. (U -Y )
→(V -Y ) Hypothesis
5. (U -Y )
→U 4, Rg.augm. 5. U 
→V Y 3, 4, Runion
6. U 
→V Hypothesis 6. U 
→V 2, 5, Rg.augm.
7. (U -Y )
→V 5, 6, Rtrans.
8. (U -Y )
→(V -Y ) 7, Rg.augm.

(b)
⇒) : ⇐) :
1. U 
→V Hypothesis 1. U 
→X AxFD

2. U 
→(V − Y ) 1, Rg.augm. 2. X
→Y Hypothesis
3. U 
→Y 1, 2, Rtrans.
4. U 
→(V -Y ) Hypothesis
5. U 
→V Y 3, 4, Runion
6. U 
→V 2, 5, Rg.augm.

The above theorems allow us to define two substitution operators as follows:

Definition 15. Let X�→Y ∈LFD, we define ΦX�→Y , Φ
r
X�→Y :LFD−→LFD, de-

nominated respectively (X�→Y )-substitution operator, and (X�→Y )-right-
substitution operator (or simply (X�→Y )-r-substitution operator):

ΦX�→Y (U�→V ) =
{

(U − Y )�→(V − Y ) if X ⊆ U and X ∩ Y = ∅ 12

U�→V otherwise

Φr
X�→Y (U�→V ) =

{
U�→(V − Y ) if X �⊆U,X ∩ Y = ∅ and X ⊆ UV
U�→V otherwise

Now, we can define a new axiomatic system, SFDS , for LFD with a substitution
rule as primitive rule.

Definition 16. The system SFDS on LFD has one axiom scheme:
AxFDS : � X�→Y , where Y ⊆ X. Particulary, X�→�is an axiom scheme.

The inferences are the following:
(Rfrag.) X�→Y �SF DS X�→Y ′ , if Y ′ ⊆ Y Fragmentation rule
(Rcomp.) X�→Y, U�→V �SF DS

XU�→Y V Composition rule

(Rsubst.) X�→Y, U�→V �SF DS
(U -Y )�→(V -Y ) , if X ⊆ U , X ∩ Y = ∅

Substitution rule

Theorem 7. The SFD and SFDS systems on LFD are equivalent.

11 In 2 we use X ⊆ U − Y and in 4 we use Y (U − Y ) = UY .
12 Notice that V −Y may be �. In this case we will remove the wff using axiom AxFD.
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Proof. Let Runion be a particular case of Rcomp., then all we have to do is to
prove that (Rtrans.) is a derived rule of SFDS :
1. X
→Y Hypothesis 6. XY 
→(Z − Y ) 4, 5, Rsubst.
2. Y 
→Z Hypothesis 7. (Y − X) 
→(Y − X) AxFDS

3. X
→(Y − X) 1, Rfrag. 8. X
→(Z − Y ) 3, 6, Rsubst.
4. Y 
→(Z − Y ) 2, Rfrag. 9. X
→ZY 1, 7, Rcomp.
5. X
→ � AxFDS 10. X
→Z 9, Rfrag.

The example 4 shows the advantages of the Φ and Φr operators, and the example
5 show how is possible to automate the redundance remove process.

Example 4. Let Γ = {ab�→c, c�→a, bc�→d, acd�→b, d�→eg, be�→c, cg�→bd, ce�→ag}.
We apply the Φ, and Φr for obtaining a non redundant wffs set and equivalent
to Γ . In the following table, we show by rows how we obtain successively equiv-
alent wff sets, but with less redundancy. We emphasize with both wffs that

allow to apply the operator. We cross out with ✟✟ the removed wff after the
application of the operator. We remark in each row the operator or the rule
applied.

Φc�→a(acd
→b) {ab
→c, c
→a, bc
→d,✘✘✘acd
→b, d
→eg, be
→c, cg
→bd, ce
→ag}

Φc�→a(ce
→ag) {ab
→c, c
→a, bc
→d, cd
→b, d
→eg, be
→c, cg
→bd,✘✘✘ce
→ag}

Φr
bc�→d(cg
→bd) {ab
→c, c
→a, bc
→d, cd
→b, d
→eg, be
→c,✘✘✘cg
→bd, ce
→g}

Γ ′ = {ab
→c, c
→a, bc
→d, cd
→b, d
→eg, be
→c, cg
→b, ce
→g}

Example 5. Let Γ the FD set showed in the first row of the table.

Φb�→c(bc
→de)+Runion Γ = {a
→b, b
→c︸︷︷︸, ae
→cfh,✘✘✘bc
→de︸ ︷︷ ︸, bd
→ce, afh
→ce,

bcd
→aef}
Φb�→cde(bd
→ce)13 Γ = {a
→b, b
→cde︸ ︷︷ ︸, ae
→cfh,✘✘✘bd
→ce︸ ︷︷ ︸, afh
→ce, bcd
→aef}

Φb�→cde(bcd
→aef)+Runion Γ = {a
→b, b
→cde︸ ︷︷ ︸, ae
→cfh, afh
→ce,✘✘✘✘
bcd
→aef︸ ︷︷ ︸}

Φr
ae�→cfh(b
→acdef) Γ = {a
→b,✘✘✘✘

b
→acdef︸ ︷︷ ︸, ae
→cfh︸ ︷︷ ︸, afh
→ce}
Φr

ae�→cfh(afh
→ce) Γ = {a
→b, b
→ade, ae
→cfh︸ ︷︷ ︸,✘✘✘✘afh
→ce︸ ︷︷ ︸}
Rg.trans. Γ = {a
→b︸︷︷︸, b
→ade︸ ︷︷ ︸, ae
→cfh,✘✘✘✘afh
→e︸ ︷︷ ︸}

Γ ′ = {a
→b, b
→ade, ae
→cfh}

Due to space limitations, we can not go further into comparison with other
axiomatic systems, nevertheless we would like to remark that SFDS allow us to
design (in a more direct way) an automated and efficient method which remove
redundancy efficiently. In this case, the example 4 taken from [21] requires the
application of seven SFD rules in a non deterministic way.
13 Notice that the Φ operator renders b
→�and we remove it by using axiom AxFDS .
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Abstract. We introduce the declarative programming language Indeed
that uses both deduction and interaction through multi-agent system
applications. The language design is addressed by providing a uniform
programming model that combines two refinements of resolution along
with some control strategies to introduce state-based descriptions. We
show that the logical calculus in which the computational model is
based is sound and complete. Finally, we compare our approach to
others proposed for coupling interaction with automated deduction.

Keywords: Logic programming, interaction, automated theorem prov-
ing, Horn clause theories.

1 Introduction

Artificial intelligence, largely based on formal logic and automated reasoning
systems, has become increasingly more interactive. As indicated by Wegner [12],
dynamic acquisition of interactive knowledge is fundamental to diminish the
complexity of interactive tasks, to better their performance, and to better the
expressiveness of their modeling. On the other hand, there is a fundamental
distinction between deduction and interaction. In high order logics provers, as
HOL [4] and, particularly, Isabelle [7], insteraction is meant as a direct user
guidance to construct a proof. The kind of interaction we have in mind is closer
to the notion shown in [3]: different agents scan a common work-place to pursue
with their common goal, e.g. to prove the current theorem.

Models of algorithmic computation, like automated theorem provers and Tur-
ing machines, are characterized by their closed and monolithic approach. Their
simple observable behavior comprises a three-stage process of interactive input,
closed data processing, and interactive output. Nonetheless, modern applica-
tions involving collaboration, communication and coordination, require richer
behaviors that cannot solely be obtained from algorithmic computation.

In this work, we propose a logic programming language that extends a
resolution-based theorem prover with interaction. The computational model
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comprises SLD-resolution and UR-resolution, to describe respectively stateless
deduction and state-based transitions. The coordination model consists of a
transactional global memory of ground facts along with a strategy for the theo-
rem prover to control program execution by syntactically guided rule selection.
In addition, the set of support restriction strategy coordinates the input and out-
put of facts with the shared memory, maintaining the coherence of the current
state of the computing agent.

Let us briefly explore other approaches that can be compared with ours:
resolution theorem provers, constraint logic programming and coordination logic
programming.

The resolution-based theorem prover OTTER [13,14] comprises a number
of refinements of resolution along with a set of control strategies to prune the
explosive generation of intermediate clauses. However, OTTER does not account
for interaction. The set of all instantaneous descriptions essentially corresponds
to the set of support strategy. In OTTER, a clause is selected and removed from
the set of support to produce a new set of clauses deduced from the axioms of
the theory. Then, after simplifying a new clause by demodulation and possibly
discarding it by either weighting, backward or forward subsumption, the new
clause is placed back to the set of support.

Concurrent Constraint Programming (CCP) [8] proposes a programming
model centered on the notion of constraint store that is accessed through the
basic operations ’blocking ask’ and ’atomic tell’. Blocking ask(c) corresponds to
the logical entailment of constraint c from the contents of the constraint store:
the operation blocks if there is not an enough strong valuation to decide on c.
In this respect, the blocking mechanism is similar to the one used in Indeed to
obtain the set of ground facts that match with the left-hand side of some rule.
Besides, the constraint store shares some similarities with the global memory of
ground facts. However, operation tell(c) is more restrictive than placing ground
atoms in the global memory because constraint c must be logically consistent
with the constraint store.

Extended Shared Prolog (ESP) [3] is a language for modeling rule-based soft-
ware processes for distributed environments. ESP is based in the PoliS coor-
dination model that extends Linda with multiple tuple spaces. The language
design seeks for combining the PoliS mechanisms for coordinating distribution
with the logic programming Prolog. Coordination takes place in ESP through
a named multiset of passive and active tuples. They correspond to the global
memory of facts in Indeed, although no further distinction between passive and
active ground facts is made. ESP also extends Linda by using unification-based
communication and backtracking to control program execution. In relation to
the theoretical foundations, ESP has not a clean integration of interaction and
deduction as suggested by Indeed in which the coordination component is given
by providing a particular operational interpretation of the memory of facts.

Finally, abduction is a form of reasoning, particularly of synthetic inference,
where a hypothesis is obtained from the evidence and the rule. In general, abduc-
tion is appropriate for reasoning with incomplete information, where hypothesis
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generation can be viewed as a method to assimilate knowledge to make infor-
mation more complete. In [5,9] a proof procedure is based upon combining two
forms of deduction: backward reasoning with iff-definitions to generate abduc-
tive hypothesis and forward reasoning with integrity constraints both to test
input for consistency and to test whether existing information is redundant.
This interleaved rationality-reactivity approach for a logic-based multi-agent ar-
chitecture is similar to the followed in Indeed. However, our proposal suggests a
language level syntactic guidance for the resolution theorem prover that can be
compared to the programming model of the event-condition-action rules on Ac-
tive Databases. In Indeed, forward rules solely directs the three-stage procedure
of observing, thinking and acting on the knowledge base, whereas the abductive
proof procedure of Abductive Logic Programming (ALP) is separated in the
abductive phase of hypothesis generation and the consistency phase of incre-
mentally check of the integrity constraints. We believe that the computational
model of Indeed may lead to simpler and possibly more efficient implementa-
tions for a class of problems dealing with incomplete information. Nonetheless,
compared to the rich theoretical framework of ALP for the treatment of nega-
tive literals in integrity constraints, the only form of negation used in Indeed is
negation as failure.

The paper is organized as follows. First we illustrate the forward and back-
ward search schemes that arise from our model with a programming example.
Next, we introduce the declarative language: the syntax and the declarative
semantics of the programming language.

2 A Programming Example

Dynamic systems can generally be decomposed into a collection of computing
agents with local state. The distributed state of the entire system corresponds
to the set of local states of each individual agent, whereas the specification of
the system behavior is described by the axioms of logical theories. As agents
perceive the surrounding environment through sensors and act upon it through
effectors, their interaction can effectively be decoupled by a coordination medium
consisting of a multiset of ground facts. By abstracting away interaction from
deduction, the inherently complex operational details of sensors and effectors
become irrelevant.

As an example, consider the problem of parsing simple arithmetic expres-
sions. The compiler uses the context free grammar (CFG):

E → 0 | 1 | (E) | E + E | E × E

where non-terminal E stands for “expression”. Ground atoms are used to rep-
resent the tokens forming the input expression and to represent well-formed
sub-expressions as well.

Table 1 shows theory Natural for the natural numbers written in Indeed.
This theory uses backward rules that have the general form p ⇐ p1, . . . , pn with
n ≥ 0. The logical propositions of the theory are built upon infix predicates =,
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<, and ≤, whose recursive definitions are given by pure Prolog clauses N1 to
N5. Natural represents the computational component of the interactive parser.

Table 1. Natural numbers using backward rules.

theory Natural
axioms
[N1] 0 + y = y ⇐ .
[N2] (x + 1) + y = (x + y) + 1 ⇐ .
[N3] 0 ≤ y ⇐ .
[N4] (x + 1) ≤ (y + 1) ⇐ x ≤ y.
[N5] x < y ⇐ (x + 1) ≤ y.
end

Table 2 shows the theory Parser that extends Natural written in Indeed. This
theory uses forward rules that have the general form p1, . . . , pn ⇒ p with n ≥ 0.
The rules of Parser define a bottom-up parser for simple arithmetic expressions
whose syntactic entities are represented by ground atoms. T (n, x) asserts that
token x occurs at position n while E(n1, n2), with n1 ≤ n2, asserts that the
sequence of tokens from n1 to n2 is a well-formed arithmetic expression. It is
defined by self-explanatory rules in accordance with the given CFG.

Table 2. Bottom-up parser for arithmetic expressions.

theory Parser
extends Natural
axioms
[P1] T (n, ′0′) ⇒ E(n, n).
[P2] T (n, ′1′) ⇒ E(n, n).
[P3] T (n1, ′(′), E(n2, n3), T (n4, ′)′)

| n1 + 1 = n2, n2 ≤ n3, n3 + 1 = n4
⇒ E(n1, n4).

[P4] E(n1, n2), T (n3, ′+′), E(n4, n5)
| n1 ≤ n2, n2 + 1 = n3, n3 + 1 = n4, n4 ≤ n5
⇒ E(n1, n5).

[P5] E(n1, n2), T (n3, ′×′), E(n4, n5)
| n1 ≤ n2, n2 + 1 = n3, n3 + 1 = n4, n4 ≤ n5
⇒ E(n1, n5).

end

Table 3 sketches the interaction of the parser that takes place in the common
memory with sensors and effectors, dealing with the rather trivial, although
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illustrative, string:’(1+0)×1’. Atoms based on predicate T are placed in the
memory by sensors and displayed from left to right as they are produced. As
soon as the atoms occurring on the left-hand side of some rule of Parser become
available, the parser removes them and places the atom occurring on the right-
hand side of the rule. An effector may take the last produced atom to inform
the editor that the analyzed expression is well-formed.

Table 3. Interactive parsing.

⇒ T (1, ′(′)
⇒ T (2, ′1′)
P2⇒ E(2, 2)

⇒ T (3, ′+′)
⇒ T (4, ′0′)
P1⇒ E(4, 4)
P4⇒ E(2, 4)

⇒ T (5, ′)′)
P3⇒ E(1, 5)

⇒ T (6, ′×′)
⇒ T (7, ′1′)
P2⇒ E(7, 7)
P5⇒ E(1, 7)

A transactional memory ensures the ’all-or-nothing’ property in the shared
resource concurrent access. Intuitively, the interaction parser proceeds as follows:

1. The initial agent’s state is given by ground atoms. As no inputs have been
detected from sensors, no rules apply and nothing can be deduced.

2. Eventually, after detecting some activity, sensors place in the shared memory
the initial readings as ground atoms.

3. The interactive component determines which responses are necessary by se-
lecting an appropriate forward rule whose left-hand side have a match with
the contents of the shared memory.

4. Once a forward rule is selected, the reasoning component attempts to prove
that its guarding constraints are satisfied.

5. Whenever the drawn conclusions hold, responses are produced by placing
the ground atoms of the consequent part into the shared memory.

6. However, if the drawn conclusions are false, another forward rule, if any, is
selected. If there is not a successful forward rule available, the agent waits
for the reading of appropriate ground atoms obtained from the sensors.

7. Computation continues until no agent can apply a forward rule.
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The current content of the memory is a key factor in selecting a forward rule.
However, backward rules participate in the decision to apply the rule and the
deduction of additional information.

3 Indeed Formal Description

In this section we provide the formal description of our programming language
Indeed. First, we present the programming syntax along with the rules of the
logical calculus. Then, we show a programming model derived from the inference
rules. Finally, we will just point out the soundness and completeness of this
particular logic.

3.1 Inference Rules

The names signature of the language comprises a set C of constructor names and
a set X of variable names. The set T(X) of terms with variables is the minimal
set contaiining C ∪ X, closed under composition of a constructor with a term
sequence. The set T of ground terms consists of the terms with no variables. The
set A(X) consists of atoms, e.g. compositions of predicate symbols with term
sequences. The set A of ground atoms consists of all atoms with no variables. A
clause is a disjunction of literals, i.e. atoms or negated atoms, and is represented
as a set P = {p1, . . . , pn}. An unit clause contains only one atom. A positive
clause contains no negated atoms. A negative clause contains no positive atoms.
A definite clause contains at most a positive atom. A goal consists only of nega-
tive atoms and the set of goals is denoted by G(X). A guarded goal has the form
P | G in which the atoms of P are defined by forward rules whereas the atoms
of G are defined by backward rules. The set of all guarded atoms is denoted by
GG(X). A substitution is a map σ : X → T(X) and it admits a natural extension
to terms σ : T(X) → T(X).

The theory Ax consists of all backward and forward rules. The theory Bx con-
sists only of the backward rules in Ax. Both, backward and forward rules, have
the same declarative reading: p ⇐ P and P ⇒ p are read p holds if P holds. In
any case, p and P correspond to the antecedent and consequent parts of the rule.
Nonetheless, the operational interpretations of the rule types are remarkably
different. Backward rules have a goal directed control strategy, whereas forward
rules are driven by unit clauses representing the currently known set of facts.
With respect to unit clauses, their procedural interpretations coincide. Indeed,
the proposed notation maintains the declarative meaning of clauses and makes
explicit both the resolution method and the control strategy to be used. The
forward rules denotation of the usual Horn clause logic is extending the expres-
siveness of classical logic programming languages. Let Th(Ax) and Th(Bx) be
the sets of deduced clauses from Ax and Bx respectively. Deduction is determined
by the application of the inference rules shown in Table 4

Backward rules roughly correspond to the procedural interpretation of SLD-
resolution, while forward rules can be related to UR-resolution. Both resolutions
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Table 4. Inference rules.

Instantiation rules

BI :

p ⇐ P ∈ Bx
σ : X → T(X)

pσ ⇐ Pσ ∈ Th(Bx) FI :

P | G ⇒ p ∈ Ax
σ : X → T(X)

Pσ | Gσ ⇒ pσ ∈ Th(Ax)

Resolution rules

BR :

p ⇐ P ∪ {q} ∈ Th(Bx)
q ⇐ Q ∈ Th(Bx)

p ⇐ P ∪ Q ∈ Th(Bx) FR :

p1 · · · pn | G ⇒ p ∈ Th(Ax)
⇐ G ∈ Th(Bx)
⇒ pi ∈ Th(Ax) ∀i ≤ n

⇒ p ∈ Th(Ax)

are known to be sound and refutation complete on definite clauses. Furthermore
they can be combined with other strategies such as the set of support.

4 Interpretations, Soundness, and Completeness

Let HAx be Herbrand universe of Ax. The Herbrand base BAx for the definite
program Ax is the set of all ground atoms formed using predicate symbols com-
posed with ground terms at the Herbrand universe. The relationA |= Cσ among
a Herbrand algebra A, a substitution σ and a clause C is canonical: C is true
when its variables are substituted according to σ. A clause C is true in the in-
terpretation A, written A |= C, if C is true for every substitution. A clause C is
not true in the interpretation, A�|=C, when C is not true for some substitution.
When C is an unsatisfiable goal, we may write A |= ⇐ C instead of A�|=C. Also:

– If p(t1, . . . , tn) is an atom, then A |= p(t1, . . . , tn)σ iff (t1σ, . . . , tnσ) ∈ pA.
– A |= {p1, . . . , pn} σ iff A |= pi σ for all i = 1, . . . , n.
– A |= (p ⇐ P )σ iff A |= P σ implies A |= p σ.

In particular, A |= (p ⇐)σiff A |= p σ.
– A �|= ⇐.

For a set S of clauses, A models S if A is an interpretation for each clause in
S. Given two set of clauses S and T , S semantically implies T , S |= T ,if every
model of S is also a model of T . The following is inmediate:

Lemma 1. Let C and S be sets of definite clauses and G a definite goal. Then,

1. C |= Cσ for any substitution σ
2. S ∪ {C} |= C
3. S |= S′ and S′ |= S′′ imply S |= S′′

4. S |= C implies S |= C ′ if C |= C ′

Let us consider the problem to decide whether Ax |= C. Let I be a Her-
brand interpretation for Ax. The monotonic map TAx : 2BAx → 2BAx , I �→
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TAx (I) =̂{pσ ∈ BAx | P ⇒ p ∈ Ax, Pσ ⊆ I, σ : X → T} progressively de-
termines the set of ground atoms that are logical consequence from the theory.
Namely, TAx(∅) = {pσ | (⇒ p) ∈ Ax and σ a ground substitution} corresponds
to the set of all ground facts of the theory. Let:

T 0
Ax=̂∅ ; Tn

Ax=̂T (Tn−1
Ax ) if n > 0 ; Tω

Ax=̂
⋃

n=0

Tn
Ax.

We may identify the least Herbrand model with the minimal model A = Tω
Ax.

The success set consists of all ground atoms refutable in the backward theory.

4.1 Soundness and Completeness of Forward Deduction

The following propositions are proved strightforwardly:

Proposition 1. Forward resolution preserves consistency. I.e:

(Ax |= Q | G ⇒ p & Ax |= Gσ & Ax |= qσ ∀q ∈ Q) ⇒ Ax |= ⇒ pσ

Proposition 2 (Soundness of forward resolution as a deduction calcu-
lus). Any ground atom q derived from Ax is a semantic consequence of Ax.

Also, the following proposition holds:

Proposition 3 (Completeness of forward resolution as a deduction cal-
culus). If a positive ground atom p has a Herbrand model, then p can be derived
from Ax by forward resolution.

Proof. If the positive ground atom p has a Herbrand model then one of the
following relations holds:

1. Ax |= p
2. Tω

Ax is a model for ⇒ p
3. By definition of TAx, there exists a minimal integer n such that ⇒ qσ ∈ Tn

Ax.
Then, there exists a rule Q | G ⇒ q and a ground substitution σ such that,
either Qσ | Gσ ⊆ ∅ if n = 0 or Gσ : Qσ ⊆ Tn−1

Ax if n > 0, with p = qσ

In any case, it follows directly that Ax � ⇒ p.

4.2 Computational Model

In this section we will construct a computational model for the previously de-
fined logic. Let ID = GG(X)×(X → T(X)) consist of instantaneous descriptions,
i.e. pairs id consisting of a guarded goal and a substitution instantiating the
variables appearing at the goal. ID can be provided of two transition relations
�, � ⊂ P(ID)×P(ID) between sets of instantaneous descriptions, each one defin-
ing, respectively, the backward and forward computation relations. Transition
relations are determined by the rules shown in Table 5.
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Table 5. Rules for relation “transition”.

Backward computation

p ⇐ P ∈ Bx
(⇐ G ∪ {pσ2}, σ1) � (⇐ Gσ2 ∪ Pσ2, σ1σ2)

Forward computation

p1 · · · pn | G ⇒ p ∈ Ax
(⇐ G, σ) �∗ (⇐, σ)

I ∪ {(p1σ, σ1), . . . , (pnσ, σn)} � I ∪ {(⇒ pσ, σ1 · · · σmσ)}

Given an instantaneous description (⇐ {pσ2} ∪ G, σ1), the first transition ap-
plies backward resolution over corresponding instances σ2 of the goal {p} ∪ G
and the rule p ⇐ P . If more than one backward rule can be applied, just one
candidate rules is non-deterministically selected. The second transition applies
forward resolution over a set of ground atoms {(⇒ p1σ, σ1), . . . , (⇒ pnσ, σn)} for
some n > 0. The transition requires a suitable instance of rule p1, . . . , pn | G ⇒ p
under some substitution σ such that piσ = qiσ for each i ∈ {1, . . . , n}. Then, a
new instantaneous description (⇒ pσ, σ1 · · ·σnσ) is obtained if the guarding con-
dition Gσ has a refutation with σ as the computed answer. If the guard Gσ fails,
another forward rule is selected non-deterministically. Note that σ must lead to a
ground goal Gσ. The substitution σ1 · · ·σnσ enables a form of unification- based
communication among the computing agents.

Let ↪→ be the refelxive-transitive closure of the union of � and �, ↪→= (�∪�)∗.
Then, the correctness of the computational model can be stated as follows:

Proposition 4. For any Q, G, p:

Ax |= Q | G ⇒ p ⇔ ∀σ : (Ax ∪ Q ∪ G, σ) ↪→ (p, σ) .

We have implemented the programming model in a prototype system writ-
ten in Prolog consisting of a compiler and a small run-time library. The main
difficult in this implementation lies in the inherent complexity posed of selecting
appropriate forward rules. A forward rule with n antecedents, each one having
a set of k atoms realizes a match in time complexity O(kn) in the worst case.
Fortunately, most applications typically have rules with no more than two an-
tecedents. Our architecture adopts an event-driven approach that reduces the
complexity in one order, i.e. O(kn−1). Although the results are encouraging, we
believe that to take full-advantage of this approach, a further improvement in
the expressiveness of the language constructs is still necessary.
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5 Conclusions

In this paper, we have addressed the problem of coupling interaction in resolu-
tion theorem provers. Our experimental programming language Indeed has been
designed by distinguishing between state-based descriptions using forward rules
and stateless deduction using backward rules. The distinction is important and
convenient as the programming model allow us to combine backward and for-
ward rule chaining in a single model. We have shown that our calculus is sound
and complete in the limit case in which no interaction occurs.
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Abstract. In this paper we continue the theoretical study of the possible appli-
cations of the∆-tree data structure for multiple-valued logics, specifically, to be
applied to signed propositional formulas. The∆-trees allow a compact represen-
tation for signed formulas as well as for a number of reduction strategies in order
to consider only those occurrences of literals which are relevant for the satisfia-
bility of the input formula. New and improved versions of reduction theorems for
finite-valued propositional logics are introduced, and a satisfiability algorithm is
provided which further generalise the TAS method [1,5].

1 Introduction

Automated deduction in multiple-valued logic has been based on the notions ofsign and
signed formula, which allow one to apply classical methods in the analysis of multiple-
valued logics. The main idea is to apply the following bivalued metalinguistic interpre-
tation of multiple-valued sentences: For example, in a 3-valued logic with truth-values
{0, 1/2, 1} and with{1} as the designated value, the satisfiability of a formulaϕ can be
expressed as:Is it possible to evaluate ϕ in {1}? In the same way, the unsatisfiability of
ϕ is expressed by:Is it possible to evaluate ϕ in {0, 1/2}? These questions correspond
to the study of validity of the signed formulas{1}:ϕ and{0,1/2}:ϕ, which are evaluated
on the set{0, 1}. In other words, the formulas in a signed logic are constructions of the
form S:ϕ, whereS is a set of truth-values of the multiple-valued logic, called thesign,
andϕ is a formula of that logic.

Although there are interesting works on automated deduction for infinitely-valued
logics [2,8], we will only be concerned withn-valued logics. The reason for focussing
only on the finitely-valued case is that “fuzzy" truth-values (or human preferences) are
usually described in a granulated way, by steps in the degree of perception. This is
connected to the well-known fact that people can only distinguish finitely many degrees
of quality (closeness, cheapness,. . . ) or quantity in control.

The first works to provide a systematic treatment of sets of truth-values as signs
were due to Hähnle in [7] and Murray and Rosenthal in [9]. There, the notion ofsigned
formula is formally introduced. In [7] these tools are used in the framework of truth tables,
� Research partially supported by Spanish DGI project BFM2000-1054-C02-02 and Junta de
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while in [9] they are used to develop another nonclausal proof methoddissolution. As a
result of these works, the use of signed formulas in the field of automated deduction has
been extended, and has led to significant advances in this method; therefore, efficient
representations for signed formulas are necessary in order to describe and implement
efficient algorithms on this kind of formulas.

An approach to the efficient handling of signed formulas that one finds in the literature
is the clause form, which allow the extension of classical techniques such as resolution,
or Davis-Putnam procedures. Another approach is that of Multiple-Valued Decision
Diagrams (MDDs) and its variants [3], but they are not useful for the study of satisfiability
because, although they make straightforward its testing, the construction of a restricted
MDD for a given formula requires exponential space in the worst case.

Our approach to automated deduction for signed logics follows the TAS methodol-
ogy [1,5], that is, the application of as much reduction theorems with low complexity as
possible before applying a branching rule. The main aim of the paper is of theoretical
nature, to provide a TAS-based satisfiability algorithm for signed formulas.

To work with signed formulas, we will follow the approach introduced in [4,6],
interpreting signed formulas by means of∆-trees, that is, trees of clauses and cubes. In
this paper, we will be concerned with the metatheory of multiple-valued∆-trees, not
with implementation issues.

2 Reduced Signed Logics and Multiple-Valued∆-Trees

The notion ofreduced signed logic is a generalisation of previous approaches, and it is
developed in a general propositional framework without reference either to an initially
given multiple-valued logic or to a specific algorithm, ie. the definition is completely
independent of the particular application at hand. The generalisation consists in intro-
ducing apossible truth values function, denotedω, to restrict the truth values for each
variable. These restrictions can be motivated by the specific application and they can be
managed dynamically by the algorithms. For example, in [10] are used to characterize
non-monotonic reasoning systems.

The formulas in the reduced signed logicSω, the signed logic valued in n by ω,
are built by using the connectives∧ and∨ on ω-signed literals (or simply, literals): if
n = {1, . . . , n} is a finite set of truth-values,V is the set of propositional variables and
ω : V → (2n

� ∅) is a mapping, called thepossible truth-values function, then the set
of ω-signed literals is litω = {S:p | S ⊆ ω(p), p ∈ V} ∪ {⊥,�}.

In a literal
 = S:p, the setS is called thesign of 
 andp is thevariable of 
. The
complement of a signed literalS:p is (ω(p) � S):p and will be denotedS:p.

The semantics ofSω is defined using theω-assignments. The ω-assignments are
mappings from the language into the set{0, 1} that interpret∨ as maximum,∧ as
minimum,⊥ as falsity,� as truth and, in addition, satisfy:

1. For everyp there exists a uniquej ∈ S such thatI({j}:p) = 1
2. I(S:p) = 1 if and only if there existsj ∈ S such thatI({j}:p) = 1

These conditions arise from the objective for which signed logics were created: the
ω-assignmentI overS:p is 1 if the variablep is assigned a value inS; this value must be
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unique for every multiple-valued assignment and thus unique for everyω-assignment.
This is why we sometimes will writeI({j}:p) = 1 asI(p) = j.

An important operation in the sequel will be thereduction of a signed logic. This
operation decreases the possible truth-values set for one or more propositional variables.
The reduction will be forced during the application of an algorithm but it can also help
us to specify a problem using signed formulas. Specifically, we will use two basic
reductions: to prohibit a specific value for a given variable,[p 
= j], and to force a
specific value for a given variable,[p = j]: If ω is a possible truth-values function, then
the possible truth-values functionsω[p 
= j] andω[p = j] are defined as follows:

ω[p 
= j](v) =

{
ω(p) � {j} if v = p

ω(v) otherwise
ω[p = j](v) =

{
{j} if v = p

ω(v) otherwise

If A is a formula inSω, we define the following substitutions:

– A[p 
= j] is a formula inSω[p�=j] obtained fromA by replacing{j}:p by ⊥, {j}:p by
�, S:p by (S � {j}):p and, in addition, the constants are deleted using the 0-1-laws.

– A[p = j] is a formula inSω[p=j] obtained fromA by replacing every literalS:p
satisfyingj ∈ S by � and every literalS:p satisfyingj /∈ S by ⊥; in addition, the
constants are deleted using the 0-1-laws.

An immediate consequence is the following: ifI is a model ofA in Sω andI(p) 
= j,
then (the restriction of)I is also a model ofA[p 
= j] in Sω[p�=j]; if I is a model ofA in
Sω andI(p) = j, thenI is a model ofA[p = j] in Sω[p=j].

Throughout the rest of the paper, we will use the following standard definitions. A
signed formulaA in Sω is said to besatisfiable if there is anω-assignmentI such that
I(A) = 1; in this caseI is said to be amodel for A. Two signed formulasA andB are
said to beequisatisfiable, denotedA ≈ B, if A is satisfiable iffB is satisfiable. Two
formulasA andB are said to beequivalent, denotedA ≡ B, if I(A) = I(B) for all
ω-assignmentI. We will also use the usual notions of clause (disjunction of literals) and
cube (conjunction of literals). Given a set of formulasΩ, the notationΩ |= A means
that all models forΩ are also models forA. A literal 
 is animplicant of a formulaA if

 |= A. A literal 
 is animplicate of a formulaA if A |= 
.

Multiple-valued ∆-trees. The satisfiability algorithm we will describe is based on
the structure of multiple-valued∆-trees. In the classical case, nodes in the∆-trees
correspond to lists of literals; in the multiple-valued case we will exploit a duality in the
representation of signed literals in terms of literals whose sign is a singleton. To better
understand this duality, let us consider the literal{1,4}:p in the signed logicSω where
ω(p) = {1, 2, 4, 5}, then:{1,4}:p ≡ {1}:p ∨ {4}:p and{1,4}:p ≡ {2}:p ∧ {5}:p. This way,
we have both a disjunctive and a conjunctive representation of signed literals using the
literals{j}:p and{j}:p, which are calledbasic literals. In the sequel, we will use a simpler
representation for these literals:pj =def {j}:p andpj =def {j}:p.

The basic literalspj are thepositive literals and their complements,pj, are the
negative literals. In the∆-tree representation we work with lists of positive literals.
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Definition 1.

1. A list/set of positive literals, λ, is saturatedfor the variable p if pj ∈ λ for all
j ∈ ω(p). (This kind of lists/sets will be interpreted as logical constants.)

2. A ∆-list is either the symbol � or a list of positive literals such that it does not have
repeated literals and it is non-saturated for any propositional variable.

3. A ∆-treeT is a tree with labels in the set of ∆-lists.

In order to define the operatorsgf which interprets a∆-tree as a signed formula,
we should keep in mind that:

1. The empty list,nil, has different conjunctive and disjunctive interpretations, since
it is well-known the identification of the empty clause with⊥ and the empty cube
with �; but anyway it corresponds to the neutral element for the corresponding
interpretation. Similarly, we will use a unique symbol,�, to represent the absorbent
elements,⊥ and�, under conjunctive and disjunctive interpretation, respectively.

2. A ∆-tree will always represent a conjunctive signed formula, however, its subtrees
are alternatively interpreted as either conjunctive or disjunctive signed formulas,
i.e. the immediate subtrees of a conjunctive∆-tree are disjunctive, and vice versa.

Definition 2. The operator sgf over the set of ∆-trees is defined as follows:

1. sgf(nil) = �, sgf(�) = ⊥, sgf(
1 . . . 
n) = 
1 ∧ · · · ∧ 
n

2. sgf





 = sgf(λ) ∧ dsgf(T1) ∧ · · · ∧ dsgf(Tm)

where the auxiliary operator dsgf is defined as follow:

1. dsgf(nil) = ⊥, dsgf(�) = �, dsgf(
1 . . . 
n) = 
1 ∨ · · · ∨ 
n

2. dsgf





=dsgf(λ) ∨ sgf(T1) ∨ · · · ∨ sgf(Tm)

In short, we will write
∧
T = sgf(T ) and

∨
T = dsgf(T ); in particular, if T = λ =


1 . . . 
n we have:
∧
λ = 
1 ∧ · · · ∧ 
n and

∨
λ = 
1 ∨ · · · ∨ 
n.

An important feature of the structure of∆-tree is that it gives us a means to calculate
implicants and implicates, to be used in the reduction transformations below.

Proposition 1. If T is rooted with λ and pj ∈ λ, then:

sgf(T ) |= pj and pj |= dsgf(T )

The notions of validity, satisfiability, equivalence, equisatisfiability or model are
defined on∆-trees by means of thesgf operator; for example, a∆-tree,T is satisfiable
if and only if sgf(T ) is satisfiable and the models ofT are the models ofsgf(T ).
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In [6] we formally introduced operators to define the converse translation: specifi-
cally, operatorsc∆List, d∆List and∆Tree are defined. The first two are auxiliary
operators (the inverse of the base cases ofsgf anddsgf) and∆Tree constructs the
∆-tree associated to a general signed formula.

Example 1. In the logicSω with ω(p) = {1, 2, 4, 5}, ω(q) = {1, 2, 3}, ω(r) = {2, 5}.

– d∆List({1,4}:p ∨ {1,2}:q) = p1 p4 q1 q2
– c∆List({1,4}:p ∧ {1,2}:q) = p2 p5 q3
– d∆List({1,4}:p ∨ {2}:r ∨ {2,4,5}:p) = �, for {p1, p2, p4, p5, r2} is saturated forp.
– c∆List({1}:q ∧ {1,2,4}:p ∧ {2}:q) = �, for {p5, q1, q2, q3} is saturated forq.

Recall that, as established in [6], a∆-tree will always be interpreted as a conjunctive
signed formula and arbitrary signed formulas are represented by means of lists of∆-
trees;1 this way, the study of satisfiability can be performed in parallel.

Example 2. The following examples are fromS3, where 3 denotes the constant mapping
defined as3(p) = 3 for all p.

It is interesting to recall the intrinsic parallelism between the usual representation of
cnfs as lists of clauses and our representation of signed formulas as lists of∆-trees.

3 Restricted∆-Trees

In multiple-valued logic there is not a notion which captures the well-known definition
of restricted clauses of classical logic, in which complementary literals and logical
constants are not allowed. We can say that restricted∆-trees are∆-trees withouttrivially
redundant information. In this section we give a suitable generalisation built on the notion
of restricted multiple-valued∆-tree which is built from its classical counterpart [4].

Definition 3. The operators Uni and Int are defined on the set of ∆-lists as follows. If
λ1, . . . , λn are ∆-lists then:

1. Uni(λ1, . . . , λn) = � if either there exists i such that λi = � or
⋃n

i=1 λi is saturated
for some variable p. Otherwise, Uni(λ1, . . . , λn) =

⋃n
i=1 λi.

2. Int(λ1, . . . , λn) = � if λi = � for all i.
1 To help the reading, we will write these lists with the elements separated by commas and

using square brackets as delimiters. This way, for example,p1j1 . . . pnjn is a ∆-list, and
[p1j1, . . . , pnjn] is a list of∆-trees (in which each∆-tree is a leaf, which turns out to be a
singleton∆-list).
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Fig. 1. Rewriting rules to obtain the restricted form

Otherwise, Int(λ1, . . . , λn) =
⋂

λi�=� λi.

The following definition gathers the specific situations that will not be allowed in a
restricted form: nodes in the∆-tree which, in some sense, can be substituted by either⊥
or� without affecting the meaning, and also leaves with only one propositional variable;
in addition, our restricted trees must have explicitly the implicants and implicates of every
subtree in order to perform the reductions based in these objects (see [5]).

Definition 4. Let T be a ∆-tree.

1. A node of T is said to be conclusiveif it satisfies any of the following conditions:
– It is labelled with �, provided that T 
= �.
– It is either a leaf or a monary node labelled with nil, provided that it is not the

root node.
– It is labelled with λ, it has an immediate successor λ′ which is a leaf and λ′ ⊆ λ.
– It is labelled with λ and Uni(λ, λ′) = �, where λ′ is the label of its predecessor.
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2. A leaf in T is said to be simpleif the literals in its label share a common propositional
variable.

3. Let λ be the label of a node of T ; let λ′ be the label of one immediate successor of
λ and let λ1, . . . , λn be the labels of the immediate successors of λ′. We say that λ
can be updatedif it satisfies some of the following conditions:

– λ′ = nil and Int(λ1, . . . , λm) 
⊂λ.
– λ′ = pji1 . . . pjik

and Int(λ1, . . . , λm, pjik+1 . . . pjin) 
⊂λ, provided that
ω(p) = {ji1 , . . . , jik

, jik+1 , . . . , jin}.
We say that T is updatedif it has no nodes that can be updated.

4. If T is updated and it has neither conclusive nodes nor simple leaves, then it is said
to be restricted.

The rewriting rules in Fig. 1 (up to the order of the successors) allow to delete the
conclusive nodes and simple leaves of a∆-tree and in addition, to update the updatable
nodes. Note that the rewriting rules have a double meaning; since they need not apply
to the root node, the interpretation can be either conjunctive or disjunctive. This is
just another efficiency-related feature of∆-trees: duality of connectives∧ and∨ gets
subsumed in the structure and it is not necessary to determine the conjunctive/disjunctive
behaviour to decide the transformation to be applied.

Theorem 1. If T is a ∆-tree, there exists a list of restricted ∆-trees, [T1, . . . , Tn], such

that sgf(T ) ≡ ∧
T1 ∨ · · · ∨ ∧

Tn.

The proof of the theorem allows to specify a procedure to obtain[T1, . . . , Tn]. Let
T ′ be the∆-tree obtained fromT by exhaustively applying the rules C1, C2, C3, C4,
C5, C6, S, and U till none of them can be applied any more, then the list of restricted
∆-trees[T1, . . . , Tn], denoted byRestrict(T ), is defined as:2

1. If T ′ = thenRestrict(T ) = [T1, . . . , Tn]

2. If T ′ = , anddsgf(λ) = S1:p1 ∨ · · · ∨ Sk:pk with pi 
= pj for every

i 
= j, thenRestrict(T ) = [c∆List(S1:p1), . . . , c∆List(Sk:pk), T1, . . . , Tn]
3. Otherwise,Restrict(T ) = [T ′].

4 Reduction of∆-Trees

In this section we introduce the reduction theorems used by the TAS algorithm to be
given later, which motto is to apply as much reductions with low complexity as possible
before applying a branching rule.

2 These patterns correspond to the elimination of a conclusive node at the root, which cannot be
deleted by rule C4.
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In the statements of the reductions we will use the substitutions[p = j] and[p 
= j],
defined on∆-trees as follows:

Definition 5. Let T be a ∆-tree.

1. [p 
= j]T is the ∆-tree in Sw[p�=j] obtained from T deleting every occurrence of pj
in T and, in addition, if a node is saturated for some variable, it is substituted by �.

2. [p = j]T is the ∆-tree in Sw[p=j] obtained from T by the applications of the
following transformations:
a) If pj is in the root of T , then [p = j]T = � (that is, sgf([p = j]T ) = ⊥).
b) Otherwise, every subtree rooted with a list λ such that pj ∈ λ is deleted and

any occurrence of a literal pj′ with j 
= j′ is also deleted.
In addition, if a node is saturated for some variable, it is substituted by �.

Obviously, these operations on∆-trees are the same to those on signed formulas:

Lemma 1. If T is a ∆-tree, then:
sgf([p = j]T ) ≡ sgf(T )[p = j], sgf([p 
= j]T ) ≡ sgf(T )[p 
= j].

The main result to prove the soundness of the reductions on signed formulas is given
below. The theorem allows to drive literals downwards to force either contradictions or
tautologies, which can be deleted. In the subsequent corollary we apply the theorem to
delete several occurrences of literals; this result is the theoretical support of both the
subreduction and thecomplete reduction.

Theorem 2. Let A be a signed formula and η a subformula of A.

1. If A |= pj, then A ≡ pj ∧ A[η/η ∧ pj].
2. If pj |= A, then A ≡ pj ∨ A[η/η ∨ pj].

Corollary 1. Let A be a signed formula.

1. If A |= pj, then A ≡ pj ∧ A[p 
= j], and also A ≈ A[p 
= j].
2. If pj |= A, then A ≡ pj ∨ A[p = j].

The ∆-tree representation is very adequate to apply these properties, because the
basic literals in the nodes are either implicants or implicates of the corresponding subfor-
mula, as stated in Proposition 1.All the transformations performed by operatorRestrict
use just the information of a node and its immediate successors. The next transformation
uses “ascending” information, in that nodes are simplified according to information from
its ascendants.

Definition 6 (Subreduction). Let T be a restricted ∆-tree. SubRed(T ) is the ∆-tree
obtained form T performing the following transformations in a depth-first traverse:

1. If the union of the ascendant nodes of η (including η itself) is saturated for a variable
p, then the subtree rooted at η is deleted.

2. Otherwise, in a node labelled with λ we delete a literal pj ∈ λ if pj occurs in some
proper ascendant of the node.
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Theorem 3. Let T be a ∆-tree, then SubRed(T ) ≡ T .

The following proposition, which follows easily from the definition of subreduction,
states that only the dominant occurrences of literals are present in a subreduced∆-tree.

Proposition 2. Let T be a ∆-tree. In every branch of SubRed(T ) there is at most one
occurrence of each propositional variable. In particular, if 
 is a literal in SubRed(T ),
then there is no occurrence of 
 under 
.

Example 3. We are going to apply theSubRed operator to the following∆-tree inSω

with ω(p) = 5, ω(q) = {1, 3, 5}, ω(r) = {1, 2}, ω(s) = {1, 4, 5}.

Now we introduce a satisfiability-preserving transformation which, essentially, is
a refinement of the subreduction of the∆-list of the root. Theorem 4 is the∆-tree
formulation of Corollary 1, item 1 (2nd assertion).

Definition 7. A ∆-tree with non-empty root is said to be completely reducible.

Theorem 4 (Complete reduction).If λ 
= nil is the root of T and pj ∈ λ, then
T ≈ [p 
= j]T . If I is a model of [p 
= j]T in Sw[p�=j], then I is a model of T in Sω.

Example 4. Let us consider the initial∆-tree,T , in Example 3 with the same signed
logic. The∆-tree is completely reducible and thus it is satisfiable iff[p 
= 1, p 
=
5, r 
= 2]T is satisfiable inSω′ with ω′(p) = {2, 3, 4}, ω′(q) = {1, 3, 5}, ω′(r) = {1},
ω′(s) = {1, 4, 5}. (In fact, it is satisfiable, because the first element in the list is a clause,
andI(q) = 3 is a model for it).
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The TAS Algorithm for Signed Logics: One cannot hope that the reduction strategies
are enough to prove the satisfiability of any signed formula. This is only possible after
adding a suitable branching strategy, which is based on the Davis-Putnam procedure.

The algorithm handles a list of pairs[(T1, ω1), . . . , (Tm, ωm)], called theflow, where
theTi are∆-trees andωi are possible truth values functions. For the satisfiability of a
formulaA, we set[T1, . . . , Tn] = ∆Tree(A) and, in the initial listωi = n for all i.

Given the flow in some instant during the execution of the algorithm, the initial
∆-tree is unsatisfiable iff everyTi is unsatisfiable inSωi

, that isTi = � for all i.3

1. Updating: On the initial list, and after each reduction, the∆-trees are converted to
restricted form.

2. Complete reduction: If some of the elements of the list of tasks is completely
reducible, then the transformation is applied and the corresponding logic is reduced.

3. Subreduction: If no task is completely reducible, then the subreduction transfor-
mation is applied.

4. Branching: Finally, if no transformation applies to the list of tasks, then a random
task is chosen together with a literalpj to branch on, as follows:

[. . . , (T, ω), . . . ] � [. . . , ([p = j]T, ω[p = j]), ([p 
= j]T, ω[p 
= j]), . . . ]

5 Conclusions and Future Work

A multiple-valued extension of the results obtained for classical logic in [4] has been
introduced, which can be seen as the refined version of the results in [5]. As a result it is
possible to obtain simpler statements of the theorems and, as a consequence, reduction
transformations are more adequately described in terms of rewrite rules.

We have introduced∆-trees for signed formulas. This allows for a compact rep-
resentation for well-formed formulas as well as for a number of reduction strategies
in order to consider only those occurrences of literals which are relevant for the satis-
fiability of the input formula. The reduction theorems have been complemented by a
Davis-Putnam-like branching strategy in order to provide a decision procedure.
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Abstract. In software development is essential to have tools for the
software diagnosis to help the programmers and development engineers
to locate the bugs. In this paper, we propose a new approach that iden-
tifies the possible bugs and detect why the program does not satisfy the
specified result. A typical diagnosis problem is built starting from the
structure and semantics of the original source code and the precondition
and postcondition formal specifications. When we apply a determined
test case to a program and this program fails, then we can use our
methodology in order to obtain automatically the sentence or the set
of sentences that contains the bug. The originality of our methodology
is due to the use of a constraint-based model for software and Max-CSP
techniques to obtain the minimal diagnosis and to avoid explicitly to
build the functional dependency graph.

1 Introduction

Software diagnosis allows us to identify the parts of the program that fail. Most
of the approaches appeared in the last decade have based the diagnosis method
on the use of models (Model Based Diagnosis). The JADE Project investigated
the software diagnosis using Model Based Debugging. The papers related to this
project use a dependence model based on the source code. The model represents
the sentences and expressions as if they were components, and the variables as
if they were connections. They transform JavaTM constructs into components.
The assignments, conditions, loops, etc. have their corresponding method of
transformation. For a bigger concretion the reader can consult [10][11].

Previously to these works, it has been suggested the Slicing technique in soft-
ware diagnosis. This technique identifies the constructs of the source code that
can influence in the value of a variable in a given point of the program [12][13].
Dicing [9] is an extension to this technique. It was proposed as a fault localization
method for reducing the number of statements that need to be examined to find
faults with respect to Slicing. In the last years, new methods [3][5] have arisen
to automate software diagnosis process.

In this work, we present an alternative approach to the previous works. The
main idea is to transform the source code into constraints what avoids the explicit
construction of the functional dependencies graph of the program variables. The
following resources must be available to apply this methodology: Source code,
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precondition and postcondition. If the source code is executed in some of the
states defined by the precondition, then it is guaranteed that the source code will
finish in some of the states defined by the postcondition. Nothing is guaranteed
if the source code is executed in an initial state that broke the precondition.

We use Max-CSP techniques to carry out the minimal diagnosis. A Con-
straint Satisfaction is a framework for modelling and solving real-problems as
a set of constraints among variables. A Constraint Satisfaction is defined by a
set of variables X={X1,X2...,Xn} associated with a domain, D={D1,D2,...,Dn}
(where every element of Di is represented by set of vi), and a set of constraints
C={C1,C2,...,Cm}. Each constraint Ci is a pair (Wi,Ri), where Ri is a relation
Ri⊆Di1x...xDik defined in a subset of variables Wi⊆X.

If we have a CSP, the Max-CSP aim is to find an assignment that satisfies
most constraints, and minimize the number of violated constraints. The diagnosis
aim is to find what constraints are not satisfied. The solutions searched with
Max-CSP techniques is very complex. Some investigations have tried to improve
the efficiency of this problem,[4][8].

To carry out the diagnosis we must use Testing techniques to select which
observations are the most significant, and which give us more information. In
[1] appears the objectives and the complications that a good Testing implies. It
is necessary to be aware of the Testing limits. The combinations of inputs and
outputs of the programs (even of the most trivial) are too wide.

The programs that are in the scope of this paper are:

– Those which can be compiled to be debugged but they do not verify the
specification Pre/Post.

– Those which are a slight variant of the correct program, although they are
wrong.

– Those where all the appeared methods include precondition and postcondi-
tion formal specification.

This work is part of a global project that will allow us to perform object
oriented software diagnosis. This project is in evolution and there are points
which we are still investigating.

The work is structured as follows. First we present the necessary definitions
to explain the methodology. Then we indicate the diagnosis methodology: ob-
taining the PCM and the minimal diagnosis. We will conclude indicating the
results obtained in several different examples, conclusions and future work in
this investigation line.

2 Notation and Definitions

Definition 1. Test Case(TC): It is a tuple that assigns values to the observable
variables. We can use Testing techniques to find those TCs that can report us a
more precise diagnosis. The Testing will give us the values of the input parame-
ters and some or all the outputs that the source code generates. The inputs that
the Testing provides must satisfy the precondition, and the outputs must satisfy
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the postcondition. The Testing can also provide us an output value which cannot
be guaranteed by the postcondition. If this happens, an expert must guarantee
that they are the correct values. Therefore, the values obtained by the Testing
will be the correct values, and not those that we can obtain by the source code
execution. We will use test cases obtained by white box techniques. In example
1a (see figure 3) a test case could be: TC≡{a=2,b=2,c=3,d=3,e=2,f=12,g=12 }

Definition 2. Diagnosis Unit Specification: It is a tuple that contemplates
the following elements: The Source Code (SC) that satisfies a grammar, the
precondition assertion (Pre) and the postcondition assertion (Post). We will
apply the proposed methodology to this diagnosis unit using a TC and then, we
will obtain the sentence or set of sentences that could be possible bugs.

Fig. 1. Diagnosis Process

Definition 3. Observable Variables and Non Observable Variables: The set of
observable variables (Vobs) will include the input parameters and those output
variables whose correct value can be deduced by the TC. The rest of the variables
will be non observable variables (Vnobs).

Definition 4. Program Constraint-Based Model (PCM): It will be compound
of a constraints network C and a set of variables with a domain. The set C will
determine the behavior of the program by means of the relationships among the
variables. The set of variables set will include (Vobs) and (Vnobs). Therefore:
PCM(C,Vobs,Vnobs)

3 Diagnosis Methodology

The diagnosis methodology will be a process to transform a program into a Max-
CSP; as it appears in figure 1. The diagnosis process consists of the following
steps:
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1. Obtaining the PCM:
– Determining the variables and their domains.
– Determining the PCM constraints.

2. Obtaining the minimal diagnosis:
– Determining the function to maximize.
– Max-CSP resolution.

3.1 Obtaining the PCM

Determining the variables and their domain. The set of variables X={X1,
X2... ,Xn} (associated to a domain D={D1,D2,... ,Dn}) will be compound of Vobs
and Vnobs. The domain or concrete values of each variable will be determined
by the variable declaration. The domain of every variable will be the same as
the compiler fixes for the different data types defined in the language.

Determining the PCM constraints. The PCM constraints will be com-
pound of constraints obtained from the Precondition Asserts, Postcondition As-
serts and Source Code. Precondition Constraints and Postcondition Constraints
will directly be obtained from their formal specification. These constraints must
necessarily be satisfied, because they express which are the initial and final con-
ditions that a free of bugs source code must satisfy. In order to obtain the Source
Code Constraints, we will divide the source code into basic blocks like : Sequen-
tial blocks (assignments and method calls), conditional blocks and loop blocks.
Also, every block is a set of sentences that will be transformed into constraints.

Fig. 2. Basic Blocks

– Sequential blocks: Starting from a sequential block as the one that appears in
figure 2, we can deduce that the execution sequence will be: S1...Si...Sn. The
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first step will be to rename the variables. We have to rewrite the sentences
between the precondition and the postcondition in a way that will never
allow two sentences to assign a value to the same variable. For example the
code x=a*c; ...x=x+3;... {Post:x =... } would be transformed into x1=a*c;
...x2=x1+3;... {Post:x2 =... }.
Assignments: We will transform the source code assignments into equality
constraints.
Method Calls: Our methodology only permits the use of methods calls that
specify their precondition and postcondition. At present this specification is
viable in object oriented languages as Java 1.4. For every method call, we will
add the constraints defined in the precondition and the postcondition of this
method to the PCM. When we find a recursive method call, this internal
method call is supposed to be correct to avoid cycles in the diagnosis of
recursive methods.
Our work is in progress in this point and there are still points that are being
investigated. Due to it, we have to suppose that there are only functional
methods (those that cannot modify the state of the object which contains
the method declaration) and, also, these methods cannot return objects.

– Conditional blocks: We will often find a conditional block as it appears in
the figure 2; we can deduce that the sequences will be :
Sequence 1: {Pre }bB1{Post} (condition b is true)
Sequence 2: {Pre}¬bB2{Post} (condition b is false)
Depending on the test case, one of the two sequences will be executed. There-
fore we will treat the conditional blocks as if they were two sequential blocks
and we will choose one or the other depending on the test case. Then, we will
transform it into constraints that will be part of the PCM. If we compare
software diagnosis with the components diagnosis it would be as incorpo-
rating one or another component depending on the system evolution; this is
something that has not been thoroughly treated in the components diagnosis
theory. At this point we introduce improvements to our previous work [2],
this methodology allows us to incorporate inequality constraints (in partic-
ular those which are part of the condition in the conditional sentences).

– Loop blocks: We will find loop blocks as it appears in figure 2. The sequences
will be:
Sequence 1: {Pre}{Post} (none loop is executed)
Sequence 2: {Pre}bB1{Post} (1 loop is executed)
Sequence 3: {Pre}b1B1b2B2...bnBn{Post} (2 or n loops are executed)
Depending on the test case, one of the three sequences will be executed. To
reduce the model to less than n iterations, and to obtain efficiency in the
diagnosis process, we propose to add a sentence for each variable that would
change value in the loop and would add the necessary quantity (positive
or negative) to reach the value of the step n-1. The sequence 3 would be
like:{Pre}b1βBn{Post} where β will substitute B1b2B2...bn.
For every variable X that changes its value in the loop, we will add the
constraint Xn−1=X1+βx what would allow us to maintain the value of Xn

in the last step, and what would save us the n-1 previous steps. The value of
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βx will be calculated debugging the source code. The constraints which add
the β values cannot be a part of the diagnosis, because they are unaware of
the original source code.

3.2 Obtaining the Minimal Diagnosis

Determining the Function to Maximize. The first step will be to define a
set of variables Ri that allows us to perform a reified constraint model. A reified
constraint will be like Ci⇔Ri. It consists of a constraint Ci together with an
attached boolean variable Ri, where each variable Ri represents the truth value
of constraint Ci (0 means false, 1 means true). The operational semantics are as
follows: If Ci is entailed, then Ri=1 is inferred; if Ci is inconsistent, then Ri=0
is inferred; if Ri=1 is entailed, then Ci is imposed; if Ri=0 is entailed, then ¬Ci

is imposed.
Our objective is that most numbers of these auxiliary variables may take a

true value. This objective will imply that we have to maximize the number of
satisfied constraints. The solution search will be to maximize the sum of these
variables, therefore the function to maximize will be: Max(R1+R2+...+Rk).

Max-CSP resolution. Solving the Max-CSP we will obtain the set of sentences
with a smaller cardinality, what caused the postcondition was not satisfied. To
satisfy the postcondition we have to modify these sentences. To implement this
search we used ILOGTM Solver tools [6]. It would be interesting to keep in mind
the works proposed in [8] and [4] to improve their efficiency in some problem
cases.

4 Examples of Diagnosis

We have chosen five examples that show the grammar’s categories to cover (a
subset of the whole JavaTM language grammar). To prove the effectiveness of this
methodology, we will introduce changes in the examples source code. With these
changes the solution won’t satisfy the postcondition. The diagnosis methodology
should detect these changes, and it should deduce the set of sentences that cause
the postcondition non satisfaction.

Example 1 : With this example we cover the grammar’s part that includes
the declarations and assignments. It will allow us to prove if the methodology is
able to detect the dependencies among instructions. If we change the sentence
S5 by g=y-z, we will have a new program (named example 1a) that won’t satisfy
the postcondition. The assignments of the source code will be transformed into
equality constraints. In example 1a the sentences S1 to S5 will be transformed
into the result that appears in table 1. As we can observe, the methodology adds
5 equality constraints and the result is assigned in every case to a variable Ri

which will be stored if the constraint is satisfied or not. These variables Ri will
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Fig. 3. Examples

be necessary to carry out the search Max-CSP to obtain the minimal diagnosis.
These variables Ri will take the value 1 if the constraint is true or the value 0 if
it is false.

Using a test case TC≡{a=2,b=2,c=3,d=3,e=2,f=12,g=12}, the obtained
minimal diagnosis will include the sentence S5 that is, in fact, the sentence
that we had already changed; and also the sentence S3. If we change S3, it won’t
have any influence in S4 but it will have influence in S5, that is the sentence that
we had changed. Therefore we will be able to return the correct result changing
S3, and without modifying S5. It is necessary to emphasize that S5 also depends
on S2, but a change in S2 could imply a bug in S4.

Example 2 : We will use example 2 to validate the diagnosis of recursive
methods. We will change the sentence S4 by p=2*p+3, with this change we will
obtain the program example 2a. The PCM constraints of the examples 2a appear
in table 1. The method calls are substituted by the constraints obtained of the
postcondition of these method.

The variable R3 (associated to the method call) should take the value 1 to
avoid cycles in the recursive method diagnosis (as we explained in the previous
section). In example 2a we will use the test case TC≡{n=7,i=1,p=1}, the di-
agnosis process reports us the sentences S6 and S4; the last one is, in fact, the
sentence that we have changed. If we change S6, we can modify the final result
of s variable, and therefore, satisfy the postcondition with only one change.
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Example 3 : This example will allow us to validate the diagnosis of non recur-
sive methods. We will change the sentence S2 by y=object1.mult(b,c) in operate
method, obtaining the program that we will name example 3a. The PCM con-
straints of the example 3a appear in table 1. For example 3a, we show the
constraints of operate method PCM. The method calls are substituted by the
constraints obtained of the postcondition of those methods.

If we apply TC≡{a=2,b=7,c=3} to the operate method (example 3a), we will
obtain that the sentences S1,S2, and S3 are the minimal diagnosis. The bug is
exactly in S2 because we called method with wrong parameters b and c instead
of a and c. If we change the parameters that are used in the sentences S1 and
S3, we can neutralize the bug in S2. An interesting modification of example 3
would be to change the sentence S3 by f=sum(x,x). If we apply this change, the
sentences S1 and S3 would constitute the diagnosis result. Now S2 won’t be part
of the minimal diagnosis because sentence S2 does not have any influence on the
method result.

Example 4 : This example covers the conditional sentences. We have changed
the sentence S4 by x=2*x+3, and we will obtain the example 4a. If the inputs
are a=6 and b=2, we can deduce that x>y; therefore S4 will be executed. The
result of the transformation of conditional sentence would be the constraint x>y
and the transformation of sentence S4 (in this occasion it is an assignment). We
can see the result in table 1.

If we apply TC≡{a=7,b=2} to example 4a we obtain the sentences S1 and S4
as a minimal diagnosis; this last one is in fact the sentence that we have changed.
If we change S1, we can modify the final result of x variable and, consequently,
we will satisfy the postcondition. Therefore, it is another solution that would
only imply one change in the source code.

Example 5 : We use this example to loop diagnosis. We will change the sentence
S7 by s=2*s+p and we will obtain the program example 5a. At this example the
variables i, p and s change their values inside the loop. If i0 is the value of i
before the loop and in−1 is the value of i in the step n-1, let’s name βi to the
difference between in−1 and i0. Then the instruction in−1=i0+βi (which will be
before the loop) would allow us to conserve the dependence of the value in with
previous values, and it would save us the n-1 previous steps. The constraints
which add the values β should not be part of the minimal diagnosis since they
are unaware of the original source code. Therefore, the variables R4,R5 and R6
must take the value 1 (as appears in table 1), this will avoid that they would be
a part of the minimal diagnosis.

With TC≡{n=5,βi=4,βp=15,βs=30} we will obtain the sentence S9 as min-
imal diagnosis. S9 is exactly the sentence that we had already changed. The
minimal diagnosis does not offer us S11 as minimal diagnosis because p takes a
correct value (validated by the postcondition), although the value of s variable
depends on the value of p variable. The problem is only in the s value, which
does not satisfy the postcondition.
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Table 1. PCM Examples

Example 1a
Precondition Postcondition Code Observable Non observable
Constraints Constraints Constraints Variables Variables

a>0 f==a*b+b*d R1==(x==a*c) a,b,c,d,e x,y,z
b>0 g==b*d+c*e R2==(y==b*d) f,g
c>0 R3==(z==c*e)
d>0 R4==(f==x+y)

R5==(g==y-z )
Example 2a

Precondition Postcondition Code Observable Non observable
Constraints Constraints Constraints Variables Variables
i>=0 s1==1+ R1==(i0<=n0) n,i0,p0, s1
p>0

∑
φ:i0≤φ≤n:2φ R2==(p1==2*p0+3 ) p1,s0

R3==(s0==1+∑
φ:(i0+1)≤φ≤n:2φ)

R3==1
R4==(s1==s0+p1)
Example 3a

Precondition Postcondition Code Observable Non observable
Constraints Constraints Constraints Variables Variables

a>0 f==a*b+a*c R1==(x==a*b) a,b,c, x,y
b>0 R2==(y==b*c) f
c>0 R3==(f==x+y)

Example 4a
Precondition Postcondition Code Observable Non observable
Constraints Constraints Constraints Variables Variables

a>0 (a+b>2*b+3 ∧ R1==(x0==a+b) a,b,x2 x0,x1,y0
b>0 x2=2a+2b) ∨ R2==(y0==2*b+3)

(a+b<=2*b+3 ∧ R3==(x0>y0)
x2=3a+3*b) R4==(x2==2*x1+3 )

Example 5a
Precondition Postcondition Code Observable Non observable
Constraints Constraints Constraints Variables Variables

n>0 s2 =
∑

φ:0≤φ≤n:2φ R1==(i0==0) n,s2,p2, s0,s1,p0,
p2=2n R2==(p0==1) βi,βp,βs, p1,i0,i1,

R3==(s0==1) i2
R4==(i0<n)

R5==(i1==i0+ βi)
R6==(p1==p0+ βp)
R7==(s1==s0+ βs)
R5==R6==R7==1
R8==(i2==i1+1)
R9==(p2==2*p1)

R10==(s2==2*s1+p2 )
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5 Conclusions and Future Works

In this work we applied Max-CSP techniques to diagnose the software behavior.
The explicit construction of the functional dependencies graph (proposed in
other methodologies) has been avoided. We used only one TC to carry out the
diagnosis, but we think that the use of a greater number of TC will improve our
methodology to obtain software diagnosis. The investigation will continue in this
line, looking for the way to include the result of several TCs to the diagnosis
process of a same program. This will give us a more exact diagnosis. The final
objective of our investigation is to extend the methodology to the complete
grammar of an object-oriented language.
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Abstract. The dominant approach for learning Bayesian networks from
data is based on the use of a scoring metric, that evaluates the fitness of
any given candidate network to the data, and a search procedure, that
explores the space of possible solutions. The most efficient methods used
in this context are (Iterated) Local Search algorithms. These methods
use a predefined neighborhood structure that defines the feasible elemen-
tary modifications (local changes) that can be applied to a given solution
in order to get another, potentially better solution. If the search space
is the set of directed acyclic graphs (dags), the usual choices for local
changes are arc addition, arc deletion and arc reversal. In this paper we
propose a new definition of neighborhood in the dag space, which uses a
modified operator for arc reversal. The motivation for this new operator
is the observation that local search algorithms experience problems when
some arcs are wrongly oriented. We exemplify the general usefulness of
our proposal by means of a set of experiments with different metrics and
different local search methods, including Hill-Climbing and Greedy Ran-
domized Adaptive Search Procedure (GRASP), as well as using several
domain problems.

1 Introduction

Bayesian Networks (BNs) are graphical models able to represent and manipulate
efficiently n-dimensional probability distributions [18]. A Bayesian network uses
two components to codify qualitative and quantitative knowledge: (a) A directed
acyclic graph (dag), G = (V , E), where the nodes in V = {X1, X2, . . . , Xn} rep-
resent the random variables from the problem we want to solve, and the topology
of the graph (the arcs in E) encodes conditional (in)dependence relationships
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among the variables (by means of the presence or absence of direct connections
between pairs of variables); (b) a set of conditional probability distributions
drawn from the graph structure: For each variable Xi ∈ V we have a family of
conditional probability distributions P (Xi|paG(Xi)), where paG(Xi) represents
any combination of the values of the variables in PaG(Xi), and PaG(Xi) is the
parent set of Xi in G. From these conditional distributions we can recover the
joint distribution over V :

P (X1, X2, . . . , Xn) =
n∏

i=1

P (Xi|paG(Xi)) (1)

This decomposition of the joint distribution gives rise to important savings in
storage requirements. It also allows, in many cases, to efficiently perform proba-
bilistic inference (propagation), i.e., to compute the posterior probability for any
variable given some evidence about the values of other variables in the graph
[14,18]: The independences represented in the graph reduce changes in the state
of knowledge to local computations.

Although in the last years the problem of learning or estimating Bayesian
networks from data has received considerable attention, within the community of
researchers into uncertainty in artificial intelligence, it is still an active research
area. The fact that finding optimal BNs from data is, in general, a NP-Hard
problem [7], has motivated the use of heuristic search methods to solve it. The
common approach is to introduce a scoring function, f , that evaluates each
network with respect to the training data, and then to search for the best network
according to this score. Different Bayesian and non-Bayesian scoring metrics can
be used [1,6,8,13,17]. The alternative approach, constraint-based, is to search for
the network satisfying as much independences present in the data as possible
[10,21,19]. Obviously, the decision about which conditional independences are
either true or false is made by means of statistical tests. There also exist hybrid
algorithms that use a combination of these two methods [1,9,22].

In this paper we focus on Local Search methods, the most efficient meth-
ods, and that rely on a neighborhood structure that defines the local rules used
to move within the search space. The standard neighborhood in the space of
dags uses the operators of arc addition, arc deletion and arc reversal. The main
contribution of this paper is the proposal of an alternative definition of neighbor-
hood, which may alleviate some problems of premature convergence to a local
optimum due to the difficulty of (locally) improving dags where some arcs are
wrongly oriented. We also propose a new algorithm for learning Bayesian net-
work structures, which uses the GRASP (Greedy Randomized Adaptive Search
Procedure) metaheuristic [12].

The paper is structured as follows: We begin in Section 2 with some prelimi-
naries. In Section 3 we define the proposed neighborhood structure for searching
in the space of dags. Section 4 describes GRASP-BN, a new iterated local search-
based learning algorithm that uses Hill-Climbing and a probabilistic version of
the algorithm B [5]. In Section 5, we analyze the experimental results obtained
by both Hill-Climbing and GRASP-BN (on two different domains, ALARM [3]
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and INSURANCE [2], and using two different scoring metrics, K2 [8] and BDeu
[13]), when these algorithms use the standard neighborhood and the proposed al-
ternative. Finally, Section 6 contains the concluding remarks and some proposals
for future research.

2 Local Search Methods for Learning BNs

The problem of learning the structure of a Bayesian network can be stated as
follows: Given a training set D = {v1, . . . ,vm} of instances of V , find the dag
G∗ such that

G∗ = arg max
G∈Gn

f(G : D) (2)

where f(G : D) is a scoring metric measuring the fitness of any candidate dag
G to the dataset D and Gn is the family of all the dags with n nodes.

Local Search (or Hill-Climbing) methods traverse the search space, starting
from an initial solution, by examining only possible local changes at each step,
and applying the one that leads to the greatest improvement in the scoring
metric. The search process terminates when it is blocked at a local optimum (no
local change improves the current solution), although it may be restarted on the
basis of either a random modification of the current optimum (by applying a
number of local transformations), or a new (random) initial solution. The set of
feasible local changes that can be applied to any given solution is determined
by the choice of the neighborhood structure. The effectiveness and efficiency of
a local search procedure depends on several aspects, such as the neighborhood
structure, the fast evaluation of the scoring metric of the neighbors, and the
starting solution itself.

As we have already commented, the usual choices for local changes in the
space of dags are arc addition, arc deletion and arc reversal, avoiding (in the first
and the third case) the inclusion of directed cycles in the graph. Thus, there are
O(n2) possible changes, where n is the number of variables.

An important property of a scoring metric is its decomposability in presence
of full data, i.e, the scoring function can be decomposed in the following way:

f(G : D) =
n∑

i=1

fD(Xi, PaG(Xi)) (3)

fD(Xi, PaG(Xi))=fD(Xi, PaG(Xi) : Nxi,paG(Xi)) (4)

where Nxi,paG(Xi) are the statistics of the variables Xi and PaG(Xi) in D, i.e,
the number of instances in D that match each possible instantiation of Xi and
Pa(Xi).

The efficiency of the algorithms that search in the space of dags using local
methods is mainly due to the property of decomposition that many metrics ex-
hibit: a procedure that changes one arc at each move can efficiently evaluate the
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improvement obtained by this change. Such a procedure can reuse the compu-
tations carried out at previous stages, and only the statistics corresponding to
the variables whose parent set has been modified need to be recomputed.

3 A Modified Neighborhood Structure in the Space of
Dags

By monitoring a typical local search algorithm for learning BNs as it progresses,
we have observed some situations where it gets into troubles. Let us explain
these situations by means of the following example:
Example: Consider the network with four variables displayed in Figure 1(a).
From this network we have generated a database containing 1000 instances of
these variables using logic sampling. The value of the K2 metric for this database
and this network is also shown in the figure. A Hill-Climbing algorithm could
obtain the network in Figure 1(b). None of the possible transformations of this
network, using the classical operators of addition, deletion and reversal of an arc
improves the K2 value (the best neighbors are displayed in Figures 1(c)-(e)), so
that it is a local maximum. ♦

K2(log) = −1063 K2(log) = −1099 K2(log) = −1071
(d)

x0

x2

x1

x3

x0 x1

x2 x3

x0 x1

x2 x3

(e)

K2(log) = −1063

(b)

x0

x2

x1

x3

K2(log) = −1056

(a)

x0

x2

x1

x3

(c)

Fig. 1. Problems with the classical neighborhood when an arc is wrongly directed.

This behavior is common for many local search-based learning algorithms:
When they mistake the direction of some arc connecting two nodes1, then the
algorithms tend to ‘cross’ the parents of these nodes to compensate the wrong
orientation; the resultant configuration is quite stable, in the sense that no local
transformation produces a better network and, therefore, it may be difficult to
scape from this local maximum. In the previous example, the wrong orientation
of the arc linking the variables X2 and X3 is the cause of the problem.

A possible solution for this problem could be to carry out the search process
in a different space. For example, we could use the space of equivalence classes
1 This situation may be quite frequent at early stages of the search process.



186 L.M. de Campos, J.M. Fernández-Luna, and J.M. Puerta

of dags, to postpone the decisions about the direction of the links until we have
more information. Recently, the possibility of searching in the dag space, but
including some characteristics relative to equivalence classes of dags, has been
considered [15]. This method uses an operator, called RCAR (Repeated Covered
Arc Reversal), which iteratively inverts a prefixed (random) number of covered
arcs2. Then, a Hill-Climbing algorithm is fired to obtain a new local maximum,
and the whole process is iterated a fixed number of times. We are going to follow
a different approach, by modifying the neighborhood structure, i.e., changing
the classical operators used to move in the space of dags.

The classical neighborhood of a dag G is N (G) = NA(G)∪ND(G)∪NR(G),
being NA(G), ND(G) and NR(G) the links subsets for added, deleted and in-
verted respectively. Our proposal implies to modify the reversal operator and,
therefore, the redefinition of the neighborhood NR(G)

The new definition of NR(G) states that, for any given arc Xj → Xi in G, if
its extreme nodes share some parent, then we delete the current parents of both
nodes, invert the arc and add, as the new parents for each node, any subset of
the old parents of either node. The idea is to give the algorithm the opportunity
of ‘uncrossing’ the parents of two nodes which have been connected in the wrong
direction, without being limited to move only one arc every time, for example
the dags (a) in the figure 1 could be a dag neighbor of the graph (b).

Note that, for any arc Xj → Xi ∈ G, the number of possible ‘reversals’ is
now O(22p), with p = |PaG(Xi)∪ PaG(Xj)| − 1, instead of only one. Therefore,
the number of neighbors of a dag may increase exponentially. Nevertheless, in
practice the number of parents of a node is not usually high, so we expect that
the computational cost will not be excessive3. In any case we could limit the car-
dinality of the new parent sets (which is a common practice for other algorithms
[8,16]). Note also that, although the new reversal operator may change more
than one arc, the number of parent sets that are modified is still two, hence we
only have to recompute two statistics to evaluate the corresponding neighbor.

4 A Grasp-Based Learning Algorithm

GRASP [20] is a multi-start or iterative metaheuristic in which each iteration
consists basically of two phases: construction and local search. The construction
phase builds a feasible solution, whose neighborhood is investigated until a local
optimum is found during the local search phase. The best overall solution is
kept as the result. In this section we develop an algorithm for learning Bayesian
network structures using GRASP, which will be called GRASP-BN.

A general GRASP algorithm works as follows: At each iteration of the con-
struction phase, a solution is built using a greedy randomized process: it in-
corporates elements to the partial solution under construction from a restricted
2 An arc Xj → Xi in a dag G is covered if PaG(Xi) = PaG(Xj) ∪ {Xj}. A covered

arc may be inverted and the resultant dag is equivalent to G.
3 Our experiments in the next section support this assertion.
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candidate list (RCL). The elements in this list are selected from all the feasi-
ble candidate elements according to a greedy evaluation function. The element
to be incorporated into the partial solution is randomly selected from those in
the RCL. Once the selected element is incorporated to the partial solution, the
candidate list is updated and their elements are reevaluated. When a solution
is finally obtained, the second phase fires a local search algorithm starting from
this solution. These two phases are repeated a given number of iterations.

Our GRASP-BN algorithm will use, in its second phase, a Hill-Climbing (HC)
search in the space of dags, for some neighborhood structure and some metric f .
For the first phase, we are going to create a randomized version of the algorithm
B [5].

Algorithm B is a greedy search heuristics. It starts with an empty dag G and
at each step it adds the arc with the maximum increase in the (decomposable)
scoring metric f , avoiding the inclusion of directed cycles in the graph. The algo-
rithm stops when adding any valid arc does not increase the value of the metric.
The gain obtained by inserting a feasible arc Xj → Xi in G can be evaluated ef-
ficiently by means of the difference fD(Xi, PaG(Xi)∪{Xj})−fD(Xi, PaG(Xi)).
At each step, after inserting in G the best valid arc, Xj → Xi, the algorithm
identifies and discards the new unfeasible arcs by searching for the ancestors
and descendants of Xi. After that, as the value fD(Xi, PaG(Xi)) has been mod-
ified, the algorithm recomputes the new values of fD(Xi, PaG(Xi) ∪ {Xk}) −
fD(Xi, PaG(Xi)) for any valid arc Xk → Xi.

The probabilistic version of this algorithm that we propose is the following:
instead of always selecting the best arc, we will use a stochastic decision rule
that selects the best arc with probability p0, and with probability 1 − p0 each
arc Xj → Xi in the restricted candidate list RCL (that will contain all the
feasible candidate arcs which produce an improvement) will be selected with a
probability p(Xj → Xi) proportional to its merit:

{
arg max

Xj→Xi∈RCL
{fD(Xi,PaG(Xi)∪{Xj})−fD(Xi,PaG(Xi))},u≤p0

Xl→Xr, u>p0

(5)

where u is a random number uniformly distributed in [0, 1], p0 is the parame-
ter that determines the relative importance of exploitation versus exploration,
and Xl → Xr is an arc in RCL randomly selected according to the following
probabilities:

p(Xl→Xr)=
fD(Xr,PaG(Xr)∪{Xl})−fD(Xr,PaG(Xr))∑

Xj→Xi
fD(Xi,PaG(Xi)∪{Xj})−fD(Xi,PaG(Xi))

(6)

We have to remark that this probabilistic version of the algorithm B could also be
used at the initialization stages of other stochastic search algorithms (as Genetic
Algorithms, Estimation of Distribution Algorithms and Ant Colonies).
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5 Experimental Results

In this section we will evaluate experimentally the usefulness of the proposed
neighborhood, as well as the GRASP-BN algorithm. We have selected two test
domains: ALARM [3] and INSURANCE [2]. For ALARM we have used the first
3,000 cases of the classical ALARM database (which contains 20,000 cases). For
INSURANCE, we have generated three databases with 10,000 cases each by
means of probabilistic logic sampling (in this case we show the average of the
results obtained for the three databases).

In our experiments we have used two decomposable metrics: K2 [8] and BDeu
[13,5] (both in logarithmic version). For BDeu, we use an equivalent sample size
equal to 1. We have implemented two versions of a Hill-Climbing algorithm, using
the classical definition of neighborhood (HCc) and the proposed modification
(HCm). The initial solution of the search process is the empty network in all the
cases. Experiments with other two forms of initialization (the networks obtained
by the algorithms K2SN [11] and PC [21]) were also carried out, obtaining results
similar to the ones displayed for the empty network. The GRASP-BN algorithm
has also been implemented using the two neighborhood structures (GRASP-BNc
and GRASP-BNm). The parameter determining the number of iterations has
been fixed to 15, and the one to trade-off between exploration and exploitation
is p0 = 0.8.

The following performance measures have been computed: (1) Measures of
quality (effectiveness) of the learned network: (K2) and (BDeu) the value of the
corresponding metric for the best network found by the algorithm; the number of
arcs added (A), deleted (D) and inverted (I) when we compare the learned net-
work with the true network. (2) Measures of efficiency of the algorithm: (EstEv)
the number of different statistics evaluated during the execution of the algo-
rithm; (TEst) the total number of statistics used by the algorithm. Note that
this number can be considerably greater than EstEv. By using hashing tech-
niques we can store and efficiently retrieve any statistics previously calculated,
so that it is not necessary to recompute them. This avoids many accesses to the
database and improves the efficiency; (NVars) the average number of variables
that intervene in the computed statistics.

The results obtained by HCc and HCm using the K2 and BDeu metrics are
shown in Table 1.

The results of the experiments with the algorithms GRASP-BNc and
GRASP-BNm is shown in Table 2 for the ALARM domain, and in Table 3
for the INSURANCE domain. In all the cases, the displayed values represent
the averages and the standard deviations of 10 executions of each algorithm. We
also give information about the best individuals found in all the executions.

We can see that, in all the cases, the results obtained by an algorithm when
it uses the new definition of neighborhood are considerably better than the ones
offered by the same algorithm using the classical neighborhood4, in terms of

4 Except in one case, where we obtain the same results.
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Table 1. Results of HCc and HCm using the K2 and BDeu metrics.

ALARM INSURANCE
HCc HCm HCc HCm

K2 -14425.62 -14414.55 -57998.10 -57934.61
A 6 4 10.33 7.67
D 4 2 11.67 11.00
I 3 2 7.67 7.67
EstEv 3375 3336 2050 2169
TEst 1.54E+05 1.56E+05 7.66E+04 8.32E+04
NVars 2.99 2.93 3.09 3.08

HCc HCm HCc HCm
BDeu -33109.47 -33109.47 -133393.03 -133326.27
A 3 3 7.67 7.00
D 2 2 10.00 10.00
I 2 2 10.00 10.67
EstEv 3300 3284 1995 2100
TEst 1.47E+05 1.49E+05 7.15E+04 8.80E+04
NVars 2.88 2.87 2.99 3.04

Table 2. Results of GRASP-BNc and GRASP-BNm for ALARM, using the K2 and
BDeu metrics.

GRASP-BNc GRASP-BNm
µ σ Best µ σ Best

K2 -14429.92 18.51 -14414.55 -14404.23 2.52 -14401.91
A 7.20 2.44 4 2.80 1.55 1
D 2.70 0.95 2 1.10 0.32 1
I 4.30 2.54 2 1.20 1.03 0
EstEv 13306 1228 13148 1061
TEst 5.83E+05 8.85E+03 9.09E+05 9.12E+04
NVars 4.01 0.05 3.93 0.08

µ σ Best µ σ Best
BDeu -33190.14 10.17 -33165.90 -33105.05 4.24 -33101.14
A 5.50 1.18 6 1.40 0.97 1
D 2.00 0.00 2 1.30 0.48 1
I 4.50 0.85 3 1.00 1.41 0
EstEv 12317 759 12769 735
TEst 5.56E+05 5.23E+04 8.80E+05 6.00E+04
NVars 3.87 0.07 3.85 0.03

effectiveness (with respect to both the value of the metric5 and the number of
erroneous arcs). For comparative purposes, the respective K2 and BDeu val-
ues of the true networks for the corresponding databases are −14412.69 and
−33113.83 for ALARM, and −58120.95 and −133160.47 for INSURANCE. The
corresponding values for the empty networks, which may serve as a kind of scale,
are −26008.08 and −59889.80 for ALARM, and −93593.76 and −215514.96 for
INSURANCE.

With respect to the efficiency of the algorithms, we are going to focus in
the number of different statistics evaluated (EstEv) and the number of variables
involved (Nvars): Most of the running time of a scoring-based learning algorithm

5 Note that we are using log versions of the metrics, so that the differences are much
greater in a non-logarithmic scale.



190 L.M. de Campos, J.M. Fernández-Luna, and J.M. Puerta

Table 3. Results of GRASP-BNc and GRASP-BNm for INSURANCE, using the K2
and BDeu metrics.

GRASP-BNc GRASP-BNm
µ σ Best µ σ Best

K2 -57950.53 53.29 -57857.90 -57835.23 30.30 -57779.41
A 10.63 2.11 7 4.57 2.36 4
D 12.27 1.01 10 9.40 1.19 9
I 8.90 3.53 2 3.13 2.34 2
EstEv 7702 626 9135 840
TEst 2.41E+05 2.74E+04 6.45E+05 9.34E+04
NVars 3.98 0.06 3.97 0.06

µ σ Best µ σ Best
BDeu -133143.92 165.52 -132814.06 -132763.92 100.64 -132592,25
A 6.60 1.92 3 2.23 1.28 0
D 9.97 1.79 7 8.07 0.91 8
I 7.43 2.61 7 2.87 1.96 1
EstEv 7768 923 9011 1095
TEst 2.54E+05 3.85+04 6.62E+05 1.61E+05
NVars 3.87 0.09 3.88 0.08

is spent in the evaluation of statistics from the database, and this time increases
exponentially with the number of variables. So, an approximate measure of the
time complexity of an algorithm is EstEv ∗ 2NVars. We can observe that the
values of NVars are almost identical and the values of EstEv are not sensibly
different for the two versions of each algorithm: The values of EstEv in the
ALARM domain are even lower when we use the new neighborhood, whereas
the opposite is true for INSURANCE. The total number of statistics used is
systematically larger with the new neighborhood, even considerably larger in
some cases, but as we have already commented, using hashing techniques we can
access very quickly to previously computed statistics, so that the time required
to compute new statistics dominates completely. Therefore, the running times
of the algorithms using the two neighborhoods are comparable.

These results increase our confidence in the usefulness and applicability of
the proposed neighborhood for any learning algorithm that searches locally in
the space of dags, no matter which metric or which type of local search is used.

The comparison between HC and GRASP is favorable to the later (except
in the case of using the classical neighborhood with ALARM), at the expense
of increasing the running times. Particularly, GRASP-BN equipped with the
new neighborhood structure offers excellent results. Moreover, the low standard
deviations obtained in this case are noteworthy, indicating that this algorithm
seems to be quite stable.

6 Concluding Remarks

In this paper we have proposed a new definition of neighborhood for the space of
directed acyclic graphs, which copes with the problems that local search-based
learning algorithms encounter when some arcs are wrongly oriented. Our experi-
ments, carried out with different metrics, databases and local search techniques,
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support the conclusion that the new neighborhood structure improves the per-
formance of the algorithms systematically, without significantly increasing their
complexity.

We have also developed another learning algorithm, based on the GRASP
metaheuristic, that uses a probabilistic version of the algorithm B in the con-
struction phase, to initialize the local search phase. This algorithm, in conjunc-
tion with the new neighborhood structure, obtained excellent results in our ex-
periments.

For future research, in addition to carry out a more systematic experimenta-
tion and comparative analysis, we also plan to study several variants of the new
operator for arc reversal (e.g., using the intersection of the parent sets in place
of their union or applying the operator only to covered arcs).

Acknowledgements. This work has been supported by the Spanish Ministe-
rio de Ciencia y Tecnoloǵıa (MCYT) under projects TIC2001-2973-CO5-01 and
TIC2001-2973-CO5-05.
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Abstract. The subsumption relation is crucial in the Machine Learn-
ing systems based on a clausal representation. In this paper we present
a class of operators for Machine Learning based on clauses which is a
characterization of the subsumption relation in the following sense: The
clause C1 subsumes the clause C2 iff C1 can be reached from C2 by
applying these operators. In the second part of the paper we give a for-
malization of the closeness among clauses based on these operators and
an algorithm to compute it as well as a bound for a quick estimation.

1 Introduction

In a Machine Learning system based on clausal logic, the main operation lies on
applying an operator to one or more clauses with the hope that the new clauses
give a better classification for the training set. This generalization must fit into
some relation of order on clauses or sets of clauses. The usual orders considered
in Machine Learning based on clauses are the subsumption order, denoted by
�, and the implication order |=. Most of the systems use the subsumption order
to carry out the generalization, in spite of the implication order is stronger, i.e.,
if the clause C1 subsumes the clause C2, C1 � C2, then C1 |= C2. The reason
for choosing the subsumption order is easy: The subsumption between clauses is
decidable, whereas the implication order is not [10].

Therefore the subsumption between clauses is the basic relation of order in
the generalization processes in Machine Learning with clausal representation, but
how is this generalization carried out? The subsumption relation was presented
by G. Plotkin [7]. In his study about the lattice structure induced by this relation
on the set of clauses, he proved the existence of the least general generalization
of two clauses under subsumption and defined the least generalization under
relative subsumption. Both techniques are the basis of successful learning systems
on real-life problems.

Later, different classes of operators on clauses, the so-called refinement opera-
tors, were studied by Shapiro [9], Laird [4] and Nienhuys-Cheng and de Wolf [11]
among others. In their works, the emphasis is put on the specialization operators,
which are operators such that the obtained clause is implied or subsumed by the
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TIC-137 of the Plan Andaluz de Investigación.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 193–203, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



194 M.A. Gutiérrez-Naranjo, J.A. Alonso-Jiménez, and J. Borrego-Dı́az

original clause, and the generalization operators are considered the dual of the
first ones.

In this paper we present new generalization operators for clausal learning,
the Learning Operators under Subsumption (LOS) which allow us to generalize
clauses in the subsumption order, i.e., if C is a clause, {∆/x} is a LOS and
C{∆/x} is the output clause, then C{∆/x} subsumes C.

This property states that the LOS are operators of generalization under
subsumption in the set of clauses, but the main property of these operators
is that the LOS represent a characterization by operators of the subsumption
relation between clauses in the following sense: If C1 and C2 are clauses, C1

subsumes C2 if and only if there exists a finite sequence (a chain) of LOS
{∆1/x1}, . . . , {∆n/xn} such that

C1 = C2{∆1/x1} . . . {∆n/xn}

If C1 subsumes C2, we know that the set of chains of LOS from C2 to C1 is not
empty, but in general the set has more than one element.

The existence of a non-empty set of chains gives us the idea for a formalization
of closeness among clauses as the length of the shortest chain from C2 to C1, if
C1 subsumes C2, and infinity otherwise.

This mapping, which will be denoted by dc, is the algebraic expression of the
subsumption order: for every pair of clauses, C1 and C2, C1 subsumes C2 if and
only if dc(C2, C1) is finite. Since the subsumption order is not symmetric, the
mapping dc is not either. Therefore dc is not a metric, but a quasi-metric.

Finally, dc is computable. We give in this paper an algorithm which calculates
the quasi-distance between two clauses and present a bound which allows to
estimate the closeness between clauses under the hypothesis of subsumption.

2 Preliminaries

From now on, we will consider some fixed first-order language L with at least
one function symbol. V ar, Term and Lit are, respectively, the sets of variables,
terms and literals of L. A clause is a finite set of literals, a program is a finite
set of clauses and C is the set of all clauses.

A substitution is a mapping θ : S → Term where S is a finite set of variables
such that (∀x ∈ S)[x 	= θ(x)]. We will use the usual notation θ = {x/t : x ∈ S},
where t = θ(x), Dom(θ) for the set S and Ran(θ) = ∪{V ar(t) : x/t ∈ θ}. A
pair x/t is called a binding. If A is a set, then |A| is the cardinal of A and PA
its power set. We will denote by |θ| the number of bindings of the substitution
θ. The clause C subsumes the clause D, C � D, iff there exists a substitution θ
such that Cθ ⊆ D.

A position is a non-empty finite sequence of positive integers. Let N
+ denote

the set of all positions. If t = f(t1, . . . , tn) is an atom or a term, ti is the term at
position i in t and the term at position î u in t is s if s is at position u in ti. Two
positions u and v are independent if u is not a prefix of v and vice versa. A set
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of positions P is independent if (∀u, v ∈ P )[u 	= v ⇒ u and v are independent]
and the set of all positions of the term t in L will be denoted by Pos(L, t).
If t is a term (resp. an atom), we will denote by t[u ← s] the term (resp. the
atom) obtained by grafting the term s in t at position u and, if L is a literal, we
will write L[P ← s] for the literal obtained by grafting the term s in L at the
independent set of positions P .

3 The Operators

In the generalization process, when a program P is too specific, we replace it
by P ′ with the hope that P ′ covers the examples better than P . The step from
P to P ′ is usually done by applying an operator to some clause C of P . These
operators can be defined as mappings from C to C where C is the set of clauses
of the language. Before giving the definition of the operator, we will give some
intuition with an example.

C2 = { sum(z, 0, s(x)), sum(s(x), 0, s(x)), sum(z, 0, z) }
z z

P1 = {1} P2 = ∅ P3 = {1, 3}

s(x)

sum(s(x), 0, s(x)) }C1 = {

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 1. Example of generalization

Consider the one–literal clause C1 = {L} with L = sum(s(x), 0, s(x)). In
order to generalize it with respect to the subsumption order, we have to obtain
a new clause C2 such that there exists a substitution θ verifying C2θ ⊆ C1. For
that, we firstly choose a term t in L, say t = s(x), then we choose several subsets
of Pos(L, t), e.g. P1 = {1}, P2 = ∅, P3 = {1, 3} and a variable not occurring
in L, say z, and finally we build the clause C2 = {L[Pi ← z] | i = 1, 2, 3} =
{sum(z, 0, s(x)), sum(s(x), 0, s(x)), sum(z, 0, z)}. Obviously θ = {z/s(x)} satis-
fies C2θ ⊆ C1 (see Fig. 1).

If the clause has several literals, for example, C1 = {L1, L2, L3}, with
L1 = num(s(x)), L2 = less than(0, s(x)) and L3 = less than(s(x), s(s(x))),
the operation is done with all literals simultaneously. First, the same term is
chosen in every literal of C1, say t = s(x). Then, for each literal Li ∈ C1, some
subsets of Pos(Li, t) are chosen, e.g.,
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P ∗
1 = { ∅, {1} } ⊆ PPos(L1, t)

P ∗
2 = ∅ ⊆ PPos(L2, t)

P ∗
3 = { {1, 2·1}, {1} } ⊆ PPos(L3, t)

After taking a variable which does not occur in C1, say z, the following sets are
built

L1
P ∗

1−−−−−−−−−→ {num(s(x)), num(z)}
L2

P ∗
2−−−−−−−−−→ ∅

L3
P ∗

3−−−−−−−−−→ {less than(z, s(z)), less than(z, s(s(x)))}
Finally, the clause C2 is the union of these sets, i.e.,

C2 = {num(s(x)), num(z), less than(z, s(z)), less than(z, s(s(x)))}

and C2{z/s(x)} ⊆ C1. In our general description, we will begin with a study of
the relations between substitutions and grafts.

Definition 1. Let L be a literal and t a term. The set of positions P is called
compatible with the pair 〈L, t〉 if P ⊆ Pos(L, t).

Definition 2. Let P ∗ be a set whose elements are sets of positions. Let L be a
literal and t a term. P ∗ is called compatible with the pair 〈L, t〉 if every element
of P ∗ is compatible with 〈L, t〉

For example, if L = sum(s(x), 0, s(x)) and t = s(x), then P1 = {1}, P2 = ∅ and
P3 = {1, 3} are compatible with 〈L, t〉 and P4 = {1·1, 2} and P5 = {1, 4·3} are
not. If P ∗

1 = {P1, P2, P3} and P ∗
2 = {P2, P4}, then P ∗

1 is compatible with 〈L, t〉
and P ∗

2 is not.
The next mappings are basic in the definition of our operators. As we saw

in the example, the key is to settle a set of sets of positions for each literal, all
them occupied by the same term. This one is done by the following mappings.

Definition 3. A mapping ∆ : Lit → PPN
+ is called an assignment if there

exists a term t such that, for every literal L, ∆(L) is compatible with the pair
〈L, t〉.
Note that the term t does not have to be unique, for example, consider the
identity assignment (∀L ∈ Lit)[∆(L) = {∅}], the empty assignment (∀L ∈
Lit)[∆(L) = ∅] or any mixture of both.

The assignments map a literal into a set of sets of positions. Each element of
this set of positions will produce a literal, and the positions are the places where
the new term is grafted. If ∆ : Lit→ PPN

+ is an assignment of positions and s
is a term, we will denote by L{∆(L)/s} the set of literals, one for each element
P ∈ ∆(L), obtained by grafting s in L at P . Formally

L{∆(L)/s} = {L[P ← s] |P ∈ ∆(L)}
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For example, if L = sum(s(x), 0, s(x)), z is a variable, P ∗
1 is taken from the

above example and ∆ is an assignment such that ∆(L) = P ∗
1 then

L{∆(L)/z} = {L[P ← z] |P ∈ ∆(L)}
= {L[P ← z] |P ∈ P ∗

1 }
= {L[P1 ← z]}, L[P2 ← z], L[P3 ← z]}
= {sum(z, 0, s(x)), sum(s(x), 0, s(x)), sum(z, 0, z)}

We can now define our Learning Operators under Subsumption.

Definition 4. Let ∆ be an assignment and x a variable. We say that the map-
ping

{∆/x} : C −→ C

C �→C{∆/x} =
⋃

L∈C

L{∆(L)/x}

is a Learning Operator under Subsumption (LOS) if for all literal L, if ∆(L) 	= ∅
then x 	∈V ar(L).
Turning back to a previous example, if C = {L1, L2, L3}, with L1 = num(s(x)),
L2 = less than(0, s(x)), L3 = less than(s(x), s(s(x))), and the assignment

∆(L) =




P ∗
1 = { ∅, {1} } if L = L1

P ∗
2 = ∅ if L = L2

P ∗
3 = { {1, 2·1}, {1} } if L = L3
∅ otherwise

and considering the variable z as the variable to be grafted, then

C{∆/z} = {num(s(x)), num(z), less than(z, s(z)), less than(z, s(s(x)))}
These operators allow us to generalize a given clause and go up in the subsump-
tion order on clauses as we see in the next theorem.

Theorem 1. Let C be a clause and {∆/x} a LOS. Then C{∆/x} � C.

As we pointed above, the LOS define an operational definition of the subsump-
tion relation. The last result states one way of the implication. The next theorem
claims that all the learning processes based on subsumption of clauses can be
carried out only by applying LOS.

Theorem 2. Let C1 and C2 be two clauses such that C1 � C2. Then there exists
a finite sequence (a chain) {∆1/x1}, . . . , {∆n/xn} of LOS such that

C1 = C2{∆1/x1} . . . {∆n/xn}
For example, if we consider C1 = {p(x1, x2)} and C2 = {p(x2, f(x1)), p(x1, a)}
and the substitution θ = {x1/x2, x2/f(x1)}. Then C1θ ⊆ C2 holds and there-
fore C1 � C2. Decomposing θ we can get σ1 = {x2/x3}, σ2 = {x1/x2},
σ3 = {x3/f(x1)} and C1σ1σ2σ3 ⊆ C2 holds. Hence, considering the assignments

∆1(p(x2, f(x1)) = {{2}} and ∆1(L) = ∅ if L 	= p(x2, f(x1))
∆2(p(x2, x3)) = {{1}} and ∆2(L) = ∅ if L 	= p(x2, x3)
∆3(p(x1, x3)) = {{2}} and ∆3(L) = ∅ if L 	= p(x1, x3)
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we have C1 = C2{∆1/x3}{∆2/x1}{∆3/x2}. Note that if we consider the assign-
ment ∆(p(x1, a)) = {{2}} and ∆(L) = ∅ if L 	= p(x1, a), then C1 = C2{∆/x2}
also holds.

4 A Quasi-Metric Based on Subsumption

The operational characterization of the subsumption relation given in the pre-
vious section gives us a natural way of formalizing the closeness among clauses.
As we have seen, if C1 � C2 then there exists at least one chain of LOS from C2

to C1 and we can consider the length of the shortest chain from C2 to C1.

Definition 5. A chain of LOS of length n from the clause C2 to the clause C1

is a finite sequence of n LOS {∆1/x1}, {∆2/x2}, . . . , {∆n/xn} such that

C1 = C2{∆1/x1}{∆2/x2} . . . {∆n/xn}

If C1 = C2, we will consider that the empty chain, of length zero, maps C2 into
C1. The set of all the chains from C2 to C1 will be denoted by L(C2, C1) and |C|
will denote the length of the chain C.
Following the geometric intuition, if we consider these chains as paths from C2

to C1, we formalize the closeness between clauses as the shortest path C2 to C1.
If C1 does not subsume C2, we will think that C1 cannot be reached from C2 by
applying LOS, so both clauses are separated by an infinite distance.

Definition 6. We define the mapping dc : C × C→ [0,+∞] as follows:

dc(C2, C1) =
{
min{|C| : C ∈ L(C2, C1)} if C1 � C2
+∞ otherwise

The subsumption relation is not symmetric, so the mapping dc is not either.
Instead of being a drawback, this property gives an algebraic characterization
of the subsumption relation, since for any two clauses, C1 � C2 iff dc(C2, C1) 	=
+∞.
Definition 7. A quasi–metric on a set X is a mapping d from X × X to the
non–negative reals (possibly including +∞) satisfying:
– (∀x ∈ X) d(x, x) = 0
– (∀x, y, z ∈ X) d(x, z) ≤ d(x, y) + d(y, z)
– (∀x, y ∈ X) [d(x, y) = d(y, x) = 0⇒ x = y]

Notice that a quasi–metric satisfies the conditions to be a metric, except for
the condition of symmetry. The next result states the computability of dc and
provides an algorithm to compute it.

Theorem 3. dc is a computable quasi–metric.
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Proof (Outline). Proving that dc is a quasi-metric is straightforward from the
definition. The proof of the computability is split in several steps. Firstly, for
each substitution θ we define the set of the splittings up:

Split(θ) =
{
σ1 . . . σn :

σi = {xi/ti} xi 	∈V ar(ti)
(∀z ∈ Dom(θ))[zθ = zσ1 . . . σn]

}

with length(σ1 . . . σn) = n and weight(θ) = min{length(Σ) |Σ ∈ Split(θ)}.
The next equivalence holds

dc(C2, C1) =




0 if C1 = C2
1 if C1 	= C2 and C1 ⊆ C2
min{weight(θ) |C1θ ⊆ C2} if C1 � C2 and C1 	⊆C2
+∞ if C1 	�C2

Input: A non-empty substitution θ
Output: An element of Split(θ)
Set θ0 = θ and U0 = Dom(θ) ∪ Ran(θ)
Step 1:

If θi is the empty substitution
Then stop
Otherwise: Consider θi = {x1/t1, . . . , xn/tn} and go to Step 2.

Step 2:
If there exists xj ∈ Dom(θi) such that xj �∈Ran(θi)

Then for all k ∈ {1, . . . , j − 1, j + 1, . . . , n} let t∗
k be a term

such that tk = t∗
k{xj/tj} Set

θi+1 = {x1/t∗
1, . . . , xj−1/t∗

j−1, xj+1/t∗
j+1, . . . , xn/t∗

n}
σi+1 = {xj/tj}
Ui+1 = Ui

set i to i + 1 and go to Step 1.
Otherwise: Go to Step 3.

Step 3:
In this case let zi be a variable which does not belong to Ui and set
Ui+1 = Ui ∪ {zi}

choose j ∈ {1, . . . , n} y let T be a subterm of tj such that T is not a variable
belonging to Ui+1. Then, for all k ∈ {1, . . . , n} let t∗

k be a term
such that tk = t∗

k{z/T}. Set
θi+1 = {x1/t∗

1, . . . , xn/t∗
n}

σi+1 = {z/T}
set i to i + 1 and go to Step 1.

Fig. 2. The algorithm to compute the subset of Split(θ)

We can decide if C1 � C2 and, if it holds, we can get the finite set of all θ such that
C1θ ⊆ C2, so to conclude the theorem we have to give an algorithm which com-
putes weight(θ) for each θ. The Fig. 2 shows a non-deterministic algorithm which
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generates elements of Split(θ). We prove that the algorithm finishes and for all
Σ ∈ Split(θ) the algorithm outputs a Σ∗ verifying length(Σ∗) ≤ length(Σ).

The previous theorem provides a method for computing dc, but deciding whether
two clauses are related by subsumption is an NP-complete problem [1], so, from
a practical point of view we need a quick estimation of the quasi-metric before
deciding the subsumption. The next result settles an upper and lower bounds
for the quasi-metric under the assumption of subsumption.

Theorem 4. Let C1 and C2 be two clauses such that C1 	⊆C2. If C1 � C2 then

|V ar(C1)−V ar(C2)| ≤ dc(C2, C1) ≤ min{2 · |V ar(C1)| , |V ar(C1)|+ |V ar(C2)|}

Proof (Outline). For each θ such that C1θ ⊆ C2, θ has at least |V ar(C1) −
V ar(C2)| bindings and we need at least one LOS for each binding, hence the first
inequality holds. For the second one, if C1θ ⊆ C2 then we can find n substitutions
σ1, . . . , σn with σ1 = {xi/ti} and xi 	∈V ar(ti) such that C1σ1 . . . σ2 ⊆ C2

verifying n = |θ| + |Ran(θ) ∩ Dom(θ)|. The inequality holds since Ran(θ) ⊆
V ar(C2), Dom(θ) ⊆ V ar(C1) and |θ| ≤ V ar(C1).

If C1 = {p(x1, x2)}, C2 = {p(a, b)} and C3 = {p(f(x1, x2), f(x2, x1))} then
dc(C2, C1) = |V ar(C1)− V ar(C2)| = 2
dc(C3, C1) = min{2 · |V ar(C1)| , |V ar(C1)|+ |V ar(C2)|} = 4

The above examples show that these bounds cannot be improved.

5 Related Work

The problem of quantifying the closeness among clauses has already been stud-
ied previously by offering distinct alternatives of solution to the problem. In the
literature, a metric is firstly defined on the set of literals and then, the Haus-
dorff metric is used to get, from this metric, a metric on the set of clauses. This
approach has two drawbacks. On the one hand, the Hausdorff metric exclu-
sively depends on the extreme points, on the other, these literals are considered
isolated: the possible relations among the literals of the same clause are not
considered. Next we will see an example.

In [6], Nienhuys-Cheng defines a distance for ground atoms

– dnc,g(e, e) = 0
– p/n 	= q/m⇒ dnc,g(p(s1, . . . , sn), q(t1, . . . , tm)) = 1
– dnc,g(p(s1, . . . , sn), p(t1, . . . , tn)) = 1

2n

∑n
i=1 dnc,g(si, ti)

and then, she uses the Hausdorff metric to define a metric on sets of ground
atoms

dh(A,B) = max
{
max
a∈A
{min

b∈B
{dnc,g(a, b)}},max

b∈B
{min

a∈A
{dnc,g(a, b)}}

}
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The aim of this distance was to define a distance between Herbrand interpreta-
tions, so dnc,g was only defined on ground atoms. In [8], Ramon and Bruynooghe
extended it to handle non–ground expressions:

– dnc(e1, e2) = dnc,g(e1, e2) if e1, e2 are ground expressions
– dnc(p(s1, . . . , sn), X) = dnc(X, p(s1, . . . , sn)) = 1 with X a variable.
– dnc(X,Y ) = 1 and dnc(X,X) = 0 for all X 	= Y with X and Y variables.

This metric can be easily extended to literals: If A and B are atoms, we consider
dnc(¬A,B) = dnc(A,¬B) = 0 and dnc(¬A,¬B) = dnc(A,B). By applying the
Hausdorff metric to dnc we have a metric dh on clauses. We have implemented
dc and dh with Prolog programs. The following example allows us to compare
this metric with our quasi-metric.

For all n ≥ 0, consider the clauses

Cn ≡ sum(sn+1(x1), sn(y1), sn+1(z1)) ← sum(sn(x1), sn(y1), sn(z1))
Dn ≡ sum(s2n+1(x2), s2n(y2), s2n+1(z2))← sum(s2n(x2), s2n(y2), s2n(z2))

and the substitution θn = {x1/sn(x2), y1/sn(y2), x3/sn(y3)}. Then Cnθn = Dn

for all n and hence, Cn � Dn. The next table shows the values of the quasi-metric
dc(Cn, Dn) and the metric of Hausdorff dh(Cn, Dn) for several values of N as
well as the time of computation on a Pentium III 800 Mhz. in an implementation
for SWI-Prolog 4.0.11.

N dc(Cn, Dn) dh(Cn, Dn)
Seg Q–dist Seg Dist

64 0.02 3 0.11 ∼ 2.7 10−20

128 0.06 3 0.21 ∼ 1.4 10−39

256 0.1 3 0.43 ∼ 4.3 10−78

512 0.26 3 0.93 ∼ 3.7 10−155

1024 0.67 3 2.03 ∼ 2.7 10−309

It can be easily calculated that, for all n ≥ 0, dc(Cn, Dn) = 3. If we use the
Hausdorff metric dh based on dnc we have that, for all n ≥ 0

dh(Cn, Dn) =
1

2n+1

which tends to zero in spite of the subsumption relation holds for all n.
In the literature, it can be found other formalizations of the closeness among

clauses (e.g. [3] or [8]), but in all them there exists a strong dependence on the
distance between individual elements.

6 Conclusions and Future Work

In the nineties, the success reached in real-life problems by learning systems
based on clausal representation encouraged the development of techniques of
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generalization, most of them designed ad hoc for a specific problem. The opera-
tors presented in this paper1 might be a significant improvement in the field. The
operators are not related to any specific system, they can be easily implemented
and used in any system. But the main property is that the LOS are sufficient for
all generalization process of clauses based on subsumption. As we have proved,
the LOS are a complete set of generalization operators: If C1 subsumes C2 then
C1 can be reached from C2 by solely applying LOS.

In the second part of the paper we define a quasi-metric on the set of clauses
and give an algorithm to compute it and a method for a quick estimation. The
process of quantifying qualitative relations (as subsumption) is a hard and ex-
iting problem which arises in many fields of Computer Science (see [5]) which is
far from a complete solution. We present a contribution to its study by defining
a quasi-metric on the set of clauses in a natural way, as the minimum number of
operators which map a clause into another. As we have seen, this quasi-metric
considers the clauses as members of a net of relations via subsumption and
overcomes the drawbacks found in others formalizations of closeness.

Finally the definition of quasi-metric is completed with an algorithm to com-
pute it and a bound for a quick estimation. This estimation can be a useful tool
for the design of new learning algorithms based on subsumption.
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Abstract. Decision tree learning is a machine learning technique that
allows accurate and comprehensible models to be generated. Accuracy
can be improved by ensemble methods which combine the predictions
of a set of different trees. However, a large amount of resources is
necessary to generate the ensemble. In this paper, we introduce a new
ensemble method that minimises the usage of resources by sharing the
common parts of the components of the ensemble. For this purpose,
we learn a decision multi-tree instead of a decision tree. We call this
new approach shared ensembles. The use of a multi-tree produces an
exponential number of hypotheses to be combined, which provides
better results than boosting/bagging. We performed several experiments,
showing that the technique allows us to obtain accurate models and
improves the use of resources with respect to classical ensemble methods.

Keywords: Decision-tree learning, Decision support systems, Boosting,
Machine Learning, Hypothesis Combination, Randomisation.

1 Introduction

From the different machine learning approaches which are currently being ap-
plied with successful results, decision tree learning [16] is considered to be a
paradigm with an optimal trade-off between the quality and the comprehensi-
bility of the models learned.

A method that has recently been exploited to improve the accuracy of simple
classifiers consists in the combination of a set of hypotheses (or ensemble) [3].
Well-known techniques for generating and combining hypotheses are boosting [8,
18], bagging [1,18], randomisation [4], stacking [19] and windowing [17]. Although
accuracy is significantly increased, “the large amount of memory required to store
the hypotheses can make ensemble methods hard to deploy in applications”[12].
One way to partially overcome this limitation could be to share the common
parts of the components of the ensemble.

In a previous work [5], we presented an algorithm for the induction of decision
trees which is able to obtain more than one solution. To do this, once a node has
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been selected for splitting, the other possible splits at this point are suspended
and stored until a new solution is required. This way, the search space is a multi-
tree rather than a tree which is traversed thus producing an increasing number
of solutions as the execution time increases. Since each new solution is built
following a suspended node at an arbitrary place in the multi-tree, our method
differs from other approaches such as the boosting method or the bagging method
[1,8,18] which induce a new decision tree for each solution. Therefore, a multi-
tree is not a forest [10] because a multi-tree shares the common parts of different
trees (shared ensemble), whereas a forest is just a collection of trees.

Other works have attempted to generate a forest of ‘different’ trees, either
semantically/vertically (by changing the weights of examples, e.g. boosting [8,
18], or the sample, e.g. bagging [1]) or syntactically/horizontally (by selecting
attribute samples for each tree). Specifically, this latter approach has been pre-
sented independently by [9,10], under the name pseudo-randomly selected feature
subspaces, and by [20], under the name stochastic attribute selection commit-
tees. In both cases, the idea is to pseudo-randomly select a subset of attributes,
to learn a first classifier, and then, to select another subset of attributes and
learn a second classifier, and so on. Next, the elements from the set of decision
tree classifiers (the forest) are combined. A related technique has been presented
by Breiman in [2].

The main aim of both the horizontal and vertical approaches is to obtain
better accuracy in the combination. There have also been attempts to combine
horizontal and vertical approaches, such as the work from [21]. In [4], a ran-
domised method has been introduced in the construction of the tree (random
split criterion) and has been shown to be competitive w.r.t. boosting and bag-
ging.

In this paper, we focus on the combination of hypotheses from the multi-tree
approach in order to obtain accurate models. The use of this structure allows
more hypotheses to be combined than in other combination methods using the
same resources. Several hypothesis-fusion strategies are defined and evaluated
experimentally. We also include a comparison between our approach and some
well-known ensemble methods.

The paper is organised as follows. In Section 2, we introduce the multi-
tree structure. Section 3 discusses different ways to combine the components
of a shared ensemble. Section 4 presents several experiments showing that the
approach effectively generates accurate models. Finally, Section 5 summarises
and presents some future work.

2 Multi-tree Structure

In this section, we present the multi-tree structure, and we discuss the different
criteria required to construct it.

The construction of decision trees is performed in two different steps [17]:

– Tree Construction: The entire decision tree is constructed in this phase.
The process is driven by a splitting criterion that selects the best split. The
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selected split is applied to generate new branches, and the rest of the splits
are discarded. The algorithm stops when the examples that fall into a branch
belong to the same class.

– Pruning. This phase consists in the removal of useless parts of the tree.
There are two options: pre-pruning, when the process is performed during
the construction of the tree, or post-pruning, when the pruning is performed
by analysing the leaves once the tree has been built.

Thus, decision trees are built in an eager way, which makes it possible for the
quick construction of a model. However, it may produce bad models because of
bad decisions.

In [5], we have defined a new structure in which the rejected splits are not
removed, but stored as suspended nodes. The further exploration of these nodes
after the first solution is built permits the extraction of new models from this
structure. For this reason, we call it a decision multi-tree, rather than a decision
tree. Since each new model is obtained by continuing the construction of the
multi-tree, these models share their common parts. A decision multi-tree can
also be seen as an AND/OR tree [13,15], if one considers the split nodes as
being OR-nodes and considers the nodes generated by an exploited OR-node as
being AND-nodes.

To populate a multi-tree, we need to specify a criterion that selects one of the
suspended nodes. In [6], we presented and evaluated some possible criteria, such
as topmost, bottom, or random. Our experimental results showed that random
is a trade-off between speed and quality.

Once the multi-tree has been built, we can use it for two different purposes: to
select one or n comprehensible models (decision trees) according to a selection
criterion (Occam, MDL, . . .), or to use the multi-tree as an ensemble whose
components can be combined. In this paper, we address the latter.

X<6

Y=b

Y=a Y=b

X>3 X<3 X>9 X<9Y=a

X>6

Fig. 1. Selection of a single decision tree from the multi-tree structure.
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Figure 1 shows a decision multi-tree. OR-nodes are represented with an arc
and leaves are represented by rectangles. Three different models are exhibited
in this multi-tree since two suspended nodes have been exploited.

The decision multi-tree approach presents some interesting features. First,
the number of solutions grows exponentially wrt. the number of suspended OR-
nodes that are exploited. Secondly, the solutions share some of their parts. The
percentage of the shared quantity depends on the depth of the suspended OR-
node that is exploited. Exploring deep suspended nodes in the bottom areas of
the multi-tree causes the generation of models that share many of their con-
ditions; therefore they could be very similar. However, the exploration of OR-
nodes in the top positions of the multi-tree produces solutions which are different
enough.

3 Shared Ensemble Combination

In this section, we address the question of how to combine different solutions in
a multi-tree. Given several classifiers that assign a probability to each prediction
(also known as soft classifiers), there are several combination methods or fusion
strategies. Let us denote by pk(cj |x) an estimate of the posterior probability that
classifier k assigns class cj for example x. In decision tree learning, the pk(cj |x)
depends on the leaf node where each x falls. More precisely, these probabilities
depend on the proportion of training examples of each class that have fallen into
each leaf node during training. The reliability of each leaf usually depends on
the cardinality of the leaf.

Let us define a class vector vk,j(x) as the vector of training cases that fall in
each node k for each class j. For leaf nodes, the values would be the training cases
of each class that have fallen into the leaf. To propagate these vectors upwards to
internal nodes, we must clarify how to propagate through AND and OR nodes.
This is done for each new unlabelled example we want to make a prediction
for. For the OR-nodes, the answer is clear: an example can only fall through
one of its children. Hence, the vector would be the vector of the child where
the example falls. AND-nodes, however, must do a fusion whenever different
alternate vectors occur. This is an important difference in shared ensembles:
fusion points are distributed all over the multi-tree structure. Following [11], we
have considered several fusion strategies that convert m class vectors into one
combined vector Ωj :

– sum: Ωj =
∑m

k=1 vk,j

– arithmetic mean: Ωj =
∑m

k=1
vk,j

m
– product: Ωj =

∏m
k=1 vk,j

– geometric mean: Ωj = m
√∏m

k=1 vk,j

– maximum: Ωj = maxk(vk,j)
– minimum: Ωj = mink(vk,j)

There have been some studies to determine which strategy is better. In particu-
lar, [11] concludes that, for two-class problems, minimum and maximum are the
best strategies, followed by average (arithmetic mean).
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In addition, we have devised some transformations to be done to the original
vectors at the leaves before its propagation:

– good loser : v′
k,j(x) =

∑
j vk,j(x) if j = argmax(vk,j(x)) and 0 otherwise

– bad loser: v′
k,j(x) = vk,j(x) if j = argmax(vk,j(x)) and 0 otherwise.

– majority: v′
k,j(x) = 1 if j= argmax(vk,j(x)) and 0 otherwise.

– difference: v′
k,j(x) = vk,j(x)− ∑

i �=j vk,j(x)

For example, the following table shows the results of applying the transforma-
tions to two vectors.

Original Good loser Bad loser Majority Difference
{ 40, 10, 30 } { 80, 0, 0 } { 40, 0, 0} { 1, 0, 0 } { 0, -60, -20 }
{ 7, 2, 10 } { 0, 0, 19 } { 0, 0, 10 } { 0, 0, 1 } { -5, -15, 1 }

In the next section, we show an experimental evaluation of these fusion and
transformation methods for problems with more than two classes.

4 Experiments

In this section, we present an experimental evaluation of our approach, as it
is implemented in the SMILES system [7]. SMILES is a multi-purpose machine
learning system which (among many other features) includes the implementation
of a multiple decision tree learner.

For the experiments, we used GainRatio [17] as splitting criterion and we
chose a random method [6] for populating the shared ensemble (after a solution
is found, a suspended OR-node is woken at random). Pruning is not enabled.

The experiments were performed in a Pentium III-800Mhz with 180MB of
memory running Linux 2.4.2. We have used several datasets from the UCI dataset
repository [14]. Table 1 shows the dataset name, the size in number of examples,
the number of classes and the number of nominal and numerical attributes.

Since there are many sources of randomness, we performed the experiments
by averaging 10 results of a 10-fold cross-validation. This makes a total of 100
runs for each pair composed of a method and a dataset.

4.1 Evaluation of Fusion and Vector Transformation Techniques

Table 2 shows the mean accuracy and the standard deviation using the different
fusion techniques introduced in Section 3 for each dataset. We summarise the
results with the geometric means for each technique.

The techniques studied are sum, product, maximum, minimum, and arith-
metic mean, all of which use the original vectors. In the table, we do not include
the experiments with geometric mean because they are equivalent to the results
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Table 1. Information about datasets used in the experiments.

# Dataset Size Classes Nom.Attr. Num.Attr.
1 Balance-scale 625 3 0 4
2 Cars 1728 4 5 0
3 Dermatology 358 6 33 1
4 Ecoli 336 8 0 7
5 Iris 150 3 0 4
6 House-votes 435 2 16 0
7 Monks1 566 2 6 0
8 Monks2 601 2 6 0
9 Monks3 554 2 6 0
10 New-thyroid 215 3 0 5
11 Post-operative 87 3 7 1
12 Soybean-small 35 4 35 0
13 Tae 151 3 2 3
14 Tic-tac 958 2 8 0
15 Wine 178 3 0 13

Table 2. Comparison between fusion techniques.

Arit. Sum. Prod. Max. Min.
# Acc. Dev. Acc. Dev. Acc. Dev. Acc. Dev. Acc. Dev.
1 80.69 5.01 81.24 4.66 76.61 5.04 83.02 4.76 76.61 5.04
2 91.22 2.25 91.25 2.26 83.38 3.65 90.90 2.09 83.38 3.65
3 94.17 4.06 94.34 3.87 89.06 5.19 94.00 4.05 89.06 5.19
4 80.09 6.26 79.91 6.13 76.97 7.14 80.09 6.11 76.97 7.14
5 95.63 3.19 95.77 3.18 93.28 3.71 95.93 2.81 93.28 3.71
6 94.53 5.39 94.20 5.66 94.00 5.34 94.47 5.45 94.40 5.34
7 99.67 1.30 99.71 1.18 81.00 8.60 99.89 0.51 81.00 8.60
8 73.35 5.86 73.73 5.82 74.53 5.25 77.15 5.88 74.53 5.25
9 97.87 2.00 97.91 1.80 97.58 2.45 97.62 1.93 97.58 2.45
10 94.52 4.25 93.76 5.10 92.05 5.71 92.57 5.43 92.05 5.71
11 62.50 16.76 63.25 16.93 61.63 17.61 67.13 14.61 61.63 17.61
12 97.50 8.33 97.50 9.06 97.75 8.02 94.75 11.94 97.75 8.02
13 63.60 12.59 64.33 11.74 62.00 12.26 63.93 12.03 62.00 12.26
14 81.73 3.82 82.04 3.78 78.93 3.73 82.68 3.97 78.93 3.73
15 94.06 6.00 93.88 6.42 91.47 7.11 92.53 6.99 91.47 7.11

Geomean 85.83 4.72 85.99 4.71 82.53 5.93 86.40 4.52 82.55 5.93

of product. The multi-tree was generated by exploring 100 suspended OR-nodes,
thus giving thousands of possible hypotheses (with much less required memory
than 100 non-shared hypotheses). According to the experiments, the best fusion
technique was maximum. Thus, we will use this fusion method to study the effect
of applying the transformations on the vector.

Table 3 illustrates the results for accuracy using the original vector and the
good loser, bad loser, majority and difference transformations. According to these
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Table 3. Comparison between vector transformation methods.

Max + Orig Max + Good Max + Bad Max + Majo. Max + Diff.
# Acc. Dev Acc. Dev Acc. Dev Acc. Dev Acc. Dev
1 83.02 4.76 83.02 4.76 83.02 4.76 67.84 6.61 83.02 4.76
2 90.90 2.09 90.90 2.09 90.90 2.09 81.48 3.22 90.90 2.09
3 94.00 4.05 94.00 4.05 94.00 4.05 79.97 7.98 94.00 4.05
4 80.09 6.11 80.09 6.11 80.09 6.11 78.21 6.07 80.09 6.11
5 95.93 2.81 95.93 2.81 95.93 2.81 89.44 4.84 95.93 2.81
6 94.47 5.45 94.47 5.45 94.47 5.45 91.47 6.90 94.47 5.45
7 99.89 0.51 99.89 0.51 99.89 0.51 77.58 6.29 99.89 0.51
8 77.15 5.88 77.15 5.88 77.15 5.88 83.42 5.06 77.15 5.88
9 97.62 1.93 97.62 1.93 97.62 1.93 90.40 4.02 97.62 1.93
10 92.57 5.43 92.57 5.43 92.57 5.43 89.14 6.74 92.57 5.43
11 67.13 14.61 67.13 14.61 67.13 14.61 68.25 15.33 67.00 14.60
12 94.75 11.94 94.75 11.94 94.75 11.94 50.75 28.08 94.75 11.94
13 63.93 12.03 63.87 12.14 63.93 12.03 60.93 11.45 65.13 12.53
14 82.68 3.97 82.68 3.97 82.68 3.97 68.26 4.35 82.68 3.97
15 92.53 6.99 92.53 6.99 92.53 6.99 78.41 11.25 92.53 6.99

Gmean 86.40 4.52 86.39 4.53 86.40 4.52 76.11 7.19 86.49 4.54

experiments, all transformations get very similar results, except from majority.
We will use the combination max + difference in the following experiments.

4.2 Influence of the Size of the Multi-tree

Let us study the influence of the size of the multi-tree, varying from 1 to 1,000
explored OR-nodes. Table 4 shows the accuracy obtained using the shared en-
sembles depending on the number of OR-nodes opened. The results indicate
that the greater the population of the multi-tree the better the results of the
combination are.

4.3 Comparison with Other ensemble Methods

Figure 2 presents an accuracy comparison among our method (multi-tree), the
boosting method and the bagging method (multi-tree and bagging without prun-
ing) for the mean of all the 15 datasets, depending on the number of iterations.
We have employed the Weka1 implementation of these two ensemble methods.

Although our method initially obtains lower results with few iterations, with
a higher number of iterations it surpasses the other two systems. Probably the
slow increase of accuracy in the multi-tree method is due to the random selection
of the OR-nodes to be explored.

Nevertheless, the major advantage of the method can be appreciated by
looking at the consumption of resources. Figure 3 shows the average training
1 http://www.cs.waikato.ac.nz/∼ml/weka/
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Table 4. Influence of the size of the multi-tree.

1 10 100 1000
# Acc. Dev. Acc. Dev. Acc. Dev. Acc. Dev.
1 76.82 4.99 77.89 5.18 83.02 4.76 87.68 4.14
2 89.01 2.02 89.34 2.20 90.90 2.09 91.53 2.08
3 90.00 4.72 91.43 4.67 94.00 4.05 94.00 4.05
4 77.55 6.96 78.58 6.84 80.09 6.11 80.09 6.11
5 93.63 3.57 94.56 3.41 95.93 2.81 95.56 2.83
6 94.67 5.84 94.27 5.69 94.47 5.45 95.00 5.14
7 92.25 6.27 96.45 4.15 99.89 0.51 100.00 0.01
8 74.83 5.17 75.33 5.11 77.15 5.88 82.40 4.52
9 97.55 1.89 97.84 1.86 97.62 1.93 97.75 1.92
10 92.62 5.22 93.43 5.05 92.57 5.43 90.76 5.89
11 60.88 17.91 63.00 15.88 67.00 14.60 68.13 15.11
12 97.25 9.33 96.00 10.49 94.75 11.94 95.50 10.88
13 62.93 12.51 65.00 12.19 65.13 12.53 65.33 12.92
14 78.22 4.25 79.23 4.03 82.68 3.97 84.65 3.34
15 93.12 6.95 93.29 6.31 92.53 6.99 92.99 5.00

Gmean 83.88 5.52 84.91 5.30 86.49 4.54 87.47 4.47

time depending on the number of iterations (1-300) for the three methods. Note
that, as expected, the time increase of bagging is linear. Boosting behaves better
with high values because the algorithm implemented in Weka trickily stops the
learning if it does not detect a significant increase in accuracy. Finally, SMILES
presents a sub-linear increase of required time due to the sharing of common
components of the multi-tree structure.

5 Conclusions

This work has presented a novel ensemble method. The main feature of this
technique is the use of a structure called multi-tree that permits sharing common
parts of the single components of the ensemble. For this reason, we call it shared
ensemble.

Several combination methods or fusion strategies have been presented, as well
as class vector transformation techniques. The effectiveness of these methods has
also been examined by an experimental evaluation. We have also investigated the
importance of the size of the multi-tree w.r.t. the quality of the results obtained.

Finally we have compared the new ensemble method with some well-known
ensemble methods, namely boosting and bagging. The accuracy results for the new
method are quite encouraging: although our results are initially worse than the
other two methods, when the number of iterations is increased, the new approach
equals and even excels the other methods. Nevertheless, as we have shown, it is in
the use of resources where the shared ensembles offer an important advance. Our
system is very appropiate for complex problems where other ensemble methods
such as boosting or bagging require huge amounts of memory and time.
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Fig. 3. Time comparison between ensemble methods.

As future work, we propose the study of a new strategy for generating trees.
This strategy would be different from the current random technique we have
employed to explore OR-nodes, and would probably be based on the semantic
discrepancy of classifiers. This technique would provide a way to improve the
results of our ensemble method with few iterations.
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Abstract. We present a new approach for Cluster Analysis based on a  Greedy
Randomized Adaptive Search Procedure (GRASP), with the objective of
overcoming the convergence to a local solution.  It uses a probabilistic greedy
Kaufman initialization for getting initial solutions and K-Means algorithm as a
local search algorithm. We compare it with some typical initialization methods:
Random, Forgy, Macqueen and Kaufman. The new approach obtains high
quality solutions for the benchmark problems.

1   Introduction

Clustering is a basic process to human understanding. The grouping of related objects
can be found such diverse fields as statistics, economics, physics, psychology,
biology, pattern recognition, engineering, and marketing [3,5].

The Clustering problem involves partitioning a set of entities  into a given number
of subsets and finding the location of a centre for each subset  in such a way that a
dissimilarity measure between entities and centres is minimized. K-Means is one of
the most known clustering algorithms. Although it is known for its robustness, it can
fall in local optimal solutions easily. It is widely reported that the K-Means algorithm
suffers from initial starting conditions effects: initial clustering and instance order as
shown in [4].

In this contribution, we propose a  Greedy Randomized Adaptive Search Procedure
(GRASP) [2] applied to the Clustering problem, using K-Means as local search
procedure. Our algorithm tries to eliminate the classical problem of the K-Means
algorithm, hold up solutions in local optima, by permitting a higher exploration and
exploitation of the search space, with a medium computational cost.

In order to do that, the paper is organized as follows. Section 2 introduces a
background on clustering, K-means and initialization approaches. Section 3 presents
the GRASP approach to clustering. Section 4  shows the experiments and  their
analysis, and finally, Section 5 points out some concluding remarks.
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2   Background

A common problem in cluster analysis is partitioning objects into a fixed number of
groups to optimize an objective function-based clustering. These objects are measured
along several features that characterize them. Patterns can be viewed as vectors in a
high dimensional space, where each dimension corresponds to one feature.

In this section we introduce the formalization of clustering, the K-Means
algorithms, and four initialization approaches.

2.1   Clustering Problem

The clustering problem can be formalized as follows [1]: Considering N entities ei,
each with an associated weight wi (i=1,..,N), we search for k centres cj (j=1,...,k)
minimizing:

where d(ei,cj) measures the dissimilarity between ei and cj. In our case, where the
entities are described by their co-ordinates in ℜ m , d(ei,cj) is the Euclidean distance.
Basically, clustering is a combinatorial optimization problem.
Let
      Q be set containing all objects to be clustered,
      C be the set of all feasible clustering of  Q,
      J: C → ℜ  be the internal clustering criterion,
then the problem involves 

Minimize J(c) subject to c ∈  C.

The complexity of the clustering problem is given by different factors:

1. The clustering is an NP-HARD problem. Therefore, an exhaustive approach is
not practicable due to the exponential number of the potential partitions of the
input data. The number of possible partitions of N elements  into k clusters is
given by

2. The clustering complexity grows if the number of groups is unknown. In such a
case he number of solutions becomes:

3. It is very difficult to translate the concept of ‘similarity’ into a unique
mathematical model, but this depends on the clustering goal.
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Due to these reasons, trying to get a global optimal solution by means of an
efficient and robust method is difficult. Thus, there is a considerable interest in the
design of new heuristics to solve large-sized practical clustering problems.

2.2   K-Means Algorithm

K-means evaluates a set of k selected objects, which are considered representatives
for the k clusters to be found within the source set of N objects. Given the set of
representative objects, the remaining objects are assigned to the nearest representative
one, using a chosen distance measure.

The philosophy is that a better set of clusters is obtained when the k representative
objects are more centrally located in the cluster they define. For this reason, a suitable
objective function to be minimized is the sum of the distances  from the respective
centers to all the other objects of the same cluster. The function value depends on the
current partition of the database {C1,...,Ck}:

with πk(Ω) being the set of all partitions of the database Ω={e1,...,eN} in k non-empty
clusters. Each instance ei of the N instances in the database Ω is an m-dimensional
vector.

The K-Means algorithm finds locally optimal solutions using the Euclidean
distance in the clustering criterion. This criterion is sometimes referred to as square-
error criterion. Therefore, it follows that:

where k is the number of clusters, ki the number of objects of the cluster i, eij is the    j-
th object of the i-th cluster and  ci is the centroid of the i-th cluster defined as:

The pseudo-code for this algorithm is:

1. Select an initial partition of the database in k clusters {C1,...,Ck}
2. Calculate cluster centroids, using the expression of its definition.
3.  For every ei in the database and following the instance order DO

•  Reassign instance ei to its closest cluster centroid. Hence,  ei ∈  Cs is moved
to Ct if    ||ei – ct|| ≤ ||ei – cs|| for all t=1,...,k, t≠s.

•  Recalculate centroids for those clusters.

4. If cluster membership is stabilized then stop else go to step 3.

The K-Means algorithm has the drawbacks:
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•  It assumes that the number of clusters k in the database is known, which is
not necessarily true.

•  It  is especially sensitive to initial starting conditions: initial clusters and
instance order.

•  It  converges finitely to a local minimum, defined by a deterministic mapping
from the initial conditions to the final solution.

2.3   Initialization Approaches

The second problem, sensitivity to initial conditions, may be mitigated using different
values of k, some instance orders and different initialization methods.

In this section we describe four initialization approaches [4]. Each one generates k
initial clusters following some kind of heuristic and produces  a different K-Means
response.

These four  classical methods are:

− Random: Divides the database into a partition of K  randomly selected clusters.
− Forgy: k instances of the database (seeds) are chosen at random and the rest of the

instances are assigned  to the cluster represented by the nearest seed.
− Macqueen: k instances of the database (seeds) are chosen at random. Following the

instance order, the rest of the instances are assigned to the cluster with the nearest
centroid. After each assignment, a recalculation of the centroid has to be carried
out.

− Kaufman: The initial clustering is obtained by the successive selection of
representative instances. The first representative is chosen to be the most centrally
located instance in the database. The rest of representative instances are selected
according to the heuristic rule of choosing the instances that promise to have
around them a higher number of the rest of instances and that are located as far as
possible from the  previously fixed ones.

Differences between these initialization methods are:

- Random and Forgy generate an initial partition independently of the instance
order.

- Macqueen generates an initial partition that  depends on the instance order.
- Kaufman is  the only deterministic one, based on a greedy approach.

3   GRASP Approach to the Clustering Problem

In this section we introduce the GRASP approach and present its application to
clustering.
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3. 1   Greedy Randomized Adaptive Search Procedure (GRASP)

A generic GRASP pseudo-code is shown as follows [2]:

Procedure grasp( )
   InputInstance();
   For GRASP stopping criterion not satisfied
       ConstructGreedyRandomizedSolution(Solution);
       LocalSearch(Solution);
       UpdateSolution(Solution,BestSolutionFound);
    Rof
    Return(BestSolutionFound);
End grasp;

In the construction phase, a feasible solution is iteratively constructed, choosing
one element at a time. At each construction algorithm iteration, the choice of the next
element to be added is determined by ordering all elements in a candidate list with
respect to a greedy selection function. This function measures the benefit of selecting
each element. The probabilistic component of a GRASP is characterized by randomly
choosing one of the best candidates in the list, but not necessarily the top one. The list
of the best candidates is called the restricted candidate list (RCL) and has dimension l.
This choice technique allows different solutions to be obtained at each GRASP
iteration, but does not necessarily compromise the power of the adaptive greedy
component of the method.

The GRASP construction phase pseudo-code is:

Procedure ConstructGreedyRandomizedSolution(Solution)
    Solution={};
    For Solution construction not done
         MakeRCL(RCL);
         s = SelectElementAtRandom(RCL);
         Solution = Solution ∪  {s};
         AdaptGreedyFunction(s);
     Rof
End ConstructGreedyRandomizedSolution;

The solutions generated by a GRASP construction algorithm are not guaranteed to
be locally optimal with respect to simple neighborhood solutions. Hence, it is almost
always useful to apply a local search to attempt to improve each constructed solution.
A local search algorithm works in an iterative fashion by successively replacing the
current solution by a better solution in the neighborhood of the current one. The key
to success for a local search algorithm involves a suitable choice for a neighborhood
structure, efficient neighborhood search techniques, and the starting solution.
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Finally, the GRASP local search phase pseudo-code is shown:

Procedure Local (P,N(P),s)
     For s not locally optimal
            Find a better solution t ∈  N(s);
            Let s=t;
     Rof
     Return (s as local optimal for P)
End local

with P being  a problem (clustering in our case), N(P) being a mechanism to obtain
neighbors for P, and  s being a solution for P.

3.2   A Proposal on GRASP  for the Clustering Problem

Following the generic GRASP structure, it is easy to adapt the algorithm to the
clustering problem using the greedy Kaufman method.

The stopping criterion  is defined in terms of the maximum number of iterations,
whilst the K-Means is introduced as a local search algorithm.

To construct the greedy randomized solution, the Kaufman initialization [3] is
taken as a base, because it  is a greedy deterministic initialitation algorithm. Using the
Kaufman   criterion, the RCL list is generated by the most promising objects for each
center of the solution and one of those candidates is randomly selected.

A generic pseudo-code of the GRASP construction phase for clustering is:

Step 1. Select the most centrally located instance as the first seed.
Step 2. FOR every non selected instance ei   DO
         Step 2.1.FOR every non selected instance ej DO

   Calc Cji = max(Dj – dji, 0) where dji =||ei -ej ||
   and Dj = minsdsj being s one of the

            selected  seeds
         Step 2.2. Calculate the gain of selecting ei

                   by Σj Cji

Step 3.  MakeRCL(RCL) by selecting the l instances ei which maximizes Σj Cji

Step 4.  SelectElementAtRandom(RCL)
Step 5. If there are k selected seeds THEN stop ELSE   go to Step 2.
Step 6. For having a clustering assign each nonselected instance to the cluster

   represented by the nearest seed.

When the k objects have been taken, the local search (K-Means in this case) is
applied  taking the clustering obtained as initialization. Then, we compare the local
solution cost obtained with the best solution cost found so far, and we take the best.
This process  continues until all the iterations have been done.

The use of K-Means offers an efficient and low computational cost method to
obtain relatively good solutions, but converges to a local minimum. The GRASP
construction phase corrects this problem, performing a wide space exploration search.
Note that our algorithm constitutes a new initialization method for K-Means, which
better explores the search space.
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4   Experimental Results

Next, we present the sample process, the results obtained in our experiments, and an
analysis.

4.1   Sampling Process

The performance of our  algorithm is studied with various  instance sets, trying to get
conclusions independent of the problem. Four  real-world databases are considered:

•  Glass, which has 214 instances, 9 attributes and 7 clusters that can be
grouped in 2 bigger classes.

•  Titanic, which has 2200 instances, 4 attributes and 2 classes.
•  Segmentation Image, which has 2310 instances, 19 attributes and 7 classes.
•  Pima, which has 768 instances, 8 attributes  and 2 classes.

Since the K-Means algorithm strongly depends on initial conditions, this problem
of initial starting conditions is mitigated using different values of k and some instance
orders.

The following initial number of clusters have been considered:

- Glass: k= 7, 10
- Titanic: k= 4, 10
- Segmentation Image: k= 6, 12
- Pima: k= 6, 10

First, we applied three K-Means variants (each one with its own  initialization:
Random, Forgy and Macqueen). The sampling process followed is based on the
combination of four initial partitions and four instance orders (see [4]) and taking the
best result of those sixteen runs.

This process is executed ten times and the following values are taken: arithmetic
mean, standard deviation and the best solution.

On the other hand, the evaluation of K-Means with Kaufman initialization has been
done using 10 random instance orders of each problem. Although Kaufman
initialization seems to be  a completely deterministic initialization method, this is not
completely true. When one instance has the same Euclidean distance to two cluster
centers, this instance will be associated to the first of them. If we have some instances
in this situation, their  order  will modify the evolution of the k centers.

The proposed GRASP algorithm is studied using sixteen iterations in each
execution (running sixteen K-means). Ten executions  of the GRASP algorithm are
made,  getting the arithmetic mean, the standard deviation and the best solution  from
those executions. The RCL size used is fifteen (l = 15), which is flexible enough to
obtained optimal solutions due the database sizes. Therefore, in order to compare
GRASP evaluation with the remaining K-Means initialization methods, we use the
same number of K-Means runs than GRASP iterations for every execution of
Random, Forgy and Macqueen initialization methods.
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4.2. Results

Experimental results are presented in Tables 1-8.

Table 1. Glass results, k=7

Arithmetic mean Standard
Deviation

Best
Solution

Random 206.632 0.704 205.307
Forgy 206.493 0.723 205.889
Macq. 206.635 0.676 205.889

Kaufm. 211.658 0 211.158
GRASP 205.239 0.486 204.992

Table 2. Glass results, k=10

Arithmetic mean Standard
Deviation

Best
Solution

Random 179.042 2.670 175.945
Forgy 176.710 1.205 176.044
Macq. 177.144 1.389 176.044

Kaufm. 188.691 0 188.691
GRASP 176.058 0.089 175.945

Table 3. Titanic results, k=4

Arithmetic mean Standard
Deviation

Best
Solution

Random 1110.034 19.662 1080.426
Forgy 1437.635 297.603 1282.327
Macq. 1442.327 301.718 1282.327

Kaufm. 1170.012 0 1170.012
GRASP 1071.458 1.368 1070.661

Table 4. Titanic results, k=10

Arithmetic mean Standard
Deviation

Best
Solution

Random 880.530 71.877 670.166
Forgy 992.681 82.042 930.914
Macq. 991.914 84.564 930.914

Kaufm. 340.696 0 340.696
GRASP 329.234 4.196 327.234

Table 5. Segmentation Image results, k=6

Arithmetic mean Standard
Deviation

Best
Solution

Random 158581.932 470.346 158141.047
Forgy 158261.497 626.579 157923.297
Macq. 158334.78 321.169 157923.297

Kaufm. 159233.335 0.0178 159233.297
GRASP 158246.504 312.505 157917.547
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Table 6. Segmentation Image results, k=12

Arithmetic mean Standard
Deviation

Best
Solution

Random 117819.845 3263.117 114229.797
Forgy 114244.441 7.570 114237.953
Macq. 115645.357 8.724 114237.842

Kaufm. 114248.172 0 114248.172
GRASP 114221.817 1.066 114220.75

Table 7. Pima results, k=6

Arithmetic mean Standard
Deviation

Best
Solution

Random 29415.066 15.681 29403.762
Forgy 29426.369 14.519 29403.762
Macq. 29428.447 15.117 29403.762

Kaufm. 30729.2 0.013 30729.195
GRASP 29403.763 0.001 29403.762

Table 8. Pima results, k=10

Arithmetic mean Standard
Deviation

Best
Solution

Random 24287.956 134.991 24120.801
Forgy 24136.125 26.718 24117.748
Macq. 24137.881 23.687 24117.748

Kaufm. 24340.811 0 24340.811
GRASP 24127.770 7.929 24117.748

 4.3   Analysis

Comparing  results, we notice that Forgy and Macqueen usually give very similar
results. They seem to have the same behaviour, keeping the same or similar local
minimum. Their results improve those given by  Random initialization, with any
number of clusters, except in the Titanic database. Thus, both Forgy and Macqueen
initialization respond better than Random, with this difference more significant when
k grows.

It is clear that Kaufman initialization by itself does not obtain the best results
compared to the classical initialization methods. We conclude that  the heuristic used
in Kaufman initialization needs a more flexible centroid selection to reach this global
optimum.

Finally, we compare the results obtained from GRASP with the remaining K-
Means initialization methods. As said, this comparison is feasible because we are
comparing ten GRASP runs versus ten sampling processes runs (16 K-Means runs
with different initialization approaches). This comparison is based on effectiveness
and robustness:

•  If we study each  table we notice that GRASP gets the best results in every
problem for all initial  numbers of clusters k. GRASP is the most effective
algorithm, because it is doing a better exploration of the search space than K-
Means using Kaufman initialization can do by itself.
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•  On the other hand, GRASP presents similar robustness (small values for the
standard deviation) to Kaufman K-Means in  most of the cases, and better
robustness than the remaining approaches.

Although GRASP is computationally a little more demanding than the remaining
K-Means initializations with the same number of runs/iterations (due to the
computational time needed by the construction phase), GRASP induces the K-Means
algorithm to present a better performance and a more robust behaviour.

5   Concluding Remarks

The K-Means algorithm suffers from its dependence on initial conditions which under
certain conditions leads to a local minimum. We present a GRASP algorithm based
on Kaufman initialization to avoid this drawback.

 The GRASP algorithm has been empirically compared with four classical
initialization methods (Random, Forgy, Macqueen and Kaufman) being the most
effective algorithm.
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Abstract. The Phe-Q machine learning technique, a modified Q-learning tech-
nique, was developed to enable co-operating agents to communicate in learning
to solve a problem. The Phe-Q learning technique combines Q-learning with syn-
thetic pheromone to improve on the speed of convergence. The Phe-Q update
equation includes a belief factor that reflects the confidence the agent has in the
pheromone (the communication) deposited in the environment by other agents.
With the Phe-Q update equation, speed of convergence towards an optimal solu-
tion depends on a number parameters including the number of agents solving a
problem, the amount of pheromone deposited, and the evaporation rate. In this
paper, work carried out to optimise speed of learning with the Phe-Q technique
is described. The objective was to to optimise Phe-Q learning with respect to
pheromone deposition rates, evaporation rates.

1 Introduction

In situations where building a partial or complete model of a complex problem and/or
environment is impractical or impossible, learning to solve the problem may be the only
solution. In addition, it is often convenient when solving complex or large problems,
to break down the problem into its component parts, and each part dealt with sepa-
rately. This technique is often seen in nature and one such example is the ant foraging
behaviour. The ant colony exhibits a collective problem solving ability [4,9]. Complex
behaviours emerge from the interaction of the relatively simple behaviour of individ-
ual ants. A characteristic that multi-agent systems seek to reproduce. The ant colony
exhibits among other features, co-operation and co-ordination, and communicate im-
plicitly by depositing pheromone chemicals. The ant foraging for food will deposit a
trail of pheromone. The problem for the ants is to find the shortest path between the
nest and the food source whilst minimising energy. The Phe-Q algorithm was inspired
by the search strategies of foraging ants, combining reinforcement learning [3,19] with
synthetic pheromone. Reinforcement learning has been applied with some success to
classical A.I. problems. With this technique, the agent learns by trial and error. Phe-Q
algorithm is described in [16]. The performance of the Phe-Q agent is dependent on a
few factors namely pheromone deposition and diffusion rates, pheromone evaporation
rate. Furthermore, in the context of multiple agents cooperating to solve a problem, there
is an optimum number of agents required to maximise speed of learning whilst minimis-
ing computational requirements. An investigation into the learning factors of the Phe-Q
agent was carried out. The results are presented in this paper.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 224–232, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



An Analysis of the Pheromone Q-Learning Algorithm 225

Section 2 briefly describes ant foraging behaviour and presents some related work
inspired by ant foraging mechanisms. Section 3 describes the Phe-Q learning algorithm.
In Section 4, optimisation of the Phe-Q parameters is discussed. Experiments and results
obtained in optimising the algorithm are presented in Sections 5 and 6 respectively. In
Section 7 the results are analysed and finally the paper concludes in Section 8.

2 Ant Behaviour and Related Work

Ants are able to find the shortest path between the nest and a food source by an auto
catalytic process [1,2,14]. This process comes about because ants deposit pheromones
along the trail as they move along in the search for food or resources to construct a nest.
The pheromone evaporates with time nevertheless ants follow a pheromone trail and at a
branching point prefer to follow the path with higher concentrations of pheromone. On
finding the food source, the ants return laden to the nest depositing more pheromone along
the way thus reinforcing the pheromone trail. Ants that have followed the shortest path
are quicker to return the nest, reinforcing the pheromone trail at a faster rate than those
ants that followed an alternative longer route. Further ants arriving at the branching point
choose to follow the path with the higher concentrations of pheromone thus reinforcing
even further the pheromone and eventually all ants follow the shortest path. The amount
of pheromone secreted is a function of an angle between the path and a line joining
the food and nest locations [5]. So far two properties of pheromone secretion were
mentioned: aggregation and evaporation [18]. The concentration adds when ants deposit
pheromone at the same location, and over time the concentration gradually reduces by
evaporation. A third property is diffusion [18]. The pheromone at a location diffuses into
neighbouring locations.

Ant behaviour has been researched not only for the understanding of the species but
also as an inspiration in developing computational problem-solving systems. A method-
ology inspired by the ant behaviour was developed in [8,11,13]. Some of the mecha-
nisms adopted by foraging ants have been applied to classical NP-hard combinatorial
optimisation problems with success. In [10] Ant Colony Optimisation is used to solve
the travelling salesman problem, a quadratic assignment problem in [13], the job-shop
scheduling problem in [7], communication network routing [6] and the Missionaries and
Cannibals problem in [17].

In [12] Gambardella suggests a connection between the ant optimisation algorithm
and reinforcement learning (RL) and proposes a family of algorithms (Ant-Q) related
to Q-learning. The ant optimisation algorithm is a special case of the Ant-Q family. The
merging of Ant foraging mechanisms and reinforcement learning is also described in
[15]. Three mechanisms found in ant trail formation were used as exploration strategy
in a robot navigation task. In this work as with the Ant-Q algorithm, the information
provided by the pheromone is used directly for the action selection mechanism.

Another work inspired by ant behaviour is reported in [21]. It is applied to a multi-
robotic environment where the robots transport objects between different locations.
Rather than physically laying a trail of synthetic pheromones, the robots communicate
path information via shared memory.
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3 Pheromone-Q Learning

The Phe-Q technique combines Q-Learning [22] and synthetic pheromone, by introduc-
ing a belief factor into the update equation. The belief factor is a function of the synthetic
pheromone concentration on the trail and reflects the extent to which an agent will take
into account the information lay down by other agents from the same co-operating group.
Reinforcement learning and synthetic pheromone have previously been combined for
action selection [15,21]. The usefulness of the belief factor is that it allows an agent to
selectively make use of implicit communication from other agents where the informa-
tion may not be reliable due to changes in the environment. Incomplete and uncertain
information are critical issues in the design of real world systems, Phe-Q addresses this
issue by introducing the belief factor into the update equation for Q-Learning.

The main difference between the Q-learning update equation and the pheromone-
Q update equation is the introduction of a belief factor that must also be maximised.
The belief factor is a function of synthetic pheromone. The synthetic pheromone (Φ(s))
is a scalar value (where s is a state/cell in a grid) that comprises three components:
aggregation, evaporation and diffusion. The pheromone Φ(s) has two possible discrete
values, a value for the pheromone deposited when searching for food and when returning
to the nest with food. The belief factor (B) dictates the extent to which an agent believes
in the pheromone that it detects. An agent, during early training episodes, will believe to
a lesser degree in the pheromone map because all agents are biased towards exploration.
The belief factor is given by ( 1)

B(st+1, a) =
Φ(st+1)∑
σ∈Na

Φ(σ)
(1)

where Φ(s) is the pheromone concentration at a cell, s, in the environment and Na is
the set of neighbouring states for a chosen action a. The Q-Learning update equation
modified with synthetic pheromone is given by ( 2)

Q̂n(st, a)←− (1− αn)Q̂n−1(st, a) +
αn(rt + γ′ ·maxa′(Q̂n−1(st+1, a

′) +
ξB(st+1, a

′)) (2)

where the parameter, ξ, is a sigmoid function of time (epochs ≥ 0). The value of ξ
increases as the number of agents successfully accomplish the task at hand. It can be
shown that the pheromone-Q update equation converges for a non-deterministic MDP. 1

4 Optimal Choice of Parameters

The objective is to automate the procedure of fine tuning the many parameters that
influence the speed of convergence of Phe-Q learning. In the following discussion, it is
assumed that the Q-learning constants α and γ are already optimised. The parameters

1 The proof follows those of Jakkola [20] and Bertsekas [3], assuming that the value function V
depends also on the belief factor B: Vn(st+1) = maxa(Qn(st+1, a) + ξB(st+1, a)).
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that influence the speed of learning are the number of agents, pheromone secretion rate,
pheromone diffusion rate, pheromone evaporation rate and the pheromone saturation
level. Other variable that were found experimentally to influence the convergence were
the coefficients of the sigmoid (function of time) that modulates the belief function. The
pheromone distribution in the grid environment is a function of the number of agents
in the grid. It is also a function the diffusion of across cells and the evaporation. The
pheromone distribution in turn affects the belief function. From equation (1), the belief
value depends on the pheromone saturation level. The fine tuning of the parameters
for optimum speed of convergence requires a function to minimise. Convergence was
also proven empirically by plotting the root mean square of the error between Q values
obtained during successive epochs. The function chosen to minimise was the area under
the convergence curve. The graph in Figure 1 shows a convergence curve for a Phe-Q
learning agent.

First brute force exhaustive search with coarse data was investigated followed by finer
data. The purpose of the exhaustive search was to sample the state space and determine
if the state space was convex. The values of the parameters were constrained to reduce
the search space. With a relatively small space using the selection of the parameters
mentioned above an exhaustive search was found to be feasible.

5 Experimental Set-Up

Evaluation of the modified updating equation for Phe-Q and comparison with the Q-
learning update were presented in [16]. The objective in this paper is to present results
of investigations into the fine tuning of the parameters upon which speed of convergence
depends.

For the experiments reported the agent environment is a N×N , grid where N = 20.
Obstacles are placed on the grid within cells, preventing agents from occupying the cell.
The obstacles were placed such that the goal state was occluded. The agents are placed at
a starting cell (the nest) on the grid. The aim is for the agents to locate the ’food’ sources
occupying a cell in the grid space and return to the starting cell. The agents move from
cell to cell in the four cardinal directions, depositing discrete quantities of pheromone
in each cell. The two pheromone values (one associated with search for the food source
ϕs and the other associated with the return to the nest ϕn) are parameters to fine tune.
The pheromone aggregates in a cell up to to a saturation level, and evaporates at a rate
(evaporation rateϕe) until there is none remaining if the cell pheromone is not replenished
by an agent visiting the cell. Equally the pheromone diffuses into neighbouring cells at
a rate (diffusion rate ϕd), inversely proportional to the manhattan distance.

Each agent has two goal tasks represented each by a Q-table. One task is to reach
the ’food’ location, and the second task is to return to the nest. Before release into the
’world’ agents have no a-priori knowledge of the environment, nor location of nest or
resource, etc. More than one agent can occupy a cell. A cell has associated a pheromone
strength, Φ ∈ [0, 255]. Pheromone is de-coupled from the state at the implementation
level so that the size of the state space is an N×N . The grids used (N=10 and 20), result
in a state space sufficiently small for a lookup table to be used for the Q values.
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The agent receives a reward of 1.0 on completing the tasks. Each experiment con-
sists of a number of agents released into the environment and running in parallel until
convergence.

6 Results

Convergence was demonstrated empirically by plotting the Root Means Square (RMS)
of the error between successive Q-values against epochs (an epoch is a complete cycle
of locating food and returning to the nest). The RMS curves for Phe-Q in Figure 1 show
convergence. In a 20x20 grid space, the performance degrades with approximately 30
agents. The graph in Figure 2 shows the RMS curves for increasing number of Phe-Q
agents maintaining a constant grid size (for clarity only the RMS curves for 5, 40, and
60 agents are shown on the graph). Between 5 and 20 agents, convergence is comparable
for the Phe-Q agents. Above that number, the trend is towards slower convergence. As
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RMS for 1 pheromone agent

Fig. 1. RMS curve for one Phe-Q agent

mentioned previously, the objective is to maximise speed of convergence. One way to
achieve this is to minimise the area under the RMS curves. The area is a function of
independent variables : number of agents, pheromone deposition, diffusion and evap-
oration. Some constraints are imposed on these variables. These are shown in Table 1.
For example, pheromone secretion is a positive scalar, so are evaporation and diffusion.
A minimum number of agents in a Multi-Agent system is two. These factors determine
the lower bound. To impose upper bounds, results previously obtained were analysed. In
a 20 by 20 grid, performance degrades beyond 25 to 30 agents [16]. An upper bound of
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Fig. 2. Performance scaling: 5, 40, 60 agents

20 agents was used. It was also noted that as the number of agents increase, the unit of
pheromone secreted (to achieve a performance better than Q-learning) must be reduced.
Conversely as the number of agents increase, the unit of evaporation must be increased.
Results show that for a given number of agents there is an optimum parameter set. Table 2

Table 1. Constraints on parameters

Parameter Agent # ϕs ϕn ϕe

Lower bound 2 0 4 0.8
Upper bound 20 1.0 12 2.0

below shows the optimum parameter values for 5, 10, 15 and 20 agents. Of the four cases,
the system with 5 agents performs better for the particular scenario (grid size, obstacle
layout, goal location). For a given problem, too high or too low a pheromone secretion
(maintaining a fixed evaporation) produces somewhat degraded results as shown in Fig-
ure 3 (slower convergence and noisy Q values). The role of the evaporation is to balance
the pheromone secretion. The results in the table show the best performance for each
case, the optimal parameters produces (approximately) only slightly worse performance
for 10 and 15 agents. The final choice of which parameter set (i.e. number of agents) to
use will therefore depend on the computational load. As might be expected, the higher
the number of agents, the greater the computational load. The next step was to select the
optimal parameter set using computational time as a constraint. Table 3 below shows
the relative computational times using the parameters shown in table 2.
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Table 2. Optimum values for parameters

Parameter
Agent # ϕs ϕn ϕe

5 0.8 5.0 0.8
10 0.4 5.0 0.8
15 0.0 5.0 1.6
20 0.0 1.0 0.8
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Fig. 3. The role of evaporation

Table 3. Computational load w.r.t. number of agents

Agent # Time

5 1.0
10 1.76
15 2.53
20 3.23

7 Discussion

The synthetic pheromone guides the agents. It is implicit communication. The informa-
tion exchange via pheromone enables the agents to learn quicker however there is a price
to pay for this information sharing. Too much information i.e. too high a pheromone
deposition rate or too low a pheromone evaporation rate causes not unexpectedly poorer
results especially in the earlier learning stages where agents are ’mislead’by other explor-
ing agents. Therefore the parameters choice must be such as to minimise the ’misleading’
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effect whilst maximising learning. Evaporation is key to reducing agents being mislead
in the exploratory phases.

Results show that the required number of agents to optimise learning (achieving a
59% decrease in the area under the RMS curve over Q-learning) is relatively low, this
means that the computational load can be maintained low.

8 Conclusions

The work described in this paper set out to investigate the tuning of parameters to achieve
optimum learning with the Phe-Q technique in the context of a multi-agent system.
By bounding the search space, an exhaustive search was carried. Results confirm the
relationships between pheromone deposition and evaporation rates and that evaporation
is necessary to prevent ’misleading’ information to be received by co-operating agents.
An important result concerns the number of agents required to achieve optimum learning.
This number is lower than previously expected. An important factor since an increase in
agents greatly increases computational times.
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Abstract. The attribute selection techniques for supervised learning, used in the
preprocessing phase to emphasize the most relevant attributes, allow making
models of classification simpler and easy to understand. Depending on the
method to apply: starting point, search organization, evaluation strategy, and the
stopping criterion, there is an added cost to the classification algorithm that we
are going to use, that normally will be compensated, in greater or smaller
extent, by the attribute reduction in the classification model. The algorithm
(SOAP: Selection of Attributes by Projection) has some interesting
characteristics: lower computational cost (O(mn log n) m attributes and n
examples in the data set) with respect to other typical algorithms due to the
absence of distance and statistical calculations; with no need for transformation.
The performance of SOAP is analysed in two ways: percentage of reduction
and classification. SOAP has been compared to CFS [6] and ReliefF [11]. The
results are generated by C4.5 and 1NN before and after the application of the
algorithms.

1 Introduction

The data mining researchers, especially those dedicated to the study of algorithms that
produce knowledge in some of the usual representations (decision lists, decision trees,
association rules, etc.), usually make their tests on standard and accessible databases
(most of them of small size). The purpose is to independently verify and validate the
results of their algorithms. Nevertheless, these algorithms are modified to solve
specific problems, for example real databases that contain much more information
(number of examples) than standard databases used in training. To accomplish the
final tests on these real databases with tens of attributes and thousands of examples is
a task that takes a lot of time and memory size.

It is advisable to apply to the database preprocessing techniques to reduce the
number of attributes or the number of examples in such a way as to decrease the
computational time cost. These preprocessing techniques are fundamentally oriented
to either of the next goals: feature selection (eliminating non-relevant attributes) and
editing (reduction of the number of examples by eliminating some of them or
calculating prototypes [1]). Our algorithm belongs to the first group.

In this paper we present a new method of attribute selection, called SOAP
(Selection of Attributes by Projection), which has some important characteristics:
•  Considerable reduction of the number of attributes.
•  Lower computational time O(mn log n) than other algorithms.
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•  Absence of distance and statistical calculations: correlation, information gain, etc.
•  Conservation of the error rates of the classification systems.

The hypothesis on which the heuristic is based is:  "place the best attributes with
the smallest number of label changes". The next section discusses related work.
Section 3 describes the SOAP algorithm. Section 4 presents the results. Which deal
with several databases from the UCI repository [4]. The last section summarises the
findings.

2 Related Work

Several authors defined the feature selection  by looking at it from various angles
depending on the characteristic that we want to accentuate. In general, attribute
selection algorithms perform a search through the space of feature subsets, and must
address four basic issues affecting the nature of the search: 1) Starting point: forward
and backward, according to whether it began with no feautures or with all features. 2)
Search organization: exhaustive or heuristic search. 3) Evaluation strategy: wrapper or
filter. 4) Stopping criterion: a feature selector must decide when to stop searching
through the space of feature subsets. A predefined number of features are selected, a
predefined number of iterations reached. Whether or not the addition or deletion of
any feature produces a better subset, we also stop the search, if an optimal subset
according to some evaluation function is obtained.

Algorithms that perform feature selection as a preprocessing step prior to learning
can generally be placed into one of two broad categories: wrappers, Kohavi [9], which
employs a statistical re-sampling technique (such as cross validation) using the actual
target learning algorithm to estimate the accuracy of feature subsets. This approach
has proved to be useful but is very slow to execute because the learning algorithm is
called upon repeatedly. Another option called filter, operates independently of any
learning algorithm. Undesirable features are filtered out of the data before induction
begins. Filters use heuristics based on general the characteristics of the data to
evaluate the merit of feature subsets. As a consequence, filter methods are generally
much faster than wrapper methods, and, as such, are more practical for use on data of
high dimensionality. FOCUS [3], LVF [18] use class consistency as an evaluation
meter. One method for discretization called Chi2 [17]. Relief [8] works by randomly
sampling an instance from the data, and then locating its nearest neighbour from the
same and opposite class. Relief was originally defined for two-class problems and
was later expanded as ReliefF [11] to handle noise and multi-class data sets, and
RReliefF [16] handles regression problems. Other authors suggest Neuronal Networks
for an attribute selector [19]. In addition, learning procedures can be used to select
attributes, like ID3 [14], FRINGE [13] and C4.5 [15]. Methods based on the
correlation like CFS [6], etc.
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3 SOAP: Selection of Attributes by Projection

3.1 Description

To describe the algorithm we will use the well-known data set IRIS, because of the
easy interpretation of their two-dimensional projections.

Three projections of IRIS have been made in two-dimensional graphs. In Fig. 1 it
is possible to observe that if the projection of the examples is made on the abscissas
or ordinate axis we can not obtain intervals where any class is a majority, only can be
seen the intervals [4.3,4.8] of Sepallength for the Setosa class or [7.1,8.0] for
Virginica. In Fig. 2 for the Sepalwidth parameter in the ordinate axis clear intervals
are not appraised either. Nevertheless, for the Petalwidth attribute is possible to
appreciate some intervals where the class is unique: [0,0.6] for Setosa, [1.0,1.3] for
Versicolor and [1.8,2.5] for Virginica. Finally in Fig. 3, it is possible to appreciate the
class divisions, which are almost clear in both attributes. This is because when
projecting the examples on each attribute the number of label changes is minimum.
For example, it is possible to verify that for Petallength the first label change takes
place for value 3 (setosa to Versicolor), the second in 4.5 (Versicolor to Virginica).
there are other changes later in 4.8, 4,9, 5,0 and the last one is in 5.1.

SOAP is based on this principle: to count the label changes, produced when
crossing the projections of each example in each dimension. If the attributes are in
ascending order according to the number of label changes, we will have a list that
defines the priority of selection, from greater to smaller importance. SOAP presumes
to eliminate the basic redundancy between attributes, that is to say, the attributes with
interdependence have been eliminated. Finally, to choose the more advisable number
of features, we define a reduction factor, RF, in order to take the subset from
attributes formed by the first of the aforementioned list.

Before formally exposing the algorithm, we will explain with more details the
main idea. We considered the situation depicted in Fig. 2: the projection of the
examples on the abscissas axis produces a ordered sequence of intervals (some of then
can be a single point) which have assigned a single label or a set of them: {[0,0.6] Se,
[1.0,1.3] Ve, [1.4,1.4] Ve-Vi, [1.5,1.5] Ve-Vi, [1.6,1.6] Ve-Vi, [1.7,1.7] Ve-Vi,
[1.8,1.8] Ve-Vi, [1.9,2.5] Vi}. If we apply the same idea with the projection on the
ordinate axis, we calculate the partitions of the ordered sequences: {Ve, R, R, Ve, R,
R, R, R, R, R, R, R, R, R, Se, R, Se, R, Se}, where R is a combination of two or three
labels. We can observe that we obtain almost one subsequence of the same value with
different classes for each value from the ordered projection. That is to say, projections
on the ordinate axis provide much less information that on the abscissas axis.

In the intervals with multiple labels we will consider the worst case, that being the
maximum number of label changes possible for a same value.

The number of label changes obtained by the algorithm in the projection of each
dimension is: Petalwidth 16, Petallength 19, Sepallenth 87 and Sepalwidth 120. In this
way, we can achieve a ranking with the best attributes from the point of view of the
classification. This result agrees with what is common knowledge in data mining,
which states that the width and length of petals are more important than those related
to sepals.
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3.2 Definitions

Definition 1: Let the attribute Ai be a continuous variable that takes values in
Ii=[mini,maxi]. Then, A is the attributes space defined as A=I1×I2×⋅⋅⋅×Im, where m is
the number of attributes.

Definition 2: An example e∈ E is a tuple formed by the Cartesian product of the
value sets of each attribute and the set C of labels. We define the operations att and
lab to access the attribute and its label (or class): att: E x N → A and lab: E → C,
where N is the set of natural numbers.

Definition 3: Let the universe U be a sequence of example from E. We will say
that a database with n examples, each of them with m attributes and one class, forms a
particular universe. Then U=<u[1],...,u[n]> and as the database is a séquense, the
access to an example is achieved by means of its position. Likewise, the access to j-th
attribute of the i-th example is made by att(u[i],j), and for identifying its label
lab(u[i]).

Definition 4: An ordered projected sequence is a sequence formed by the
projection of the universe onto the i-th attribute. This sequence is sorted out in
ascending order.

Definition 5: A partition in subsequences is the set of subsequences formed from
the ordered projected sequence of an attribute in such a way as to maintain the
projection order. All the examples belonging to a subsequence have the same class
and every two consecutive subsequences are disjointed with respect to the class.
Henceforth, a subsequence will be called a partition.

Definition 6: A subsequence of the same value is the sequence composed of the
examples with identical value from the i-th attribute within the ordered projected
sequence.

3.3 Algorithm

The algorithm is very simple and fast, see Fig. 4. It operates with continuous variables
as well as with databases which have two classes or multiple classes. In the
ascending-order-task for each attribute, the QuickSort algorithm is used [7]. This
algorithm is O(n log n), on average. Once ordered by an attribute, we can count the
label changes throughout the ordered projected sequence. NumberChanges in Fig. 5,
considers whether we deal with different values from an attribute, or with a
subsequence of the same value. In the first case, it compares the present label with
that of the following value. Whereas in the second case, where the subsequence is of
the same value, it counts as many label changes as are possible (function
ChangesSameValue).

The k first attribute which NCE (number of label changes) under NCElim will be
selected. NCElim is calculated applying the follow equation:

NCElim=NCEmin+(NCEmax-NCEmin)*RF (1)

RF: reduction factor.
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Input: E training (n examples, m attributes) 

Output: E reduced (n examples, k attributes (k<=m)) 

 For each attribute ai with i in {1..m} 

   Ei ← QuickSort(Ei,ai) 

   NCEi ← NumberChanges(Ei,ai) 

 NCE Attribute Ranking 

 Select the k first 

Fig. 4. SOAP algorithm

Input: E training (n examples, m attributes) 

Output: number of label changes 

 For each example ej ∈  E with j in {1..n} 

   If att(u[j],i) ∈  Subsequence same value 
     labelChanges += ChangesSameValue() 

   Else 

     If lab(u[j]) <> lab(u[j+1]) 

       labelChanges++ 

Fig. 5. NumberChanges algorithm

4 Experiments

In order to compare the effectiveness of SOAP as a feature selector for common
machine learning algorithms, experiments were performed using twelve standard data
sets form the UCI collection [4]. The data sets and their characteristics are
summarized in Table 3. The percentage of correct classification with C4.5 and 1NN,
averaged over ten ten-fold cross-validation runs, were calculated for each algorithm-
data set combination before and after feature selection by SOAP (RF 0.35 and 0.25),
CFS and ReliefF (threshold 0.05). For each train-test split, the dimensionality was
reduced by each feature selector before being passed to the learning algorithms. The
same fold were used for each feature selector-learning scheme combination.

To perform the experiment with CFS and ReliefF we used the Weka1 (Waikato
Environment for Knowledge Analysis) implementation.

Table 1 shows the results for attribute selection with C4.5 and compares the size
(number of nodes) of the trees produced by each attribute selection scheme against the
size of the trees produced by C4.5 with no attribute selection. Smaller trees are
preferred as they are easier to interpret, but accuracy is generally degraded. The table
shows how often each method performs significantly better (denoted by ����������
(denoted by �� �	
�� �	��� ���
������� ��� 
�
����� ���������� �������� �� 
��� ���
Throughout we speak of results being significantly different if the difference is
statistically at the 5% level according to a paired two-sided t test. Each pair of points
                                                          
1 http://www.cs.waikato.ac.nz/~ml
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consisting of the estimates obtained in one of the ten, ten-fold cross-validation runs,
for before and after feature selection. For SOAP, feature selection degrades
performance on four datasets, improves on one and it is equal on seven. The results
are similar to ReliefF and a little worse than those provided by CFS. From this table it
can be seen that SOAP produces the smallest trees, it improves C4.5´s performances
on nine data sets and degrades it on one.

Tables 1 and 2 show the average for two execution of SOAP (RF 0.35 and 0.25,
equation 1).

Table 1. Result of attribute selection with C4.5. Accuracy and size of trees. � �Statistically
significant improvement or degradation (p=0.05).

Data Set Ac. Size Ac. Size Ac. Size Ac. Size
balance-scale 78,18 81,08 57,94 6,28 78,18 81,08 78,29 81,54
breast-w 95,01 24,96 94,84 21,62 95,02 24,68 95,02 24,68
diabetes 74,64 42,06 74,34 8,56 74,36 14,68 65,10 1,00
glass 68,18 46,34 66,78 46,10 69,35 40,90 68,97 30,32
glass2 78,71 24,00 78,90 16,32 79,82 14,06 53,50 1,70
heart-stat 78,11 34,58 79,56 28,20 80,63 23,84 82,33 14,78
ionosphere 89,83 26,36 90,06 22,52 90,26 23,38 89,91 22,72
iris 94,27 8,18 94,40 8,12 94,13 7,98 94,40 8,16
segment 96,94 80,98 90,94 110,68 96,35 73,92 96,93 80,66
sonar 74,28 27,98 70,72 13,18 74,38 28,18 70,19 9,74
vehicle 71,83 139,34 52,84 22,26 66,42 106,60 66,22 137,42
waveform 75,36 592,92 77,47 485,26 77,18 513,78 75,51 217,72
Average (35) 81 94 77 66 81 79 78 53
Average (25) 77 59

Original SOAP CFS RLF

Table 2. Result of attribute selection with 1NN. Average number of features selected, the
percentage of the original features retained and the accuracy. � � Statistically significant
improvement or degradation (p=0.05).

Data Set Atts Ac. Atts % Ac. Atts % Ac. Atts % Ac.
balance-scale 4 86,56 1,39 35 57,98 4,00 100 86,56 4,00 100 86,56
breast-w 9 95,25 6,00 67 94,16 8,97 100 95,24 8,05 89 95,35
diabetes 8 70,35 2,99 37 70,16 3,11 39 70,07 0,00 0 34,90
glass 9 70,28 3,94 44 73,04 6,30 70 74,25 3,39 38 63,83
glass2 9 77,79 4,72 52 80,37 3,95 44 83,07 0,32 4 54,29
heart-stat 13 75,59 7,11 55 77,74 6,26 48 78,37 6,27 48 78,89
ionosphere 34 86,78 31,55 93 87,07 12,30 36 89,72 30,88 91 87,49
iris 4 95,27 2,00 50 96,33 1,93 48 95,60 4,00 100 95,27
segment 19 97,13 7,00 37 91,29 5,66 30 97,00 15,04 79 97,19
sonar 60 84,47 5,42 9 70,63 17,84 30 83,56 3,89 6 68,61
vehicle 18 69,48 1,09 6 46,50 7,45 41 62,86 5,81 32 61,28
waveform 40 73,59 12,99 32 79,33 14,85 37 79,13 5,77 14 73,09
Average (35) 19 82 7 43 77 8 52 83 7 50 75
Average (25) 6 35 75

RLFOriginal SOAP CFS
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Table 2 shows the average number of features selected, the percentage of the
original features retained and the accuracy of 1NN. SOAP is a specially selective
algorithm compared with CFS and RLF. If SOAP and CFS are compared, only in one
dataset (ionosphere) is the number of characteristics significantly greater than those
selected by CFS. In five data sets there are no significant differences, and in six, the
number of features is significantly smaller than CFS. Compare to RLF, only in glass2
and diabetes, SOAP obtains more parameters in the reduction process (threshold 0.05
is not sufficient). It can be seen (by looking at the fifth column) that SOAP retained
43% (35%) of the attributes on average. Figure 6 shows the average number of feature
selected by SOAP, CFS and ReliefF as well as the number present in the full data set.

Table 3. Discrete class data sets with numeric attributes. Time in milliseconds.

Data Set Instances Atts Clases t-ms t-ms t-ms
1 balance-scale 625 4 3 10 17455 561
2 breast-cancer 699 9 2 10 40 1322
3 diabetes 768 8 2 10 30 1422
4 glass 214 9 7 0 20 160
5 glass2 163 9 2 0 10 80
6 heart-statlog 270 13 2 10 10 281
7 ionosphere 351 34 2 10 120 1202
8 iris 150 4 3 0 10 40
9 segment 2310 19 7 40 521 29362

10 sonar 208 60 2 10 100 771
11 vehicle 846 18 4 10 70 3956
12 waveform 5000 40 3 210 2434 282366

Sum 320 20820 321523

Original SOAP CFS RLF

It is interesting to compare the speed of the attribute selection techniques. We
measured the time taken in milliseconds2 to select the final subset of attributes. SOAP
is an algorithm with a very short computation time. The results shown in Table 3
confirm the expectations. SOAP takes 320 milliseconds in reducing 12 datasets
whereas CFS takes more than 20 seconds and RLF almost 6 minutes. In general,
SOAP is faster than the other methods and it is independent of the classes number, a
factor that excessively affects CFS, as it is possible to observe in the set “segment”
with seven classes. Also it is possible to be observed that ReliefF is affected very
negatively by the number of instances in the dataset, it can be seen in “segment” and
“waveform”. Eventhough these two datasets were eliminated, SOAP is more than 200
times faster than CFS, and more than 100 times than ReliefF.

5 Conclusions

In this paper we present a deterministic attribute selection algorithm. It is a very
efficient and simple method used in the preprocessing phase A considerable reduction
of the number of attributes is produced in comparison to other techniques. It does not
                                                          
2 This is a rough measure. Obtaining true cpu time from within a Java program is quite difficult.
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need distance nor statistical calculations, which could be very costly in time
(correlation, gain of information, etc.). The computational cost is lower than other
methods O(m⋅n⋅log n).

In later works, we will focus our research on the selection of the subset of
attributes once they have been obtained. Finally we will try to adapt SOAP to
databases with discrete attributes where redundant features have not been eliminated.
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Fig. 6. Average number of feature selected.
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Abstract. Semantic relations between concepts or data are common
modelling devices in various knowledge representation approaches. Fuzzy
relations can be defined as fuzzy subsets of the cartesian product of a
number of domains, extending the notion of crisp relation. Associations
in object-oriented modelling – and more specifically in the Unified Mod-
elling Language – can be interpreted as crisp relations on the classifiers
they connect, and thus the concept of association can be extended to its
fuzzy counterpart by representing a fuzzy relation on the classes involved
in the association. In this paper, the resolution form of a fuzzy relation is
described as a convenient way to represent fuzzy associations in object-
oriented programming languages, thus enabling an efficient practical rep-
resentation mechanism for them. Specific cases of fuzzy relations can also
be dealt with by adding semantic constraints to fuzzy associations. One
of the most interesting cases is that of similarity relations, which essen-
tially generalize the notion of object equality to the fuzzy case. Fuzzy
relations can be stored in orthogonally persistent object databases by
using the described fuzzy association design, as illustrated in this paper
with a case study that uses the db4o persistence engine.

1 Introduction

A number of research groups have investigated the problem of modelling fuzzi-
ness (in a broad sense, including imprecision and uncertainty, as defined in [14])
in the context of object-oriented databases (OODB) [4], and some of their results
include research implementations on top of commercial systems [15]. Nonethe-
less, currently no commercial system is available that supports fuzziness ex-
plicitly in its core physical or logical model, and existing database standards
regarding object persistence sources - ODMG [3] and JDO [13] – do not sup-
port neither fuzziness nor any other kind of generalized uncertainty information
representation [9]) – in their data models.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 243–253, 2002.
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Nonetheless, imperative OODB application programming interfaces stay very
close to the semantic and syntax of the object-oriented programming languages
in which they’re embedded – see, for example, [2] – facilitating the construction
of research prototypes that extend commercial systems by adding a software
layer acting as a proxy filter [5] for the underlying non-fuzzy languages.

Relations between concepts are very common constructs in diverse knowledge
representation approaches, including modern ontology-description languages [7],
and as such, they require specific physical representation mechanisms to be effi-
ciently handled by application software. In this work, we describe our approach
for the design of fuzzy relations in orthogonally persistent OODBs, evolved from
earlier work [6]. More specifically, we concentrate on the design of associations
between database (or model) entities, and on the specific case of similarity rela-
tions.

The paper is structured as follows: in section 2, we describe a case study
that extends the db4o database engine interfaces to include general-purpose
fuzzy associations, a concept that can be considered an extension of the ODMG
relationship construct [3]. In section 3, a prototype version for the extensions
proposed in this work is described. The prototype is tested on the fully functional
db4o community edition, which can be freely redistributed in non-commercial
applications. Finally, some conclusions and future work are included in section
4.

2 Fuzzy Relations and Object-Oriented Associations

2.1 Relations and Associations

A crisp relation represents the presence or absence of interconnectedness between
the elements of two or more sets. This concept is referred to as association when
applied to object oriented modelling. According to the Unified Modelling Lan-
guage (UML) [10] – the most widely used object-oriented modelling notation
–, an association defines a semantic relationship between classifiers1, and the
instances of an association can be considered a set of tuples relating instances
of these classifiers, where each tuple value may appear at most once. A binary
association may involve one or two fuzzy relations (i.e. the unidirectional and
bidirectional cases), although due to the semantic interpretation of associations,
they’re in many cases considered to convey the same information (i.e. the asso-
ciation between authors and books is interpreted in the same way despite the
navigation direction).

Since it’s common practice to develop object-oriented software from previ-
ously defined UML models, we can consider UML semantics as a model from
which associations are implemented in specific object-oriented programming lan-
guages, by the process of association design, which essentially consists in the
1 A classifier is an UML term referring to classes and class-like model elements that
describe sets of entities.
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selection of the concrete data structure that better fits the requirements of the
association (see, for example, [12]).

2.2 Fuzzy Relations

Fuzzy relations are generalizations of the concept of crisp relation in which var-
ious degrees of strength of relation are allowed [8]. A binary fuzzy relation R is
defined as a fuzzy subset of that cartesian product as denoted in (1).

R = {((x, y), µR(x, y))|(x, y) ∈ X × Y } (1)

We’ll restrict ourselves to the binary case, since it’s the more common case
in database applications. Note that even in the recent UML version 1.4, the defi-
nition of association relationship is considered to be ill defined [11]. Nonetheless,
in this work, we’ll consider associations as literal tuples between model elements
that hold an additional value representing their membership grade to the as-
sociation. This assumption implies some constraints in the implementation of
bidirectional associations, since both association ends should be aware of up-
dates on the other one.

A common representation for fuzzy relations is an n-dimensional array [8],
but this representation does not fit well in the object paradigm, in which a
particular object (element of one of the domains in the relation) only is aware
of the tuples to which it belongs (the links), and uses them to navigate to other
instances. We have extended the association concept to design fuzzy relations
attached to classes in a programming language, so that a particular instance has
direct links (i.e. ’knows’) to instances associated with it. Access to the entire
relation (that is, the union of the individual links of all the instances in the
association) is provided as a class responsibility, as will be described later.

3 Design Case Study

The db4o2 object database system is a lightweight OODB engine that provides a
seamless Java language binding (it uses reflection run-time capabilities to avoid
the need to modify existing classes to make their instances storable) and a novel
Query-By-Example (QBE) interface based on the results of the SODA3 – Simple
Object Data-base Access – initiative.

Associations are stored in its Java native form in db4o, and therefore, special
support for fuzzy associations can be designed by using different standard object
oriented design techniques.

2 Available at http://www.db4o.com
3 Information available at http://www.odbms.org/soda/
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3.1 Designing Binary Associations

The membership values of the relation must be kept apart from the instances of
the classes that participate in the association. A first approach could be that of
building Proxies for the instances – which will hold a reference to the instance at
the other side of the association and the membership grade – and storing them
in a standard collection. The main benefit of this approach is its simplicity, since
only a class called for example FuzzyLink (FL from now on) solves the represen-
tation problem, and it’s enough for the case of association with cardinality one.
We used this first approach for comparison purposes with our final design.

A drawback of the FL approach for associations with multiple cardinalities is
that the responsibility of preserving relation properties is left to the domain-class
designer. This is one of the reasons that pushed us to a second approach in which
the collection semantics - and not the element semantics - are extended. The base

Fig. 1. Unidirectional Binary Association Design

of our fuzzy collection framework is a FuzzyAssociationEnd (FAE) interface that
defines common behavior for all fuzzy associations. Concrete classes implement
that interface to provide different flavors of associations. In this work, we’ll
restrict our discussion to a FuzzyUnorderedAssociationEnd (FUAE) class. The
class diagram in Figure 1 shows how a unidirectional fuzzy association4 from
class A to class B can be designed with our framework.

It should be noted that the put method can be used both to add and remove
objects from the relation - the latter case can be carried out by specifying a zero
membership (we have considered in this implementation that zero membership
is equivalent to the lack of a link). Since many associations that store different
information may exist between the same pair of classes, associations must be
named. The class-instance FUAE is responsible for maintaining a collection of
the associations that are maintained as instances of it (i.e., this behavior is mod-
elled as a class responsibility). These different associations are represented by
instances a FuzzyUnorderedAssociation (FUA) class. Therefore, FUA instances
represent entire generic associations and store the union of the links that belong
to it. An example of an association User-Subject called ’is-interested-in’ may be
coded in Java as follows:
4 We have used a fuzzy UML stereotype to mark fuzzy associations.
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public class Subject{
public String _name;
public FuzzyUnorderedAssociationEnd _fasoc;
public Subject(String name){

_name = name;
_fasoc = new FuzzyUnorderedAssociationEnd

("isInterestedIn", false);
}

public void registerInterest(Object o, double mu){
_fasoc.putLink(o, mu);

}
public Iterator interestedPeople(){

return _fasoc.values().iterator();
}
/...

}

Iterations may be performed on the links with an specialization of the Iter-
ator interface that returns the elements wrapped in FuzzyElement instances, as
illustrated in the following code fragment.

for (Iterator it=xml.interestedPeople();it.hasNext(); ){
FuzzyElement e = (FuzzyElement) it.next();
System.out.println(e.getGrade()+(User)e.getObject());

}

3.2 Representation Details

In our design, links are indexed with their membership values as keys, using
sets to hold links with the same value (see Fig. 2). In order to turn feasible
this approach, real values representing membership values should be stored with
a reasonable precision. Note that more than five decimal numbers is seldom
needed in common applications (that is, a tuple with µR = 0.50001 is hardly
distinguishable from another with µR = 0.5000).

The union of all FUAE that belong to the same association is maintained
in a FUA instance. These instances are stored as a class member of the FUAE
class (see Fig.3), so that integrity is preserved in insertion and removal of links.
This design also enables an easy maintenance of integrity if the association is
implemented in both directions.

The use of dictionaries with fixed precision-membership values as keys pro-
vides performance benefits in common operations on fuzzy sets, like α − cuts,
outperforming common container classes (bags, sets and lists). The rationale
behind this organization is that association traversal would be often done by
specifying a minimum membership grade, that is, to obtain an element of the
partition of the fuzzy relation.

This way, we are representing the relation by its resolution form (2).

R =
⋃

α

αRα,∀α ∈ ΛR (2)
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Fig. 2. FUA instances as the union of FUAE ones

where ΛR is the level set of R , Rα denotes an α − cut of the fuzzy relation and
αRα is a fuzzy relation as defined in (3).

µαRα(x, y) = α · µRα(x, y) (3)

The implementation is an extension of Java’s HashMap collection, which essen-
tially substitutes the add behavior with that of a link operation that is sketched
as follows:

public Object link(Object key, Object value){
if (key.getClass() == Double.class){

double mu = ((Double)key).doubleValue();
// truncates to current precision:
mu = truncateTo(mu);
// Get the set of elements with the given mu:
HashSet elements=(HashSet)this.get( new Double(mu) );
if ( elements == null ){

HashSet aux = new HashSet();
aux.add(value);
super.put(new Double(mu), aux);

}else
elements.add(value);

}
// Inform the association that a new link has been added:
if (association !=null)

association.put(key, this, value);
return null;

}

Figure 3 illustrates our described design by showing a ”is-interested-in” re-
lation between the set U of the users of a Web site and the set S of subjects of
the page it serves.

Some common operations found are: obtaining the interest of a user in a
specific subject, obtaining the set of subjects a user is interested in and obtaining
the set of users which match a specific preference profile (that are interested in
a set of subjects). Note that often associations require a specific ordering (i.e.
insertion by an specific attribute). Specializations of the classes of our library
are expected to add those behaviors.
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Fig. 3. An example ’is interested in’ fuzzy relation

3.3 Similarity Relations

Similarity relations can be considered as an extension of the concept of equality,
and can be implemented as special reflexive fuzzy associations with added sup-
port for similarity semantics. A fuzzy similarity relation is a reflexive, symmetric
and transitive fuzzy relation, where reflexivity and symmetry are defined as in
(4).

µR(x, x) = 1 (4)

µR(x, y) = µR(y, x)

The transitivity property is usually implemented as max-mix transitivity
according to the formula in (5).

µR(x, y) ≤ maxz∈D[min(µR(x, z), µR(z, y))] (5)

Our approach is that of storing similarity relations defined on a class with
crisp boundaries - other approaches define similarity on attribute values for non-
crisp classes [1]. In our framework, a function object is required at similarity
relation construction to specify the concrete transitivity formula (i.e. substi-
tuting the inequality with a specific value). An overloaded put method version
inserts links in the similarity relation without the explicit specification of a mem-
bership value. The actual value is derived from the existing ones in the relation,
if possible, through the transitive formula.

An overloaded version of db4o the query interface (the ObjectContainer.get()
method) provides access to similarity-enriched QBE queries and gives explicit
access to fuzzy associations as well. QBE queries with similarity comparison op-
erators can be constructed by extending the notion of SODA query constraints
with fuzzy comparison operators. As the ObjectContainer class acts as a factory
for its instances, we’ve extended it through delegation – the class is called Fuzzy-
ObjectContainer (FOC)–. Basically, when a object whose class holds a similarity
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relation is passed as a template to method get in FOC, not only the instance is
retrieved, but also all the similarity related instances. Another version of get that
takes an additional parameter allows the query to specify a minimum similarity
grade for the instances retrieved.

3.4 Performance Considerations

The cardinality of the level set of a fuzzy association with precision m is bounded
by 10m −1, and therefore, the number of sets of links with the same membership
value in an association is always below or equal to that number. In a degenerate
case, the number of links L in the association would be equal to the number of
sets, but this is not a common case. In cases in which the number of links is
much greater than the number of different membership values, the efficiency of
operations that query subsets of the relation increases significantly.

Fig. 4. Iteration retrieval time and total number of objects

Theoretically, the navigational nature of object databases and persistence
engines are well suited to operations that only require the physical retrieval of
a number of objects, like the retrieval of elements by a membership grade or
threshold.

We have carried out several experiments to try to understand the perfor-
mance behavior of our design. We used a unidirectional fuzzy association from
Subjects to Users, measuring systematically the retrieval time5 (understood as
the time required to query the association and traverse all its links) for increasing
cardinalities of users, subjects and links between them (the membership values
for the links were randomly generated and the number of links was always above
the number of users or subjects). The memory requirements of the Java virtual
machine constrained the measures to total object count (users + subjects) below
10,000 (in the experiment, the number of links was the max(#users, #subjects)).
5 On a Windows XP machine with 256MB RAM and Pentium IV 1500MHz processor.
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The first finding was that retrieval times increased significantly with total ob-
ject count above four thousand objects approximately, as showed in Figure 4.
We also observed that retrieval time increased slightly less with increases in the
number instances of User than with increases on Subject (which holds the data
structure). The dashed line in Figure 4 summarizes the measures of an alter-
native implementation using Java LinkedList to store the link collection. As
showed in that figure, no significant performance overhead is added with our
approach from simpler ones. Nonetheless, the retrieval by membership values
or by membership threshold (α − cuts) is significantly improved (this is theo-
retically clear from asymptotic analysis, due to the O(1) efficiency of search in
HashSet). Figure 5 compares the retrieval time increase with the number of links

Fig. 5. Random α − cut retrieval time increase and number of links.

stored, when retrieving randomly generated α − cuts. The efficiency decrease is
significantly lower in the FUAE implementation than in the linked list ones for
large number of links. Sorting the list by membership reduces retrieval time in
the medium case, but it still has worse performance than our approach. The
activationDepth parameter of db4o is an important factor in these results. It
must be reduced from the default 5 value to 2 or 1 to obtain a significant im-
provement, since with the default, the entire object graph is always retrieved. In
addition, and for large cardinalities, we have found performance improvements in
retrieval time of links by membership value, in comparison to experiments car-
ried out on relational-like persistence managers (specifically, Microsoft Access
2000 ).
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4 Conclusions and Future Work

The resolution form of a fuzzy relation is a convenient way of representing and
subsequently storing fuzzy associations in orthogonal persistence engines. Ad-
ditional constraints on link insertion semantics can be added to obtain special-
ized relations like similarity relations. This association design approach provides
improved performance in operations that involve link retrieval by membership
value, and adds no significant time overhead in common collection iteration pro-
cesses.

Future work should address a more detailed empirical evaluation on a number
of different object persistence systems, and a refinement of the current structure
to directly represent α − cuts as objects, which could improve the current ap-
proach in retrieving elements by specifying a membership threshold.

Acknowledgements. Thanks to Carl Rosenberg from db4o that assisted us in
some technical aspects od the storage in the db4o database engine.

References

1. Aksoy, D. Yazici, A. George, R.: Extending similarity-based fuzzy object-oriented
data model. Proc. of the 1996 ACM symposium on Applied Computing SAC
(1996), 542-546

2. Atkinson, M. P., Daynes, L., Jordan, M.J., Printezis, T., Spence, S.: An Orthogo-
nally Persistent Java. ACM Sigmod Record, 25, 4 (1996).

3. Cattell, R. G. G. (ed.): The Object Data Standard: ODMG 3.0. Morgan Kaufmann
Publishers (2000).

4. De Caluwe, R. (ed.): Fuzzy and Uncertain Object-Oriented Databases: Concepts
and Models. Advances in Fuzzy Systems, Applications and Theory, V, 13 (1998).

5. Gamma, E., Helm, R., Johnson, R., Vlissides, J.: Design Patterns: Elements of
Reusable Object Oriented Design. Addison Wesley (1995).

6. Gutierrez, J. A., Sicilia, M. A., Garcia, E.: Integrating fuzzy associations and sim-
ilarity relations in object oriented database systems. Proc. Intl. Conf. On Fuzzy
Sets Theory and its Applications (2002), 66-67.

7. Horrocks, I.: DAML+OIL: A Reason-able Web Ontology Language. Proc. 8th Intl.
Conference on Extending Database Technology (2002), 2-13.

8. Klir, G.J., Folger, T.A.: Fuzzy Sets, Uncertainty and Information. Prentice Hall
(1988).

9. Klir, G., Wierman, M.: Uncertainty-Based Information: Elements of Generalized
Information Theory. Springer-Verlag (1998).

10. Object Management Group: OMG Unified Modeling Language Specification, Ver-
sion 1.3 (1999).

11. Stevens, P.: On Associations in the Unified Modelling Language, Proc. of
UML2001. Springer-Verlag (2001).

12. Rumbaugh, J., Blaha, M., Premerlani, W., Eddy, F., Lorenson, W.: Object Ori-
ented Modelling and Desing. Prentice Hall (1996).

13. Russell, C. et al: Java Data Objects (JDO) Version 1.0 proposed final draft, Java
Specification Request JSR000012 (2001).



Designing Fuzzy Relations 253

14. Smets, P.: Imperfect information: Imprecision-Uncertainty. Uncertainty Manage-
ment in Information Systems: From Needs to Solutions. Kluwer Academic Pub-
lishers (1997), 225-254.

15. Yazici, A., George, R., Demet Aksoy, D.: Design and Implementation Issues in the
Fuzzy Object-Oriented Data Model. Information Sciences, 108, 1-4 (1998), 241-260.



An Interactive Framework for Open Queries in
Decision Support Systems

Juan A. Fernández del Pozo and Concha Bielza

Decision Analysis Group, Technical University of Madrid,
Campus de Montegancedo, Boadilla del Monte, 28660 Madrid, Spain

{jafernandez,mcbielza}@fi.upm.es

Abstract. We have recently introduced a method for minimising the
storage space of huge decision tables faced after solving real-scale
decision-making problems under uncertainty [4]. In this paper, the
method is combined with a proposal of a query system to answer expert
questions about the preferred action, for a given instantiation of deci-
sion table attributes. The main difficulty is to accurately answer queries
associated with incomplete instantiations. Moreover, the decision tables
often only include a subset of the whole problem solution due to computa-
tional problems, leading to uncertain responses. Our proposal establishes
an automatic and interactive dialogue between the decision support sys-
tem and the expert to extract information from the expert to reduce
uncertainty. Typically, the process involves learning a Bayesian network
structure from a relevant part of the decision table and the computation
of some interesting conditional probabilities that are revised accordingly.

1 Introduction

In problems of decision-making under uncertainty, the model evaluation outputs
are decision tables with the optimal alternatives. In our case, the model is an
influence diagram [11], i.e. a directed acyclic graph which has proven to be very
useful in this context. Therefore, the evaluation of an influence diagram yields,
for every decision time, an associated decision table with the information about
which is the best alternative, i.e., the alternative with the maximum expected
utility, for every combination of variables (outcomes of random variables and/or
other past decisions). The evaluation algorithm determines which these variables
are. Let us consider a decision table as a set of attributes (a multidimensional
array) that determine the optimal action, policy or response. Then, an essential
issue is to minimise its storage space, which typically grows enormously in real-
scale problems. Each table may have up to millions of rows and typically, more
than twenty columns, and the results of the decision problem, therefore, rely on
a combinatorial knowledge representation space.

In [4], we introduce KBM2L lists to address this problem. The main idea
stems from how computers manage multidimensional matrices: computer mem-
ory stores and manages these matrices as linear arrays, and each position is a
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function of the order chosen for the matrix dimensions. KBM2L lists are new list-
based structures that optimise this order in the sense of putting equal responses
in consecutive positions in order to achieve compact storage.

During usual decision support system (DSS) operation, the expert user will
query the system about which is the best recommendation for a given set of
attributes. In this paper, we propose a query system based on the KBM2L
framework. Section 3 describes different types of queries and elaborates on the
difficulties involved. Section 4 addresses the situation of a closed query, with the
whole set of attributes instantiated (a record). Section 5 tackles more general and
complex queries –open queries–. The procedure combines compact decision tables
with learning, information access and information retrieval processes. Section 6
uses a real medical DSS to illustrate all kinds of open queries. The last section
is a summary and suggests further research.

2 KBM2L Lists for Knowledge Synthesis

As mentioned above, KBM2L lists store the information of a decision table as
a vector, much in the manner computers work. A decision table is a set of
attributes. If we assume discrete attribute domains, then an order, natural or
conventional, in the values of these domains may also be assumed. The attributes
can also be arranged in different orders always maintaining the same information.
A base is a vector whose elements are the attributes in a specific order. An index
is a vector whose elements are the values of the attributes of the base, interpreted
as the coordinates with respect to the base.

Therefore, the decision table as a multidimensional matrix maps into an array
as follows [8]. Given a cell of the table with coordinates c = (c0, c1, ..., cn), we
define f : Rn+1 → R, such that

f(c0, c1, ..., cn) = c0

n∏
i=1

Di + c1

n∏
i=2

Di + ...+ cn = q (1)

where q is the c-offset with respect to the first element of the table in a given
base, Di denotes the cardinal of the i-th attribute domain (i = 0, 1, ..., n), and

n∏
j=i+1

Dj is called its weight wi. The vector of weights is w = (w0, w1, ...wn) with

wk = wk+1Dk+1, wn = 1 and k = 0, 1, . . . , n− 1. Their algebraic interpretation
is that they are the coefficients that multiply the coordinates in (1), like radix
powers in the number value expression. We can use relationship (1) to access all
the table values. Without loss of generality, suppose ci has 0,1,2,...Di − 1 as its
possible outcomes and, hence, possible values for q are 0,1,2,...,w0D0 − 1.

Rather than looking at the way the cells can be enumerated depending on
the base, we now consider their content, namely, the DSS proposals. The list
often contains sets of consecutive cells leading to the same optimal policy, as
the optimal decisions present some level of knowledge granularity. The memory
savings come from storing only one cell (or equivalently its offset) per set, e.g.
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its last cell. This last cell together with the common policy, representing a set of
records (cell,policy), is called item. The shorter resulting list composed of items
is a KBM2L list [4]. It is somewhat related to the way sparse matrices are
managed. Each item is denoted as <offset, policy|, where the < symbol reflects
item offsets increasing monotony and | reflects granularity.

Good KBM2L lists search for bases with few items, grouping identical poli-
cies as far as possible into consecutive offsets. We have implemented a genetic
and a variable neighbourhood algorithm to guide this search, as well as efficient
heuristics for some time-consuming associated processes [5]. A list of minimum
length means a table of minimum memory requirements. Moreover, this list also
serves as a means of high-level explanation and validation, finding out relation-
ships between groups of attributes and system proposals. [4] illustrates a medical
problem. Therefore, this knowledge synthesis is useful from both a physical and
a semantic point of view.

3 Queries

The expert decision-maker uses decision tables as a knowledge base (KB). In a
typical session, expert and DSS accomplish these tasks: (A) formulate a query
in the KB domain; (B) translate it into the KB formalism; (C) implement the
response retrieval; (D) build the response efficiently; (E) communicate the re-
sponse(s) and/or suggest improvements, and wait for user feedback.

As far as tasks (A) and (B) are concerned, there is a wide range of possible
query formulations. We propose a simple classification of queries into two groups
depending on whether the whole set of attributes is instantiated –closed query–
or not –open query–. A closed query corresponds to a user who issues a specific
and defined query, as she knows all the information about the attributes. An
open query is more general, since it includes undefined attribute values, because
they may be difficult or expensive to obtain or because they are unreliable.
This classification is similar to the one given in [9], although [9] deals with GIS
(Geographical Information Systems) and focuses more on data efficient updating
and access from a physical point of view (merely as a database), than from a
logical point of view (as a knowledge base).

Queries are stated as attribute instantiations and, therefore, they are related
to the index. A response in terms of the optimal policy is expected. However, an
added difficulty is optimal policy ignorance.

Let us explain this point in further detail. The complete evaluation of the
decision-making problem may be so costly (in terms of time and memory re-
quirements) that we have to resort to solving a set of subproblems instead, each
one as the result of instantiating some random variables [1]. This subproblem set
may not be exhaustive, implying unknown optimal policies for some attribute
combinations, i.e. those associated with unsolved subproblems. This is common
in large decision-making problems. In fact, the optimal KBM2L construction
process also operates with unknown policies and subproblems. It firstly (sequen-
tially or in parallel) evaluates all the subproblems, and then the resulting partial
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decision tables are sequentially added to the KBM2L list by means of a learn-
ing mechanism that optimises the list as new knowledge is entered (i.e., before
reading the next partial table). Each stage in the addition process supposes a
better item organisation and facilitates future additions [5].

In short, we distinguish not only between closed and open queries, but also
between known and unknown or uncertain responses. The different scenarios are
analysed in the following sections, thus completing tasks (C)-(E).

4 Closed Queries

The whole set of attributes is instantiated for closed queries. Then, the system
only needs to look for the corresponding KBM2L list element and retrieve the
optimal policy, which is presented to the user as the response. The mechanism
is as follows.

Let A0, ...An be the attributes and Ω0, ..., Ωn their respective domains. ΩR

denotes policy domain. Let Q denote a closed query, i.e. Q = (a0, ..., an), ai ∈
Ωi, i = 0, ..., n. Suppose the optimal KBM2L list has been achieved with re-
spect to base B = (A0, ...An) and w is its respective weight vector. If this
list has h items, then the list is < q0, r0| < q1, r1| · · · < qh, rh|, where
0 ≤ qi ≤ w0D0 − 1, qi < qi+1 ∀i (offsets), ri ∈ ΩR, ri 	= ri+1 ∀i (policies).
The response retrieval procedure (task (C) above) consists of projecting Q into
the offset space {0, 1, ..., w0D0−1} and deriving its policy from the KBM2L list.
Namely, if 〈·, ·〉 denotes scalar product, we compute 〈Q,w〉 = f(Q) = q, and
whenever q ∈ (qi−1, qi] it implies that the response is ri.

If ri is unknown, then an efficient solution is to call the influence diagram
evaluation and solve the respective subproblem that makes ri known.

Finally, response ri displayed by the system to the expert may be completed
by asking for an explanation. The expert is not only interested in knowing which
is the best recommendation for a certain case, but also in concise, consistent
explanations of why it is optimal, hopefully, translated into her own domain
language. Explanations are also useful as a sensitivity analysis tool for validating
the DSS. Explanations are constructed via two clearly different parts of the
indices an item represents. The first part is the fixed (constant) part of the
indices. The fact that these components take the same value for the respective
attributes somehow explains why the policy is also the same. Therefore, the set
of attributes of the fixed part can be interpreted as the explanation of the policy.
The second part, complementary to the first, is the variable part: the records
do not share the same values and, therefore, the attributes are unimportant
information for the item policy [4].

5 Open Queries

We have seen that the expert is an agent interested in the optimal policy for
the decision-making problem and she queries the system. Expert and DSS have
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a dialogue consisting of queries, responses and explanations. For closed queries,
the expert receives definite and accurate responses. For open queries, this task
is harder due to expert imprecision. Not all attributes are instantiated. Possible
reasons may be the unreliability of some attribute values, missing knowledge,
their high extraction cost or simply an interest in making a complex query con-
cerning the whole ranges of (some) attributes. For example, in medical settings,
the physician often has access to administrative data like sex, age, etc., but may
have no access to (or confidence) attributes like the first treatment received or
some test results. Also, she may be interested in asking for all possible patient
weight intervals. Thus, an open query is, e.g. OQ = (∗, a1, ∗, ..., an), where ∗
denotes non-instantiated attribute values.

In principle, the DSS looks up the respective KBM2L list elements and re-
trieves the optimal policy (or policies) to be presented to the user as the response.
Suppose, as above, that the optimal KBM2L list has been achieved with respect
to base B = (A0, ...An) and the query is open with respect to attributes i and
j, i.e., the query is OQ = (a0, a1, ..., ∗i, ..., ∗j , ..., an). Actually, OQ is a set of
closed queries Qi, namely,

OQ = {(a0, a1, ..., x, ..., y, ..., an) : x ∈ Ωi, y ∈ Ωj} =
Di×Dj⋃

i=1

Qi.

Then, the response retrieval procedure would consist of applying the tech-
nique described in Section 4 to each Qi, computing 〈Qi,w〉 = f(Qi) = pi,
to give an offset set P = {p1, p2, ..., pDi×Dj }, with the respective responses
S = {s1, s2, ..., sDi×Dj }.

There exist four possible situations: (i) all si are equal and known; (ii) all si

are equal but unknown; (iii) there are at least two different values among si’s
and they are known; (iv) there are at least two different values among si’s but
some si’s are unknown. Situation (i) implies an accurate response (si) and the
DSS does not require additional interaction with the expert. The remaining situ-
ations involve various possible responses and/or uncertain responses requiring a
refinement to be helpful for the expert. It is here that tasks (D) and (E) pointed
out in Section 3 play an important role.

The information for the expert comprises two sets P and S, jointly involving
simple KB records. They have been extracted from the optimal base. Note that
base is the best base for the whole KB, both minimising storage requirements
and maximising knowledge explanation performance. Notwithstanding, this base
may not be useful with respect to the part of the KB concerning the open query.

Attribute weight changes depending on its position within a base, and the
further to the right the position, the smaller the weight is. We propose moving
query open attributes towards positions to the right. The query is the same, but
its attribute order implies working in a new base, with open attributes moved
towards the smallest weight positions. From a semantic viewpoint, this movement
also agrees with the idea of consigning open attributes to less important positions
as the query seems to indicate, that is, the expert has not assigned a value to
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and does not show a significant interest in these attributes. The new base will
be called operative base, which gives an operative KBM2L. There are several
possible operative bases, all of which are valid. We can choose the base leading to
less computational effort when changing the base and transposing the knowledge,
after trying a few bases in linear time.

A base change may be interpreted as a change in the query and response
points of view. For the DSS, the optimal base represents a good organisation of
the whole KB content. For the expert, the operative base provides an organised
view of the responses to her open query, as consecutive records. This base will be
optimal for explaining the responses. It illustrates how a query may be difficult
in one base and easier in another base. It bears a resemblance to human domains,
where a query is simple for an expert but hard for non-experts. An expert has
a good problem description: a good conceptual model, few relevant facts, and a
good information organisation that allows fact analysis and explanation. Indeed,
this is why she is an expert.

Now, working on the operative base, new offset set P ′ will include consecutive
p′

i’s and we can introduce some rules based on distances in the offset space to
make more accurate recommendations to the expert.

Situation (ii) may seem surprising since the DSS is asked for something
which is unknown, because the associated subproblems have not been evaluated.
Nevertheless, we will try to provide a solution. Specifically, situation (ii) may be
solved by predicting that the response is associated with the nearest offset to P ′

based on the Euclidean distance in the offset space, i.e. in {0, 1, ..., w0D0−1}, as
follows. Let pl, pu be the minimum and maximum offsets, respectively, included
in P ′. Suppose ql is the maximum offset with known policy (say r) that precedes
pl in the operative KBM2L list. Likewise, qu is the minimum offset with known
policy (say s) that follows pu in the operative KBM2L list. All records that
match (p′, s), with p′ ∈ P ′, s ∈ S, belong to the same item in the operative
KBM2L list, while, offsets ql and qu are located at its adjoining items. Then, we
compute d1 = |pl − ql| and d2 = |pu − qu|. If d1 < d2, then the response is r;
otherwise the response is s.

Situation (iii) presents different policy values in S. We may give an imme-
diate answer to the expert based on statistics over the policy value distribution
(median, mode, etc.). However, more intelligent responses will be preferred. As a
first proposal, let us call it Algorithm A1, the DSS asks the expert to instantiate
the open attribute further to the left with respect to the optimal base. It will
be the most efficient attribute for reducing response uncertainty. That is, it will
have the greatest weight among all the open attributes, implying more likelihood
of belonging to the fixed part of the item indices, which is what explains a fixed
policy. Thus, the further to the left the attribute, the more likely the query is to
lead to less responses that are different. If necessary, then, the instantiation of
the second further to the left open attribute would be requested, and so on. This
approach will fit problems with many attributes but with few open attributes.

For many open attributes, say more than 10, we have enough information
to make automatic inferences via a learning process. Thus, we propose focusing
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once again on the operative KBM2L records of interest and learning the prob-
abilistic relationships among the attributes and the policy from these records.
The structure to be learnt is a Bayesian network (BN) (see e.g. [10]), as it has
a clear semantics for performing many inference tasks necessary for intelligent
systems (diagnosis, explanation, learning...). Then, the resulting structure will
provide a basis for starting a DSS/expert dialogue to lend insight into the prob-
lem and refine the query in the light of new evidence until the response satisfies
the expert.

For the sake of simplicity, let X ⊂ Rn1 ,Y ⊂ Rn2 , n1+n2 = n denote, respec-
tively, instantiated and non-instantiated attributes of the query. Our Algorithm
A2 follows the steps:

S0. Initialise X0 = X,Y0 = Y
S1. DSS extracts data (records) matching X0 from the operative KBM2L
S2. DSS learns a BN from data (structure and conditional probabilities)
S3. DSS computes P (R = r|X0), ∀r ∈ ΩR on the BN. Expert fixes a decision

criterion, usually a distribution mode, to choose among r’s. Let m0 be this
value. It will be evidence to be propagated through the network.

S4. DSS computes P (Yj = y|R = m0,X0), ∀j = 1, ..., n2,∀y ∈ ΩYj on the BN.
Expert fixes a decision criterion, usually minimum variance, to choose among
Yj ’s. Let Ỹ0 be the resulting vector of Yj ’s, with coordinates given by expert
instantiations, like e.g., the Yj mode.

S5. Extend vector X0 as X1 = X0 ∪ Ỹ0. Set Y1 = Y0 \ Ỹ0.

Steps S3 and S4 are repeated until the expert is satisfied or Yj has few
components and Algorithm A1 is called to continue. If the algorithm stops at
Xj , then mj is the response returned. The expert can always revise decisions
made at S3 and S4 of the last iteration whenever she does not agree with the
current outputs. Moreover, the DSS will be on the watch for and warn the expert
about probabilities conditioned to impossible events (registered in the DSS).

A BN (see a review in [2]) is learned in Step S2 via a structure learning algo-
rithm, where the K2 algorithm [3] is the standard. K2 is a greedy parent search
algorithm using a Bayesian score to rank different structures. Thus, an ordering
on the nodes is assumed, and for each node, K2 returns its most probable par-
ents given the data. The algorithm works on quite reasonable data sizes, as in
the context we propose. Indeed, we may even have quite large sizes, requiring a
sample to be used to be computationally tractable.

Expert decision criteria at Steps S3 and S4 might be different. They are
expert choices. With the suggested criteria: (a) at Step S3, we choose the most
likely response given the instantiated attribute set for the query; and (b) at
Step S4, we choose the attribute(s) in which we have more confidence or the
attribute(s) wiggling less than a fixed threshold. Then, they are instantiated in
the query as their mode, giving rise to a new, more accurate, query. Posterior
steps allow continuous probability updating.

The DSS talks via the BN and its probabilities, giving, firstly, information
about the response and, secondly, about the likelihood of each open attribute,
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given the response chosen by the expert. This support for both responses and
queries allows the expert to re-state and improve her query until it is more
defined, leading to more accurate answers. This is task (E) mentioned above.

Situation (iv) also presents different policy values in S, some of which, how-
ever, may be unknown. Unknown policies are the result of having a system that
can legitimately be termed knowledge based, due to its significant size [6], with
the impossibility of being completely solved. The expert plays an important role
in deciding which part of the problem should be solved, suggesting which is the
core she is interested in. As a consequence, her queries are likely to bear on
this core, thus having a known response. Thus, situation (iv) can be solved like
situation (iii), trying to avoid unknown policies via, e.g. Algorithm A1.

6 Example from a Medical DSS

Open queries and the respective responses and explanations are the basic dia-
logue elements in the expert/DSS interaction. We now describe how the dialogue
is developed in typical sessions. Our decision-making problem concerns a doctor
who has to make a decision about a patient admission and two possible therapy
actions [4,1], i.e. three alternatives: r0: no admission, r1: 12-hours observation,
r2: 12-hours phototherapy. The decision table has 12 attributes, see Table 1,
and 82, 944 records. The optimal base is B = (A0, A1, ..., A11), with respective
weights w = (27648, 13824, 6912, 3456, 1152, 576, 192, 64, 16, 8, 4, 1). Our KB has
1, 656 items distributed over 27, 736 known records and 55, 208 unknown records.
Each query will be coded according to the optimal base order.

Table 1. Attributes and domains

Attributes Domains

Concentration of Bilirubin(A0) Normal(0), Pathological(1), VeryPathol.(2)
Child’s(A1) & Mother’s(A9) Rh Negative(0), Positive(1) Factor
Primiparous?(A2) Primiparous(0), Multiparous(1)
Delivery with Instruments?(A3) Natural(0), Instrumental(1)
MotherAge(A4) 15-18(0), 19-35(1), >35(2)
Child(A5) & Mother(A10) Coombs’ Negative(0), Positive(1) Test
5MinApgarTest(A6) 0-3(0), 4-7(1), 8-10(2) level
Concentration of Hemoglobin(A7) Normal(0), Pathological(1), VeryPathol.(2)
BirthWeight(A8) 0.5-1.0(0), 1.0-1.5(1), 1.5-2.5(2), >2.5(3) kg
Jaundice(A11) Yellow(Y) skin Normal(0), Y.(1), Y.-Feet(2), Pumpkin-Y.(3)

Situation (i): doctor queries (0,0,0,0,0,0,1,0,*,*,*,*), with four open attributes
on the right-hand side, thus coinciding the optimal and operative bases. The
response is that r1 is the optimal policy. Its explanation is the index fixed part
of the corresponding item, that is, A0 is 0,. . . , A7 is 0, see Table 2.
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Situation (ii): doctor queries (0,0,0,0,0,1,2,0,3,*,*,*). In this case, the re-
sponse and its explanation are not available (NA) as the query covers only un-
known responses, see Table 2. Then, the closest offsets with known responses
are found. It follows that ql = 447, qu = 1151, both with policy r1. Hence,
d1 = 561, d2 = 128, and the response is r1. qu is located at an item with 64
records, from offset 1151 to offset 1215. The index fixed part of this item is
(0, 1, 2, 3, 4, 5, 6, 7), with values (0, 0, 0, 0, 1, 0, 0, 0), which is the r1 explanation.

Table 2. Query details for situations (i), (ii), (iii) and (iv)

Situation (i) Situation (ii)

open query (0,0,0,0,0,0,1,0,*,*,*,*) (0,0,0,0,0,1,2,0,3,*,*,*)
min index (0,0,0,0,0,0,1,0,0,0,0,0) (0,0,0,0,0,1,2,0,3,0,0,0)
max index (0,0,0,0,0,0,1,0,3,1,1,3) (0,0,0,0,0,1,2,0,3,1,1,3)
pl, pu offsets 192, 255 1008, 1023
fixed part (0,. . . ,7) NA explanation
response r1 unknown

Situation (iii) Situation (iv)

open query (0,0,1,0,1,1,*,*,*,*,*,*) (0,0,0,0,0,0,0,*,*,*,*,*)
min index (0,0,1,0,1,1,0,0,0,0,0,0) (0,0,0,0,0,0,0,0,0,0,0,0)
max index (0,0,1,0,1,1,2,2,3,1,1,3) (0,0,0,0,0,0,0,2,3,1,1,3)
pl, pu offsets 8640, 9215 0, 191
fixed part (0,. . . ,3) for r1 (0,. . . ,7) for r1

(0,. . . ,4) for r2 NA explanation for unknown
response r1 or r2 r1 or unknown

Situation (iii): doctor queries (0,0,1,0,1,1,*,*,*,*,*,*), with six open at-
tributes, see Table 2. There are two possible responses, each one with its own
explanation. Algorithms A1 or A2 could be called.

For A1, the DSS suggests the doctor to instantiate one of the six open at-
tributes, being A6 an efficient attribute to start with, as it is further to the left.
If it is not possible, doctor would be asked for A7, . . . , A11 values, in this order,
trying to minimise the current alternative set size. In this case, doctor says A6
is 0, and the DSS answers r2 is the optimal policy. With only one policy, the
session ends. The explanation is (0,0,1,0,1), see Table 2.

Situation (iv): doctor queries (0,0,0,0,0,0,0,*,*,*,*,*). The possible responses
are r1 or unknown, see Table 2. To apply A1, the requested attribute order would
be A7, . . . , A11. Doctor says A7 is 0, DSS answers r1, and the session ends. The
explanation is (0,0,0,0,0,0,0,0), see Table 2.

We only illustrate Algorithm A2 for situation (iii), since the record set in-
volved by the open query in situation (iv) is too small so as to learn a BN.
Situation (iii) query involves more than 500 records. The K2 algorithm was em-
bedded in our main program that manages KBM2L lists. Probability calculi
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were carried out with Hugin Expert Software [7], once our output was exported
to Hugin input format. The BN has a naive-Bayes structure, with the five ex-
planation nodes (from A0 to A4) directed to the policy node. The BN gives
probabilities 0, 0.014, 0.986 to r0, r1 and r2, respectively, given the data. Doc-
tor chooses the mode, i.e. m0 = r2, with explanation (0,0,1,0,1) as above. The
session ends as doctor is satisfied, not requiring the Ỹ0 computation.

7 Conclusions and Further Research

One of the most important DSS facilities is to answer user queries. We have
proposed a query system based on the KBM2L framework. Information is effi-
ciently accessed and retrieved to construct the response. The optimal and oper-
ative bases allow the records involved in a query to be organised from different
perspectives. General queries leading to imprecise responses are addressed via an
attributes/policy relationship learning process, where the interaction with the
expert is required to arrive at a satisfactory response, with lower uncertainty.
Our approach provides the KB definite exploitation for the DSS since queries,
responses and explanations are properly performed.

Despite the power of our iterative scheme of progressive knowledge elicitation,
future research might focus on allowing queries with constrained rather than non-
instantiated attributes, covering initial beliefs about the attributes. Also, more
effort could be employed in determining good operative bases if there is more
than one. Two criteria could be: minimum computational effort to obtain the
new KBM2L and minimum item fragmentation. Finally, rather than directly
allowing the expert to choose a decision criterion in Algorithm A2, we could
previously implement a search within the tree of possible sessions, i.e. possible
r-y-r-y · · · (response r and instantiated attributes y) sequences. This would filter
possibilities that will not satisfy expert expectations, facilitating her choices.
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Abstract. In this paper we formalize an approach to detect and
diagnose faults in dynamic industrial processes using a probabilistic
and logic multiagent framework. We use and adapt the Dynamic
Independent Choice Logic (DICL) for detection and diagnosis tasks.
We specialize DICL by introducing two types of agents: the alarm
processor agent, that is a logic program that provides reasoning about
discrete observations, and the fault detection agent that allows the
diagnostic system to reason about continuous data. In our framework
we integrate artificial intelligence model-based diagnosis with fault
detection and isolation, a technique used by the control systems
community. The whole diagnosis task is performed in two phases: in
first phase, the alarm processor agent reasons with definite symptoms
and produces a subset of suspicious components. In second phase, fault
detection agents analyze continuous data of suspicious components, in
order to discriminate between faulty and non-faulty components. Our
approach is suitable to diagnose large processes with discrete and con-
tinuous observations, nonlinear dynamics, noise and missing information.

Keywords: Reasoning models; Uncertainty management; intelligent
agents

1 Introduction

In any industrial process or system real faults are masked by dozens of symptoms,
which are really a cascaded effect of the major faults. The intrinsic uncertainty
in the information requires an intelligent system, to interpret the data and di-
agnose the abnormal components of the process.
In recent years much research has been devoted to the diagnosis of industrial
processes. Most of the industrial implementations of diagnostic systems focus
on either qualitative or quantitative techniques. The first, although perform well
with definite observations, are weak to analyze continuous observations (e.g. sen-
sors readings). The quantitative techniques focus on the analysis of continuous
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data and have weak inference engines for discrete data. They normally include
mathematical models that are hard to obtain for many processes. This make
quantitative approaches very difficult to use in real systems.
Other fault diagnosis methods based on neural networks and fuzzy logic, have
both their own limitations. Neural networks represent black box models that do
not provide more relevant information than the one contained in the output. In
neural networks is also difficult to integrate knowledge from other sources. Fuzzy-
based approaches can not deal with missing information in explicit form, and
the overall dimension of rules, may blow up strongly even for small components
or processes.

The nature of industrial processes, composed of both, discrete and continuous
data, suggests the use of hybrid diagnostic engines. Additionally, the diagnostic
system has to be able to handle noise, nonlinearities and missing information.
In this paper we show how to make a structured integration of FDI techniques [3],
with artificial intelligence model-based diagnosis, within the probabilistic logic
framework given by the Dynamic Independent Choice Logic. To analyze discrete
signals we are using a model-based diagnosis approach. Model-based diagnosis
is based on the fact that a component is faulty if its correct behavior, given by
a stored model, is inconsistent with the observations. To deal with continuous
signals, we use a fault detection and isolation (FDI) approach, commonly used
by the control systems community, that includes dynamic probabilistic models.
We have substituted the FDI classical models, such as differential equations
or ARMA models, with dynamic probabilistic models, in order to deal with
noisy, highly non-linear models, possibly with missing data inputs. These models
have simple structure and inference engine, and provide a good approximation
to the real signals. A main characteristic of our models, is that we learn the
structure (causal model), and the parameters (Lagrange coefficients), from raw
data without any preprocessing stage. The raw data may include noise and
missing data. The probabilistic models have an accuracy enough to allow the
discrimination between the steady state of the process and different mode faults.
We apply our method in a simulated industrial-strength power transmission
network.

2 Description of the Approach

The main relevant aspects of our approach are:

1. We adopt as a diagnostic strategy, the repair-man perspective [11], where
the aim of the diagnostic search is the location of the root-cause of the
disturbance. Once the affected area is located by using a set of initial obser-
vations, more specific information is analyzed (e.g. sensor signals) to isolate
the abnormal components.

2. We modularize the fault detection and diagnosis tasks with the introduction
of agents. In our approach, there are three types of agents: Nature is re-
garded as an agent that provides stochastic assumptions about components
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behavior. The Alarm Processor (AP) agent produces a set of explanations
consistent with first observed symptoms. Fault Detection (FD) agents asso-
ciated to every component in the process, are modeled as dynamic agents
specifying how streams of sensor data entail fault decisions. The output of
the AP agent represents a partial diagnosis to be confirmed by FD agents
(see figure 1).

3. The signals produced by sensors located in the candidate components of the
system, are analyzed by FD agents. Every component has and FD agent that
represents a transduction from inputs (the sensor values) into outputs (the
fault/no-fault decision). Transductions represent an abstraction of dynamic
systems.

4. The fault detection agent incorporates a predictive causal model, represent-
ing the no-fault behavior of the component. The model structure is gener-
ated from steady-state data, with a Bayesian learning algorithm. This model
includes the temporal relationships between process signals. The model de-
livers a probability distribution over the forecast variable states, computed
with a maximum entropy classifier algorithm.

5. The FD agent compares the one-step ahead prediction of the no-fault model
and the stream of data provided by the sensors. The residual analysis gives
an indication of the component behavior (normal/abnormal).

6. The logic programs representing the agents, are axiomatized in phase space
[2] in a similar manner to the event calculus.

7. The specification for a FD agent is not evaluated as a logic program that
needs to do arbitrary computation reasoning about the past. We know the
data from sensors have been already received, and the reasoning about the
fault decision depends on the processing of the received inputs.

8. We use the Dynamic Independent Choice Logic (DICL) [9], with a discrete
time structure, as the framework to develop the fault detection and diagnosis
approach. We benefit from the compact knowledge representation of logic,
the handling of uncertainty with probabilities, the modularization capabili-
ties, and the ability to represent temporal relations of the DICL.

3 Representation

The dynamic independent choice logic is a theory built upon a general model of
agents interacting in an environment [9]. We assume a discrete time structure
T , that is totally ordered and has a metric over intervals. A trace is a function
from T into some domain A. A transduction is a function from input traces
into output traces, that is causal in the sense that the output at time t can
only depend in inputs at times t′ where t′ ≤ t. An agent is a specification of a
transduction. A state is the information that needs to be remembered in order
for the output to be a function of the state and the current inputs.
We modify slightly the definition of a dynamic ICL stated in [9], to introduce
the diagnostic dynamic independent choice logic (DDICL) [4]:
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Fig. 1. Agents based Diagnosis

Definition 1. A diagnostic dynamic independent choice logic the-
ory (DDICL) is a tuple 〈A, C0,FAP ,P0,ASMa〉, where
– A is a finite set of agents containing three types of agents: Nature, Alarm
Processor, and Fault Detection agents,

– C0, Nature’s choice space, is a choice space with alternatives controlled
by nature,

– FAP , is the logic program specification for the Alarm Processor agent. This
agent generates a set of explanations consistent with first observed symp-
toms.

– P0 is a function
⋃ C0 → [0, 1] such that ∀χ ∈ C0

∑
α∈χ P0(α) = 1,

– ASMa is a function on A−0−AP such that ASMa is an agent specification
module for Fault Detection agent a.

We extend the definition for an Agent Specification Module (definition 2.1
given in [8]) with the notion of probabilistic observation function, to specify a
fault detection agent:

Definition 2. An agent specification module for FD agent a �= {0, AP}, written
ASMa, is a tuple 〈 I,O,R,L, Fa, φ〉 where
– I is a set of fluents called the inputs. They specify what sensor values are
available at various times. The range the input trace is the cross product of
the ranges of the fluents in the inputs.

– O, is a set of fluents called the outputs. An output is a propositional fluent
that specifies a decision about the existence of a fault in a component at
various times.

– R, is a set of fluents called the recallable fluents. These are fluents whose
previous values can be recalled.
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– L, is as set of fluents called the local fluents. These are fluents that are
neither inputs, outputs nor recallable.

– Fa is an acyclic logic program. Fa specifies how the outputs are implied by
the inputs, and perhaps previous values of the recallable fluents, local fluents,
arithmetic constraints and other non-temporal relations as intermediaries.

– φ, is the probabilistic observation function, φ : Q → PV , mapping
observation states into a distribution over predicted states.

In this paper we emphasize the description of the fault detection agents. The
details about the alarm processor agent can be found in [4].

3.1 Dynamics Modeling

The specification for an FD agent, makes use of probabilistic functions as a
means of modeling the steady-state dynamics of sensor measurements. The sen-
sor measurements are discretized in fixed bins. The model represents the no-fault
behavior of the associated component.
To implement the function φ, we developed a forecast modeling approach [4],
with the statistical inference engine based on the maximum entropy principle
[13] (see figure 2). The steady state causal models (structure and parameters)
are learned offline from discretized process data. When a stream of sensor data
needs to be analyzed, the inference engine provides a probability distribution
over discrete states of the sensor variable. The probabilistic inference amounts
to the computation of:

P [V = v|Q = q] =
exp

(
N∑

i=1
γ(Qi = qi, V = v)

)

K∑
v′=1

exp

(
N∑

i=1
γ(Qi = qi, V = v′)

) (1)

where

– Q is a finite nonempty set of observation states,
– V is a finite nonempty set of predicted states.

The subset of Lagrange multipliers {γ(Qi = qi, V = v), i = 1, . . . , N, qi =
1, . . . , |Ai|, v = 1, . . . ,K} are learned in an offline manner with a deterministic
annealing algorithm.
Equation 1 is an approximate solution based on the method proposed by Cheese-
man to find the maximum entropy joint probability mass function (pmf) consis-
tent with arbitrary lower order probability constraints. The method by Yan and
Miller uses a restriction of joint pmf support (during learning) to a subset of the
feature space (training set support). The small size of the training set support
maintains the learning times quite tractable.
The comparison between the prediction given by the sensor steady state model
and the stream of data, delivers a set of residuals that provide information about
possible faulty modes.
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Fig. 2. Structure of a Fault Detection Agent

3.2 Temporal Logic Definitions

We specify FD agents with acyclic logic programs and predicates that explicitly
refer to time. The acyclicity corresponds to temporal ordering (if t1 and t2 are
time points and t1 < t2, then the acyclic index for t1 is lower than acyclic index
for t2). Every temporal predicate refers to the value of a fluent in a given time
point. A fluent is a function that depends on time.
Every fault detection agent has a local time scale, what give us the ability to
represent the different dynamics in large processes.
To recall the past values of fluents, we extend the version of temporal predicates
defined in [8], to allow the recalling of values beyond previous time point (values
of fluent Fl at time point t− n, where n > 1) :

was(Fl, Val, Tn,T) is a predicate that specifies that recallable fluent Fl
was assigned value Val at time Tn.

was(Fl, V al, Tn, T )← time(Tn) ∧ Tn < T ∧ set(Fl, V al, Tn) ∧
∼ reset before(Fl, Tn, T ).

where reset before(Fl, Tn, T ) is true if fluent Fl was assigned a value in the
interval (Tn, T ):

reset before(Fl, Tn, T )← time(T2) ∧ Tn < T2 ∧ T2 < T ∧
set(Fl, V al2, T2).

now(Fl, Val, T) is a predicate that specifies that recallable fluent Fl has value
Val at time T.

now(Fl, V al, T )← set(Fl, V al, T ).
now(Fl, V al, T )← ∼ ∃V1set(Fl, V1, T ) ∧ was(Fl, V al, T1, T ).
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set(Fl, Val, Tn) is a predicate that specifies that recallable fluent Fl has value
V al at time T . This predicate implements the reading of sensor values received
up to the time of failure.

time(T ) specify that T corresponds to a point in a discrete, linear time scale.

4 Example

We show the details of our method with a small power network (see figure 3).
This network, represents the interconnection of the different components. The
buses are nodes where industrial or domestic users are connected. The lines
allows the transference of electrical power between buses. The breakers help to
isolate a fault event from the rest of the network.
The breakers are the main protection for one bus and the backup protection for
the bus at the other end of the line. For instance, breaker Br12, is the main
protection for bus 1 and the backup protection for bus 2. This scheme of backup
protection allows the isolation of a fault, even in the case of a malfunction in the
main breaker.

����+ ����,

����-

��+, ��,+

��,-

��-,��-+

��+-

Fig. 3. Single line diagram of a small power network

We assume the buses (nodes) are the only source of faults and there is only
one type of fault (e.g., three phase-to-ground fault). The fault persists during
the time span of the diagnosis. The first symptoms are the alarms indicating
the status of protection breakers (e.g., open or failed to open). There is also a
possibility that the status of some breakers is unknown.
We axiomatise this as follows:
Nature’s Alternatives C0

C0 = {bus1(faulted) : 0.01,
bus1(ok) : 0.99, bus2(faulted) : 0.02,
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bus2(ok) : 0.98, bus3(faulted) : 0.025,
bus3(ok) : 0.975}
{c br12 open(open, faulted, ok) : 0.99, . . . ,
c br32 open(open, faulted, faulted) : 0.98}

Alarm Processor Facts FAP .

br12(StBr) ← bus1(Stbus1) ∧ bus2(Stbus2) ∧ c br12 open(StBr, Stbus1, Stbus2)

br21(StBr) ← bus2(Stbus2) ∧ bus1(Stbus1) ∧ c br21 open(StBr, Stbus2, Stbus1)

br13(StBr) ← bus1(Stbus1) ∧ bus3(Stbus3) ∧ c br13 open(StBr, Stbus1, Stbus3)

br31(StBr) ← bus3(Stbus3) ∧ bus1(Stbus1) ∧ c br31 open(StBr, Stbus3, Stbus1)

br23(StBr) ← bus2(Stbus2) ∧ bus3(Stbus3) ∧ c br23 open(StBr, Stbus2, Stbus3)

br32(StBr) ← bus3(Stbus3) ∧ bus2(Stbus2) ∧ c br32 open(StBr, Stbus3, Stbus2)

All the axiomatisation above refers to the same time Ta, when the alarms
where received (ignoring small delays). For this reason Ta was omitted from the
clauses.

FD Agent Module
Agent Facts Fbus1 .

val(V oltage bus1 model, V m
b1 , T ) ← was(V oltage bus1 real, V R1

b1 , T − 1, T ) ∧
was(V oltage bus1 real, V R5

b1 , T − 5, T ) ∧
c voltage bus1 model(V m

b1 , V R1
b1 , V R5

b1 )

val(Residual V oltage bus1, RV b1, T ) ← now(V oltage bus1 model, V m
b1 , T ) ∧

now(V oltage bus1 real, V R
b1 , T ) ∧

RV b1 = V m
b1 − V R

b1

fault bus1(yes, T ) ← now(Residual voltage bus1, RV b1, T ) ∧
RV b1 > λV b1

fault bus1(no, T ) ← now(Residual voltage bus1, RV b1, T ) ∧
RV b1 < λV b1

We omit the specification for the fault detection agents at bus 2 and bus 3,
because is similar to the above presented.
The stream of data received from voltage sensors, starts at Ti and ends at Tf .
We assume nothing regarding the frequency of data sampling as long as we
can distinguish between normal and abnormal behavior, analyzing the data.
The only assumption is that Ti < Ta < Tf , that is the voltage sensors data are
related to the alarms received. This allow us to represent different time scales
in each fault detection agent.
The structure of the predictive causal model for the variable voltage of
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component bus1, was generated offline from steady-state data, with a suitable
Bayesian learning algorithm (we use the algorithm given in [1]). In this case
the output of the algorithm delivers that fluent V oltage bus1 model depends
on past observations of fluent V oltage bus1 real at times T − 1 and T − 5.
The stochastic part of the agent is achieved by the function

φ c voltage bus1 model(V m
b1 , V

R1
b1 , V R5

b1 )

that maps the set of past observations {V R1
b1 , V R5

b1 } to V m
b1 .

We have applied our approach in a simulated industrial-scale electrical
power network. The estimation of the fault location is difficult due to the
presence of multiple faults, the overwhelming number of alarms generated, and
the possibility of malfunction of protective devices.
The simulated electrical power network has 24 buses, 34 lines and 68 breakers.
We have tested our approach with multiple events, multiple types of faults and
missing information on sensors. More details are given in [5]. The accuracy of
our method to identify the real faulted components was higher than 70 %.

5 Related Work

The concept of diagnosis agents in technical processes was applied in [7]. In
Lauber’s work, the agent is based on a dynamic Bayesian network (DBN) for
reasoning over time. The structure of the DBN was built with reliability engi-
neering methods (e.g. failure mode and effects analysis). Our agents handle the
dynamics of the environment with a more general class of dynamic networks (i.e.
We allow non-Markovian forecast models), whose structure was built with algo-
rithms that learn Bayesian networks. HybridDX [10] is a diagnostic system used
in aeronautics, that include model-based diagnosis and continuous and discrete
simulations of continuous processes. To model the dynamics in HybridDX, they
use physical causal models that are frequently not known in analytical form or
too complicated for calculations. In [12], Sampath presents a hybrid approach
that incorporates the concept of virtual sensors and discrete events diagnosis.
The analysis of sensor signals is performed by using different techniques, such as
spectral analysis, principal components analysis and statistical discrimination.
This approach assumes single fault scenarios and does not address the problem
of incomplete sensor data.

6 Conclusions

We have presented a diagnostic system framework that integrates: the dynamic
independent choice logic with multiple agents, probabilistic forecast models,
and fault detection and isolation techniques. We split the diagnosis task in two
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phases: the first phase is performed by the alarm processor (AP) agent that actu-
ates as the disturbed area locator. The output of AP agent is a set of component
candidates to be confirmed as real faulted components by the second phase. The
second phase is performed by fault detection agents, that analyze the behavior
of sensor measurements. The FD agent incorporates a one step-ahead forecast
model describing the no-fault model of the component. The analysis of residu-
als, computed from the differences between the no-fault model and the sensor
measurements, give the final decision about the fault in a component.
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Abstract. In this work, we present a Disjunctive Fuzzy Constraint Networks
model for continuous domains, which generalizes the Disjunctive Fuzzy
Temporal Constraint Networks model for temporal reasoning, and we propose
the use of the series-parallel and tree-decomposition approaches for simplifying
its processing. After a separate empirical evaluation process of both techniques,
a combined evaluation process over the same problem repository has been
carried out, finding that series-parallel problems practically subsume tree-
decomposable problems.

1 Introduction

Fuzzy Constraint Networks (FCN) model, introduced in [14,16], allows expressing
simple constraints, representing them by means of a convex and normalized
possibility distribution over real numbers. Fuzzy constraints allow combining precise
and imprecise information, which can be also qualitative and quantitative. This model
is suitable for temporal reasoning and other continuous domains where the
combination of such constraint types is required. A fuzzy model allows intermediate
consistency degrees, and to quantify the possibility and necessity of a relationship or
query.

Fuzzy constraints are used in several contexts, such as medical systems,
phytosanitary control, and other domains [1,15,25].

In certain tasks, such as planning, a more general model is needed, where
constraints can be convex or not. Then, the FCN model is enhanced, allowing the
definition of a constraint with a finite set of possibility distributions, normalized and
convex, obtaining the Disjunctive Fuzzy Constraint Networks (DFCN) model. For
temporal reasoning, this model extends the TCSP (Temporal Constraint Satisfaction
Problems) framework proposed by Dechter [8], and it allows constraints such as
“Irrigation is much before or a little after than Treatment”, and subsumes the Vilain &
Kautz point algebra (PA) [22]. This framework allows representing all the possible
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relationships between time points, between intervals and between time points and
intervals, and their disjunctions (without managing repetitive patterns).

The aim of this framework is to contribute to constraint-based reasoning under
uncertainty for continuous domains, using fuzzy CSPs (Constraint Satisfaction
Problems) for search and querying, mixing different filtering techniques and
backtrack search.

The main drawback of DFCN is its computational inefficiency, because generally
these networks are non-decomposable networks [7,24], needing backtracking to find a
solution [11,12,23]. Determining the consistency and computing the minimal network
are also exponential. With small problems, this is not a  drawback, but in order to
generalize the use of the model in a general scope, it would be interesting to simplify
its processing, if possible. The idea is to explore different approaches to be used
before applying backtracking.

One approach is to try avoiding backtracking, using the topology of the problem
graph [8]. Another one is decomposing the network into subproblems that can be
solved separately. A  third approach is to apply preprocessing, reducing the original
network and testing the problem consistency [20,21].

The remainder of this paper is organized as follows. Section 2 presents the DFCN
model; Section 3 presents two approaches for managing constraint networks: series-
parallel networks and tree decomposition; section 4 presents the empirical evaluation
and the analysis of the results; and section 5 summarizes the conclusions and presents
the future work.

2 The Disjunctive Fuzzy Constraint Networks Model

A disjunctive fuzzy constraint network (DFCN) Ld consists of a finite set of n+1
variables X0, ... ,Xn (X0 as origin for problem variables), whose domain is the set of

real numbers R, and a finite set of disjunctive binary constraints d
ijL among these

variables. X0 is a variable added to use only binary constraints, and it can be assigned
to an arbitrary value (for simplicity’s sake, this value is usually 0).

A disjunctive binary constraint d
ijL among variables Xi, Xj is defined with a finite set

of possibility distributions, },...,,{ 21 k
ijijij πππ normalized and convex [9], defined over

the set of real numbers R; for x ³ R, m (x) ³ [0,1] represents the possibility that a
quantity m can be precisely x.

A value assignation for variables Xi, Xj, Xi=a; Xj=b, a, b ³ R, satisfies the

constraint d
ijL iff it satisfies one of its individual constraints:

0)(/ >−∈∃ abL p

ij

d

ij

p

ij ππ (1)

The maximum possibility degree of satisfaction of a constraint d
ijL for an

assignment Xi = a, Xj = b is
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A constraint d
ijL among variables Xi, Xj defines a symmetric constraint d

jiL  among

Xj, Xi, and the lack of a constraint is equivalent to the universal constraint Uπ . A

DFCN can be represented with a directed graph, where each node corresponds to a
variable and each arc corresponds to a constraint between the connected variables,
omitting symmetric and universal constraints. The set of possible solutions of a
DFCN Ld is defined as the fuzzy subset from Rn associated to the possibility
distribution given as:

),((min),...,( max

0
0
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ni
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An n-tuple V = (v1, ...vn) ³ Rn of precise values is  an -possible  solution  of  a
DFCN Ld   if S(V) = . We say that a DFCN Ld is consistent if it is 1-consistent, and it
is inconsistent if it does not have any solution.

Given a DFCN Ld, it is possible to find out several networks which are equivalent to
Ld. We can obtain this networks using the composition and intersection operations,
defined in [3] for temporal reasoning. Among all the equivalent networks, there is
always a network Md DFCN that is minimal. This network contains the minimal
constraints. If Md contains an empty constraint, Ld is inconsistent. If p if the maximum
of possibility distributions in each constraint, and the network has q disjunctive
constrains and n variables, then the minimal network Md of a DFCN Ld can be obtained
with a complexity O(pqn3), where n3 is the cost of solving each case non disjunctive
FCN [16]. Due to this exponential complexity, we need to find a more practical
approach.

3 Series-Parallel Networks and Tree Decomposition

It is well known that topological characteristics of constraint networks can help to
select more effective methods to solve them, and there are previous studies about this
topic [6,8]. These characteristics have been examined for both FCN and DFCN
models; in this work, we will focus only in topics involved with disjunctive problems,
because they are exponential. The selected approaches are series-parallel networks
and tree-decomposition.

3.1   Series-Parallel Networks

A network is series-parallel [18] in respect to a pair of nodes i,j if it can be reduced to
arc (i,j) applying iteratively this reduction operation: a) select a node with a degree of
two or less; b)  remove it from the network; c) connect its neighbours. A network is
series-parallel if it is series-parallel in respect to every pair of nodes. The basic
algorithm for checking if a network is series-parallel has an O(n3) complexity, and there
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is a  more efficient algorithm that checks this property with an O(n) complexity [26],
applied to fault-tolerant networks (IFI networks).

If a  DFCN is series-parallel, the path consistent network is the minimal network,
although the intersection and composition operations are non-distributive [26]. As a
subproduct of checking if a  network is series-parallel, a  variable ordering is obtained,
when deleting the nodes. Applying directional path-consistency (DPC) algorithm [8] in
the reverse order, a  backtrack-free network is obtained and the minimal constraint
between the first two variables of the ordering too. This can be interesting when we
need only to compute a  minimal constraint for two variables, and not the minimal
network, as in LaTeR [5]. In addition, if the network is series-parallel, we can decide
absolutely whether the network is consistent, by applying DPC algorithm in the reverse
order.

Figure 1 shows a series-parallel network. It can be reduced to any of its arcs applying
the reduction process.

Fig. 1. Example of series-parallel network

However, the network shown in Figure 2 is not series-parallel, because there is not
any admissible reduction sequence for any arc. We can see easily that the only node
with grade less or equal to two is X0.

Fig. 2. Example of non series-parallel network

The proposed algorithm for checking if a network is series-parallel (a variant of
the algorithm proposed in [26]) is:
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SP (Series-Parallel) Algorithm

Input: A  Fuzzy Constraint Network.
Output: A node removal sequence.

begin
for each i=0..n Calculate-degree (i)
NodeQueue = {nodes with degree 1 and 2}
While (NodeQueue <> « and |V| > 3)
  begin

node = Extract(NodeQueue)
V <- V – {node}

   if Degree(node) = 1
     then Degree(Neighbour(node)) --
   if Degree(Neighbour(node)) = 2
     then Introduce(NodeQueue, Neighbour(node))
     else if Connected(Neighbours(node))
            then Degree(Neighbours(node)) --
   if Degree(Neighbours(node)) = 2
     then Introduce(NodeQueue, Neighbours(node))
     else E <- E + {NeighboursArc(node)}
  end 
if (NodeQueue = « and |V| > 3)
  then exit (“The network is not series-parallel”)

end

Fig. 3. Series-parallel algorithm

The algorithm ends when the queue is empty or there are three nodes left in the
network. If the queue is empty, the reduction process has finished. In such case, if
there are more than three nodes, the network is not series-parallel, because there are at
least four nodes with a degree greater than two (there is a graph that is homomorphic
to K4 [26]).

3.2   Tree Decomposition

We stated that general DFCN are not tractable when searching the minimal network
and finding a solution, but both problems are tractable when a DFCN has a tree
structure. Then, it seems adequate to study the possibility of removing redundancies
from a DFCN to extract (if it is possible) a tree representing a relative DFCTN
equivalent to the original one.

Tree-decomposition is proposed by Meiri et al. [17] for discrete CSPs, and it can be
extended to DFCN. If a tree Td can be extracted from a path-consistent network by
means of arc removal, the tree Td represents exactly the original network. Otherwise,
if a tree representation cannot be extracted, the algorithm stops and notifies this fact.
The tree extraction using arc removal will be possible only when the path-consistent



280        A. Bosch et al.

network is also minimal. In addition, if the path-consistent network is minimal, we
can state that if the algorithm cannot find the tree decomposition, then there is no tree
representation.

The tree decomposition method consists of removing redundant constraints from
the original network, until a  tree that exactly represents the network without
information loss is found [2,17,19]. The algorithm works as follows: Given a  path-
consistent DFCN, it examines each triplet of variables, identifying the redundancies
of each triplet, assigning weights to the arcs depending on the found redundancies.
The generated tree, Td, is a maximum weight spanning tree (MWST) respect to these
weights. The last step is to verify that Td represents truly the original network. If Td

does not represent truly the original network, removed arcs can be added again, until
both networks become equivalent. This algorithm has a polynomial cost, and when
applied to a minimal disjunctive network, it determines whether the network is
decomposable or not.

We proposed an algorithm [2] that generates a tree Td with these characteristics. If
a tree can be extracted from a path-consistent network using arc removal, the tree Td

represents exactly the original network. Otherwise, if tree representation cannot be
extracted, the algorithm stops and notifies this fact. The tree extraction using arc
removal will be possible only when the path-consistent network is also minimal. In
addition, if the path-consistent network is minimal, we can state that if the algorithm
cannot find the tree decomposition, then there is no tree representation. The algorithm
extends the proposal of Meiri et al. [17] for discrete CSPs, and it is depicted in [19].

4 Empirical Evaluation and Results

We have conducted an empirical evaluation process, generating sets of random DFCN
with different characteristics, preprocessing them with PC-2 (Path-Consistency)
algorithm from Mackworth [13], and applying Tree Decomposition (TD) and Series-
Parallel (SP) algorithms.

The parameters used in our problem generator are n (the number of variables), R
(the range of the constraints), p (the number of possibility distributions in each
constraint), q (the connectivity of the graph), T (the tightness of the constraints) and F
(the fuzziness of the constraints). All the constraints generated in each problem have
the same number of possibility distributions. The values selected for the first test
battery were n= 4 – 40; R= 600; p= 1,2,4,8,16,32; q= 0.1,0.3,0.5; T= 0.1,0.5,0.9.

The first analysis of the results obtained in the TD evaluation process is presented in
[2]. In [4], we analyzed deeper the behaviour of TD, and presented a first analysis of SP,
over a new battery of problems generated with the same parameter set. When analyzing
the results, we observed that the overall trend of SP was similar to the corresponding of
TD: when increasing the problem size, the number of problems where these heuristics
succeed diminished. The main found difference was that, in every category, the number
of SP problems was always greater than TD problems.

These results lead us to make a combined evaluation of both approaches, testing the
SP algorithm over the same battery of path-consistent problems used as input for TD
evaluation. Figure 4 shows the overall trend of both algorithms. Note that SP curve is
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always over TD curve. The bars show the number of path-consistent problems for each
number of variables.

The next question is to check the relationship between the two approaches, that is, to
know whether a TD problem is also SP,  and vice versa. Figure 5 shows the fraction of
the four possible cases: 0-0 represents the problems that are neither TD nor SP.  1-1
represents the problems that are both TD and SP.  0-1 represents the problems that are
SP but not TD. In addition, 1-0 represents the problems that are TD but not SP.  The last
case is the most interesting one, because practically there are not problems with this
pattern. Looking in depth the result database, there are only five isolated problems TD
that are not SP into a population of 25068 problems. In addition, 3551 problems that are
SP but not TD, and 5005 problems are SP and TD. Then, the overall fraction of SP
problems represents a 34.13 %, versus a 19.98 % for TD.

From this analysis, we propose using SP as standard approach, because it runs with a
lower time and memory requirements, and practically subsumes the TD approach.

Fig. 4. Number of PC, TD, and SP problems
vs. Variable Number.

Fig. 5. Comparative analysis of TD and SP
problems v. Variable Number. (TD-SP)

The interest of determining whether a FCN is SP consists on avoiding the need of
backtracking. First, the consistency of the problem can be determined with DPC
(Directional Path-Consistency) algorithm [8], using the inverse node removal
sequence. The output network from DPC can be used to obtain a solution without
backtracking, also using the inverse removal sequence. In addition, if the minimal
network is needed, it can be computed applying PC-2.

Figure 6 shows the minimal network for the sample FCN shown in Figure 1,
obtained with PC-2. Using this information, we can obtain a solution for this network,
using the removal sequence {0,2,4,3,1}. We instantiate the variables in this order: X1,
X3, X4, X2, and X0. A 1-possible solution is:

X1 =   5
X3 = 60
X4 = 65
X2 = 15
X0 =   0
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Fig. 6. Minimal network obtained with PC-2

5 Conclusions and Future Work

In this work, we have proposed the DFCN model for constraint networks in
continuous domains. Among the candidate techniques for managing these networks,
we have selected tree-decomposition and series-parallel networks, carrying out two
evaluation processes. First, we made an independent evaluation of both approaches.
The analysis of this process leads us to carry out a combined evaluation process. After
a detailed study of the results of the last one, we can say that SP has a greater success
than TD, and SP practically subsumes TD. In addition, SP presents a lower
complexity, and it offers all the features of TD: obtaining solutions without
backtracking and computing the minimal network with path-consistency algorithms.
Moreover, problem consistency and solutions can be determined and obtained using
directional path-consistency, with a complexity lower than general path-consistency.

As future work, we propose to study the application of SP for decomposing the
networks onto two types of subnetworks: SP subproblems, which could be solved
with the techniques applied for SP, and non-SP subproblems, which could be solved
with backtracking. This could be an alternative to other decomposition approaches
proposed by our group [3] and other standard techniques, as nonseparable
components [10].

Another proposal could be a deeper study of cases of problems that are TD and not
SP, trying to find a pattern of this type of problems, where TD can be useful.

All this information could be used to select the better approach for each particular
network.
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Abstract. This paper presents an unsupervised change detection method for
computing the amount of changes that have occurred within an area by using
remotely sensed technologies and fuzzy modeling. The discussion concentrates
on the formulation of a standard procedure that, using the concept of fuzzy sets
and fuzzy logic, can define the likelihood of changes detected from remotely
sensed data. The fuzzy visualization of areas undergoing changes can be
incorporated into a decision support system for prioritization of areas requiring
environmental monitoring. One of the main problems related to unsupervised
change detection methods lies in the lack of efficient automatic techniques for
discriminating between changed and unchanged pixels in the difference image.
Such discrimination is usually performed by using empirical strategies or
manual trial-and-error procedures, which affect both, the accuracy and the
reliability of the change-detection process. To overcome such drawbacks, in
this paper, we propose an automatic technique for the analysis of the difference
image. Such technique allows the automatic selection of the decision threshold.
We used a thresholding approach by performing fuzzy partition on a two-
dimensional (2-D) histogram, which included contextual information, based on
fuzzy relation and maximum fuzzy entropy principle. Experimental results
confirm the effectiveness of proposed technique.

1   Introduction

There has been a growing interest in the development of automatic change-detection
techniques for the analysis of multitemporal remote sensing images. In the literature,
two main approaches to the change-detection problem have been proposed: the
supervised and the unsupervised. The former is based on supervised classification
methods, which require the availability of a multitemporal ground truth in order to
derive a suitable training set for the learning process of the classifiers. Although this
approach exhibits some advantages over the unsupervised one, the generation of an
appropriate multitemporal ground truth is usually a difficult and expensive task.
Consequently, the use of effective unsupervised change-detection methods is
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fundamental in many applications in which a  ground truth is not available. The
unsupervised system approach is attractive for classifications tasks due to its self-
organizing, generalizable, and fault-tolerant characteristics. In contrast to the
supervised systems, the unsupervised system does not rely on user-defined training
data and it is a  advantageous characteristic because, frequently, there are not
specialists in remote sensing or geoprocessing in the staff of city councils near sites
that require environmental monitoring. Traditional methods of change detection using
either air- or satellite-borne remotely sensed data also can be broadly divided in two
categories: pre-classification and post-classification. Jensen [1] states that post-
classification comparison of changes is the most commonly used method for
quantitative analysis. It requires a  complete classification of the individual dates of
remotely sensed data, whereupon the operator produces a  matrix of change that
identifies ‘from–to’ land cover change classes. The main drawback with this method
is errors in the individual data classification map will also be present in the final
change detection. On the other hand, pre-classification methods detect changes due to
variations in the brightness values of the images being compared. In any of the pre-
classification approaches, the critical step relies on selecting appropriate threshold
values in the lower and upper tails of the histogram representing values of change.
This is so that areas of change can be accurately separated from those where no
changes have occurred within the period of time considered. In all studies that create a
change image, the value at which the threshold is set is somewhat arbitrary. In this
paper, we work on one of the unsupervised change-detection techniques so-called
“difference image”. These techniques process the two multispectral images acquired
at two different dates in order to generate a further image - the difference image. The
values of the pixels associated with land cover changes present values significantly
different from those of the pixels associated with unchanged areas. Changes are then
identified by analyzing the difference image. In the widely used change vector
analysis (CV A) technique [2], [3], [4], several spectral channels are used and, for each
pair of corresponding pixels “spectral change vector” is computed as the difference
between the feature vectors at the two times. Then, the pixel values in the difference
image are associated with the modules of the spectral change vectors. So, the
unchanged pixels present small gray-level values, whereas changed pixels present
rather large values. In spite of their simplicity and widespread use, the described
above change-detection methods exhibit a  major drawback: a  lack of automatic and
nonheuristic techniques for the analysis of the difference image. An intuitive
approach is to apply a grayscale threshold on the difference image – assume that the
pixel values of the changed pixels are generally higher than the values of the
unchanged pixels. If the histogram of the difference image is bimodal showing a peak
for unchanged pixels and a  peak for changed pixels, the appropriate value for the
threshold can be either manually selected or statistically determined. However, due to
the large variability on the change types and noise on the images, segmentation based
on a single threshold usually performs poorly. Many methods have been proposed to
select the thresholds automatically [5]. Most bilevel thresholding techniques can be
extended to the case of multithresholding, therefore, we focus on a  bilevel
thresholding technique in this paper. The proposed approach will automatically
determine the fuzzy region and find the thresholds based on the maximum fuzzy
entropy principle. It involves a fuzzy partition on a two-dimensional (2-D) histogram
where a 2-D fuzzy entropy is defined .The proposed thresholding technique is adapted



from the presented in [6]. In order to minimize computational costs we proposed an
simplified adaptation of the fuzzy partition and fuzzy entropy.

This paper is organized as follows. The next section presents the procedure used to
generate the 2-D histogram. Section 3 describes the thresholding method used for
segmentation in this work. Section 4 describes an evaluation experiment and
discusses the results.

2   The 2-D Histogram

Let us consider two multispectral images, X1 e X2 acquired in the same geographical
area at two different times, t1 e t2. Let us assume that such images have been
coregistered. Let X represents the values of the pixels in the difference image
obtained by applying the CVA technique to X1 and X2. For the sake of simplicity, the
proposed technique will be presented in the context of the CVA method. However, a
generalization to other methods based on the difference image is straightforward. In
order to obtain a 2-D histogram of the difference image, we define the local average
of a pixel, f(x; y), as the average intensity of its four neighbors denoted by g(x; y):

( ) ( ) ( ) ( ) ( )[ ]1
1 1 1 1 0 5

4
g x, y f x, y f x, y f x , y f x , y . .= + + − + + + − +    (1)

A 2-D histogram can be viewed as a full Cartesian product of two sets X and Y,
where X represents the gray levels of the difference image, f(x,y), and Y represents
the local average gray levels, g(x,y): X=Y={0,1,2,…,L-1}, where L-1 is the higher
level of intensity. This 2-D histogram is an array (L X L) with the entries representing
the number of occurrences of the pair (f(x; y); g(x; y)). The pixels having the same
intensity but different spatial features can be distinguished in the second dimension
(local average gray level) of the 2-D histogram.

3   The Thresholding Method

Four fuzzy sets, ChangedX, NotChangedX, ChangedY, and NotChangedY, were
defined based on the S-function and the corresponding Z-function as follows:
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y Y y Y
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In [6] the S-function is defined with three parameters. In order to minimize
computational costs we used a 3S–shaped membership function, defined as

( )
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2   if 2

1 2 if 2
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


     


 
   



  ,    (3)

and Z(x)=1 – S(x). The parameters a and b locate the extremes of the sloped portion
of the curve, and Figure 1 shows a plot of a S-function with a=1 and b=8.

Fig. 1. A plot of a S-function with parameters a=1 and b=8.

The fuzzy relation Changed is a subset of the full Cartesian product space X Y× , i.e.,
Changed = ChangedX ×  ChangedY X Y⊂ ×

( ) ( ) ( )( )Changed x, y min ChangedX x , ChangedY yµ µ µ= .          (4)

Similarly, NotChanged = NotChangedX ×  NotChangedY X Y⊂ ×

( ) ( ) ( )( )NotChanged x, y min NotChangedX x , NotChangedY yµ µ µ= .          (5)

Let A be a fuzzy set with membership function ( )iA xµ , where 1ix ,i ,...,N= , are the

possible outputs from source A with the probability ( )iP x . The fuzzy entropy of set

A is defined as [7]

( ) ( ) ( ) ( )( )
1

N

fuzzy i i i
i

H A A x P x log P xµ
=

= −∑      (6)

The image is divided in two blocks, NotChangedBlock, with
0NotChanged( x, y )µ > , and ChangedBlock, with 0Changed( x, y )µ > . The total

image entropy is defined as



( ) ( ) ( )H image H NotChanged H Changed .= +   (7)

In [6] the not changed block was divided into a nonfuzzy region RNC and a fuzzy
region RNCF. Similarly, the changed block was composed of a nonfuzzy region RC and
a fuzzy region RCF, and four entropies were computed:

( )
( ) ( )

( ) CF

C C

xy xy
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x ,y R xy xy
x ,y R x ,y R

H R .log
η η

η η∈
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 
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where xyη is the element in the 2-D histogram which represents the number of

occurrences of the pair (x; y). The membership functions ( )Changed x, yµ  and

( )NotChanged x, yµ  are defined in (4) and (5), respectively. The probability

computations xy xy/η η∑ in the four regions are independent of each other and

depend on a and b parameters. In order to simplify and minimize the computational
costs we defined only one region for each block. The two entropies are computed:

( ) ( )
( ) ( )
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xy xy

x ,y xy xy
x ,y x ,y
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η η
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η η
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It should be notice that the probability computations xy xy/η η∑ are the same for both

entropies. These computations do not depend on the parameters a and b and can be
executed only once. With

( ) ( ) ( )( )Changed x, y min ChangedX x , ChangedY yµ µ µ= , and

( ) ( )1NotChanged x Changed xµ µ= − ,

we can compute H as

( ) ( )( )
( )

1 xy xy

x ,y

H NotChanged x Changed x . .log
N N

η η
µ µ

 
= − − −  

 
∑  (14)

where N is the total number of pixels in difference image. Then maximize H is
maximize

( ) ( )
( )

xy xy

x ,y

H NotChanged x Changed x . .log
N N

η η
µ µ

 
= −  

 
∑ (15)

To find the best set of a and b is an optimization problem, which can be solved by:
heuristic searching, simulated annealing, genetic algorithm, etc. In our approach the
optimal solution can be found by direct searching. The proposed method consists of
the following four major steps:
1) Make the difference image;
2) Find the 2-D histogram of the difference image;
3) Perform fuzzy partition on the 2-D histogram;
4) Compute the fuzzy entropy.
Steps 1) and 2) needs to be executed only once while steps 3) and 4) are performed
iteratively for each set of (a; b). The optimum (a; b) determines the fuzzy region (i.e.,
interval [a; b]). The threshold is selected as the crossover point of the membership
function which has membership 0.5 implying the largest fuzziness. Once the threshold
vector (s; t) is obtained, it divides the 2-D histogram into four blocks, i.e., a Not
Changed block, a Changed block, and two noise (edge) blocks. In order to minimize
commission errors the Changed areas extraction method is expressed as

( ) ( ) ( )1

0 
s ,t

f x, y t g x, y s
f x, y,changed

otherwise.

 > ∧ >= 


4   Experimental Results

In order to evaluate the robustness of the proposed technique for the analysis of the
difference image, we considered a synthetic data set artificially generated. An image
acquired by the Landsat-7 Thematic Mapper (TM) sensor, composed of bands 3, 4
and 5, in the middle west of Brazil was used as the reference image. In particular a
section (700x700 pixels) of a acquired scene was selected. This image was assumed



to be X1 image of the data set. The X2 image was artificially generated from the
reference one. A first version of the X2 image was obtained by inserting some
changes in the X1 image in order to simulate land cover variations. Then the
histogram of the resulting image was slightly shifted to simulate different light
conditions in the two images. Finally, two versions of the X2 image were generated
by adding different realizations of zero-mean Gaussian noise to the X2 image (Signal-
to-Noise-Ratio (SNR=20 and 10 dB). For simplicity, we assumed the spatial
independence of the noise components in the images. As an example, Fig. 2(a) shows
the band 4 of the reference image, X1. The map of the areas with simulated changes is
presented in Fig. 2(b). For the two pairs of synthetic images considered, the
corresponding difference images were obtained by applying the Change Vector
Analysis (CVA) technique [5], [8], [10]. CVA technique is one of spectral change
detection techniques that involves the transformation of two original images to a new
single-band or multi-band images, in which the areas of spectral change are
highlighted. For each pair of images considered, a single-band image was created
based on the corresponding difference image. In order to produce spectral change
data, only the magnitude value of difference multiband image vector was used. The
threshold vectors were (62, 62) and (65,65) for the dataset with SNR=20 dB and 10
dB, respectively.

(a) (b)

Fig. 2. Synthetic data set utilized in the experiments. (a) Band 4 of the reference image, (b) map
of the areas with simulated changes used as the reference map in the experiments.

In order to interpret classification accuracies we used two descriptive measures: the
overall accuracy and the Kappa coefficient. The overall accuracy is computed by
dividing the total number of correctly classified pixels by the total number of
reference pixels. Kappa coefficient of agreement is a measure for overall thematic
classification accuracy and ranges from 0 to 1. It is a measure of the difference
between the actual agreement between reference data and an automated classifier and
the chance agreement between the reference data and a random classifier. A true
agreement (observed) approaches 1, and chance agreement approaches 0. A Kappa
coefficient of 0 suggests that a given classification is no better than a random
assignment of pixels [14].
Tables 1, and 2 show the confusion matrix for the datasets with SNR=20 dB and 10
dB, respectively.
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Table 1. Confusion Matrix for the dataset with SNR = 20 dB.

Not Changed (Reference) Changed (Reference)
Not Changed (Classified) 479131 1939
Changed (Classified) 0 8930

Table 2. Confusion Matrix for the dataset with SNR = 10 dB.

Not Changed (Reference) Changed (Reference)
Not Changed (Classified) 479131 2064
Changed (Classified) 0 8805

Table 3 resumes the results and presents the overall accuracy and the Kappa
coefficient for the two datasets. The worst performance was obtained by the dataset
with SNR=10 dB, Kappa coefficient 0.89, and the best performance was obtained by
the dataset with SNR=10 dB with a Kappa coefficient equal to 0.90.
We can note that resulted errors were only omission errors, as expected, and the noise
level did not affect significantly the performance of the algorithm.

Table 3. Results for two datasets.

Kappa-coefficient Overall Accuracy
SNR = 20 dB 0.90 99.60 %
SNR = 10 dB 0.89 99.57 %

5   Conclusions

The proposed method presents some improvements in the field of change detection
and visualization of the certainty and magnitude of changes. In addition, a system to
prioritize areas targeted for map and database revision based on a manager’s criteria
of a cost-effective threshold of change is presented. A 2-D fuzzy partition
characterized by parameters a, and b is proposed which divides a 2-D histogram into
two fuzzy subsets “changed” and “not changed.” For each fuzzy subset, one fuzzy
entropy is defined based on the fuzziness of the regions. The best fuzzy partition was
found based on the maximum fuzzy entropy principle, and the corresponding
parameters a, and b determines the fuzzy region [a; b]. The threshold is selected as the
crossover point of the fuzzy region.
Further research should be conducted to test the potential improvements associated
with such approach. Another selection of membership functions could be used, the
possibility of using different parameters for the membership functions relative to X
and Y sets could be experimented. In spite of the simplicity adopted, even the case
characterized by high level of noise, the experimental results confirm the
effectiveness of the presented technique.
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Abstract. In this work we extend the Cooperative Rules learning
methodology to improve simple linguistic fuzzy models, including the
learning of rule weights within the rule cooperation paradigm. Consid-
ering these kinds of techniques could result in important improvements
of the system accuracy, maintaining the interpretability to an acceptable
level.

1 Introduction

One of the problems associated with Linguistic Modeling is its lack of accu-
racy when modeling some complex systems. It is due to the inflexibility of the
concept of linguistic variable, which imposes hard restrictions to the fuzzy rule
structure. To overcome this problem, many different possibilities to improve the
Linguistic Modeling have been considered in the specialized literature. All of
these approaches share the common idea of improving the way in which the
linguistic fuzzy model performs the interpolative reasoning by inducing a better
cooperation among the rules in the learned model. There are different ways to
induce rule cooperation in the learning process [2,6,7].

In [2], a new learning methodology was proposed as a first strategy to improve
simple linguistic fuzzy models, preserving their structure and descriptive power,
and inducing a better cooperation among the fuzzy rules: the Cooperative Rules
(COR) methodology. The learning philosophy was based on the use of ad hoc
data-driven methods1 to determine the fuzzy input subspaces where a rule should
exist and a set of candidate consequents assigned to each rule. After that, a
combinatorial search was carried out in the set of candidate consequents to obtain
a set of rules with good cooperation among them. In [1,3], different combinatorial
search techniques were considered with this aim.

On the other hand, other technique to improve the rule cooperation is the
use of weighted fuzzy rules [4,8,11], in which modifying the linguistic model
1 A family of efficient and simple methods guided by covering criteria of the data in
the example set

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 294–302, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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structure an importance factor (weight) is considered for each rule. By means
of this technique, the way in which these rules interact with their neighbor ones
could be indicated.

In this work, we propose the hybridization of both techniques to obtain
weighted cooperative fuzzy rules. Thus, the system accuracy is increased while
the interpretability is maintained to an acceptable level. To do that, we present
the Weighted COR (WCOR) methodology, which includes the weight learning
within the original COR methodology.

To learn the subset of rules with the best cooperation and the weights as-
sociated to them, different search techniques could be considered [9]. In this
contribution, we will consider a Genetic Algorithm (GA) for this purpose.

This extended methodology can be intended as a meta-method over any other
ad hoc data-driven learning method, developed to improve simple linguistic fuzzy
models by considering the way in which the fuzzy rules interact. Depending on
the combination of this technique with different ad hoc data-driven methods,
different learning approaches arise. In this work, we will consider the Wang and
Mendel’s method [10] (WM) for this purpose —approach guided by examples—.

The paper is organized as follows. In the next section the said specific ways
to improve the rule cooperation are introduced, reviewing the original COR
methodology. In Sect. 3, the WCOR methodology to obtain weighted coopera-
tive rules is proposed. Experimental results are shown in Sect. 4, whilst some
concluding remarks are pointed out in Sect. 5.

2 Preliminaries

2.1 The COR Methodology

The COR methodology is guided by example covering criteria to obtain an-
tecedents (fuzzy input subspaces) and candidate consequents [2]. Following the
WM approach this methodology presents the following learning scheme:

Let E = {e1, . . . , el, . . . , eN} be an input-output data set representing the
behavior of the problem being solved —with el = (xl

1, . . . , x
l
n, yl), l ∈ {1, . . . , N},

N being the data set size, and n being the number of input variables—. And let
Aj be the set of linguistic terms of the i-th input variable —with j ∈ {1, . . . , n}—
and B be the one of the output variable.

1. Generate a candidate linguistic rule set. This set will be formed by the rule
best covering each example (input-output data pair) contained in the input-
output data set. The structure of each rule, RCl, is obtained by taking a
specific example, el, and setting each one of the rule variables to the linguistic
label associated to the fuzzy set best covering every example component, i.e.,

RCl = IF X1 is Al
1 and . . . and Xn is Al

n THEN Y is Bl,

with
Al

j = arg max
A′∈Aj

µA′(xl
j) and Bl = arg max

B′∈B
µB′(yl).
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2. Obtain the antecedents Rant
i of the rules composing the final linguistic model

and a set of candidate consequents CRant
i

associated to them. Firstly, the
rules are grouped according to their antecedents. Let Rant

i = IF X1 is Ai
1

and . . . and Xn is Ai
n be the antecedents of the rules of the i-th group,

where i ∈ {1, . . . , M} (with M being the number of groups, i.e., the number
of rules finally obtained). The set of candidate consequents for the Rant

i

antecedent combination is defined as:

CRant
i

= {Bk ∈ B | ∃el where ∀j ∈ {1, . . . , n},∀A′
j ∈ Aj ,

µAi
j
(xl

j) ≥ µA′
j
(xl

j) and ∀B′ ∈ B, µBk
(yl) ≥ µB′(yli)} .

3. Perform a combinatorial search among the sets CRant
i

looking for the combi-
nation of consequents with the best cooperation. An improvement in the learn-
ing process consists of adding a new term to the candidate consequent set cor-
responding to each rule, the null consequentN , such that CRant

i
= CRant

i
∪N ,

i = 1, . . . , M . If this consequent is selected for a specific rule, such rule does
not take part in the model finally learned.

Since the search space tackled in step 3 of the algorithm is usually large, it is
necessary to use approximate search techniques. In [3] four different well-known
techniques were proposed for this purpose. In this work we will consider a GA
as search technique.

2.2 The Use of Weighted Linguistic Rules

Using rule weights [4,8,11] has been usually considered to improve the way in
which the rules interacts, improving the accuracy of the learned model. In this
way, rule weights suppose an effective extension of the conventional fuzzy rea-
soning system that allow the tuning of the system to be developed at the rule
level [4,8].

When weights are applied to complete rules, the corresponding weight is
used to modulate the firing strength of a rule in the process of computing the
defuzzified value. From human beings, it is very near to consider this weight as
an importance degree associated to the rule, determining how this rule interacts
with its neighbor ones. We will follow this approach, since the interpretability of
the system is appropriately maintained. In addition, we will only consider weight
values in [0, 1] since it preserves the model readability. In this way, the use of rule
weights represents an ideal framework for extended LM when we search for a
trade-off between accuracy and interpretability. In order to do so, we will follow
the weighted rule structure and the inference system proposed in [8]:

IF X1 is A1 and . . . and Xn is An THEN Y is B with [w],

where Xi (Y ) are the linguistic input (output) variables, Ai (B) are the linguistic
labels used in the input (output) variables, w is the real-valued rule weight, and
with is the operator modeling the weighting of a rule.
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With this structure, the fuzzy reasoning must be extended. The classical
approach is to infer with the FITA (First Infer, Then Aggregate) scheme and
compute the defuzzified output as the following weighted sum:

y0 =
∑

i mi · wi · Pi∑
i mi · wi

,

with mi being the matching degree of the i-th rule, wi being the weight associated
to the i-th rule, and Pi being the characteristic value of the output fuzzy set
corresponding to that rule. In this contribution, the center of gravity will be
considered as characteristic value and the minimum t-norm will play the role of
the implication and conjunctive operators.

A simple approximation for weighted rule learning would consist in consider-
ing an optimization technique to derive the associated weights of the previously
obtained rules (e.g., by means of ad hoc data-driven methods as Wm, or even
COR).

3 The WCOR Methodology

It is clear that the said two approaches improve the accuracy of the learned
model since they induce a good cooperation among rules. Moreover, they present
complementary characteristics. However, due to the strong dependency between
the consequent selection and the learning of the associated weights, the said two
step-based technique to obtain weighted rules is not the most useful to obtain
weighted cooperative rules.

Therefore, we need to include the learning of rule weights in the combinatorial
search process of cooperative rules within the COR methodology. In this way, the
selection of the set of consequents with the best cooperation and the learning of
the weights associated to the obtained rules should be made using global criteria
that jointly consider the action of both, consequents and weights.

In this section, we present the WCOR methodology to obtain weighted co-
operative rules. With this aim, we include the weight derivation within the co-
operative rule learning process.

3.1 Operation Mode

This methodology involves an extension of the original COR methodology.
Therefore, WCOR consists of the following steps:

1. Obtain the antecedents Rant
i of the rules composing the final linguistic model

and a set of candidate consequents CRant
i

associated to them.
2. Problem representation. For each rule Ri we have:

Rant
i , CRant

i
, and wi ∈ [0, 1].
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Since Rant
i is kept fixed, the problem will consist of determining the conse-

quent and the weight associated to each rule. Two vectors of size M (number
of rules finally obtained) are defined to represent this information, c1 and
c2, where,

c1[i] = ki | Bki
∈ CRant

i
, and

c2[i] = wi, ∀i ∈ {1, . . . , M},

except in the case of considering rule simplification, in which Bki ∈ CRant
i

∪
N .
In this way, the c1 part is an integer-valued vector in which each cell rep-
resents the index of the consequent used to build the corresponding rule.
The c2 part is a real-valued vector in which each cell represents the weight
associated to this rule. Finally, a problem solution is represented as follows:

c = c1 c2

3. Perform a search on the c vector, looking for the combination of consequents
and weights with the best cooperation. The main objective will be to minimize
the mean square error:

MSE =
1

2 · N

N∑

l=1

(F (xl
1, . . . , x

l
n) − yl)2,

with F (xl
1, . . . , x

l
n) being the output inferred from the current model when

the example el is used and yl being the known desired output.

3.2 Genetic Algorithm Applied to the WCOR Methodology

The proposed GA performs an approximate search among the candidate con-
sequents with the main aim of selecting the set of consequents with the best
cooperation and simultaneously learning the weights associated to the obtained
rules. The main characteristics of the said algorithm are presented in the follow-
ing:

– Genetic Approach — An elitist generational GA with the Baker’s stochastic
universal sampling procedure.

– Initial Pool — The initial pool is obtained by generating a possible combi-
nation at random for the c1 part of each individual in the population. And
for the c2 part, it is obtained with an individual having all the genes with
value ‘1’, and the remaining individuals generated at random in [0, 1].

– Crossover — The standard two-point crossover in the c1 part combined with
the max-min-arithmetical crossover in the c2 part. By using the max-min-
arithmetical crossover, if cv

2 = (c[1], . . . , c[k], . . . , c[n]) and cw
2 = (c′[1], . . . ,

c′[k], . . . , c′[n]) are crossed, the next four offspring are obtained:

c12 = acw
2 + (1 − a)cv

2, c22 = acv
2 + (1 − a)cw

2 ,

c32 with c3[k] = min{c[k], c′[k]}, c42 with c4[k] = max{c[k], c′[k]},
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with a ∈ [0, 1] being a parameter chosen by the GA designer.
In this case, eight offspring are generated by combining the two ones from
the c1 part (two-point crossover) with the four ones from the c2 part (max-
min-arithmetical crossover). The two best offspring so obtained replace the
two corresponding parents in the population.

– Mutation — The operator considered in the c1 part randomly selects a spe-
cific fuzzy subspace (i ∈ {1, . . . , M}) almost containing two candidate con-
sequents, and changes at random the current consequent ki by other con-
sequent ki

′ such that Bki
′ ∈ CRant

i
and ki

′ �= ki. On the other hand, the
selected gene in the C2 part takes a value at random within the interval
[0, 1].

4 Experiments

To analyze the behavior of the proposed method, we have chosen a real-world
problem to estimate the length of low voltage lines for an electric company [5].

4.1 Problem Description

Sometimes, there is a need to measure the amount of electricity lines that an
electric company owns. This measurement may be useful for several aspects such
as the estimation of the maintenance costs of the network, which was the main
goal in this application [5]. Since a direct measure is very difficult to obtain, the
consideration of models becomes useful. In this way, the problem involves finding
a model that relates the total length of low voltage line installed in a rural town
with the number of inhabitants in the town and the mean of the distances from
the center of the town to the three furthest clients in it. This model will be used
to estimate the total length of line being maintained.

To do so, a sample of 495 rural nuclei has been randomly divided into two
subsets, the training set with 396 elements and the test set with 99 elements,
the 80% and the 20% respectively. Both data sets considered are available at
http://decsai.ugr.es/∼casillas/fmlib/.

L1 L2 L3 L4 L5

m M

0.5

Fig. 1. Linguistic fuzzy partition representation.

Finally, the linguistic partitions considered are comprised by five linguistic
terms with triangular-shaped fuzzy sets giving meaning to them (see Fig. 1). The
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corresponding labels, {L1, L2, L3, L4, L5}, stand for very small, small, medium,
large and very large, respectively.

4.2 Methods

We will compare the accuracy of different linguistic models generated from our
algorithm, named WCorWm 2, to the ones generated from the following meth-
ods: the well-known ad hoc data-driven WM method [10], a method looking for
the cooperation among rules (CorWm) [2,3] and an algorithm for weighted rule
learning Wrl. Table 1 presents a short description of each of them.

Table 1. Methods considered for comparison.

Ref. Method Description
[10] Wm A well-known ad hoc data-driven method
[3] CorWm GA Application to the COR methodology (WCOR c1 part)
— Wrl Weighted rule learning GA on Wm and CorWm (WCOR c2 part)
— WCorWm The proposed algorithm following the WCOR methodology

The values of the parameters used in all of these experiments are presented
as follows 3: 61 individuals, 1,000 generations, 0.6 as crossover probability, 0.2
as mutation probability per chromosome, and 0.35 for the a factor in the max-
min-arithmetical crossover.

4.3 Results and Analysis

The results obtained by the analyzed methods are shown in Table 2, where #R
stands for the number of rules, and MSEtra and MSEtst respectively for the error
obtained over the training and test data. The best results are in boldface.

Notice that, adding weights (WRL) to the rule sets previously learned with
other methods is not sufficient. It is due to the strong dependency among the
learned rules and the weights associated to them. Therefore, we need to include
the learning of rule weights within the rule learning process to allow an optimal
behavior.

The results obtained by WCorWm improve the ones with the remaining
techniques. Moreover, an appropriated balance between approximation and gen-
eralization (with and without rule simplification) has been maintained.
2 With and without rule simplification
3 With these values we have tried easy the comparisons selecting standard common
parameters that work well in most cases instead of searching very specific values for
each method
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Table 2. Results obtained in the low voltage line problem. 

2" stage: WRL 
Method #R MSEt,., MSEtst MSEtra MSEtSt 

13 298,450 282,029 242,680 252,483 
CORWhl 13 221,569 196,808 199:128 175,358 
WCORWL'I 13 160,736 161,800 

Considering rule simplification 
CORWhl 1 11 218,675 196,399 198:630 176,495 
WCORWL~I~ 12 161.414 161.511 

In the case of the simplified models, it seems that the original COR method- 
ology removes more rules than the desired ones, achieving slight improvements 
in the results. The use of rule weights takes advantage of rules that at  first should 
be removed improving the way in which they interact. 

The decision tables of the models obtained by COR and WCOR are pre- 
sented in Fig. 2. Each cell of the tables represents a fuzzy subspace and contains 
its associated output consequent, i.e., the correspondent label together with its 
respective rounded rule weight in the case of WCOR. These weights have been 
graphically showed by means of the grey colour scale, from black (1.0) to  white 
(0.0). 

M S L  = 278,675 
Considering rule simplification 

MS& = 167,474 

M S L .  = 796.399 c ORW M WCORWM M S L .  = 167,677 

Uncovered reglo" 

Fig. 2. Decision tables of the obtained models. 
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In these tables we can observe as the use of weighted rules provokes slight
changes in the consequents, improving the cooperation among the rules so ob-
tained. Moreover, we can see as the rule in the subspace L1-L4 is maintained
when an appropriate interaction level is considered.

5 Concluding Remarks

In this work, we present a methodology to obtain weighted cooperative rules
based on the rule cooperation paradigm presented in [2]. To do that, the learning
of rule weights has been included within the combinatorial search of cooperative
rules. A GA to learn cooperative rules and their associated weights has been
developed for this purpose.

The proposed method has been tested in a real-world problem, improving the
behavior of the basic linguistic models and the ones considering cooperative rules.
Moreover, an appropriated balance between approximation and generalization
has been maintained by the proposed methodology.
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Abstract. In this paper is proposed a semiquantitative methodology to study
models of dynamic systems with qualitative and quantitative knowledge. This
qualitative information may be composed by: operators, envelope functions,
qualitative labels and qualitative continuous functions. A formalism is also
described to incorporate this qualitative knowledge into these models. The
methodology allows us to study all the states (transient and stationary) of a
semiquantitative dynamic system. It also helps to obtain its behaviours patterns.
The methodology is applied to a logistic growth model with a delay.

1 Introduction

Models of dynamic systems studied in science and engineering are normally
composed of quantitative, qualitative, and semiquantitative knowledge. Different
approximations have been proposed when the qualitative knowledge is taken into
account: transformation of non-linear to piecewise linear relationships, Monte Carlo
method, constraint logic programming, probability distributions, causal relations,
fuzzy sets, and combination of all levels of qualitative and quantitative abstraction
[5], [9].
We are interested in the study of dynamic systems with quantitative and qualitative
knowledge. All this knowledge should be taken into account when these models are
studied. Different levels of numeric abstraction have been proposed in the literature:
purely qualitative [6], semiquantitative [5] [8], numeric interval [14] and quantitative.
The proposed methodology transforms a semiquantitative model into a family of
quantitative models. A semiquantitative model may be composed of qualitative
knowledge, arithmetic and relational operators, predefined functions (log,exp,sin,...),
numbers and intervals.

A brief description of the proposed methodology is as follows: a semiquantitative
model is transformed into a set of quantitative models. The simulation of every
quantitative model generates a trajectory in the phase space. A database is obtained
with these quantitative behaviours or trajectories. Techniques of Knowledge
Discovery in Databases (KDD) are applied by means of a language to carry out
queries about the qualitative properties of this time-series database. This language is
also intended to classify the different qualitative behaviours of our model. This
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classification will help us to describe the semiquantitative behaviour of a system by
means of a set of hierarchical rules obtained by means of machine learning
algorithms.

The term KDD [1] is used to refer to the overall process of discovering useful
knowledge from data. The problem of knowledge extraction from databases involves
many steps, ranging from data manipulation and retrieval to fundamental
mathematical and statistical inference, search and reasoning. Although the problem of
extracting knowledge from data (or observations) is not new, automation in the
context of databases opens up many new unsolved problems.

KDD has evolved, and continues to evolve, from the confluence of research in
such fields as databases, machine learning, pattern recognition, artificial intelligence
and reasoning with uncertainty, knowledge acquisition for expert systems, data
visualization, software discovery, information retrieval, and high-performance
computing. KDD software systems incorporate theories, algorithms, and methods
from all of these fields.

The term data mining is used most by statisticians, database researchers and more
recently by the business community. Data mining is a particular step in the KDD
process. The additional steps in KDD process are data preparation, data selection, data
cleaning, incorporation of appropriate prior knowledge and proper interpretation of
the results of mining ensure the useful knowledge is derived from the data [11]. A
detailed descriptions of these steps may be found in [10].

The originality of our approach is that it combines in a proper way qualitative
reasoning with machine learning techniques. This approach is appropriate to study all
the states (transient and stationary) of a semiquantitative dynamic system. It also
appropriated  to obtain its behaviours patterns. However, some behaviours maybe not
found with this approach, mainly, those behaviours obtained with narrowed domains
of the parameters.

2 The Methodology

There has been a great deal of previous research studying the stationary state of a
system, however, it is also necessary to study transient states. For example, it is very
important in production industrial systems to improve their efficiency. Both states of a
semiquantitative dynamic system may be studied with the proposed methodology.
The methodology is shown in Figure 1.

Starting from a dynamic system with qualitative knowledge, a semiquantitative
model S is obtained. A family of quantitative models F is obtained from S by means of
the application of some transformation techniques which are bellow described.

Stochastic techniques are applied to choose a model M ∈ F. Every model M is
quantitatively simulated obtaining a trajectory, which is composed by the values of all
variables from its initial value until its final value, and the values of the parameters.
Therefore, it contains the values of these variables in the transient and stationary
states of the system.

A database of quantitative trajectories T is obtained with these quantitative
behaviours. A language is proposed to carry out queries about the qualitative
properties of the set of trajectories included in the database. A labelled database is
obtained with the classification of these trajectories in according to a criterion.
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Qualitative behaviour patterns of the system may be automatically obtained from
this database by applying machine learning based on genetic algorithms. These
algorithms are described in [2].

3 Semiquantitative Models

A semiquantitative model S is represented by

Φ(dx/dt,x,q,t),  x(t0) = x0,  Φ0(q,x0) (1)

being x ∈ ℜ n the set of state variables of the system, q the parameters, t the time,
dx/dt the variation of the state variables with the time, Φ constraints depending on
dx/dt,x,q,t and Φ0 the set of constraints with initial conditions.

If the methodology is applied, the equations of the dynamic system (1) are
transformed into a set of constraints among variables, parameters and intervals. In this
paper, we are interested in those systems that may be expressed as (2) when the
transformation rules are applied

dx/dt = f(x,p,t),  x(t0) = x0,  p ∈ Ip,  x0 ∈ I0
(2)

where p includes the parameters of the system and new parameters obtained by means
of the transformation rules, f is a function obtained by applying the transformation

Classification

Query

Learning

Database
Generation

Dynamic
System

Semiquantitative
Model

Labelled
Database

Trajectories
Database

Quantitative
Model  M

Answer

System
Behaviour

Fig. 1. Proposed methodology



306   A. Ortega et al.

rules, and Ip,I0 are real intervals. The equation (2) is a family F of dynamic systems
depending on p and x0.

3.1 Qualitative Knowledge

Our attention is focused on those dynamic systems where there may be qualitative
knowledge in their parameters, initial conditions and/or vector field. They constitute
the semiquantitative differential equations of the system.

The representation of the qualitative knowledge is carried out by means of
operators, which have associated real intervals. This representation facilitates the
integration of qualitative and quantitative knowledge in a simple way, and the
incorporation of knowledge from the experts [4].

Qualitative knowledge may be composed of qualitative operators, qualitative
labels, envelope functions and qualitative continuous functions. This qualitative
knowledge and its transformation techniques are now detailed.

Qualitative Operators
These operators are used to represent qualitative parameters and initial conditions.
They may be unary U and binary B operators. Every qualitative operator op is defined
by means of an interval Iop, which is supplied by the experts.

Each qualitative magnitude of the system has its own unary operators. Let Ux be
the unary operators for a qualitative variable x, i.e. Ux={VNx, MNx, LNx,
AP0x,LPx,MPx,VPx }. They denote for x the qualitative labels very negative, moderately
negative, slightly negative, approximately zero, slightly positive, moderately positive,
very positive respectively.  Let r be a new generated variable and let Iu be an interval
defined in accordance with [13], then the transformation rule for a unary operator is as
follows

opu(e) ≡ {r ∈ Iu ,  e − r = 0} (3)

Let e1,e2 be two arithmetic expressions, and let opb be a binary operator. The
expression opb(e1,e2)  denotes a qualitative relationship between e1 and e2. Binary
qualitative operators are classified into:
ÿ Operators related to the difference ≥ ,=, ≤, being their transformation rules:

e1 = e2 ≡ { e1−e2=0 }

e1 ≤ e2 ≡ { e1−e2 − r=0,  r ∈ [− ∞,0] }

e1 ≥ e2 ≡ { e1−e2 − r=0,  r ∈ [0,+∞] }

(4)

ÿ Operators related to the quotient {«,−<,~,≈,»,Vo, Ne,...}. The following trans-
formation rule is applied:

opb(e1,e2) ≡ {e1−e2*r=0 ,  r ∈ Ib
(5)

where Ib is an interval defined according to [7].
In order to maintain the consistency of the model, it is necessary to add constraints

to guarantee the relation among the absolute and relative order of magnitude
operators. in the general case [12].
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Envelope Functions
An envelope function y=g(x) represents the family of functions included between two
defined real functions, a upper one U:  ℜ ⇒ ℜ and a lower one L: ℜ ⇒ ℜ.

〈 L(x),U(x),I 〉,  ∀ x ∈ I: L(x) ≤ U(x) (6)

where I is the definition domain of g, and x is the independent. The transformation
rule applied to (6) is

g(x) = α L(x) + (1 − α) U(x) with α ∈ [0,1] (7)

where α is a new variable. If α=0 ⇒ g(x)=U(x) and if α=1 ⇒ g(x)=L(x) and any
other value of α in (0,1) stands for any included value between L(x) and U(x).

Qualitative Continuous Functions
A qualitative continuous function y=h(x) represents a set of constraints among the
values of y and x according to the properties of h. It is denoted by

y=h(x),  h ≡ {P1,s1,P2,,..,.sk−1,Pk} (8)

being Pi the points of the function. Every Pi is defined by means of (di,ei) where di is
the qualitative landmark associated to the variable x  and ei  to y. These points are
separated by the sign si of the derivative in the interval between two consecutive
points. A monotonous qualitative function is a particular case of these functions
where the sign is always the same s1=... =sk−1.

The transformation rules of a qualitative continuous function are applied in three
steps:
1. Normalization:

The definition of the function is completed and homogenised using these
continuity properties:
ÿ a function that changes, its sign between two consecutive landmarks passes

through a landmark whose value in the function is zero
ÿ a function whose derivative changes, its sign between two consecutive

landmarks passes through a landmark whose derivative is zero
The definition of any function (Equation 8) is always completed with: the extreme
points (−∞, +∞), the points that denote the cut points with the axes, and where the
sign of the derivative changes (a maximum or a minimum of h).

2. Extension:
The definition of these functions is enriched by means of an automatic process,
which incorporates new landmarks or qualitative labels. This extension is carried
out to diminish the uncertainty in the definition of the function.

The number of new landmarks included between each two consecutive original
landmarks may be always the same. With this consideration, we don’t loose the
statistical representativity of the selected quantitative samples obtained for this
function.

3. Transformation
A qualitative function h  is transformed into a set of quantitative functions H.
The algorithm ChooseH is applied to obtain H.
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ChooseH (h)
     for each monotonous region in h

segment={Pm,...,Pn}
choose a value for every Pi in the segment
       verifying the constraints of h

This algorithm divides h into its segments. A segment is a sequence of consecutive
points {Pm,...,Pn} separated by means of those points whose landmark ei=0 or where
si≠ si+1. The segments divide the function into their monotonous regions where their
landmarks ei have the same sign.  The algorithm applies stochastic techniques to
choose every quantitative function of H. These techniques are similar to the Monte
Carlo method, however, the values obtained must satisfy the constraints of h. We use
a heuristic that applies a random uniform distribution to obtain the values for every
landmark of Pi.

4 Database Generation

A family F of quantitative models has been obtained when the transformation rules
described in section 3.1 have been applied to the semiquantitative model S. This
family depends on a set of  interval parameters p and functions H defined by means of
a set of quantitative points. Every particular model M of F is selected by means of
stochastic techniques, and it is quantitatively simulated. This simulation generates a
trajectory r that is stored into the database T.
   The following algorithms are applied to obtain T.

ChooseModel (F)
       for each interval parameter or variable of F
              choose a value in its interval for it
       for each function h of F
              H:=ChooseH(h)

Database generation T
        T:={ }
        for i=1 to N
              M:=ChooseModel(F)
              r:= QuantitativeSimulation(M)

T:=T ∪ r

being N the number of simulations to be carried out, and it is defined in accordance
with the section 7. Therefore, N is the number of trajectories of T.

5 Query/Classification Language

In this section, we propose a language to carry out queries to the trajectories database.
It is also possible to assign qualitative labels to the trajectories with this language.
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5.1 Abstract Syntax

Let T be the set of all trajectories r stored in the database. A query Q is: a quantifier
operator ∀,∃,ℵ applied on T, or a basic query [r,P] that evaluates true when the
trajectory r verifies the property P.
   The property P may be formulated by means of the composition of other properties
using the Boolean operators ∧,∨, ¬.

Table 1. Abstract Syntax of the Language

    Q : ∀  r ∈ T • [r,P] P:  Pb Pb: Pd

| ∃ r ∈ T • [r,P] | P ∧ P | f(L(F))
| ℵ r ∈ T • [r,P] | P∨  P  | ∀ t:F • F
| [r,p] | ¬ P | ∃ t:F • F

        Pd: EQ F: Fb Fb: eb

| CL | F & F | e ∈ I
| F | F | u(e)
| ! F    | b(e,e)

A basic property Pb may be: a predefined property Pd, a Boolean function f applied to
a list L of points or intervals that verifies the formula F, or a quantifier ∀,∃ applied to
the values of a particular trajectory for a time t. This time may be: an instant of time, a
unary time operator (i.e. a range of time), a predefined time landmark, or the list of
times where the formula F is verified.

A defined property Pd is the one whose formulation is automatic. They are queries
commonly used in dynamic systems. There are two predefined: EQ is verified when
the trajectory ends up in a stable equilibrium; and CL when it ends up in a cycle limit.

A formula F may be composed of other formulas combined by means of Boolean
operators  &,|,!.

A basic formula Fb may be: a Boolean expression eb, or if a numeric expression e
belongs to an interval, or a unary u or binary b qualitative operator.

5.2 Semantics

The semantics of every instruction of this language is translated into a query on the
database. The techniques applied to carry out this transformation come from the
development of compilers of language programming. A query [r,P] is true when
trajectory r verifies the property P. Semantics of a query with a quantifier depends on
its related quantifier. If it is∀, a Boolean value true is returned when all the
trajectories r ∈ T verify P. If it is ∃ then true is returned when there is at least one
trajectory r ∈ T that verifies the property P. If the quantifier is ℵ then returns the
number of trajectories of T that verifies P.
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   Let ∀ t: F1 • F2 be a basic property which is true if during the time that F1 is
satisfied, all the values of r verify F2. For ∃ quantifier is true when at least a value of r
that satisfies F1, also satisfied F2. In order to evaluate a formula F, it is necessary to
substitute its variables for their values. These values are obtained from T.

5.3 Classification

A classification rule is formulated as a set of basic queries with labels, and possibly
other expressions

[r,PA] ⇒ A,en1,...  [r,Pb] ⇒ B,en2,...  ... (9)

A trajectory r is classified with a label η if it verifies the property Pη.
Let [r,PA] ⇒ A,eA1 be a classification rule. A trajectory r ∈ T is classified with the

label A if it verifies property PA. The result of evaluating eA1 for this trajectory is also
stored into the database.

6 A Logistic Growth Model with a Delay

It is very common to find growth processes where an initial phase of exponential
growth is followed by another phase of asymptotic approach to a saturation value.
The following generic names are given: logistic, sigmoid, and s-shaped processes.
This growth appears in those systems where the exponential expansion is truncated by
the limitation of the resources required for this growth. They abound in the evolution
of bacteria, in mineral extraction, in world population growth, in epidemics, in
rumours, in economic development, the learning curves, etc.

In the bibliography, these models have been profusely studied. There is a bimodal
behaviour pattern attractor: A stands for normal growth, and O for decay  (Figure 5.b).

Differential equations of the model S are

Φ ≡
dx/dt=x(n r-m), y=delayτ(x), r>0,r=h(y),

h ≡ {(-∞,-∞),+,(d0,0),+, (0,1),+, (d1,e0), -,(1,0), - (+∞,-∞)}
(10)

being n the increasing factor, m the decreasing factor, and h a qualitative function
with a maximum point at (x1,y0).  The initial conditions are

Φ0 ≡ { x0 ∈ [LPx,MPx], LPx(m),LPx(n), τ ∈ MPτ,VPτ} (11)

where LP,MP,VP are qualitative unary operators for x,τ variables.
   We would like to know:

1. if an equilibrium is always reached
2. if there is an equilibrium whose value is not zero
3. if all the trajectories with value zero at the equilibrium are reached without

oscillations.
4. To classify the database according to the behaviours of the system.

We apply our approach to this model. Firstly, the transformation rules are applied,
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dx/dt=x(n r-m), y=delayτ(x), x>0, r=H(y),

H, x0 ∈ [0,3],  m,n ∈ [0,1], τ ∈ [0.5,10]
(12)

where H has been obtained by applying Choose H to h, and the intervals are defined
in accordance with the experts’ knowledge. The algorithm Database generation T
returns the trajectories database.

The proposed queries are formulated as follows:
1. r ∈ T • [r,EQ]

2. r ∈ T • [r, EQ ∧ ∃ t: t ≈ tf • !AP0x(x)]

3. ∀ r ∈ T • [r, EQ ∧ ∃ t: t ≈ tf •  AP0x(x) ∧    length(dx/dt=0)=0 ]
4. being AP0x a unary operator of x. The list of points where dx/dt=0 is the list

with the maximum and minimum points. If length is 0 then there are not
oscillations.
We classify the database by means of the labels:

[r,EQ ∧ length(dx/dt=0)>0 ∧ ∃ t : t ≈ tf • !AP0x(x)] ⇒ recovered,

[r,EQ ∧ length(dx/dt=0)>0 ∧ ∃ t : t ≈ tf • AP0x(x)] ⇒ retarded,

[r,EQ ∧ ∃ t : t ≈ tf • AP0x(x)] ⇒ extinction,

They correspond to the three possible behaviour patterns of the system (Fig. 6). They
are in accordance with the obtained behaviours when a mathematical reasoning is
carried out [3].

7 Conclusions and Further Work

In this paper, a methodology is presented in order to automate the analysis of dynamic
systems with qualitative and quantitative knowledge. This methodology is based on a
transformation process, application of stochastic techniques, quantitative simulation,
generation of trajectories database and definition of a query/classification language.
There is enough bibliography that studies stationary states of dynamic systems.
However, the study of transient states is also necessary. These studies are possible
with the proposed language.

The simulation is carried out by means of stochastic techniques. The results are
stored in a quantitative database. It may be classified by means of the proposed
language. Once the database is classified, genetic algorithms may be applied to obtain
conclusions about the dynamic system.

In the future, we are going to enrich the query/classification language with:
operators for comparing trajectories among them, temporal logic among several times
of a trajectory, more type of equations, etc.

Φ
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Abstract. In this paper, multi-objective optimization is applied to determine the
parameters for a k-nearest neighbours classifier that has been used in the
diagnosis of Paroxysmal Atrial Fibrillation (PAF), in order to get optimal
combinations of classification rate, sensibility and specificity. We have
considered three different evolutionary algorithms for implementing the multi-
objective optimization of parameters: the Single Front Genetic Algorithm
(SFGA), an improved version of SFGA, called  New Single Front Genetic
Algorithm (NSFGA), and the Strength Pareto Evolutionary Algorithm (SPEA).
The experimental results and the comparison of the different methods, done by
using the hypervolume metric, show that multi-objective optimization
constitutes an adequate alternative to combinatorial scanning techniques.

1   Introduction

Whilst most real-world optimization problems require the simultaneous optimization
of multiple, often competing, criteria (or objectives). These problems are known as
MOP (Multi-objective Optimization Problems) [1].The notion of optimum has to be
re-defined in this context and instead of aiming to find a single solution; a procedure
for solving MOP should determine a set of good compromises or trade-off solutions,
generally known as Pareto optimal solutions from which the decision maker will
select one. These solutions are optimal in the wider sense that no other solution in the
search space is superior when all objectives are considered. In addition, evolutionary
Algorithms (EAs) have the potential to finding multiple Pareto optimal solutions in a
single run and have been widely used in this area [2] Recently the importance of
elitism, supported experimentally [2,3], secondary population and adequate diversity
maintaining techniques has focused the attention of researches [4]. In that sense, some
of the authors have presented elsewhere the SFGA [5] and the NSFGA[6] that
continue exploring the benefits of the aforementioned concepts.

The Atrial Fibrillation is the heart arrhythmia that causes most frequently embolic
events that may generate cerebrovascular accidents. In this paper is described how the
aforementioned techniques are applied to an open real world problem: Paroxysmal
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Atrial Fibrillation Diagnosis based on Electrocardiogram (ECG) traces without
explicit Atrial Fibrillation episodes [7]. Recently has finished an international
initiative that addressed this problem concluding that an automatic PAF diagnosis
scheme is possible with a  reasonable efficiency. The different proposed diagnosis
approaches within the Computers in Cardiology Challenge 2001 [7] were focused on
achieving high classification rates. But the use of ECGs (non invasive exploration
method) for the diagnosis motivates the possibility of using this diagnosis scheme in
routinely cardiac examinations. If the application reaches high accuracy detecting
PAF patients (high sensibility), even with a  lower capability of accurate diagnosis
with healthy subjects (lower specificity), positive diagnosis would motivate more
complete explorations. Therefore it can be considered a MOP in which is has interest
to optimize the classification rate and the sensibility (see section 2).

In this paper section 2  describes the PAF diagnosis problem, Section 3  reviews
both SFGA and NSFGA. Experimental results for SFGA, NSFGA and SPEA which is
one of the State-of the-art evolutionary algorithms for MOPs, are given in section 4.
Finally concluding remarks are summarized in Section 5.

2 PAF Diagnosis Based on the K-Nearest Neighbor Classifier

A public database for PAF diagnosis applications is available [8]. It is composed by
registers obtained of 25 healthy individuals and 25 patients diagnosed with PAF. An
automatic algorithm capable of discriminating registers of these two groups with a
certain accuracy is the challenge addressed in the present paper. For this purpose 48
parameters have been extracted of each ECG register [9] obtaining a  48 component
vector that characterizes each subject (p1, …, p48).

A modular classification algorithm based on the K-nearest neighbours has been
used for this application and described in detail in [10]. The labelled vectors work as
references of the classification system. For each new non-labelled vector, the
Euclidean distances to the labelled vectors are calculated. The labels of the K-nearest
neighbours are consulted and the final label is calculated through a voting scheme as
the label of the majority of the K-nearest neighbours. In this way the classification
algorithm is modular, new parameters can be added easily, only the dimension
considered in the Euclidean distance calculation step has to be modified. The
modularity of the classification algorithm enables automatic parameter scanning
techniques. Using the 48 parameters in the classification scheme is highly inefficient,
therefore a parameter selection stage is necessary to select a subset of parameters with
which the best classification performances are reached.

In order to be able to automatically modify the selection of the different
parameters in the classification scheme the input pattern has been multiplied by a
filter vector (F), i.e. I=(p1 f1, …, p48 f48). Where the filter components fi lie within the
interval [0,1]. These filter components represent the chromosome of the different
solutions optimized by the evolutionary algorithms.
For biomedical diagnosis applications, the final diagnostic of a specific disease for a
patient can be ill (suffering of a certain pathology) or healthy (free of this concrete
pathology). This means that the classification result for PAF diagnosis can be:
True Positive (TP). The algorithm classifies as PAF patient a real PAF patient.
True Negative (TN). The algorithm classifies a healthy subject as healthy.
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False Positive (FP). The algorithm classifies as PAF patient a healthy subject
False Negative (FN). The algorithm classifies as healthy subject a PAF patient.
With these cases different functions of interest can be defined (1) : Classification rate
(CR), Sensibility (SE) and Specificity (SP).

FNFPTNTP

TNTP
CR

+++
+=  ; 

FNTP

TP
SE

+
=  ; 

FPTN

TN
SP

+
= (1)

Note that the Sensibility represents the ratio between the detected ill patients and the
total ill patients. While the Specificity represents the ration between the detected
healthy subjects and the total healthy subjects.

Due to the small size of the training database (25 patients and 25 healthy subjects),
the evaluation of the classification rate is calculated in 50 cycles with the method
leaving one out. In this way, in each cycle, one vector is selected as test element. This
vector is classified according to the scheme described above with the other 49 labelled
vectors as classification references. In each cycle are actualised the classification
results in four counters: True_Positive (TP), True_Negative (TN), False_Positive (FP)
and False_Negative (FN). The final classification rate (CR), the sensibility (SE) and
the specificity (SP) are finally calculated with these counters that accumulate the
classification results of the 50 cycles

It is worthy to mention that MOEAs generate a population of different solutions.
This must be seen as an added advantage because some of these solutions will be
more appropriate than other for certain patients suffering from other cardiac
pathologies. This other current pathologies may invalidate some solutions based on
certain parameters that are unreliable for these patients. Therefore a population of
solutions instead of a single one is desirable.

3 Single Front Evolutionary Algorithms

The Single front Genetic Algorithm (SFGA) [5], previously proposed by some of the
authors, implements a elitist selection procedure in which only the non-dominated
(and well-diversified) individuals in the current population are copied to the mating
pool for recombination purposes (see Figure 1.a) The preservation of diversity in the
population is ensured by means of a filtering function, which prevents the crowding
of individuals by removing individuals according to a given grid in the objective
space. The filtering function uses the distance evaluated in the objective space. That
approach has been proved very effective when applied to Zitzler test functions in
comparison to other similar algorithms using a more complex selection scheme to
produce the mating pool.

In the New Single front genetic algorithm (Figure 1.b) [6], some features has
been added to the original SFGA. Firstly an external archive keeps track of the best-
ever solutions found during the running of the algorithm. A selection procedure
produces a mating pool of size S by randomly choosing individuals from the external
set and the filtered current population. The variation operators produces the offspring
that is copied to the next population. The updating procedure adds the first front of
ND individuals in the current population and deleting from the archive the dominated
individuals.
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Fig. 1. Description of SFGA (a) and NSFGA (b).

Results of the mentioned algorithms compared to the ones obtained by SPEA [10] are
shown in the next section.

4 Experimental Results

For performance comparison, the hypervolume metric [3] for maximization problems
has been used. For the sake of simplicity just S metric is shown. S(Ai) is the volume
of the space that is dominated [1] by the set Ai. All of the algorithms were executed
with the same initial population. The filter parameter, ft, is set to 0.01, the mutation
probability per gene is 0.01 and the crossover probability is 0.6. Each Algorithm (see
Table 1) is executed for 3 objectives (section 4.1) and 2 objectives (section 4.2). After
preliminary trials 100 iterations seems to be enough for the algorithms to converge.
All algorithms are executed the aforementioned number of iterations except where
indicated.

4.1 Three Objectives: Classification Rate, Sensibility, and Specificity

Although these three objectives are linearly dependent, this section can illustrate the
performance gain obtained by selecting two of these objectives in section 4.2.

In this case, best Performance was obtained by SPEA with K=1, (the average of
the three best Classification rates was 86% with 88% as average Sensibility and
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81.3% average Specificity).The results are similar to the ones obtained by
combinatorial scanning techniques [11].

Table 1. Performance of the algorithms for 3 and 2 objectives

Popsize K SFGA3 SFGA2 NSFGA3 NSFGA2 SPEA3 SPEA2

1 0.53632 0.68640 0.66259 0.82720 0.68147 0.77360
3 0.44256 0.73600 0.65910 0.75280 0.58732 0.78800
5 0.47980 0.65120 0.61958 0.77200 0.68371 0.83680
7 0.53262 0.65280 0.55104 0.77200 0.59222 0.73920

1001

9 0.46086 0.62400 0.59136 0.72080 0.57862 0.72160

1 0.49795 0.65360 0.66259 0.72160 0.68147 0.73840
3 0.44256 0.71760 0.50048 0.71760 0.57203 0.71760
5 0.47804 0.63520 0.52041 0.67120 0.64313 0.73520
7 0.51200 0.62400 0.55104 0.68880 0.55104 0.72000

100

9 0.45907 0.60800 0.55104 0.67200 0.53504 0.69840

1 0.49612 0.80960 0.63571 0.82800 0.68147 0.70560
3 0.50048 0.75440 0.50048 0.69920 0.44460 0.65920
5 0.55936 0.59200 0.42150 0.61920 0.61203 0.65040
7 0.51558 0.63840 0.46364 0.63840 0.51072 0.65360

50

9 0.44179 0.59040 0.53267 0.67200 0.53260 0.63840

1 0.68806 0.65600 0.61958 0.68880 0.73449 0.70560
3 0.45926 0.69920 0.48672 0.71520 0.46700 0.64400
5 0.48838 0.60480 0.53446 0.67120 0.53632 0.63840
7 0.51072 0.59200 0.48153 0.65520 0.51200 0.61840

30

9 0.43776 0.66880 0.46086 0.56080 0.55212 0.66800

4.2   Two Objectives: Classification Rate and Sensibility

The whole diagnosis scheme is based on ECG traces, therefore on a non invasive
exploration process. In this context, a high sensibility is more desired than a high
specificity for the same classification rate. This means, that such an automatic PAF
diagnosis application could be applied in routinely explorations, in this way, positive
PAF diagnosis would motivate more complex diagnosis processes. Because of that we
have focused on optimizing the classification rate and sensibility of the algorithm.

In the two objectives optimization scheme the best Performance was obtained by
SPEA with K=5, (the average of the three best Classification rates was 82% with
94.7% as average Sensibility, for these solutions the a posteriori calculated Specificity
average is 69.3%). In this case, it is observed that the Sensibility increases
significantly, although the classification rate decreases, this can be of interest to detect
possible PAF patients among the general population in preventive examinations.

1 1000 iterations
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5 Concluding Remarks

Optimization of the three algorithms can be seen as a global optimization, while when
only two performance indicators are taken into account (CR and SE) the process is
focused on optimizing SE (although this would produce a  decrease in SP) and CR.
The obtained results are of the same range to the ones reached by combinatorial
scanning processes [11] but the techniques applied in this paper have two intrinsic
advantages: it represents a  multi-path search approach, and the generation of a
population of different trade-off solutions instead of a  single one can provide some
flexibility to the medical specialist. These two characteristics are common to all the
evolutionary algorithms applied in this paper.
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Abstract. This paper addresses a Very Large Scale Integrated (VLSI) design
problem that belongs to the NP-hard class. The Gate Matrix Layout problem has
strong applications on the chip-manufacturing industry. A Memetic Algorithm
is employed to solve a set of benchmark instances, present in previous works in
the literature. Beyond the results found for these instances, another goal of this
paper is to study how the use of multiple populations and different migration
strategies affects the algorithm’s performance. This comparison has shown to be
fruitful, sometimes producing a strong performance improvement over single
population approaches.

1   Introduction

The use of multiple populations in Evolutionary Algorithms (EAs) gained increased
momentum when computer networks, multi-processors computers and distributed
processing systems (such as workstations clusters) became widespread available.
Regarding the software issue, the introduction of PVM, and later MPI, as well as web-
enabled, object-oriented languages like Java also had their role. As most EAs are in-
herently parallel methods, the distribution of the tasks is relatively easy for most ap-
plications. The workload can be distributed at an individual or a population level; the
final choice depends on how complex are the computations involved. In this work we
do not use parallel computers, or workstations networks. The program runs in a se-
quential way on a single processor, but populations evolve separately, simulating the
behavior of a parallel environment. With several populations evolving in parallel,
larger portions of the search space can be sampled, mainly because each population
will inspect a different part of it. Furthermore, any important information found can be
shared between them through migration of individuals. These factors make the parallel
search much more powerful than the single population-based one.
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2 A VLSI Optimization Problem: Gate Matrix Layout

The Gate Matrix Layout problem is a NP-hard problem [3] that arises in the context of
physical layout of Very Large Scale Integration (VLSI). It can be stated as: suppose
that there are g gates and n nets on a gate matrix layout circuit. Gates can be described
as vertical wires holding transistors at specific positions with nets interconnecting all
the distinct gates that share transistors at the same position. An instance can be repre-
sented as a 0-1 matrix, with g columns and n rows. A number one in the position (i, j)
means a transistor must be implemented at gate i and net j. Moreover, all transistors in
the same net must be interconnected. The superposition of interconnections will define
the number of tracks needed to build the circuit. The objective is to find a permutation
of the g columns so that the superposition of interconnections is minimal, thus mini-
mizing the number of tracks. The figure below shows a possible solution for a  given
instance, with 7 gates and 5 nets, and how to go from the 0-1 matrix representation to
the circuit itself.

Fig. 1. The translation from a given instance’s solution into the real circuit.

In the example, the permutation of the columns was <2-4-3-1-5-7-6>. After the in-
terconnection of all transistors, represented by the horizontal lines, we calculate the
number of tracks needed to build each gate. This number is the sum of positions used
in each column. The number of tracks needed to build the circuit is its maximum.
More detailed information on this problem can be found in [4].

3 Memetic Algorithms

Since the publication of John Holland’s book, „Adaptation in Natural and Artificial
Systems“, the field of Genetic Algorithms, and the larger field of Evolutionary Com-
putation, were definitely established as new research areas. Other pioneer works
would also be cited, but since Holland’s work they became increasingly conspicuous
in many engineering fields and in Artificial Intelligence problems. In the mid 80's, a
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new class of knowledge-augmented GAs, also called hybrid GAs, began to appear in
the computer science literature. The main idea supporting these methods is that of
making use of other forms of „knowledge“, i.e. other solution methods already avail-
able for the problem at hand. As a  consequence, the resulting algorithms had little
resemblance with biological evolution analogies. Recognizing important differences
and similarities with other population-based approaches, some of them were catego-
rized as Memetic Algorithms (MAs) in 1989 [7][9].

3.1 Population Structure

It is illustrative to show how some MAs resemble the cooperative problem solving
techniques that can be found in some organizations. For instance, in our approach we
use a  hierarchically structured population based on a  complete ternary tree. In con-
trast with a  non-structured population, the complete ternary tree can also be under-
stood as a set of overlapping sub-populations (that we will refer to as clusters).

In Figure 2, we can see that each cluster consists of one leader and three supporter
individuals. Any leader individual in an intermediate layer has both leader and sup-
porter roles. The leader individual always contains the best solution – considering the
number of tracks it requires – of all individuals in the cluster. This relation defines the
population hierarchy. The number of individuals in the population is equal to the num-
ber of nodes in the complete ternary tree, i.e. we need 13 individuals to make a ternary
tree with 3 levels, 40 individuals to have 4 levels, and so on. The general equation is
(3n – 1)/2, where n is the number of levels.

Fig. 2. Diagram of the population structure.

Previous tests comparing the tree-structured population with non-structured ap-
proaches are present in [1]. They show that the ternary-tree approach leads to consid-
erably better results, and with the use of much less individuals. In this work, we de-
cided not to address this issue again due to space limitations.

3.2   Representation and Crossover

The representation chosen for the VLSI problem is quite intuitive, with the chromo-
some being composed of alleles assuming different integer values in the [1, n] interval,
where n is the number of columns of the associated 0-1 matrix. The crossover tested is
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a variant of the well-known Order Crossover (OX) called Block Order Crossover
(BOX). After choosing two parents, fragments of the chromosome from one of them
are randomly selected and copied into the offspring. In a second phase, the offspring’s
empty positions are sequentially filled using the chromosome of the other parent. The
procedure tends to perpetuate the relative order of the columns, although some modi-
fications in this order might occur.

Fig. 3. Block Order Crossover (BOX) example.

In Figure 3, Parent A contributes with two pieces of its chromosome to the off-
spring. These parts are thus copied to the same position they occupy in the parent. The
blank spaces are then filled with the information of Parent B, going from left to right.
Alleles in Parent B already present in the offspring are skipped; being copied only the
non-repeated ones. The average contribution percentage of each parent is set at 50%.
This means that the offspring will be created using information inherited in equal
proportion from both parents.

The number of new individuals created every generation is two times the number of
individuals present in the population. This crossover rate, apparently high, is due to the
offspring acceptance policy. The acceptance rule makes several new individuals be
discarded. Thus after several tests, with values from 0.5 to 2.5 we decided to use 2.0.
The insertion of new solutions in the population will be later discussed (see section
3.6).

3.3   Mutation

A traditional mutation strategy based on the swapping of columns was implemented.
Two positions are selected uniformly at random and their values are swapped. This
mutation procedure is applied to 10% of all new individuals every generation.

We also implemented a heavy mutation procedure. It executes the job swap move
10.n times in each individual – where n is the number of gates – except the best one.
This procedure is executed every time the population diversity is considered to be low,
i.e. it has converged to individuals that are too similar (see section 3.6).

3.4   Local Search

Local search algorithms for combinatorial optimization problems generally rely on a
neighborhood definition that establishes a relationship between solutions in the con-
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figuration space. In this work, two neighborhood definitions were chosen. The first
one was the all-pairs. It consists of swapping pairs of columns from a given solution.
A hill-climbing algorithm can be defined by reference to this neighborhood: starting
with an initial permutation of all columns, every time a  proposed swap reduces the
number of tracks utilized, it is confirmed and another cycle of swaps takes place, until
no further improvement is achieved. As the complexity to evaluate each swap is con-
siderably high, we used a  reduced neighborhood, where all columns are tested for a
swap, but only with the closer ones. Following this, we try swapping all columns only
with their 10 nearest neighbors, to the left and to the right. This number is not so criti-
cal, but we noticed a  strong degradation in performance when values around 5  or
lower were utilized.

The second neighborhood implemented was the insertion one. It consists of re-
moving a column from one position and inserting it in another place. The hill-climbing
iterative procedure is the same regardless the neighborhood definition. In this case, we
also utilized a reduced neighborhood. Each column was tested for insertion only in the
10 nearest positions.

Given the large size of the all-pairs and insertion neighborhoods, and the computa-
tional complexity required to calculate the objective function for each solution, we
found it convenient to apply the local search only on the best individual, located at the
top node of the ternary tree, after each generation is completed.

3.5 Selection for Recombination

The recombination of solutions in the hierarchically structured population can only be
made between a leader and one of its supporters within the same cluster.  The recom-
bination procedure selects any leader uniformly at random and then it chooses -  also
uniformly at random - one of the three supporters.

3.6 Offspring Insertion into the Population

After the recombination and the mutation take place, the acceptance of the new off-
spring will follow two rules:

� The offspring is inserted into the population replacing the supporter that took part
in the recombination that generated it.

� The replacement occurs only if the fitness of the new individual is better than the
supporter.

If during an entire generation no individual was accepted for insertion, we conclude
that the population has converged and apply the heavy mutation procedure. Moreover,
after the each generation the population is restructured. The hierarchy states that the
fitness of the leader of a  cluster must be lower than the fitness of the leader of the
cluster just above it. The adjustment is done comparing the supporters of each cluster
with their leader. If any supporter is found to be better than its respective leader, they
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swap their places. Considering the problem addressed in this work, the higher is the
position that an individual occupies in the tree, the fewer is the number of tracks it
requires to build the circuit it represents.

4 Migration Policies

For the study with multiple populations, we had to define how individuals migrate
from one population to another. There are three population migration policies:

� 0-Migrate: No migration is used and all populations evolve in parallel without
any kind of communication or solutions exchange.

� 1-Migrate: Populations are arranged in a  ring structure. Migration occurs in all
populations and the best individual of each one migrates to the population right
next to it, replacing a  randomly chosen individual –  except the best one. Every
population receives only one new individual.

� 2-Migrate: Populations are also arranged in a  ring structure. Migration also oc-
curs in all populations, but the best individual of each one migrates to both popu-
lations connected to it, replacing randomly chosen individuals –  except the best
ones. Every population receives two new individuals.

Fig. 4. Diagrams of the two migration policies.

5 Computational Tests

The population tests were executed in two different ways. The first one was to verify
the influence of the number of populations on the algorithm’s performance. For this
evaluation, the number of populations varied from one up to five. The second test
evaluated the influence of migration, with the three migration policies being applied.
The tests are divided into five instances and for each one we executed the whole set of
configurations ten times. The stop criterion was a time limit, fixed as follows: 30 sec-
onds for W2, V4470 and X0; 90 seconds for W3 and 10 minutes for W4. The differ-
ence between the maximum CPU times is due to the dimension of the instances and
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takes into account the average time to find high-quality solutions. If larger CPU times
were utilized, especially for the smaller instances, most configurations would return
excellent results, weakening any performance comparison among them.

In Table 1, we show some information on the instances we utilized in this work.
We have one small, three medium and a large instance. In the literature it is difficult to
find hard instances. In ref. [4], we found the most extensive computational tests, with
a total of 25 instances. However, most of them were too small and easy to solve using
the MA. Considering their sizes, only V4470, X0, W2, W3 and W4 had more than 30
gates and for this reason we concentrated our studies on them.

Table 1. Information on the instances.

Instance Gates Nets Best known
solution

W2 33 48 14
V4470 47 37 9

X0 48 40 11
W3 70 84 18
W4 141 202 27

Next we show the results of the MA implemented (see Tables 2 to 6). Four num-
bers are utilized to describe the results for each configuration (see Figure 5). In clock-
wise order we have: in boldface, the best solution found for the number of tracks for
that instance. Next in the sequence, we display the number of times this solution was
found in ten tries. Below it, there is the worst value found for the configuration, and
finally, in the lower-left part of the cell, is the average value found for the number of
tracks.

Fig. 5. Data fields for each configuration.

Table 2. Results for the W2 instance.

W2 Number of populations
1 2 3 4 5

0-Migrate 14 9 14 10 14 8 14 9 14 5
14.1 15 14.0 14 14.2 15 14.1 15 14.5 15

1-Migrate 14 10 14 9 14 8 14 5
14.0 14 14.1 15 14.2 15 14.5 15

2-Migrate 14 9 14 5 14 6 14 4
14.1 15 14.5 15 14.4 15 14.6 15
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Table 3. Results for the V4470 instance.

V4470 Number of populations
1 2 3 4 5

0-Migrate 9 2 9 1 9 2 10 10 10 9
10.1 11 10.0 10 10.0 11 10.0 10 10.1 11

1-Migrate 9 2 9 1 9 2 10 8
10.1 11 10.0 11 9.9 11 10.2 11

2-Migrate 9 2 9 1 9 1 10 6
9.9 11 10.2 11 10.1 11 10.4 11

Table 4. Results for the X0 instance.

X0 Number of populations
1 2 3 4 5

0-Migrate 11 7 11 6 11 7 11 7 11 3
11.4 13 11.4 12 11.3 12 11.5 13 11.7 12

1-Migrate 11 6 11 6 11 6 11 3
11.5 13 11.6 13 11.4 12 11.9 13

2-Migrate 11 7 11 4 11 3 11 5
11.5 13 12.0 13 11.9 13 11.8 14

Table 5. Results for the W3 instance.

W3 Number of populations
1 2 3 4 5

0-Migrate 18 1 18 2 18 1 19 1 19 2
21.1 26 20.1 23 20.1 22 20.3 22 20.8 22

1-Migrate 18 3 18 1 18 2 18 2
20.0 23 20.1 23 20.2 22 20.0 22

2-Migrate 18 1 18 2 18 1 18 1
20.2 23 21.1 25 20.3 23 21.3 23

Table 6. Results for the W4 instance.

W4 Number of populations
1 2 3 4 5

0-Migrate 29 3 29 2 29 2 30 4 32 1
31.5 36 31.1 33 31.4 35 32.1 36 33.7 35

1-Migrate 28 2 28 1 28 2 29 3
31.4 34 31.2 35 30.6 35 31.9 36

2-Migrate 29 2 29 3 29 1 31 1
32.5 36 31.7 35 33.4 35 35.1 38

Firstly, we should explain two aspects of randomized search algorithms: exploita-
tion and exploration. Exploitation is the property of the algorithm to thoroughly ex-
plore a specific region of the search space, looking for any small improvement in the
current best available solution(s). Exploration is the property to explore wide portions
of the search space, looking for promising regions.
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With no migration, we observed more instability in the answers, expressed by worst
solutions and averages found for the instances W3 and W4. On the other hand, the 1-
Migrate appeared to better balance exploitation and exploration, with good average
and worst solution values. The 2-Migrate policy did not perform so well, with a clear
degradation of these two parameters. A  too strong exploitation, in detriment of the
exploration shall have caused this. Thus we concluded that migration should be set at
medium levels, represented by the 1-Migrate.

The second aspect to be analyzed is the number of populations. Although it is not
clear what configuration was the best, the use of only one is surely not the best choice
since several multi-population configurations returned better values.

All the best values previously found in the literature, presented in Table 1, were
reached by the MA, except the W4. An increase in the CPU time, from 10 to 60 min-
utes, trying to reach the 27-track value did not work out, too. That time limit was fixed
after we verified that the best results for W4, presented in [5], took several hours to be
found using an equipment which performance was comparable to ours.

As even with a longer CPU time the algorithm did not succeed, we decided to en-
large the local search neighborhood, increasing the number of positions to be tested
from 10 to 20 (see section 3.4). With this change the algorithm finally succeeded to
find the best solution in three times out of ten.

Table 7. Results for instance W4 with a  60-minute CPU time limit and the augmented local
search neighborhood.

Test # Best solution
found

CPU time required to
reach the solution

1 27 2,141.0
2 28 1,791.9
3 29 855.7
4 29 532.4
5 27 1,788.7
6 29 560.8
7 28 1,791.0
8 31 2,908.1
9 27 3,002.5

10 28 600.9

6 Conclusions

This work presented a study on multiple-population approaches to solve the gate ma-
trix layout problem. We used a Memetic Algorithm as the search engine. The results
were very encouraging and the best multi-population configuration found was four
populations evolving in parallel and exchanging individuals at a medium rate. The five
instances utilized were taken from real-world VLSI circuit layout problems and the
solutions rivaled with those previously found in the literature. Another strong point is
that the method utilized is included in a framework for general optimization called
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NP-Opt [6]. That means a general purpose MA was successful in solving a very com-
plex optimization problem, competing head to head with a specific method, especially
tailored for this problem. Future works should include the use of parallel techniques to
distribute the populations and/or individuals through a computer network and the ex-
tension of this study to other NP problems to verify if the results hold as well.
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Abstract. In this paper we propose some generic extensions to the gen-
eral concept of a Genetic Algorithm. These biologically and sociologically
inspired interrelated hybrids aim to make the algorithm more open for
scalability on the one hand, and to retard premature convergence on
the other hand without necessitating the development of new coding
standards and operators for certain problems. Furthermore, the corre-
sponding Genetic Algorithm is unrestrictedly included in all of the newly
proposed hybrid variants under special parameter settings. The exper-
imental part of the paper discusses the new algorithms for the Travel-
ing Salesman Problem as a well documented instance of a multimodal
combinatorial optimization problem achieving results which significantly
outperform the results obtained with a conventional Genetic Algorithm
using the same coding and operators.

1 Introduction

Many problems that are treated by Genetic Algorithms belong to the class of NP-
complete problems. The advantage of Genetic Algorithms when being applied
to such problems lies in the ability to search through the solution space in a
broader sense than heuristic methods that are based upon neighborhood search.
Nevertheless, also Genetic Algorithms are frequently faced with a problem which,
at least in its impact, is quite similar to the problem of stagnating in a local
but not global solution. This drawback, called premature convergence in the
terminology of Genetic Algorithms, occurs when the population of a Genetic
Algorithm reaches such a suboptimal state that the genetic operators can no
longer produce offspring that outperform their parents (e.g. [5]).

During the last decades plenty of work has been investigated to introduce
new coding standards and operators in order to overcome this essential handicap
of Genetic Algorithms. As these coding standards and the belonging operators
often are quite problem specific, we try to take a different approach and look
upon the concepts of Genetic Algorithms as an artificial self organizing process
in a biologically and sociologically inspired generic way in order to improve
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the global convergence behaviour of Genetic Algorithms independently of the
actually employed implementation.

In doing so we have introduced an advanced selection model for Genetic
Algorithms that allows adaptive selective pressure handling in a way quite similar
to Evolution Strategies[2]. Based upon this enhanced GA-model two further
generic extensions are discussed:

(1) The concept of segregation and reunification of subpopulations aims to
assure an independent development of building blocks in very different regions of
the search space in order to improve global convergence. The algorithm divides
the population into subpopulations. These evolve independently until their fit-
nesses stagnate. By this approach of width-search, building blocks, which would
disappear early in case of standard Genetic Algorithms, are evolved in different
regions of the search space at the beginning and during the evolutionary pro-
cess. In contrast to the Island Models for Genetic Algorithms[16], in our case the
single subpopulations grow together again in case of stagnating fitness in order
to end up with a final population containing as much essential building blocks
as possible.

(2) The second newly introduced concept allows the dynamic usage of mul-
tiple crossover operators in parallel in order to somehow imitate the parallel
evolution of a variety of species that are struggling for limited resources. This
strategy seems very adopted for problems which consider more than one crossover
operator - especially if the properties of the considered operators may change as
evolution proceeds.

As an important property of all the newly introduced hybrids it has to be
pointed out that under special parameter settings the corresponding GA/GAs
is/are unrestrictedly included in the new hybrids. The experimental part dis-
cusses the new algorithms for the Traveling Salesman Problem as a very well
documented instance of a multimodal combinatorial optimization problem. In
contrast to all other evolutionary heuristics known to the author that do not use
any additional problem specific information, we obtain solutions close to the best
known solution for all considered benchmarks (symmetric as well as asymmetric
benchmark problems).

2 The Variable Selective Pressure Model

Similar to any other conventional Genetic Algorithm (e.g.[9]) we use a population
of fixed size that will evolve to a new population of the same size by selection,
crossover, and mutation.

What we additionally have done is to introduce an intermediate step in terms
of a so-called virtual population of variable size where the size of the virtual
population usually has to be greater than the population size. This virtual pop-
ulation is created by selection, crossover, and mutation in the common sense
of Genetic Algorithms. But like in the context of Evolution Strategies, only a
certain percentage of this intermediate population will survive.
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This handling of selective pressure in our context is mainly motivated by
(µ, λ)-Evolution Strategies where µ parents produce λ descendants from which
the best µ survive. Within the framework of Evolution Strategies, selective pres-
sure is defined as s = µ

λ , where a small value of s indicates high selective pressure
and vice versa (for a detailed description of Evolution Strategies see for instance
[12]). Even if the interaction between the variable selective pressure within our
new model and the notion of temperature within the scope of Simulated An-
nealing is quite different in detail, we have adopted this notation. Applied to our
new Genetic Algorithm, this means that from |POP | (population size) number of
parents |POP | ·T ((size of virtual population) > |POP |, i.e. T > 1) descendants
are generated by crossover and mutation from which the best |POP | survive as
illustrated in Fig. 1.

Fig. 1. Evolution of a new population with selective pressure s = 1
T

for a virtual
population built up in the sense of a (µ, λ)-Evolution Strategy.

Obviously we define selective pressure as s = |POP |
|POP |·T = 1

T , where a small
value of s, i.e. a great value of T , stands for high selective pressure and vice
versa. Equipped with this enhanced GA-model it is quite easy to adopt further
extensions based upon a controllable selective pressure, i.e. it becomes possible
either to reset the temperature up/down to a certain level or simply to cool down
the temperature in the sense of Simulated Annealing during the evolutionary
process in order to steer the convergence of the algorithm.

Biologically interpreting this (µ, λ)-Evolution Strategy like selective pressure
handling, for Genetic Algorithms this means, that some kind of ’infant mortality’
has been introduced in the sense that a certain ratio of the population (|POP | ·
T − |POP | = |POP | · (T − 1)) will never become procreative, i.e. this weaker
part of a population will not get the possibility of reproduction. Decreasing this
’infant mortality’, i.e. reducing the selective pressure during the evolutionary
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process also makes sense in a biological interpretation because also in nature
stronger and higher developed populations suffer less from infant mortality.

From the point of view of optimization, decreasing the temperature during
the optimization process means that a greater part of the search space is explored
at the beginning of evolution - whereas at a later stage of evolution, when the
average fitness is already quite high, a higher selective pressure is quite critical
in that sense that it can easily cause premature convergence. Operating with
a temperature converging to zero, this (µ, λ)-Evolution Strategy like selective
pressure model for Genetic Algorithms acts like the corresponding Genetic Al-
gorithm with generational replacement. Moreover, implementing the analogue to
the (µ + λ)-Evolution Strategy denotes the other extreme of immortal individ-
uals. However, also the implementation of this strategy is quite easy to handle
with our model by just copying the old population into the virtual population.
Other replacement mechanisms, like elitism or the goldcage-model for example,
are also easy to implement by just adding the best individuals respectively the
best individual of the last generation to the virtual population.

3 Hybrid GA-Concepts Based upon the Variable
Selective Pressure Model

When applying Genetic Algorithms to complex problems, one of the most fre-
quent difficulties is premature convergence. Roughly speaking, premature con-
vergence occurs when the population of a Genetic Algorithm reaches such a
suboptimal state that the genetic operators can no longer produce offspring that
outperform their parents (e.g. [5]).

Several methods have been proposed to combat premature convergence in
the context of Genetic Algorithms (e.g. [4], [6]). These include the restriction of
the selection procedure, the operators and the according probabilities as well as
the modification of fitness assignment. However, all these methods are heuristic
in nature. Their effects vary with different problems and their implementation
strategies need ad hoc modifications with respect to different situations.

A critical problem in studying premature convergence is the identification of
its occurrence and the characterization of its extent. Srinivas and Patnaik [14],
for example, use the difference between the average and maximum fitness as a
standard to measure premature convergence and adaptively vary the crossover
and mutation probabilities according to this measurement. As in the present
paper, the term ’population diversity’ has been used in many papers to study
premature convergence (e.g. [13]) where the decrease of population diversity is
considered as the primary reason for premature convergence. Therefore, a very
homogeneous population, i.e. little population diversity, is considered as the
major reason for a Genetic Algorithm to prematurely converge.

The following generic extensions that are built up upon the variable selective
pressure model primarily aim to avoid or at least to retard premature conver-
gence in a general way.
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3.1 Segregative Genetic Algorithms (SEGA)

In principle, our new SEGA introduces two enhancements to the general concept
of Genetic Algorithms. The first is to bring in a variable selective pressure, as
described in section 2, in order to control the diversity of the evolving population.
The second concept introduces a separation of the population to increase the
broadness of the search process and joins the subpopulation after their evolution
in order to end up with a population including all genetic information sufficient
for locating the region of a global optimum.

The aim of dividing the whole population into a certain number of subpopu-
lations (segregation) that grow together in case of stagnating fitness within those
subpopulations (reunification) is to combat premature convergence which is the
source of GA-difficulties. This segregation and reunification approach is a new
technique to overcome premature convergence [1], [3].

Whereas Island Models for Genetic Algorithms (e.g. in [16]) are mainly driven
by the idea of using simultaneous computer systems, SEGA attempts to utilize
migration more precisely in order to achieve superior results in terms of global
convergence. The principle idea is to divide the whole population into a certain
number of subpopulations at the beginning of the evolutionary process. These
subpopulations evolve independently from each other until the fitness increase
stagnates because of too similar individuals within the subpopulations. Then
a reunification from n to (n − 1) subpopulations is done. Roughly spoken this
means, that there is a certain number of villages at the beginning of the evo-
lutionary process that are slowly growing together to bigger cities, ending up
with one big town containing the whole population at the end of evolution. By
this approach of width-search, building blocks in different regions of the search
space are evolved at the beginning and during the evolutionary process, which
would disappear early in case of standard genetic algorithms and whose genetic
information could not be provided at a later date of evolution when the search
for global optima is of paramount importance.

Monitoring the behaviour of a Genetic Algorithm when applied to optimiza-
tion problems shows that the average fitness as well as the fitness of the best
member of the actual population often stagnates at a certain point of the evo-
lution process even if the actual fitness is wide off the mark of a potentially
best or at least a best-known solution (premature convergence). Furthermore it
appears that Genetic Algorithms prematurely converge to very different regions
of the solution space when repeatedly running a Genetic Algorithm. Moreover it
is known from GA-theory[9], that extending the population size does not help to
avoid premature convergence. In fact, depending on the problem-type and the
problem-dimension there is a certain population size, where exceeding this pop-
ulation size doesn’t effect any more improvements in the quality of the solution.

Motivated by these observations, we have developed an extended approach to
Genetic Algorithms where the total population is split into a certain number of
subpopulations or villages, all evolving independently from each other (segrega-
tion) until a certain stage of stagnation in the fitness of those subpopulations is



334 M. Affenzeller

reached. Then, in order to bring some new genetic information into each village,
the number of villages is reduced by one which causes new overlapping-points
of the villages. Fig. 2 shows a schematic diagram of the described process. This
process is repeated until all villages are growing together ending up in one town
(reunification).

Fig. 2. Evolution of a new population for the instance that four subpopulations are
merged to three.

The variable selective pressure is of particular importance if the number of
subpopulations is reduced by one because this event brings new diversification
into the population. In this case a higher selective pressure is reasonable, i.e. if
reunifying members of neighboring villages, the temperature is reset to a higher
level in order to cool down to 1 as the new system of subpopulations evolves.
While the number of villages decreases during evolution, it is recommended to
reset the selective pressure to a higher level because the genetic diversity of the
emerging greater subpopulations is growing.

SEGA uses a fixed number of iterations for termination. Depending on this
total number of iterations and the initial number of subpopulations (villages),
the dates of reunification may statically be calculated at the beginning of the
evolutionary process as done in the experimental result section. Further im-
provements, particularly in the sense of running time, are possible, if, in order
to determine the dates of reunification, a dynamic criterion for the detection of
stagnating genetic diversity within the subpopulations is used.
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Again, like in the context of the variable selective pressure model which
is included in SEGA as well, it should be pointed out that a corresponding
Genetic Algorithm is unrestrictedly included in the SEGA when the number of
subpopulations (villages) and the cooling temperature are both set to 1 at the
beginning of the evolutionary process. Moreover, the introduced techniques also
do not use any problem specific information.

3.2 Dynamic Habitat Adaptation

Genetic Algorithms as well as its most common variants consider the evolution
of a single species, i.e. crossover can be done between all members of the popula-
tion. This supports the aspect of depth-search but not the aspect of width-search.
Considering natural evolution, where a multiplicity of species evolve in parallel,
as a role model, we could introduce a number of crossover operators and apply
each one to a certain subpopulation. In order to keep that model realistically
it is necessary to choose the size of those subpopulations dynamically, i.e. de-
pending on the actual success of a certain species its living space is expanded
or restricted. Speaking in the words of Genetic Algorithms, this means that the
size of subpopulations (defined by the used crossover and mutation operators)
with lower success in the sense of the quality function is restricted in support of
those subpopulations that push the process of evolution.

But as no Genetic Algorithm known to the author is able to model jumps
in the evolutionary process and no exchange of information between the sub-
populations takes place, the proposed strategy would fail in generating results
superior to the results obtained when running the Genetic Algorithms with the
certain operators one after another. Therefore, it seems reasonable to allow also
recombination of individuals that have emerged from different crossover opera-
tors, i.e. the total population is taken into account for each crossover operator
and the living space (habitat) of each virtual subpopulation is defined by its
success during the last iterations as illustrated in Fig. 3.

Exemplarily considering the properties of the OX (order crossover) and the
ERX (edge recombination crossover) operators for crossover it is reported (e.g. in
[9]) that the OX-operator significantly outperforms the ERX-operator in terms
of speed whereas the ERX-operator surpasses OX in terms of global convergence.
Dynamically using multiple crossover operators in parallel utilizes the ’fast’ OX-
operator for a long evolution period until the performance in terms of solution
quality of ERX outperforms OX at a later stage of evolution. Even more, exper-
iments have shown that the described strategy significantly surpasses the results
obtained when just using one single operator in terms of solution quality.

Anyway, this dynamic (self-organizing) strategy seems particularly suitable
for situations where a couple of crossover operators whose properties are not
exactly known are taken into account.
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Fig. 3. Evolution of a new population for the instance that four crossover operators
are used in parallel.

4 Experimental Results

In our experiment, all computations are performed on a Pentium III PC with 256
megabytes of main memory. The programs are written in the Java programming
language.

Even if ongoing experimental research on a variety of problems shows quite
similar results it would go beyond the scope of the present paper to present all
these tests. So we just give a short summary of the results obtained by SEGA
on a selection of symmetric as well as asymmetric TSP benchmark problem in-
stances taken from the TSPLIB [11] using updated results1 for the best, or at
least the best known, solutions. In doing so, we have performed a comparison of
SEGA with a conventional GA using exactly the same operators for crossover
and mutation and the same parameter settings and with the COSA-algorithm
[15] as an established and successful ambassador of a heuristic especially de-
veloped for routing problems. For the tests the parameters of COSA are set as
suggested by the author in [15]. Both, GA and SEGA use a mutation probabil-
ity of 0.05 and a combination of OX-crossover and ERX-crossover [9] combined
with the golden-cage population model, i.e. the entire population is replaced
with the exception that the best member of the old population survives until
the new population generates a better one (wild-card strategy). Within SEGA,
the described strategies are applied to each subpopulation. The results of a test
presented in the present paper start with 32 villages (subpopulations), each con-
sisting of 64 individuals, i.e. the total population size is set to 2048 for SEGA
(as well as for COSA and GA). Table 1 shows the experimental results of SEGA
1 Updates for the best (known) solutions can for example be found on

ftp://ftp.zib.de/pub/Packages/mp-testdata/tsp/tsplib/index.html
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(with dynamic habitat adaptation), COSA, and GA concerning various types of
problems in the TSPLIB. For each problem the algorithms were run ten times.
The efficiency for each algorithm is quantified in terms of the relative difference
of the best’s individual fitness after a given number or iterations to the best
or best-known solution. In this experiment, the relative difference is defined as
relativeDifference = ( Fitness

Optimal − 1) ∗ 100%. These examples demonstrate the pre-
dominance of the new SEGA (together with an adaptive steering of OX and
ERX operators) compared to the standard-GA. The preeminence of SEGA, es-
pecially when being compared to the rather problem specific COSA heuristic,
becomes even more evident, if asymmetric benchmark problems are considered.

Table 1. Experimental results of COSA, GA (using OX or ERX for crossover) and
the new SEGA together with a dynamic combination of OX- and ERX crossover.

Problem Iter.No. Average difference(%)
COSAGAOX GAERX GAnew

eil76(symm.) 5000 6.36 17.56 7.62 0.32
ch130(symm.) 5000 14.76 84.54 32.44 0.35

kroA150(symm.) 5000 20.91 102.40 71.97 0.74
kroA200(symm.) 10000 48.45 95.69 117.11 1.24
br17(asymm.) 200 0.00 0.00 0.00 0.00
ftv55(asymm.) 5000 44.22 41.34 23.52 0.27

kro124p(asymm.) 10000 26.78 30.61 15.49 0.48
ftv170(asymm.) 15000 187.34 87.12 126.22 1.09

5 Conclusion

In this paper an enhanced Genetic Algorithm and two upgrades have been pre-
sented and exemplarily tested on some TSP benchmarks. The proposed GA-
based techniques couple aspects from Evolution Strategies (selective pressure),
Simulated Annealing (temperature, cooling) as well as a special segregation and
reunification strategy with crossover, mutation, and selection in a general way, so
that established crossover and mutation operators for certain problems may be
used analogously to the corresponding Genetic Algorithm. The investigations in
this paper have mainly focused on the avoidance of premature convergence and
on the introduction of methods which make the algorithm more open for scal-
ability in the sense of convergence versus running time. Concerning the speed
of SEGA, it has to be pointed out that the superior performance concerning
convergence requires a higher running time, mainly because of the the greater
population size |POP | required. This should allow to transfer already developed
GA-concepts to increasingly powerful computer systems in order to achieve bet-
ter results. Using simultaneous computers seems especially suited to increase the
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performance of SEGA. Anyway, under special parameter settings the correspond-
ing Genetic Algorithm is fully included within the introduced concepts achieving
a performance only marginally worse than the performance of the equivalent Ge-
netic Algorithm. In other words, the introduced models can be interpreted as a
superstructure to the GA model or as a technique upwards compatible to Ge-
netic Algorithms. Therefore, an implementation of the new algorithm(s) for a
certain problem should be quite easy to do, presumed that the corresponding
Genetic Algorithm (coding, operators) is known.

However, the efficiency of a variable selective pressure certainly depends on
the genetic diversity of the entire population. Ongoing research indicates that it
could be a very fruitful approach to define the actual selective pressure depending
on the actual genetic diversity of the population.
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Abstract. The purpose of this work is to investigate the application of genetic
algorithms [9] on biological images restoration. The idea is to improve images
quality generated by Atomic Force Microscopy (AFM) technique [1] and by
Cidade et al. [3] restoration method in a way that they can be used to analyze
the structures of a given biological sample.

1 Introduction

Genetic algorithms (GAs) [9] provide computer models based on the principle of
natural selection and have been used in a variety of optimization/search problems. In
this work, we will investigate the use of GAs as a method to biological image
restoration problem.

The biological images we are interested in restoring are generated through AFM
(Atomic Force Microscopy) technique [1]. This technique allows one to generate
atomic resolution images as well as measuring forces at nanometer range [1], which
represent the interactions between a tip and a (biological or not) sample. As we will
present in section 2, the resolution of those images will depend on the tip used to scan
the sample.

Cidade et al. [3] presented an approach to AFM image restoration using a
combination of Tikhonov’s regularization approach [11] and the gradient method
[18]. Despite of the significative improvement of image quality, this approach has
some limitations (see section 2.2). In this paper, we will investigate the use of AGs in
two ways : (i) as a restoration method, using the AFM image as the starting point of
the process; and (ii) as a refinement method, where the AGs will be used to improve
an image quality generated by Cidade et al [3] approach.

This work is organized as follows : in section 2, we will present some basic
concepts about AFM technique [1], image restoration and genetic algorithms [9]; in
section 3, we will describe how image restoration problem will be represented in
genetic terms; and in section 4, we will present some preliminary experimental
results.
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2 Basic Definitions

In this section, we will present some basic concepts about atomic force microscopy,
image restoration and genetic algorithms.

2.1 Atomic Force Microscopy (AFM)

The Atomic Force Microscopy (AFM) technique has been used in a variety of areas
such as electronics, chemical and biology, and therefore the materials under
investigation can vary from semiconductors to biological membranes. Using the AFM
technique allows one to generate atomic resolution images as well as measuring
forces at nanometer range [1].

The AFM technique was first used by Binnig et al. [1] and it consists in attaching a
tiny shard of diamond onto one end of a tiny strip of gold foil, suspended by a mobile
beam, called a  cantilever. The diamond tip is pressed against the surface while the
sample is scanned beneath the tip. The force between the tip and the sample is
measured indirectly by tracking the deflection of the cantilever and analysing it in a
detection system (see Fig. 1). The force between the tip and the sample surface is very
small, usually less than 10-9 N.

Fig. 1. The AFM System

The most common detection system works emitting an optical beam that is
reflected from the mirrored surface on the backside of the cantilever onto a position-
sensitive photodetector. In this arrangement, a small deflection of the cantilever will
tilt the reflected beam and will change the position of the beam on the photodetector.
As the tip scans the sample surface, moving up and down according to its contours,
the laser beam is reflected and the photodetector measures the variations in the beam.
The idea is to measure quantitatively the sample rugosity and generate tridimensional
topological maps of its surface.
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The resolution of AFM images (i.e., the blurring added to AFM images) depends
on the tip and sample geometry. That means the smaller and thinner the tip is, the
more precise is the scanning. (see Fig. 2).

  (a) (b)

Fig. 2. A thinner tip (a) scans the sample surface more precisely than tip on (b)

Compared to conventional microscopes, the AFM technique is more efficient in
many aspects, such as the images obtained are tridimensionals and, in the case of
biological samples, we do not need to prepare the sample through expensive processes
before scanning. To simplify the presentation, in this work we will consider only
bidimensional AFM images, that is, an AFM image will be represented by a 256x256-
matrix of pixels, each one vary from 0 to 255 (which correspond to 256 gray values of
the AFM pallete).

2.2 Image Restoration

Due to the tip geometry as well as the extremelly small scale involved in the process
of scanning biological sample, the images generated by the AFM technique do not
correspond precisely to the sample surface. As we saw above, a considerable blurring
effects and noise are added to the images generated by this technique. Image
restoration intends to improve these blurred images (which means minimizing the
blurring and the additive noise) making them closer to the original ones.

Formally, we can express the image restoration problem as follows :

y = Bx + n (1)

where y represents, in our case, the image obtained using the AFM technique, x the
original image without blurring, B a compact operator, described by a point-spread
function matrix of the imaging system and n the additive noise, usually of Gaussian
type. As the blurred image y and the compact operator B are known, we are interested
in solving the inverse problem :

x = B-1 y (2)

that can be solved as a finite dimensional optimization problem in which we minimize
a functional such as

L(x) = ¢¢y – Bx¢¢2 (3)

known as least squares method [11].
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Cidade et al. [3] used Tikhonov’s regularization approach [11] to image restoration
of biological samples generated by the AFM technique. The Tikhonov’s
regularization functional is constructed from (3) as follows :

),...,2,1,;0(||),().,(),(||
2

1
)( 2

^^

MjiaSljkixlkbjiyxQ
N

Nk

N

Nl

=>−++−= ∑∑
−= −=

α (4)

where y(i,j) corresponds to one pixel of the AFM image (located at (i,j) in the
correspondent matrix), b(k,l) is the point-spread function matrix (with dimension 2N x
2N), x̂  is the estimate value of the original image that we want to restore and aS is
the regularization term. The parameter a determines the trade-off between the
accuracy and stability of the solution. When a = 0, we have the least squares equation
(3), otherwise, we should calculate S, which is any prior function that imposes no
correlation on the image. To simplify the presentation, we will take a = 0.

The approach used in [3] was the gradient method which consists in determine the
critical point equation � Q/� x̂ = 0, obtaining a system of non-linear equations [22]
with 65536 equations (since each image is formed by 256x256 pixels). To solve this
system of non-linear equations, [3] used the iterative multivariable Newton-Raphson
method, including also a gain factor g to stabilize the iterative process. The system of
linear equation obtained from this process is solved using the Gauss-Seidel method1.
For more details on this approach of image restoration, see [3].

In Fig. 3, we present an original image obtained by AFM technique before
restoration process (Fig. 3a), the image after a restoration process based on filters that
usually accompany commercial microscope (Fig. 3b), like Wiener filter (which is
based on Fourier Transform technique (FFT)  - see [21]) and an image (Fig. 3c)
restored through the gradient method [3]. In the case of FFT restoration, the brusque
variations of colors in the image can be eliminated, which means that relevant
informations of the sample can be lost. In this case, the contrast as well as the additive
noise should be pained, which can be result in a waste of  brightness of the sample.

We can observe the improvement in the contrast of the processed image through
Tikhonov’s regularization together the multivariable Newton-Raphson method
compared to the processed image through FFT.

Despite of the significative improvement of image quality, the gradient method is
not capable of good results for point-spread function matrix with dimension greater
than 3x3 (indeed, the best results [3] were obtained for matrix of dimension 3x3).

2.3 Genetic Algorithms (GAs)

Genetic algorithms (GAs) provide computer models based on the principle of natural
selection and can be applied as optimization/search algorithms. Initially, we have to
define a representation of the (candidate) solution for a given problem. In GAs, a

1 For lack of space, we omit the definitions of gradient, iterative multivariable Newton-
Raphson and Gauss-Seidel methods. See [18]
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(a) (b) (c)

Fig. 3. (a) AFM image before restoration process; (b) AFM image restored through FFT; (c)
AFM image restored through gradient method

candidate solution (called an individual) is represented as chromosome, which is a
finite-length string of characters over a finite alphabet S. We say that an alphabet S is
binary when |S| = 2. Each character in the chromosome is called a gene.

Any finite set of individuals is called a population. Once we have defined the
representation of the individuals for a given problem, we have to define an initial
population P0 that is usually generated at random. From this initial population P0 and
from a set of operators, GAs generate successive populations (called generations)
intending to improve the quality of the individuals over time, which means to improve
the quality of the candidate solutions.

The operators used to pass from one generation to another are : reproduction,
crossover and mutation. Reproduction is a process in which given a population P,
each individual i ³ P is evaluated according to an objective or fitness function f. The
fitness value of an individual i (fi) is then used to define the total fitness F = S fi, the
fitness probability pi = fi /F and the expected count EC = n pi , where n = |P|. Doing
this, the individuals of P are ranking according to EC in a way that the best individual
(higher EC values) have more probability of being choose to survive into the next
generation. Following this ranking, an intermediary population IP (mating pool) is
created and crossover and mutation operators are applied on them.

The crossover operator acts in two steps. First, it selects uniformly at random two
individuals of the mating pool (with probability Pc) , namely i1 and i2. Considering that
each individual has a chromosome length k (i.e., |i1| = |i2| = k), an integer m ³ [1,k-1]
is selected uniformly at random and it represents the crossover site. Two new
individuals, namely i’1 and i’2, are created as follows: individual i’1 (resp., i’2) has
between the positions 1 and m and between the positions m+1 and k the same genes
that, respectively, individual i1 (resp., i2) has between 1 and m and individual i2 (resp.,
i1) has between m+1 and k. For example, consider i1 as the 4-bit string 1010 and i2 as
the 4-bit string 0101. Therefore, the crossover site should be selected from the interval
[1,3]. For example, if the crossover site is 2, we will have as new individuals in the
next generation 1001 (i’1)  and 0110 (i’2).

The mutation operator modifies a single gene in the chromosome of an individual
with a small probability Pm. For example, consider a binary alphabet S = {0,1} and an
individual i in the mating pool. Applying the mutation operator to i on a gene with
value 1 means that such gene turns into 0 and this new individual will be in the next
generation.
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3 GAs and Image Restoration

To apply GAs to image restoration, the first step is to define the representation of the
individuals we will use. In our case, each individual in a population will correspond to
an AFM image. As defined above, the AFM images are formed by a 256x256 matrix
of pixels, each one varying from 0  to 255 (corresponding to the gray values of the
AFM pallete). We will use a  binary alphabet S =  {0,1} and each pixel will be
represent by a  8-bit string. Therefore, an AFM image can be seen as a  string over
{0,1} with length equals to (8x256x256) bits.

To generate the initial population P0 with k individuals we will proceed as follows :
let i be an AFM image (obtained from a scanning sample or from the gradient method
proposed in [3]). Each one of the k individuals of P0 will be generated from i by
changing at random its contrast and brightness (one, both or none of them). To change
the image brightness, an integer x is randomly selected from a brightness interval B =
[-b, b] and such number is added to each pixel q of i. For example, let q be a pixel
with value 150 and B = [-10,10]. If we select x = 7 from B, the new value of pixel q
will be 157 and in the case we select x = -3 from B, the new value of pixel q will be
147.

To change image contrast, an integer x is randomly selected from the contrast
interval C = [0, c] and each pixel q of i is updated as follows : if q ³ [0,128), the new
value of pixel q is (1- 0,01*x)*q; if q ³ (128,255], the new value of pixel q is (1+
0,01*x)*q. For example, given a pixel q = 150 and C = [0,15], selecting x = 10 from
C, the new value of q will be 165. Note that in the case the selected pixel q is 128, its
value remains the same.

Once the initial population P0  is created, each image i’ ³ P0 is evaluated using as
fitness function Tikhonov’s regularization functional (equation 4 – section 2.2) with a
= 0. Note that, in our case, the best individuals will be that with lower values of fi

since we are interested in obtaining the image that is closer to the original one
(without blurring).

Finally, we have to define the reproduction and crossover operators (at the
moment, we are not dealing with mutation). The reproduction operator is defined as
follows : the individuals of P0 are ranking according to its expected count EC and then
an intermediary population IP is constructed in such a way that the best individuals
appear in IP with more copies than the others.

We define two kinds of crossover operators : image and pixel crossover. In the
image crossover, the crossover site s is chosen from the interval [0,255] and
represents a row in the AFM image (that is, a row in the 256x256 matrix of pixels).
For example, suppose we have the images i1 and i2, and the crossover site s = 97.  The
two new individuals i’1 and i’2 will be construct as follows : i’1 will be formed by the
rows 0 to 96 of image i1 and rows 97 to 255 of image i2 ; and i’2 will be formed by the
rows 0 to 96 of image i2 and rows 97 to 255 of image i1 .

Pixel crossover is applied on each pixel of the selected images. This means that
since each pixel is represented by a 8-bit string, the interval that we will use to
determine the crossover site will range from 1 to 7. Once we have selected two image,
i1 and i2, and a crossover site s ³ [1,7], the crossover operator is applied as follows :
for all x, y ³ [0,255], exchange bits between the (x, y)-pixel of i1 and (x, y)-pixel of i2.
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Note that considering one image as a whole (one string with length 8x256x256), we
have 256x256 crossover sites.

Consider the following example to illustrate the crossover operator : let i1 and i2 be
the selected images to crossover and s = 3 be the crossover site. If the pixels (15,176)
of i1 and i2 are respectively (  | marks the crossover site ) : (15,176)-pixel of i1 = 001 |
00111 and (15,176)-pixel of i2 = 101 | 10101, the resulting pixels after the crossover
will be : (15,176)-pixel of i1 = 001 | 10101 and (15,176)-pixel of i2 = 101 | 00111.

4 Preliminary Experimental Results

In our preliminary experiments, we used as original image (i.e., the image we intend
to obtain after the restoration process) the one shown in Fig 4. The original image was
intentionally blurred to simulate an AFM image obtained from a scanning process of a
sample. Using this image and applying Cidade et al [3] approach, we obtained the
gradient image. We chose that blurred image to restore instead of one obtained
through a scanning process of a biological sample because this allows us to measure
how near we are of the original image.

For each one of those images (the AFM and the gradient images), we generated the
initial population according to the previous section. Some results are shown in table 1
and 2. In both cases, we used B = [-20,20] as brightness interval, C = [0,20] as
contrast intervals, crossover probability equals 80%, and 30 individuals in each
generation.

Fig. 4. Original image

The values above represent the ratio between the Mean Square Error (Weisman et
al. [24]) MSE1 calculated for the original image and the best individual of the last
generation, and the MSE2 calculated for the original image and the initial image
(AFM image in table 1 and Gradient image in table 2). As we can see, we obtain (in
the best case) a gain of 7% on the brightness and contrast of the considered images.
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                                               Table 1. AFM image

Image Crossover Pixel Crossover
# Generations

% Average
Restoration

% Best
Restoration

% Average
Restoration

% Best
Restoration

10 97,81 95,40 98,26 95,33
20 97,70 92,90 97,09 92,53
30 99,08 95,50 98,84 95,32
40 97,83 95,20 96,57 94,31
50 96,97 94,44 97,33 95,03

Table 2. Gradient image

Image Crossover Pixel Crossover
# Generations

% Average
Restoration

% Best
Restoration

% Average
Restoration

% Best
Restoration

10 97,29 94,70 98,00 95,95
20 97,57 94,97 97,67 94,46
30 96,95 94,51 98,80 96,01
40 97,31 94,76 98,34 94,01
50 96,80 93,23 97,66 93,90

Similar results are obtained when the number of individuals and the crossover
probability are increased, and worst results are obtained when the brightness and/or
contrast intervals are increased.

As the images obtained using the gradient method is closer to the original image
and they can not be improved using this method, the results above suggest that AG
could be used as a refinement method of gradient images. At the moment, we are
researching alternatives to increase image quality (especially for AFM images) using
different fitness functions and reproduction operators. We are also investigating use
the term aS (eq. 3 – section 2.2) and restrict crossover operator to parts of the images.

5 Conclusions and Future Works

In this work, we applied genetic algorithms [9] on the biological images restoration
problem. We considered two types of images to be restored : those generated by AFM
technique (AFM image) [1] and those generated by gradient restoration method [3]
applied to AFM images (gradient image). Preliminary results showed an improvement
on image quality, a gain (in the best case) of 7% on the brightness and contrast of the
considered images. That can be considered a good result for gradient images (since
those images can not be improved through the gradient method [3]) and suggests that
AG’s could work better as a refinement method than as a restoration method.

At the moment, we are studying alternatives to increase image quality (specially
for AFM images) such as : (i) using different fitness functions and selection operators,
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(ii) include the term aS (eq. 3  – section 2.2) in the used fitness function, and (iii)
restrict crossover operator to parts of the images. We will also consider point-spread
function matrix with dimension greater than 3x3, since for that kind of matrix the
gradient method did not obtain good results.
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Abstract. Genetic Based Machine Learning (GBML) systems tradi-
tionally have evolved rules that only deal with discrete attributes. There-
fore, some discretization process is needed in order to teal with real-
valued attributes. There are several methods to discretize real-valued
attributes into a finite number of intervals, however none of them can
efficiently solve all the possible problems. The alternative of a high num-
ber of simple uniform-width intervals usually expands the size of the
search space without a clear performance gain. This paper proposes a
rule representation which uses adaptive discrete intervals that split or
merge through the evolution process, finding the correct discretization
intervals at the same time as the learning process is done.

1 Introduction

The application of Genetic Algorithms (GA) [10,8] to classification problems is
usually known as Genetic Based Machine Learning (GBML), and traditionally it
has been addressed from two different points of view: the Pittsburgh approach,
and the Michigan approach, early exemplified by LS-1 [20] and CS-1 [11], re-
spectively. The classical knowledge representation used in these systems is a set
of rules where the antecedent is defined by a prefixed finite number of intervals
to handle real-valued attributes. The performance of these systems is tied to the
right election of the intervals.

In this paper we use a rule representation with adaptive discrete intervals.
These intervals are splitted and merged through the evolution process that drives
the training stage. This approach avoids the higher computational cost of the
approaches which work directly with real values and finds a good discretiza-
tion only expanding the search space with small intervals when necessary. This
representation was introduced in [1] and the work presented in this paper is
its evolution, mainly focused on generalizing the approach and simplifying the
tuning needed for each domain.

This rule representation is compared across different domains against the
traditional discrete representation with fixed intervals. The number and size of
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the fixed intervals approach is obtained with two methods: (1) simple uniform-
width intervals and (2) intervals obtained with the Fayyad & Irani method [7],
a well-known discretization algorithm. The aim of this comparison is two-fold:
measure the accuracy performance and the computational cost.

The paper is structured as follows. Section 2 presents some related work.
Then, we describe the framework of our classifier system section 3. The adaptive
intervals rule representation is explained in section 4. Next, section 5 describes
the test suite used in the comparison. The results obtained are summarized in
section 6. Finally, section 7 discusses the conclusions and some further work.

2 Related Work

There are several approaches to handle real-valued attributes in the Genetic
Based Machine Learning (GBML) field. Early approaches use discrete rules with
a large number of prefixed uniform discretization intervals. However, this ap-
proach has the problem that the search space grows exponentially, slowing the
evolutionary process without a clean accuracy improvement of the solution [2]
Lately, several alternatives to the discrete rules have been presented. There are
rules composed by real-valued intervals (XCSR [22], [4], COGITO [18]). MOGUL
[5], uses a fuzzy reasoning method. This method generates sequentially: (1) fuzzy
rules, and then (2) fuzzy membership functions. Recently, GALE [15] proposed a
knowledge independent method for learning other knowledge representations like
instance sets or decision trees. All those alternatives present better performance,
but usually they also have higher computational cost [18].

A third approach is to use a heuristic discretization algorithm. Some of
these methods work with information entropy [7], the χ2 statistic [14] or multi-
dimensional non-uniform discretization [13]. These algorithms are usually more
accurate and faster than the uniform discretization. However, they suffer a lack
of robustness across some domains [1].

3 Framework

In this section we describe the main features of our classifier system. GAssist
(Genetic Algorithms based claSSIfier sySTem) [9] is a Pittsburgh style classi-
fier system based on GABIL [6]. Directly from GABIL we have borrowed the
representation of the discrete rules (rules with conjunctive normal form (CNF)
predicates), the semantically correct crossover operator and the fitness compu-
tation (squared accuracy).

Matching strategy: The matching process follows a “if ... then ... else if ... then...”
structure, usually called Decision List [19].

Mutation operators: The system manipulates variable-length individuals, mak-
ing more difficult the tuning of the classic gene-based mutation probability. In
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order to simplify this tuning, we define pmut as the probability i of mutating
an individual. When an individual is selected for mutation (based on pmut), a
random gene is chosen inside its chromosome for mutation.

Control of the individuals length: Dealing with variable-length individuals arises
some serious considerations. One of the most important ones is the control of the
size of the evolving individuals [21]. This control is achieved ins GAssist using
two different operators:

– Rule deletion. This operator deletes the rules of the individuals that do
not match any training example. This rule deletion is done after the fitness
computation and has two constraints: (a) the process is only activated after
a predefined number of iterations, to prevent a massive diversity loss and
(b) the number of rules of an individual never goes below a lower threshold.
This threshold is assigned to the number of classes of the domain.

– Selection bias using the individual size. Selection is guided as usual by the
fitness (the accuracy). However, it also gives certain degree of relevance to
the size of the individuals, having a policy similar to multi-objective systems.
We use tournament selection because its local behavior lets us implement
this policy. The criterion of the tournament is given by an operator called
“size-based comparison” [2]. This operator considers two individuals similar
if their fitness difference is below a certain threshold (dcomp). Then, it selects
the individual with fewer number of rules.

4 Discrete Rules with Adaptive Intervals

This section describes the rule representation based on discrete rules with adap-
tive intervals. First we describe the problems that traditional discrete rules
present. Then, we explain the adaptive intervals rules proposed and the changes
introduced in order to enable the GA to use them.

4.1 Discrete Rules and Unnecessary Search Space Growth

The traditional approach to solve problems with real-valued attributes using
discrete rules has been done using a discretization process. This discretization
can be done using algorithms which determine the discretization intervals ana-
lyzing the training information or we can use a simple alternative like using an
uniform-width intervals discretization. In the latter method, the way to increase
the accuracy of the solution is to increase the number of intervals. This solution
brings a big problem because the search space to explore grows in an exponential
degree when more intervals are added. The improvement in accuracy expected
increasing the number of intervals does not exist sometimes, because the GA
spends too much time exploring areas of the search space which do not need to
be explored.

If we find a correct and minimal set of intervals, the solution accuracy will
probably increase without a huge increase of the computational cost.



Evolution of Multi-adaptive Discretization Intervals 353

4.2 Finding Good and Minimal Intervals

Our aim is to find good discretization intervals without a great expansion of the
search space. In order to achieve this goal we defined a rule representation [1]
with discrete adaptive intervals where the discretization intervals are not fixed.
These intervals are evolved through the iterations, merging and splitting between
them.

To control the computational cost and the growth of the search space, we
define the next constraints:

– A number of “low level” uniform and static intervals is defined for each
attribute called micro-intervals.

– The adaptive intervals are built joining together micro-intervals.
– When we split an interval, we select a random point in its micro-intervals
to break it.

– When we merge two intervals, the value of the resulting interval is taken
from the one which has more micro-intervals. If both have the same number
of micro-intervals, the value is chosen randomly.

– The number and size of the initial intervals is selected randomly.

The adaptive intervals as well as the split and merge operators are shown in
figure 1.

Rule set

ClassRule

11 1 0Interval value
Attribute

Microinterval { Interval

Attribute

MergeSplit

11 1 0

Interval to mutate

1 1 0 0 1

Cut point Neighbour selected to merge

1 1 0

Fig. 1. Adaptive intervals representation and the split and merge operators.

To apply the split and merge operators we have added to the GA cycle
two special phases applied to the offspring population after the mutation phase.
For each phase (split and merge) we have a probability (psplit or pmerge) of
applying a split or merge operation to an individual. If an individual is selected
for splitting or merging, a random point inside its chromosome is chosen to apply
the operation.

Finally, this representation requires some changes in some other parts of the
GA:

– The crossover operator can only take place in the attribute boundaries.
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– The “size-based comparison” operator uses the length (number of genes) of
the individual instead of the number of rules, because now the size of a rule
can change when the number of intervals that it contains change. This change
also makes the GA prefer the individuals with fewer intervals in addition to
fewer rules, further simplifying them.

4.3 Changes to the Adaptive Intervals Rule Representation

One of the main drawbacks of the initial approach was the sizing of the number
of micro-intervals assigned to each attribute term of the rules. This parameter
is difficult to tune because it is domain-specific.

In this paper we test another approach (multi-adaptive) which consists in
evolving attribute terms with different number of micro-intervals in the same
population. This enables the evolutionary process to select the correct number
of micro-intervals for each attribute term of the rules. The number of micro-
intervals of each attribute term is selected from a predefined set in the initial-
ization stage.

The initialization phase has also changed. In our previous work the number
and size of the intervals was uniform. We have changed this policy to a total
random initialization in order to gain diversity in the initial population.

The last change introduced involves the split and merge operators. In the
previous version these operators were integrated inside the mutation. This made
the sizing of the probabilities very difficult because the three operators (split,
merge and mutation) were coupled. Using an extra recombination stage in this
version we eliminate this tight linkage.

5 Test Suite

This section summarizes the tests done in order to evaluate the accuracy and
efficiency of the method presented in this paper. We also compare it with some
alternative methods. The tests were conducted using several machine learning
problems which we also describe.

5.1 Test Problems

The selected test problems for this paper present different characteristics in order
to give us a broad overview of the performance of the methods being compared.
The first problem is a synthetic problem (Tao [15]) that has non-orthogonal class
boundaries. We also use several problems provided by the University of California
at Irvine (UCI) repository [3]. The problems selected are: Pima-indians-diabetes
(pima), iris, glass and breast-cancer-winsconsin (breast). Finally we will use
three problems from our own private repository. The first two deal with the
diagnosis of breast cancer based of biopsies (bps [17]) and mammograms (mamm
[16]) whereas the last one is related to the prediction of student qualifications
(lrn [9]). The characteristics of the problems are listed in table 1. The partition
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of the examples into the train and test sets was done using the stratified ten-fold
cross-validation method [12].

Table 1. Characteristics of the test problems.

Dataset Number of examples real attributes discrete attributes classes
tao 1888 2 - 2

pima 768 8 - 2
iris 150 4 - 3

glass 214 9 - 6
breast 699 - 9 2

bps 1027 24 - 2
mamm 216 21 - 2

lrn 648 4 2 5

5.2 Configurations of the GA to Test

The main goal of the tests are to evaluate the performance of the adaptive inter-
vals rules representation. In order to compare this method with the traditional
discrete representation, we use two discretization methods, the simple uniform-
width intervals method and the Fayyad & Irani method [7].

We analyze the adaptive intervals approach with two types of runs. The first
one assigns the same number of micro-intervals to all the attribute terms of
the individuals. We call this type of run adaptive. In the second one, attributes
with different number of micro-intervals coexist in the same population. We well
call this type multi-adaptive.

The GA parameters are shown in table 2. The reader can appreciate that the
sizing of both psplit and pmerge is the same for all the problems except the tao
problem. Giving the same value to pmerge and psplit produce solutions with too
few rules and intervals, as well as less accurate than the results obtained with
the configuration shown in table 2. This is an issue that needs further study.

Another important issue of the psplit and pmerge probabilities for some of
the domains is that they are greater than 1. This means that for these domains
at least one split and merge operation will be surely done to each individual
of the population. Thus, psplit and pmerge become expected values instead of
probabilities. The tuning done produces a reduction of the number of iterations
needed.

6 Results

In this section present the results obtained. The aim of the tests was to compare
the method presented in the paper in three aspects: accuracy and size of the
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Table 2. Common and problem-specific parameters of the GA.

Parameter Value
Crossover probability 0.6
Iter. of rule eliminating activation 30
Iter. of size comparison activation 30
Sets of micro-intervals in the multi-adaptive test 5,6,7,8,10,15,20,25
Tournament size 3
Population size 300
Probability of mutating an individual 0.6

Code Parameter
#iter Number of GA iterations
dinterv Number of intervals in the uniform-width discrete rules
ainterv Number of micro-intervals in the adaptive test
dcomp Distance parameter in the “size-based comparison” operator
psplit Probability of splitting an individual (one of its intervals)
pmerge Probability of merging an individual (one of its intervals)

Problem Parameter
#iter dinterv ainterv dcomp pmerge psplit

tao 600 12 48 0.001 1.3 2.6
pima 500 4 8 0.01 0.8 0.8
iris 400 10 10 0.02 0.5 0.5
glass 750 4 8 0.015 1.5 1.5
breast 325 5 10 0.01 3.2 3.2
bps 500 4 10 0.015 1.7 1.7
mamm 500 2 5 0.01 1 1
lrn 700 5 10 0.01 1.2 1.2

solutions as well as the computational cost. Foreach method and test problem
we show the average and standard deviation values of: (1) the cross-validation
accuracy, (2) the size of the best individual in number of rules and intervals
per attribute and (3) the execution time in seconds. The tests were executed
in an AMD Athlon 1700+ using Linux operating system and C++ language.
The results were also analyzed using the two-sided t-test [23] to determine if
the two adaptive methods outperform the other ones with a significance level of
1%. Finally, for each configuration, test and fold, 15 runs using different random
seeds were done. Results are shown in table 3. The column titled t-test show a
• beside the Uniform or Fayyad & Irani method if it was outperformed by the
adaptive methods. The adaptive methods were never outperformed in the tests
done, showing a good robustness.

The results are summarized using the ranking in table 4. The ranking for
each problem and method is based on the accuracy. The global i rankings are
computed averaging the problem rankings.

Table 3 shows that in two of the tests the best performing method was the
Fayyad & Irani interval discretization technique. However, in the rest of the tests
its performance is lower, showing a lack of robustness across different domains.
The two adaptive tests achieved the best results of the ranking. Nevertheless, the
goal of improving the rule representation with the multi-adaptive configuration
has not been achieved. It is only better than the original adaptive configuration
in three of the eight test problems. The computational cost is clearly the main
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Table 3. Mean and deviation of the accuracy (percentage of correctly classifier ex-
amples), number of rules, intervals per attribute and execution time for each method
tested. Bold entries show the method with best results for each test problem. A • mark
a significant out-performance based on a t-test

Problem Configuration Accuracy Number of Rules Intervals per Rule Time t-test
tao Uniform 93.7±1.2 8.8±1.6 8.3±0.0 36.0±3.5

Fayyad 87.8±1.1 3.1±0.3 3.4±0.1 24.2±1.4 •
Adaptive 94.6±1.3 22.5±5.6 7.7±0.4 96.6±14.7
Multi-Adaptive 94.3±1.0 19.5±4.9 6.0±0.6 94.5±13.9

pima Uniform 73.8±4.1 6.3±2.2 3.7±0.0 23.2±2.8
Fayyad 73.6±3.1 6.6±2.6 2.3±0.2 26.4±3.0
Adaptive 74.8±3.5 6.2±2.6 2.0±0.4 56.2±9.4
Multi-Adaptive 74.4±3.1 5.8±2.2 1.9±0.4 59.7±8.9

iris Uniform 92.9±2.7 3.8±1.1 8.2±0.0 5.2±0.7
Fayyad 94.2±3.0 3.2±0.6 2.8±0.1 5.5±0.1
Adaptive 94.9±2.3 3.3±0.5 1.3±0.2 9.2±0.4
Multi-Adaptive 96.2±2.2 3.6±0.9 1.3±0.2 9.0±0.8

glass Uniform 60.5±8.9 8.7±1.8 3.7±0.0 13.9±1.5
Fayyad 65.7±6.1 8.1±1.4 2.4±0.1 14.0±1.1
Adaptive 64.6±4.7 5.9±1.7 1.7±0.2 35.1±5.2
Multi-Adaptive 65.2±4.1 6.7±2.0 1.8±0.2 38.4±5.0

breast Uniform 94.8±2.6 4.8±2.5 4.6±0.0 6.5±1.0
Fayyad 95.2±1.8 4.1±0.8 3.6±0.1 5.8±0.4
Adaptive 95.4±2.3 2.7±1.0 1.8±0.2 15.7±2.1
Multi-Adaptive 95.3±2.3 2.6±0.9 1.7±0.2 17.4±1.5

bps Uniform 77.6±3.3 15.0±7.0 3.9±0.0 50.8±9.0
Fayyad 80.0±3.1 7.1±3.8 2.4±0.1 37.7±6.0
Adaptive 80.3±3.5 4.7±3.0 2.1±0.4 106.6±21.1
Multi-Adaptive 80.1±3.3 5.1±2.0 2.0±0.3 115.9±20.5

mamm Uniform 63.2±9.9 2.6±0.5 2.0±0.0 7.8±1.0
Fayyad 65.3±11.1 2.3±0.5 2.0±0.1 8.5±0.7
Adaptive 65.8±5.3 4.4±1.7 1.8±0.2 27.6±4.9
Multi-Adaptive 65.0±6.1 4.4±1.9 1.9±0.2 27.4±5.5

lrn Uniform 64.7±4.9 17.8±5.1 4.9±0.0 29.2±4.0
Fayyad 67.5±5.1 14.3±5.0 4.4±0.1 26.5±3.4
Adaptive 66.1±4.6 14.0±4.6 3.6±0.3 58.9±7.9
Multi-Adaptive 66.7±4.1 11.6±4.1 3.4±0.2 53.9±7.2

Table 4. Performance ranking of the tested methods. Lower number means better
ranking.

Problem Fixed Fayyad Adaptive Multi-Adaptive
tao 3 4 1 2
pima 3 4 1 2
iris 4 3 2 1
glass 4 1 3 2
breast 4 3 1 2
bps 4 3 1 2
mam 4 2 1 3
lrn 4 1 3 2
Average 3.25 2.625 1.625 2
Final rank 4 3 1 2

drawback of the adaptive intervals representation. The Fayyad & Irani method
is in average 2.62 times faster than it.
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7 Conclusions and Further Work

This paper focused on an adaptive rule representation as a a robust method
for finding a good discretization. The main contribution done is provided by
the used of adaptive discrete intervals, which can split or merge through the
evolution process, reducing the search space where it is possible. The use of a
heuristic discretization method (like the Fayyad & Irani one) outperform the
adaptive intervals representation in some test problem. Nevertheless, the perfor-
mance increase is not significant. On the other hand, when the adaptive intervals
outperform the other methods, the performance increase is higher, showing a
better degree of robustness.

The overhead of evolving discretization intervals and rules at the same time is
quite significant, being its main drawback. Beside the cost of the representation
itself (our implementation uses twice the memory of the discrete representation
for the same number of intervals) the main difference is the significant reduction
of the search space achieved by a heuristic discretization.

Some further work should use the knowledge provided by the discretization
techniques in order to reduce the computational cost of the adaptive intervals
representation. This process should be achieved without losing robustness. An-
other important point of further study is how the value of psplit and pmerge

affect the behavior of the system, in order to simplify the tuning needed for each
domain.

Finally, it would also be interesting to compare the adaptive intervals rule
representation with some representation dealing directly with real-valued at-
tributes, like the ones described in the related work section. This comparison
should follow the same criteria used here: comparing both the accuracy and the
computational cost.
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18. José C. Riquelme and Jesús S. Aguilar. Codificación indexada de atributos con-
tinuos para algoritmos evolutivos en aprendizaje supervisado. In Proceedings of
the “Primer Congreso Iberoamericano de Algoritmos Evolutivos y Bioinspirados
(AEB’02)”, pages 161–167, 2002.

19. Ronald L. Rivest. Learning decision lists. Machine Learning, 2(3):229–246, 1987.
20. Stephen F. Smith. Flexible learning of problem solving heuristics through adap-

tive search. In Proceedings of the 8th International Joint Conference on Artificial
Intelligence (IJCAI-83), pages 421–425, Los Altos, CA, 1983. Morgan Kaufmann.

21. Terence Soule and James A. Foster. Effects of code growth and parsimony pressure
on populations in genetic programming. Evolutionary Computation, 6(4):293–309,
Winter 1998.



360 J. Bacardit and J.M. Garrell

22. Stewart W. Wilson. Get real! XCS with continuous-valued inputs. In L. Booker,
Stephanie Forrest, M. Mitchell, and Rick L. Riolo, editors, Festschrift in Honor of
John H. Holland, pages 111–121. Center for the Study of Complex Systems, 1999.

23. Ian H. Witten and Eibe Frank. Data Mining: practical machine learning tools and
techniques with java implementations. Morgan Kaufmann, 2000.



An Immunological Approach to Combinatorial
Optimization Problems

Vincenzo Cutello and Giuseppe Nicosia

University of Catania,
Department of Mathematics and Computer Science

V.le A. Doria 6, 95126 Catania, Italy
{cutello,nicosia}@dmi.unict.it

Abstract. In this work we use a simplified model of the immune
system to explore the problem solving feature. We consider only two
immunological entities, antigens and antibodies, two parameters, and
simple immune operators. The experimental results shows how a simple
randomized search algorithm coupled with a mechanism for adaptive
recognition of hardest constraints, is sufficient to obtain optimal
solutions for any combinatorial optimization problem.
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1 Immunological Computation

The Immune System (IS) has to assure recognition of each potentially danger-
ous molecule or substance, generically called antigen, that can infect the host
organism. The IS first recognizes it as dangerous or extraneous and then mounts
a response to eliminate it. To detect an antigen, the IS activates a recognition
process. Moreover, the IS only has finite resources and often very little time to
produce antibodies for each possible antigen [1].

Our Immune Algorithm is based on the theory of the clonal selection first
stated by Burnet and Ledeberg in 1959 [2]. This theory suggests that among
all the possible cells with different receptors circulating in the host organism,
only those who are actually able to recognize the antigen will start to proliferate
by duplication (cloning). The increase of those population and the production
of cells with longer expected life-time assures the organism a higher specific re-
sponsiveness to that antigenic pattern, establishing a defense over time (immune
memory). In particular, on recognition, B and T memory cells are produced.
Plasma B cells, deriving from stimulated B lymphocytes, are in charge of the
production of antibodies targeting the antigen.

This mechanism is usually observed when looking at the population of lym-
phocytes in two subsequent antigenic infections. The first exposition to the anti-
gen triggers the primary response. In this phase the antigen is recognized and
memory is developed. During the secondary response, that occurs when the same
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antigen is encountered again, a rapid and more abundant production of antibod-
ies is observed, resulting from the stimulation of the cells already specialized and
present as memory cells. The hypermutation phenomenon observed during the
immune responses is a consequence of the fact that the DNA portion coding
for the antibodies is subjected to mutation during the proliferation of the B
lymphocytes. This provides the system with the ability to generate diversity.

The IS from an information processing point of view [3] can been considered
like a problem learning and solving system. The antigen is the problem to solve,
the antibody is the generated solution. At beginning of the primary response the
antigen-problem is recognized by partial candidate solution (the B cell receptor).
At the end of the primary response the antigen-problem is defeated-solved by
candidate solutions (antibody or a set of antibodies in the case of multimodal op-
timization). Consequently the primary response corresponds to a training phase
while the secondary response is the testing phase where we will try to solve
problems similar to the original presented in the primary response [4].

The new field of Immunological Computation (or Artificial Immune System)
attempts to use methods and concepts such ideas to design immunity-based
system applications in science and engineering [5]. Immune Algorithms (IA)
are adaptive systems in which learning takes place by evolutionary mechanisms
similar to biological evolution.

The paper is organized as follows: in section 2 we describe the proposed
Immunological Algorithms (IA), in 3 we define the test bed where we verify the
IA’s performance and report simulations’ results. In section 4 we reports about
other related works and finally in 5 we highlight some future directions.

2 Immune Algorithms

Following the track of the computer experiments performed by Nicosia et al. [4]
we focus our attention to the problem solving ability of the immune system and
present a new immune algorithm. Our approach uses a simplified model of the
immune system to explore the problem solving feature. We consider only two
entities: antigens and antibodies. The antigen is the combinatorial optimization
problem and the antibody is the candidate solution. Antigen is a set of variables
that models the problem. Antibodies are modeled as binary strings of length l.

The input is the antigen problem, the population size (d) and the number of
clones for each cell (dup). The set Sd×l denotes a population of d individuals of
length l, and it represents the space of feasible and unfeasible candidate solu-
tions. After a random initialization and evaluation of cell populations P (0), the
loop iterates the cloning of all antibodies, each antibodies produce dup clones,
generating the population P clo. T denotes a termination criterion, that is, the
algorithm terminates if a solution is found, or a maximum number of evaluations
is reached. Next step is to mutate a random bit for each antibody in P clo gen-
erating the population Phyp. The mechanism of mutation of the cell receptor is
modeled by a random process with parameter l, i.e. the length of the cell recep-
tor. This immunological operator is important because it modifies continuously
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the receptors in presence like a neural network whose structure (the layers, the
number and the nature of neurons) would change in time. After the evaluation
of Phyp at time t the algorithm selects the best d antibodies from (Phyp �P (t))1

(a simple elitist strategy) and creates the new set P (t+1)). The output is basi-
cally the candidate solutions-clones that have solved-recognized the antigen. A
pseudo-code version of the algorithm is given below.

Immune Algorithm
t := 0;
Initialize P (0) = {x1,x2, ...,xd} ∈ Sd×l

Evaluate P (0);
while ( T( P (t) )= 0 ) do

P clo := Cloning (P (t), dup);
Phyp := Hypermutation (P clo);
Evaluate (Phyp);
P (t+1):= Select the d highest affinity individual (Phyp � P (t));
t := t + 1;

od

This simplistic view does not represent a strong limitation because in general one
can give whatever meaning to the bit string representing the candidate solution
and use much more complicated mutation operator than the simple bit-flip, e.g.,
any map f : {0, 1}l → {0, 1}l could determine a different search algorithm. The
underlying evolutionary engine remains the same.

In evolutionary computation the selection of an appropriate population size
is important and could greatly affect the effectiveness and efficiency of the opti-
mization performance. For this reason EA’s with dynamic population size achieve
better convergence rate and discover as well any gaps or missing tradeoff regions
at each generation [6].

All evolutionary algorithms need to set an optimal population size in order to
discover and distribute the nondominated individuals along the Pareto front [7].
If the population size is too small, EAs may suffer from premature convergence,
while if the population size is too large, undesired computational overwork may
be incurred and the waiting time for a fitness improvement may be too long in
practice. We propose here a simple search algorithm with only two parameters
d and dup. The correct setting of these parameters allows to discover the non-
dominanted individuals without using dynamic population. We observe that the
evolutionary engine uses a process of expansion and reduction. The expansion
from population P (t) with | d | individuals into population Phyp with | d× dup |
individuals is performed by cloning and hypermutation operators, the reduction
from Phyp with | d × dup | into P (t+1) with | d | is performed by means of a
selection operator. The expansion phase explores the fitness landscape at a given
generation t, the reduction phase decides which individuals to select for the next
generation t + 1.
1 Note that this is a multi-set union, since we want to allow an individual to appear
more than once.
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3 NP-Complete Problems

To test our algorithm we chose two NP-complete problems.

3.1 The Minimum Hitting Set Problem

An instance of the Minimum Hitting Set problem consists of a collection S of
subsets of a finite set U and a positive integer k ≤| U |. Question: Is there a
subset U

′ ⊆ U , with | U ′ |≤ k, such that U
′

contains at least one element from
each subset in S? This problem is NP-complete. Indeed, membership to NP
can be easily observed, since a guessed proposed hitting set U

′
can be checked

in polynomial time. NP-hardness is obtained by polynomial reduction from the
Vertex Cover [8].

We work with a fitness function that allows us to allocate feasible and un-
feasible candidate solutions.

fhs(x) = Cardinality(x) + (| S | −Hits(x))

The candidate solution must optimize both terms. Each population member
x must minimize the size of set U

′
and maximize the number of hit sets. If

(| S | −Hits(x)) = 0, x is a hitting set, that is a feasible solution.
The used fitness gives equal opportunity to the evolutionary process to min-

imize both terms. For example, if we have a collection S of 50000 sets and the
following two individuals: x1, with Cardinality(x1) = 40, Hits(x1) = 49997,
fhs(x1) = 43; x2, with Cardinality(x2) = 42, Hits(x2) = 49999, fhs(x2) = 43,
it is difficult to decide which individual is the best, the choice is crucial and
strongly influences the subsequent search in the landscape.

We test our IA by considering randomly generated instances of the Minimum
Hitting Set problem. Fixed | U |= 100 we construct two types of instances
with | S | equal respectively to 1000 and 10000 (denoted by “hs100-1000” and
“hs100-10000”). The third instance, | S |= 50000 (“hs-100-50000”) is a very
hard instances for the Minimum Hitting Set problem2. The best solution found
has cardinality 39 [9].
Our experimental results are reported in table 1. One can see the best hitting set
found by the IA for each instance, the parameter values and the average number
of evaluations to solutions (AES). For each problem instance we performed 100
independent runs. We also provide the number of minimal hitting sets found.
By inspecting the results, one can also see that increasing the values of d and
dup, the number of optimal solutions found increases as well, and in turn, the av-
erage number of fitness evaluations. Last column shows that for hard instances,
even if we increase the population size and decrease the dup, the number of
found solutions decreases. In figure 1, we show the 3D graphic of a set of nu-
merical simulation. To understand the algorithm’s behavior when changing the
2 All the three instances are available at
http://www.dmi.unict.it/˜ cutello/eracop.html
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Table 1. Minimum Hitting Set Instances

hs100-1000 hs100-10000 hs100-50000

d 25 100 50 200 50 200
dup 15 30 15 15 15 10
best 6 6 9 9 39 39
#min 1 3 3 5 3 2
AES 2275 18000 6800 27200 45050 98200

10
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35

40
45

50
55

Dup 200

175

150

125

100

Population

10000

100000

Fig. 1. 3D representation of experimental results, with dimensions: d, dup and AES

parameters, we performed a set of experiments on a simple Hitting Set instance,
“hs100-1000”, in which d and dup are given several values.

The problem solving ability of the algorithm depends heavily upon the num-
ber of individuals we “displace”on the space Sd×l and on the duplication pa-
rameter dup. The population size varies from 100 to 200 while dup from 10 to
55. The Z axis shows the average number of evaluations to solutions (we allowed
Tmax = 100000 evaluations and performed 100 independent runs). The popula-
tion d strongly influences the number of solutions found. Indeed, when increasing
d the number of nondominated solutions found increases. On the other hand,
the average number of fitness function evaluation also increases. The value of
dup influences the convergence speed.

In figure 2, we can see the fitness function values for the optimization process
in action during the first 70 generations. The minimum hitting set is obtained
at generation 60. Subsequently, other antibodies with the same cardinality are
discovered, completing the set of (found) nondominated solutions.
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Fig. 2. Fitness function versus generations. Y axis is in log scale and origin is fixed at
X-value 39.

3.2 The 3-SAT Problem

3-SAT is a fundamental NP-complete problem in propositional logic [8]. An
instance of the 3-SAT problem consists of a set V of variables, a collection C
of clauses over V such that each clause c ∈ C has | c |= 3. The problem is to
find a satisfying truth assignment for C. The 3-SAT, and in general K-SAT, for
K ≥ 3, is a classic test bed for theoretical and experimental works.

The fitness function for 3-SAT is very simple, it computes only the number
of satisfied clauses

fsat(x) = #SatisfiedClauses(C,x)

For our experiments, we used A. van Gelder’s 3-SAT problem instance generator,
mkcnf.c3. The program mkcnf.c generates a “random” constant-clause-length
CNF formula and can force formulas to be satisfiable. For accuracy, we perform
our tests in the transition phase, where the hardest instances of the problem are
located [10]. In this case we have | C |= 4.3 | V |. The generated instances are
the following:

(i1) “sat30-129” number of variables 30, number of clauses 129 and random seed
83791 (mkcnf.c’s input parameter useful to reproduce the same formula),

(i2) “sat30-129” (83892),
(i3) “sat30-129” (83792),
(i4) “sat40-172” with | C |= 40, | V |= 172 and random seed 62222, and
(i5) “sat50-215” with random seed 82635.

3 Available by anonymous ftp at
ftp://dimacs.rutgers.edu/pub/challenge/satisfiability/contributed/UCSS/instances
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Table 2. 3-SAT Instances

(i1) (i2) (i3) (i4) (i5)

d 50 50 50 50 75
dup 20 30 20 30 15
AES 14632 292481 11468 24276 50269

The experimental results for the above 3-SAT instances are shown in table 2.
We underline that for each instance we performed 50 independent runs.

To conclude, we note that the first three instances involve different formulae
with the same number of variables and clauses. We can observe that among dif-
ficult formulae, there are even more difficult ones (at least for our algorithm), as
the different number of evaluations proves. Such a phenomenon can be observed
also for formulae with a higher number of variables and clauses. In determining
a truth assignment AES grows proportionally to the difficulty of satisfying the
formula.

Table 3. 3-SAT Instances

Case | V | | C | Randseed SuccessR AES SuccessR AES

1 30 129 83791 1 2708 1 6063
2 30 129 83892 0.94 22804 0.96 78985
3 30 129 83792 1 12142 1 31526
4 40 172 83792 1 9078 1 13328
5 40 172 72581 0.82 37913 1 2899
6 40 172 62222 1 37264 0.94 82031
7 50 215 87112 0.58 17342 1 28026
8 50 215 82635 1 42137 1 60160
9 50 215 81619 0.26 67217 0.32 147718
10 100 430 87654 0.32 99804 0.06 192403
11 100 430 78654 0.04 78816 0.44 136152
12 100 430 77665 0.32 97173 0.58 109091

In table 3 we show the result of the last set of experiments. In this case we use
the immune algorithm with a SAW (stepwise adaptation of weights) mechanism
[11]. A weight is associated with each clause, the weights of all clauses that
remains unsatisfied after Tp generation are incremented (δw = 1). Solving a
constraint with a high weight gives high reward and thus the more pressure
is given on satisfying those constraints, the hardest clauses. In the table, the
parameter SuccessR represents the number of times that the formula is satisfied.
The last two columns refer to experimental results in [12] performed with an
evolutionary algorithms with SAW mechanism. The table shows that the IA
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with SAW mechanism, outperforms in many cases the results in [12], both in
terms of success rate and computational performance, i.e. a lower number of
fitness evaluations.

General remark about the obtained results. Last set of experimental results shows
how a simple randomized search algorithm coupled with a mechanism for adap-
tive recognition of hardest constraints, is sufficient to obtain optimal solutions
for any combinatorial optimization problem. Proving the above statement, is the
major goal of our research. The above is, obviously, consistent with the latest
assumptions in Evolutionary Algorithms, that the most important features are
the fitness function and the crossover operator.

4 Related Works

The clonal selection algorithm described in [13] represent a straightforward us-
age of the ideas upon which the theory of the clonal selection is stated in [2].
The clonal selection is itself a Darwinian evolution process so that similarities
with Evolution Strategies and Genetic Algorithms are natural candidates. Our
immune algorithm, instead, does not use proportional cloning and hypermuta-
tion inversely proportional to fitness value. We designed and use very simple
cloning and hypermutation operators. Moreover, there is neither a birth oper-
ator to introduce diversity in the current population nor a mutation rate (pm)
to flip a bit, B cells memory, nor threshold mc to to clone the best cells in the
present population. We had simplified the immunological approach in order to
better analyze and predict the algorithm’s dynamics.

In this sense, also the approach described in [14] is similar to ours in that
the solution is found by letting a population of unbiased potential solutions
to evolve in a fitness landscape. Indeed, we are able to find similar results to
their numerical experiments. The general philosophy agreement is expressed by
using similar coding scheme, evaluation functions and the three immunological
operators, i.e. selection, cloning and mutation.

Finally, one can observe similarities between our immune algorithm and the
(µ + λ) evolution strategies using ranking selection [15].
Major differences with the above mentioned paradigms are cited below.

1. We consider relevant for the searching ability:
a) the size of the recognizing clones (the parameter dup), since it determines

the size of the fitness landscape explored at each generation,
b) the number of individuals (d) since it determines the problem solving

capacity. This is in contrast with most of the artificial evolution methods
where a typical fixed population’s size of a thousand or less individuals
is used [16].

2. We consider only two immunological entities, antigens and antibodies, two
parameters, dup and d, and simple immune operators.
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5 Conclusions

One relevant disadvantage of our IA is that the search process may stop with
a local minimum, when you are working with a small population size and a
duplication parameter not sufficiently large. Moreover, the computational work
increases proportionally to the size of these parameters. This slows down the
search process in the space of feasible solutions although it gives better chances of
finding good approximations to optimal solutions. The selection operator makes
use of elitism, which on one hand speeds up the search, but on the other hand,
may force the population to get trapped around a local minimum, reducing
the diversity. In conclusion, our algorithm is simple, efficient and it is certainly
suitable for further studies and tests and a deep theoretical analysis.

Acknowledgments. GN gratefully acknowledge the Italian Universities Con-
sortium Computing Center (CINECA) and University of Catania project “Young
Researcher” for partial support.
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Abstract. This paper deals with the problem of selecting and scheduling a set of
orders to be processed by a manufacturing plant and immediately delivered to
the customer site. Constraints to be considered are the limited production ca-
pacity, the available number of vehicles and the time windows within which or-
ders must be served. We describe the problem relating it to similar problems
studied in the literature. A genetic algorithm to solve the problem is developed
and tested empirically with randomly generated problems. Comparisons with an
exact procedure and a tabu search procedure show that the method finds very
good-quality solutions.

1   Introduction

This paper addresses the problem of scheduling a given set of orders by a homogene-
ous vehicle fleet and under the assumption that orders require be manufactured imme-
diately before be delivered to the customer site. Hence, each order requires manufac-
turing material in a production plant and delivering it to a predetermined location
during a time window.

This problem arises frequently in environments where the distribution stage is con-
nected to the production stage because of the absence of end product inventory. These
environments usually involve products with perishable character. For instance, we
could mention the ready-mix concrete manufacturing. In this process, materials that
compose concrete mix are directly loaded and mixed-up in the drum mounted on the
vehicle, and this one is immediately delivers to the customer site since there does not
exist an excessive margin of time available before solidification concrete.

We assume that all requests are known in advance. For the manufacturing of orders
we have a single plant with limited production capacity. We consider production ca-
pacity as the number of orders can be prepared simultaneously, i.e. the production
order is considered as a continuous process that requires one unit of capacity during its
processing time.
__________________________
* This research has been financed by the Spanish Ministry of Science and Technology under

contract no. DPI2000-0567.
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In the distribution stage of an order three consecutive phases are considered: order
delivery, order unload and vehicle return trip. Each vehicle may deliver any order, but
no more than one order at a time. It is also assumed that the order size is smaller than
the vehicle capacity. Hence, the distribution stage of an order can be considered as a
single process, which is performed without interruption, and that commences immedi-
ately after the end of the production stage. Moreover, as all of the processing times
(production and distribution times) are known with certainty, each time window
[a’i,b’i] can be translated to a starting time window [ai,bi](Fig. 1).

Production: tp
i

Distribution: td
i

Delivery (ti
i
) Unload(tu

i
) Return trip(tr

i
)

a
i

s
i
      b

i
l

i
a’

i
e

i        
b’

i

Starting time window Time window

Fig. 1. Order activity

In order to consider the relevance of the perishable character of this kind of prod-
uct, an ideal due date ei is assumed within the time window [a’i, b’i]. We also can
translate each ideal due date to a ideal start time si within the starting time window
[ai,bi]. In Fig.1 are represented all order data. Thus, tpi denotes production time and tdi

distribution time (as sum of delivery time tii, unload time tui and return trip time tri).
As in the problem we have performed a situation in which the plant have a limited

production capacity C and there exist a finite number of vehicles V, it may happen that
it is not feasible to satisfy all requests within their time windows. Hence, we will con-
sider as objective function to maximize the value of orders that are selected to be
served, assuming that when an order is not served at its ideal due date, a decrease of
the order original value, proportional to the deviation, is due. Let Wi be the profit asso-
ciated with serving order i at instant ei and let wi

- and wi

+ be earliness and tardiness
penalties which are used to decrease the profit or value when order i is served prior to
or after si, respectively. Thus, when an order is served at instant si+r, the profit of
order i becomes Wi - (r-si)wi

+.
Table 1 shows an example problem. Orders are all represented in Fig. 2, shading

those that have been selected in the optimal solution, considering production capacity
C=1 and number of vehicles V=2.

Table 1. Example problem.

tp
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W
i

w
i

- w
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+

Order 1 2 6 3 2 3 12 1 1
Order 2 2 11 4 3 4 20 1 1

Order 3 2 6 4 3 5 10 1 1

Order 4 3 6 13 12 14 13 2 1

Order 5 1 5 16 15 17 10 1 1
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Optimal solution was found by means of processing of order 1, 3, 4 and 5. Order 3
had to be delayed one time period on its ideal start time. The maximal profit obtained
was 44.

Job 1     Job 4

Job 2

Job 3 Job 5

0 2 4 6 8 10 12 14 16 18 20 22 24 time

Fig. 2. Order activity

The paper is organized as follows. In section 2 a review of related scheduling
problems is presented. Section 3 proposes a genetic algorithm for solving the problem.
Computational results are showed in Section 4. Finally, the conclusions of the study
are drawn.

2   Literature Review

In terms of job scheduling theory, a production and delivery scheduling problem with
time windows (PDSPTW) can be seen as a two-station flow shop with parallel ma-
chines, no wait in process and a different due date for each job. The first station would
be the production plant, which is composed of a number of identical machines equal to
the plant capacity. The second station is composed of a number of identical machines
equal to the number of vehicles. Each job would correspond with the production and
distribution of each order.

The flow shop with multiple processors (FSMP), also called flexible flow lines
scheduling, involves sequencing of a set of jobs in a set of processing stations. All jobs
must be processed on each station in the same order. At each station, a job can be
processed on any machine. A no-wait scheduling problem occurs in industrial envi-
ronments in which a product must be processed from start to finish, without any inter-
ruption between the stages that compose its performance. FSMP with no-wait in proc-
ess has been studied by several authors (see [1] and [2]). Both in FSMP and FSMP
with no-wait in process, researchers consider objectives of satisfying measures of
performance that involve the processing of all jobs. It is assumed that any job can be
processed at any time, that is, jobs have an infinite starting time window. In most of
the cases, the objective is to minimize the makespan. When due dates and weights for
jobs are considered, objectives are to minimize the weighted tardiness or similar
measures of performance. As a different case, in [3] is studied a problem with two
stages and no-wait in process whose objective is to maximize the set of jobs to be
processed. Nevertheless, due dates are not considered for the jobs but a finite sched-
uling time.

Instead, in this paper we present a scheduling problem where the objective is to find
a subset of jobs with maximum total value that can be completed within their time
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windows. What makes the problem different from other scheduling problems is that
the orders served must satisfy time requirements imposed by customers. Scheduling
problems that focus on the problem of finding a subset of jobs with maximum total
value assuming due dates are the fixed job scheduling problem (FSP) [4] and the vari-
able job scheduling problem (VSP) [5] and [6]. However, these problems consider a
single stage for the processing of jobs, so these cases would correspond to a particular
case of PDSPTW where the production capacity was unlimited or we had a number
unlimited of vehicles.

3   GA for Solving PDSPTW

Genetic algorithms [7] are search and optimisation algorithms based on the Darwinian
theory of evolution. Essentially, a GA is an iterative procedure that maintains a popu-
lation of a few individuals that represent problem solutions. An initial population is
generated at random or heuristically. During each iteration, the individuals are evalu-
ated and given a fitness value. From each iteration to the next, a new population, with
the same size, is generated by evolutionary operations such as selection, crossover and
mutation. In the following, we will describe the representation and operations em-
ployed in our GA.

3.1   Individual Representation: Genotype and Phenotype

An important concept is the strict separation of problem constraints and evolutionary
method. Such separation results in two completely different views of an individual. On
the one hand, there exist the phenotype representation for the problem in order to
evaluate the individual by fitness function. On the other hand, the genotypic represen-
tation is what the genetic algorithms works upon, that is, the encoded representation
over which the evolutionary operators are applied.
A string will be used to represent the genotype of an individual. The length of the
string corresponds with the number of jobs. Each string position, also denoted as gene,
corresponds to one job, and contains the time period in which the job should start. This
time period is defined with respect to ideal start due date of the job. Figure 3 shows
the genotype representation of an individual for a problem with 5 jobs. For that indi-
vidual, job 2 should start at instant si-1, job 3 at instant si+1 and the rest of jobs on
their ideal start times.

0 –1 1 0 0

Fig. 3. Genotype representation

Let ri the start value of order i in a individual. The profit wi of each order can be
calculated as follow: wi = {Wi + riwi

- if ri<0 or Wi - riwi

+ if ri≥0}
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We have not guarantee that all the orders can be served using those starting in-
stants, therefore a subset of orders that maximize the total profit is to be searched. This
situation represents a production and delivered scheduling problem with fixed starting
times [8]. In that problem is also hard to find optimal solutions as the number of jobs
increases, so we concentrate on a fast heuristic that yields satisfactory solutions. The
heuristic exploits the observation that PDP can be modelled as a minimum cost flow
problem if the production capacity is enough to process all the orders at he production
stage. Hence, here constraints associated with not preparing simultaneously a number
of orders greater that the production capacity are not considered.

The construction of the underlying direct graph G used to solve this PDP can be
described as follow: Each job i is represented in G by two nodes, li and fi that corre-
spond to start time period and end time period of the distribution stage. There also is
an arc associated with each job, from the node corresponding to lj to the node corre-
sponding to fj. This arc has an upper capacity of one on the amount of flow that can be
transported, and associated costs of –wi. Furthermore, there is an arc from every node
fi to every node lj as long as lj ≤ fi with zero costs and capacity equals one. Moreover,
and start node s is connected to all the nodes si and all nodes fi are connected to an
ending node e with zero cost and one unit of capacity.

If we inject V (i.e. the number of vehicles) units of flow in node s, the optimal so-
lution to the minimum cost flow problem in G will obtain a schedule for a subset of
orders of maximum total value. A order i is served if and only if in the solution to the
minimum cost flow problem one unit of flow passes through the arc (li,fi). Fig. 4
shows the graph G corresponding to genotype showed in Fig. 3 and referred to the
problem represented in Table 1 for a number of vehicles V=2.

Fig. 4. Graph G corresponding to genotype of Fig 3.

The thick lines in G denote the minimum cost flow path. Orders to be served are 1,
2, 4 and 5.

Once a solution is obtained for G, production process feasibility of the orders se-
lected is checked. For this task, we make use of Kroon’s lemma on the Fixed Job
Scheduling Problem (FSP) [4], to give a necessary and sufficient condition for the
existence of a feasible schedule for all orders selected:
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Let Os be the set of orders selected. A feasible schedule including all orders belong
to Os exist if and only if the maximum order overlap of Os in plant is less than or equal
to the plant capacity C.

Suppose orders are to be processed in the time-interval [0,T], the maximum order
overlap is defined as follows:  L = max {Lt: 0≤ t ≤ T} with Lt = {i∈ Os:si ≤ t ≤ li-1}

t 2 4 6 8 10 12 14 16

Fig. 5. Production stage for orders selected in graph G of Fig. 4

In Fig. 5 the bars indicate the production time (tpi) of the orders selected previously.
For this case L equals 2. It is clear that if and only if C≥2 can all orders be processed
in the plant.

If the maximum order overlap of Os exceeds C, then the solution provided for the
minimum cost flow problem is not feasible. In this case, the heuristic will try to find a
subset of orders with maximum total profit that can be processed with capacity C. This
problem becomes equivalent to the Maximum Fixed Job Scheduling Problem (Max.
FSP). This problem has been considered by a number of authors including Arkin and
Silverberg [9], Kroon, Salomon and Van Wassenhove [4] and Gabrel [6], who show
that it can be solved by a minimum cost flow algorithm.

The construction of the graph G’ that we use in this paper is more direct than the
constructions proposed for those authors, and can be described as follows. The set R=
{rp: p = 1, …, P} is used to represent all starting times of the jobs belong to Ok in
chronological order. The set of nodes of the graph is in one-to-one correspondence
with the set R plus a finish node. There is an arc from each node to the following with
zero costs and unlimited capacity. Furthermore, there are arcs from each node to the
node corresponding to the first order which could be produced by the plant once it has
finished the production of the order origin of the arc. These arcs can carry only one
unit of flow and have a cost equal to –wi. At the leftmost node, C units of flow are
injected which must reach the finish node. As an example, Fig. 6 shows the graph
corresponding to the data of Fig. 5 for a production capacity of one.

Fig. 6. Graph associated to the example of Fig. 5

Once the optimal solution to this minimum cost flow problem is obtained, let set E
denote the set of orders belonging to Os that have not been selected (E={1} for the
example). For each order j∈ E, we modify the graph G, constructed initially, in order
to forbid that order j can be processed. To this end, we just need to assign capacity

e1 2 4 5
0 0 0 0
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-19

-1 3

[1 ]
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zero to the arc that joins lj with fj. With this new graph G, all the process described
above is repeated again until a feasible solution is found.

3.2   Population Reproduction and Selection

Two techniques of population reproduction are currently used in the field of genetic
algorithms: generational and steady-state. Briefly, generational reproduction replaces
the entire population at each iteration, while steady-state reproduction replaces only a
few members at a time.

In our algorithm we have used the steady-state technique, replacing one individual
at each iteration. Therefore, at each iteration a new individual is generated using the
operators described below. At each iteration an operator will be selected to generate an
new individual. For this selection each operator will have a probability of being cho-
sen.

To select the member to be deleted, we use an approach based on the exponential
ranking [10] of the individuals within the population. Exponential ranking assigns a
chance of being deleted equals to p to the worst individual (worst fitness). If it is not
selected, then the next to the last also has a p chance, and so on.

3.3   Crossover and Mutation Operators

Crossover is the most important recombination operator for generating new individu-
als, i.e., new search points. It takes two individuals called parents and produces a new
individual called the offspring or child by swapping parts of the parents. We have used
the following procedure to get the child: There are two randomly selected parents p1
and p2. The child is built with next rule: Let p1(i) be gene i in p1. For each i from 1 to
n, if  p1(i) = p2(i) then  child(i) = p1(i), else child(i) is a random value in the interval
[p1(i), p2(i)].

In Fig. 7 we can see an example of crossover operator.

p1 2 -1 0 1 0
p2 1 -1 1 -1 0

Child Rnd[1,2] -1 Rnd[0,1] Rnd[-1,1] 0

Fig. 7. Crossover operator

We also employ a standard mutation operator that randomly selects an individual to
modify and then randomly choose a new value for one of its positions. This operator
helps the GA to maintain diversity in the population to avoid premature convergence.
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4   Computational Results

The first stage in our computational experience involved the construction of a set of
problems. Afterwards, we will compare GA results with previous results obtained
using both an exact method and a tabu search approach.

4.1   Generation of Problems

To construct a set of instance we used as main parameters the average order overlap
(number of orders that may be processed simultaneously) in the production stage
(PSO) and distribution stage (DSO). Thus, values considered for PSO and DSO were
within the intervals (1.50, 1.60) and (5,6) respectively.

Problem sizes used were n = 20, 25, 30 and 40 orders. Ten instances were gener-
ated for each problem size. Time windows [ai,bi] for every problem were generated
randomly with sizes between 1 and 5 time periods. The time horizon of the problems
has been considered dependent on the number of orders in the problem according to
the following intervals: [1,55] (20 orders); [1,65] (25 orders) ; [1,75] (30 orders);
[1,95] (40 orders). Order values wi were randomly generated randomly within the
interval [10,100] and penalties both for earliness wi

- and tardiness wi

+ were randomly
selected within the interval [0,2]. To allow for different levels with regard to capacity
C and number of vehicles V, the pairs of values (C,V) = (1,2), (2,2) and (2,3) were
considered for each problem.

4.2   Exact Method and Tabu Search Approach

To test the performance of the algorithm, we initially solved the same set of problems
using a graph-based exact procedure and a tabu search approach [11]. The exact pro-
cedure builds a graph G that collects all feasible solutions to the problem by means of
a simple evaluation method of feasible states in the scheduling of orders. The maximal
weighted path from start node to end node in G is the optimal solution to the problem.

The tabu search approach is based on exchange moves. A neighbour of a solution is
obtained by replacing a order selected by another order/orders that is/are not selected
in that solution. Moreover, remove moves are also allowed. Each problem was run-
ning five times and the number of iterations was 5000.

4.3   GA Parameters

We used the following GA parameters:
Initial population obtained randomly.
Population size: 20
Probability of mutation: 0.4
Probability p in the exponential ranking: 0.2
Number of iterations: 1000
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4.4   Summary of Results

Tables 2 and 3 shows the summary of results using the three approaches. The percent-
age errors have been computed with respect to the optimal solution values (obtained
through the graph-based procedure). We have taken averages over the 10 instances in
each problem size n. All running times are given in CPU seconds on an Intel Pentium
III 850 MHz.

Table 2. Results

TS Approach GA Procedure

n (C,V)
Avge. Error

(%)
N. optimal

solutions found
Avge. Error (%)

N. Optimal
solutions found

20 (1,2) 0.00 10 0.28 9
20 (2,2) 1.28 6 0.00 10
20 (2,3) 0.06 9 0.03 8
25 (1,2) 0.90 9 0.32 7
25 (2,2) 1.20 8 0.23 8
25 (2,3) 0.24 9 0.02 9
30 (1,2) 0.24 8 0.41 7
30 (2,2) 0.81 7 0.37 7
30 (2,3) 0.30 7 0.13 8
40 (1,2) 0.37 7 0.22 2
40 (2,2) 0.30 6 0.31 3
40 (2,3) 0.50 1 0.24 3

Table 3. Computation times

Average Computation Time in CPU seconds
N (C,V) TS GA Exact Method
20 (1,2) 7 97 73
20 (2,2) 9 99 15
20 (2,3) 11 100 1496
25 (1,2) 9 128 278
25 (2,2) 10 132 47
25 (2,3) 13 137 1957
30 (1,2) 11 196 194
30 (2,2) 14 205 118
30 (2,3) 16 210 6898
40 (1,2) 14 304 97
40 (2,2) 17 310 163
40 (2,3) 27 319 13314
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TS found optimal solutions in 87 of the 120 test problems. GA found optimal solu-
tions in 81 instances. However, the total average error was equals 0.05% for TS and
0.02% for GA.

With regard to the average of computation times, the exact method took longer time
than TS and GA, showing TS the best times.

5    Conclusions

In this paper, we have studied a type of no-wait production and delivery scheduling
problem with time windows. A Genetic Algorithms procedure for solving this problem
has been proposed. The quality of this solution has been empirically compared with
the optimal solution produced by a graph-based exact solution method and a tabu
search approach. Computational results indicate that the GA finds solutions of very
good quality.
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Abstract. In this paper we present a fuzzy rule-based system to predict
cardiovascularity diseases. The input variables of the system are the most
influent factors for that type of diseases and the output is a risk predic-
tion of suffering from them. Our objective is to get an accurate prediction
value and a system description with a high degree of interpretability. We
use a set of examples and a design process based on genetic algorithms
to obtain the components of the fuzzy rule-based system.

1 Introduction

Cardiovascularity diseases are the main cause of mortality in “western coun-
tries”. Their prediction is a very complex problem because they are influenced
by many factors. The most important of these are diet, age, genetic predisposi-
tion, smoking, sedentary life, etc. The development of a cardiovascularity disease
takes long time before the first symptoms appear and many times it is too late
for the patient. So, it is important to take an adequate preventive action to
identify and modify the risk factors associated.

In this contribution, we use a fuzzy rule-based system (FRBS) as a means
to determine a prediction to suffer from a cardiovascularity disease. As it is
difficult for an expert to design the FRBS due to its complexity, we derive it
from a learning process using numerical information. In this paper, we have used
a genetic algorithm as learning mechanism, so dealing with a genetic fuzzy rule-
based system [6]. Moreover, an important objective of this work is to obtain
models that can be interpretable. That is the aim for using FRBS.

This paper is organized as follows. Sections 2 and 3 show some preliminaries
about cardiovascularity diseases and FRBSs, respectively. Section 4 presents the
problem description. The learning method used to obtain the FRBS is briefly
described in Section 5. Section 6 presents some experimental results as well as the
� This research has been supported by CICYT PB98-1319
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complete description of a simple FRBS for cardiovascularity disease prediction.
Finally, in Section 7, some conclusions are pointed out.

2 Cardiovascularity Diseases

The main factors that influence the appearance of a cardiovascularity disease [8,
9] are shown next:

– Diet. From the fifties, epidemiological studies have proven the existence of
a direct relationship between the amount and type of fatty consumed and
the serum levels of cholesterol and triglycerides, that are considered as the
most important factors in the development of cardiovascularity diseases.
The cholesterol total amount is the sum of the cholesterol amount associ-
ated to the three types of lipoproteins more abundant in the blood: very
low density lipoproteins (VLDL), low density ones (LDL) and high density
ones (HDL). It is useful to distinguish between the cholesterol associated to
the LDL (LDL-cholesterol) and to the HDL (HDL-cholesterol). The LDL-
cholesterol is a clear risk factor to suffer from a cardiovascularity disease.
On the other hand, the HDL-cholesterol is good to prevent it due its an-
tiatherogenic quality.
Diet plays a very important role in the serum levels of any type of cholesterol.
The main aspect is the amount of fatty in the diet and the type of fatty acids
present in the blood. There are three main types of fatty acids:

• Saturated Fatty Acids (SFA), that increase the cholesterol levels found
in the blood, specially the LDL-cholesterol.

• Monounsaturated Fatty Acids (MUFA), that are conferred a neutral or
slightly beneficial effect over the cholesterol levels.

• Polyunsaturated Fatty Acids (PUFAS), that origin a reduction of the
cholesterol concentration, specially of the LDL-cholesterol.

– Hypertension. High values of the diastolic blood pressure predispose to a
heart attack and other cardiovascularity diseases.

– Smoking. The tobacco consum (specially cigarettes) constitutes and impor-
tant risk factor for the development of cardiovascularity diseases.

– Obesity. The obesity is a negative factor for the health. Some studies con-
nect the weight increase with a progressive increment of the serum levels of
cholesterol and triglycerides. The degrees of obesity are classified trough the
Body Mass Ratio (BMR) that is defined as the division of the weight of an
individual (in Kgs.) by its square height (in metres).

– Sedentary. A slight physycal activity produces possitive effects over the
cardiovascularity system. On the other hand, a sedentary life increases the
obesity and the amount of LDL-cholesterol.

– Age. Unlike the previous factors, age can not be modified, but it is very
important as it can directly affect to them.
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3 Fuzzy Rule-Based Systems

FRBSs [13] constitute an extension of classical rule-based systems, as they deal
with fuzzy rules instead of classical logic rules. In this approach, fuzzy IF-THEN
rules are formulated and a process of fuzzification, inference and defuzzification
leads to the final decision of the system (see Fig. 1). The FRBS is then considered
as an approach used to model a system making use of a descriptive language
based on Fuzzy Logic with fuzzy predicates. The fuzzy rules used –also called
linguistic rules– have the following structure [10]:

IF X1 is A1 and ... and Xn is An THEN Y is Bi

with X1, . . . , Xn and Y being the input and output linguistic variables, respec-
tively, and A1, . . . , An and B being linguistic labels, each one of them having
associated a fuzzy set defining its meaning.

Interface
Fuzzification Inference

System

real
input x

Interface
Defuzzification

Knowledge Base

output x
real

Data Base Rule Base

Fig. 1. Generic structure of a descriptive Fuzzy Rule-Based System

The main characteristic of this type of fuzzy systems is the interpretability of
the resulting model. The knowledge base of the FRBS is composed of a collection
of rules together with a description of the semantics of the linguistic terms
contained in these rules. Of course, if the number of rules is excessively high, the
global interpretability of the model decreases, although it is possible to perform
a local intepretation for the output of a given input data pair analysing only the
rules fired for that input data pair.

Although sometimes the fuzzy rules can be directly derived from expert
knowledge, different efforts have been made to obtain an improvement on the
system performance by incorporating learning mechanisms guided by numerical
information to define them, the Rule Base (RB), and/or the membership func-
tions, the Data Base (DB), associated to them. Most of them have focused on
the RB learning, using a predefined DB [3,12]. This operation mode makes the
DB have a significant influence on the FRBS performance [1,4].

The usual solution to improve the FRBS performance by dealing with the
DB components involves a tuning process of the preliminary DB definition once
the RB has been derived [1], maintaining the latter unchanged. In opposite to
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this a posteriori DB learning, there are some approaches that learn the different
DB components a priori [4,5], thus allowing it to both adjust the membership
functions and learn the optimal number of linguistic terms for each variable.
This will be the approach followed in this paper to design the FRBS.

4 Building Our Prediction System

The first step to design a prediction system for cardiovascularity diseases is
to decide which variables will be considered. If all the risk factors were taken
into account, a very large set of example data pairs would be needed and it
would be difficult to get an FRBS with good performance and a high degree of
interpretability, i.e. with a low number of rules and a low number of labels per
variable.

For that reason, we only consider the most influent risk factors: the differ-
ent cholesterol levels, the triglycerides level and the age. The remaining factors
are individual habits that the experts only consider for a small increment o
decrement of the risk prediction associated to the main risk factors. The most
important of these “secondary” factors have been aggregated into a single vari-
able called habits. Therefore, our system will have six input variables and one
output variable that are described as follows:

– Cholesterol: Total cholesterol level present in the blood (in mg/dl). Range:
[100 − 350]

– LDL-cholesterol: Serum LDL-cholesterol level (in mg/dl). Range: [100−210]
– HDL-cholesterol: Serum HDL-cholesterol level (in mg/dl). Range: [10 − 200]
– Triglycerides: Triglycerides level present in the blood (in mg./dl). Range:

[140 − 160]
– Age: Age of the individual (in years). Range: [20, 80]
– Habits: This variable takes values in {1, . . . , 48}. The higher the value, the

worse the habits (from the point of view of the disease prevention). A value
in the range {1 − 12} indicates beneficial factors that reduce the risk of
suffering a cardiovascular disease. Values in {13 − 24} represent habits that
can be considered “neutral” over the risk prediction. The range {25 − 37}
indicates slightly damaging habits. Finally, values in {38 − 48} indicate a
dangerous increment of the risk of suffering a cardiovascular disease. The
selected habits are shown next:

• High consum of PUFAS (greater than 33 gr/day)
• High consum of SFA (greater than 33 gr/day)
• Body Mass Ratio (BMR), defined by the relation between the weight

of an individual (in kgs.) and the square of its height (in meters). Two
ranges are considered: 20 < BMR < 30 and BMR > 30

• Habitual smoker (more than 10 cigarettes per day)
• Cholesterol consumed per day (cholest./day) in miligrams. Three ranges

are considered: cholest./day < 200mgs , 200mgs < cholest./day <
300mgs and cholest./day > 300mgs
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• Physical activity. It implies to make daily exercises, even if they are
slight.

Table 1 shows the correspondency between each value of this variable and
the concrete habits of the individual.

– Risk prediction: The output variable is a numeric real value ([0 − 10]) that
indicates an estimation of the risk to suffer from a cardiovascularity disease.
The higher the value, the higher the risk.

Our method uses numerical information for the learning process. Unfortu-
nately, it is very difficult to obtain data from real patients. It would imply
frequent studies of the biochemical parameters of many healthy people (from
the cardiovascular diseases point of view) with different serum levels, age and
habits, and to wait (sometimes many years) for a possible development of a car-
diovascular disease. So, the examples have been generated ad hoc by an expert
trying to produce an uniformly distributed set covering a great range of possible
situations. The obtained set is composed of 2594 data pairs and it has been ran-
domly divided into two subsets, a training data set with 2335 elements (90%)
and a test data one with 259 elements (10%).

5 Learning Process to Derive the FRBS

We use the genetic fuzzy rule-based system proposed in [5] to learn the KB of
the FRBS associated to our prediction system for the risk to suffer a cardio-
vascularity disease. We will refer that process as GFS (Genetic Fuzzy System).
GFS is composed of two methods with different goals:

– A Genetic Algorithm (GA) [11] to learn the DB that allows us to define:
• The number of labels for each linguistic variable (granularity).
• The variable domain (working range), allowing a brief enlargement of

the initial domain.
• The form of each fuzzy membership function (triangular-shaped) in non-

uniform fuzzy partitions using a non-linear scaling function.
– A quick ad hoc data-driven method [3] that derives the RB considering the

DB previously obtained. It is run from each DB definition generated by the
GA. In this paper we use the inductive method proposed in [12].

There are three steps that must be done to evaluate each chromosome:

1. Generate the fuzzy partitions (DB) for all the linguistic variables using the
information contained in the chromosome.

2. Generate the RB by running the fuzzy rule learning method considering the
DB obtained.

3. Calculate the fitness function. First the Mean Square Error (MSE) over the
training set is calculated from the KB obtained (genetically derived DB +
RB). This value will be used as a base of the chromosome fitness value:

MSE =
1

2|E|
∑

el∈E

(eyl − S(exl))2
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Table 1. Variable habits: correspondency of the 48 values with the habits considered

high high BMR BMR < 200 200− 300 > 300 Phisi-
Value consum consum between greater Smoker mgs. mgs. mgs. cally

PUFAS SFA 20-30 30 choles./day choles./day choles./day activ
1 x x x x
2 x x x x x
3 x x x
4 x x x x
5 x x x x
6 x x x x x
7 x x x
8 x x x x
9 x x x x
10 x x x x x
11 x x x
12 x x x x
13 x x x x
14 x x x x x
15 x x x
16 x x x
17 x x x x
18 x x x x x
19 x x x x
20 x x x x
21 x x x x
22 x x x x x
23 x x x
24 x x x x
25 x x x x
26 x x x x x
27 x x x
28 x x x x
29 x x x x
30 x x x x x
31 x x x
32 x x x x
33 x x x x
34 x x x x x
35 x x x
36 x x x x
37 x x x x
38 x x x x x
39 x x x
40 x x x x
41 x x x x
42 x x x x x
43 x x x
44 x x x x
45 x x x x
46 x x x x x
47 x x x
48 x x x x

with E being the example set, S(exl) being the output value obtained from
the FRBS when the input variable values are exl = (exl

1, . . . , ex
l
n), and eyl

being the known desired output value.

In order to improve the generalization capability and the interpretability of
the final FRBS, we will lightly penalize FRBSs with a high number of rules
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to obtain more compact linguistic models. Therefore, once the RB has been
generated and its MSE over the training set (MSEtra) has been calculated,
the fitness function is calculated in the following way [7]:

FC = ω1 · MSEtra + ω2 · N Rules

with N Rules being the number of rules and ω1, ω2 two weighting factors.

6 Experimental Results

We have run the GFS process with different initial seeds, using various ranges
for the granularity values across the interval {2, 9}. GFS allows us to obtain
FRBSs with a different trade-off between accuracy and interpretability reducing
the maximum value for the granularity and changing the values of the fitness
function weigths (parameters ω1 and ω2). The genetic parameters considered
are the following: number of generations=1000, population size=100, crossover
probability=0.6, mutation probability=0.1. We have also considered other types
of learning methods in order to compare with the results obtained by GFS. We
run the following methods:

– Linear Regression.
– Neural Networks (NN): A three layer perceptron, using conjugate gradient

plus weight decay as learning rule. Different values for the number of units
in the hidden levels were considered. The table of results shows results of
two NN, the one with the best MSEtra and the one with the best MSEtst

– A representative process of the usual way to derive an FRBS: The Wang
and Mendel’s rule generation method plus a DB tuning process (WM +
Tuning). As usual, all the variables have the same granularity. We run the
WM method for all the possible numbers of labels considered ({2, . . . , 9})
and the best results considering the MSEtra was obtained with nine labels
while the best result over the MSEtst was obtained with four labels. We have
used the genetic tuning process proposed in [2] to refine the preliminary DB
of both FRBSs once the RB has been derived.

Linear regression obtains models that can not be considered totally inter-
pretables, while the Neural Networks are not interpretables. Both are shown in
order to compare the accuracy of the method proposed for modelling the predic-
tion system (GFS). The best results obtained are presented in Table 2, which
contains the following columns:

– Method: Process used to model the prediction system
– Granularity: Number of labels per variable (for FRBS learning methods)
– N Rules: Number of rules of the FRBS RB (for FRBS learning methods)
– MSEtra: MSE over the training data set
– MSEtst: MSE over the test data set



388 O. Cordón et al.

Table 2. Best results obtained

Method Granularity N Rules MSEtra MSEtst

Linear Regression - - - - - - - - 0.0741 0.0683
NN 6-20-1 - - - - - - - - 0,0445 0,0691
NN 6-5-1 - - - - - - - - 0.0639 0.0645

WM + Tuning 9 9 9 9 9 9 9 2222 0.0785 2,8523
4 4 4 4 4 4 4 913 0.1347 0.1589
9 5 6 4 5 3 9 319 0.0451 0.0474
9 8 7 5 4 4 9 133 0.0611 0.0606

GFS 7 2 3 2 3 4 6 43 0.0883 0.0892
5 4 3 3 2 2 5 31 0.1042 0.0996
5 3 3 3 3 3 5 23 0.1274 0.1171

As can be observed, many learning methods obtain good results as regards
the prediction ability of the resulting model. The best result in MSEtra has been
obtained using a multilayer perceptron with 20 units in the hidden level, although
there is only a small difference respect to the best result obtained with GFS.
The best result in MSEtst has been obtained using the GFS process considering
the interval {3, . . . , 9} as possible granularity values. So, the prediction ability
of the models obtained by GFS are enoughly demonstrated. Regarding to the
usual process to derive a FRBS (WM + Tuning), the choice of a high number
of labels produces good results in MSEtra but clearly leads to an overfitting as
can be observed in the great value obtained for MSEtst.

The table collects different FRBSs obtained from the GFS process, some of
them with good results in the MSE columns and others with low values in the
granularity and number of rules. Of course, the latter present greater degrees of
interpretabilñity than the former. As said, it is possible to obtain FRBSs with
good accuracy or great interpretability by changing the range of the granularity
levels and the weigthing factors in the fitness function of the GA. The most
accurate FRBSs present more rules and a higher granularity level than the most
interpretable FRBSs displayed.

In order to show an example of the composition of an FRBS for the problem,
the most simple FRBS of Table 2 (FRBS with 21 rules) are described. A typical
consequence when a learning method is forced to obtain FRBS with a few rules is
the inplicit elimination of the input variables with lesser relevance, that is, if one
variable has the same label in all the rules, it has not influence in the prediction
ability. So, we will ignore two variables in the description of this FRBS (LDL-
Cholesterol and Tryglicerides). Figure 2 shows the DB (fuzzy partitions for all the
relevant variables in this specific FRBS including the new domain limits learned
by GFS). In order to improve the readability of the RB, if two rules only differ
in one input label (the reamining input variables and the output variable have
the same linguistic term), they are depicted as a single rule including the two
different labels connected with the operator OR. Therefore, the RB is composed
of the following rules:
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Fig. 2. Fuzzy partitions

R 1 2: IF Cholesterol is HIGH and HDL-cholesterol is HIGH and Age is MEDIUM
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM

R 3 4: IF Cholesterol is HIGH and HDL-cholesterol is HIGH and Age is HIGH
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM

R 5 6: IF Cholesterol is HIGH and HDL-cholesterol is MEDIUM and Age is MEDIUM
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM HIGH

R 7 8: IF Cholesterol is HIGH and HDL-cholesterol is MEDIUM and Age is HIGH
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM HIGH

R 9: IF Cholesterol is HIGH and HDL-cholesterol is HIGH and Age is LOW
and Habits is MEDIUM THEN Risk is MEDIUM

R 10 11: IF Cholesterol is MEDIUM HIGH and HDL-cholesterol is HIGH and Age is MEDIUM
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM LOW

R 12 13: IF Cholesterol is MEDIUM HIGH and HDL-cholesterol is MEDIUM and Age is HIGH
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM

R 14 15: IF Cholesterol is MEDIUM HIGH and HDL-cholesterol is MEDIUM and Age is
MEDIUM and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM
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R 16: IF Cholesterol is MEDIUM HIGH and HDL-cholesterol is HIGH and Age is HIGH
and Habits is MEDIUM THEN Risk is MEDIUM

R 17: IF Cholesterol is MEDIUM HIGH and HDL-cholesterol is HIGH and Age is HIGH
and Habits is LOW THEN Risk is MEDIUM LOW

R 18 19: IF Cholesterol is MEDIUM and HDL-cholesterol is MEDIUM and Age is MEDIUM
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM LOW

R 20 21: IF Cholesterol is MEDIUM and HDL-cholesterol is MEDIUM and Age is HIGH
and Habits is (LOW or MEDIUM) THEN Risk is MEDIUM LOW

R 22 23: IF Cholesterol is MEDIUM LOW and HDL-cholesterol is MEDIUM and Age is
(MEDIUM or HIGH) and Habits is LOW THEN Risk is MEDIUM LOW

7 Concluding Remarks

We have proposed an FRBS to predict the risk of suffering from a cardiovascular
disease. The learning process uses a GA for deriving the DB and a simple RB
generation method to learn the rules. The FRBS learning process allows us to
choose the main characteristic desired for the prediction model: good accuracy or
good interpretability. As future works, we will try to design an FRBS to predict
the risk taking all the human habits as a base. This new approach could be more
interesting for the nutrition specialist in order to advise the patients.
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Abstract. In this paper, we propose a technique for the application of the
crossover operator that generates multiple descendants from two parents and
selects the two best offspring to replace the parents in the new population. In
�������������	��
���������
�������������������������������������������
������
crossover operator for real-coded genetic algorithms. In particular, we investi-
gate the influence of the number of generated descendants in this operator, the
������� ��� ���
��������� ���� �
�� ��
��� ���� �
�� ���������� �� ���
	����� �
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perimentation that we have carried out, we can observe that it is possible, with
multiple descendants, to achieve a suitable balance between the explorative
�������������������������
����� ������
��
��
���
�����������������������������
the selection of the two best descendants.

1   Introduction

An important objective in the development of the genetic operators is to keep a suit-
able balance between exploration and exploitation, and therefore, to obtain good solu-
tions in the searching process. In this paper, we study real-coded genetic algorithms
(RCGAs) ([10]) paying special attention to the way the crossover operator is applied,
in order to achieve the balance between exploration and exploitation.

There are different proposals of crossover operators and, particularly, there are cross-
over operators that generate three ([15]) and four descendants ([8,9]) from two parents
and then, they select the two best descendants to replace the parents in the population.
In these works, the operators with multiple descendants, more than two descendants
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from two parents, present a better behavior than the operators with only two descen-
dants, and achieve a good balance between exploration and exploitation.

According to these ideas, in this paper, we  present a proposal for the generation of
��
���
�� ������������ ������ �
�� ���� � ���������� ��������� � !"#� ���� RCGAs, which
operates over two parents, selecting the two best ones to replace the parents in the new
population.

 $
������ ����������
����������������
��
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����������
��
�����������
��
���������	
among the descendants. Therefore, this operator allows big differences among the
descendants and among them and their parents. On the other hand, the possibility of
generating multiple descendants and afterwards selecting the two best ones introduces
a high selective pressure.
 
 &�������
�������������������������
���������
������
���
��������������������
������
crossover operator, introducing a higher selective pressure on this operator with the
selection of the two best descendants.  With this combination, we can achieve an ef-
fective balance between exploitation and exploration and therefore, better solutions
may be reached.
 
 '��
������������
�������������

�����(��)�������*���������������
������ ����������
operator and analyze its behavior when it generates two descendants for different
��
������� � ������������������
������ ������� (��)������� +����� �������� �
�� �������
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multiple descendants and selection of the two best. In Section 4, the experimental
study and the analysis of the operator according to the number of generated descen-
��������������
����
�������
�� ���������������
������(��)��������,���������	��
���m-
portance of selecting the two best descendents. In Section 6, we investigate the per-
formance of the model proposed for different numbers of evaluations. Finally, some
conclusions are presented in Section 7.

2   �������� ��	���� �	����	���	���	�RCGAs

 Let us assume that C1 = (c1
1,..., cn

1) and C2 = (c1
2,..., cn

2) are two real-coded chromo-
����������������������
������� ��������������������������Hk = (h1

k,..., hi
k,..., hn

k), k
=1,2, where hi

k is a randomly (uniformly) chosen number from the interval [cmin - Iα,
cmax + Iα], where cmax = max {ci

1, ci
2}, cmin = min {ci

1, ci
2}, and I = cmax-cmin. Figure 1

shows the effect of this operator.
 
 It is important to emphasize that this crossover operator is based on the random gen-
eration of genes from the associated neighborhood of the genes in the parents. With
this technique for the generation of genes, offspring are generated that can defer
among them and also among them and their parents. In this sense, this operator pres-
ents a high exploration in the generation of the descendants.
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0.5, and 0.7) and for the population size  (N=61 and N=100). In these experiments,
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������
������

We have considered thirteen frequently used test functions: Sphere model, Schwefel’s
problem, Generalized Rastrigin's function, Griewangk's function, Expansion of F10,
Generalized Rosenbrock's function, system of linear equations, frequency modulation
sounds parameter identification problem, polynomial fitting problem, Ackley’s func-
tion, Bohachevsky’s function, Watson’s function, and Colville’s function. The formu-
lation of these problems may be found in [11,13]. These functions defer with respect
to some characteristics like continuity, modality or dimensions. In this way, the inter-
val of possible situations is wide enough to reach a good level of robustness in ex-
perimentation. The  dimension of  the search space is 25.

A generational GA model is assumed that applies the non-uniform mutation operator
([12]). The selection probability calculation follows linear ranking ([1]) and the sam-
pling algorithm is the stochastic universal sampling ([2]). The  elitist strategy is con-
sidered as well. We executed all the algorithms 30 times, each one with a maximum of
100000 evaluations. The crossover probability is 0.6 and the probability of updating a
chromosome by mutation is 0.1.

Tables 1 and 2 present a summary of the results with 61 and 100 chromosomes, re-
spectively. We have compared, using t-test (at 0.05 level of significance), the best
����
����
�������	� �
������������ ���������� ��� �
����
������ �����
� �
�� ����� ��� ����
��
�������
����
��� ���
�����������
�����������$
�������
����
����
��������������������
�
total of functions in which the operator has obtained the best results. Each column has
the following information:

– BA / BT: Best Average / Best Test. Percentage of evaluation functions in which the
crossover operator has obtained the best average value and continues being the best
one after the application of the t-test.
– BA / ST: Best Average / Similar Test. Percentage of evaluation functions in which
the crossover operator has obtained the best average value and, at least there is an-
other crossover operator that does not present significant differences after the applica-
tion of the t-test.
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– TB: Percentage of evaluation functions in which the crossover operator presents
better results without considering the information that we have obtained by the appli-
cation of the t-test. This percentage is the result of the addition of the two previous
columns.
– ST / NBA: Percentage of evaluation functions in which the crossover operator
shows a similar behavior to the best crossover operator after the application of the t-
test, although it does not obtain the best average value.
– T B / S: Percentage of evaluation functions in which the crossover operator shows
the best behavior or similar to the best. This percentage is the result of the addition of
the two previous columns.

According to these results, we can observe that ����  achieves the best result �
���
is 0.3, independently of the population size. This value allows some descendants in the
exploration intervals to be generated, introducing diversity in the population. We have
compared the results obtained with each parameter, for the different population sizes,
and we have observed that the results are better with 61 chromosomes.

Table 1. Results obtained by ���� �with different values ��� �and N=61

Crossover BA/BT BA/ST TB ST/NBA T B/S
 BLX-0.0  0%  7.69%  7.69%  38.45%  46.14%
 BLX-0.1  0%  0%  0%  53.83%  53.83%
 BLX-0.3  38.45%  53.83%  92.28%  0%  92.28%
 BLX-0.5  0%  0%  0%  38.45%  38.45%
 BLX-0.7  0%  0%  0%  7.69%  7.69%

Table 2. Results obtained by ���� �with different values ��� �and N=100

Crossover BA/BT BA/ST TB ST/NBA T B/S
 BLX-0.0  7.69%  0%  7.69%  30.76%  38.45%
 BLX-0.1  0%  0%  0%  53.83%  53.83%
 BLX-0.3  30.76%  53.83%  84.59%  15.38%  100%
 BLX-0.5  0%  7.69%  7.69%  7.69%  15.38%
 BLX-0.7  0%  7.69%  7.69%  7.69%  15.38%

3 Generation of Multiple Descendants and Selection of the Two
      Best

In this section, we propose to increase the number of descendants generated by the
BLX-  operator, leading to the mechanism of generation of multiple descendants with
the selection of the two best to replace the parents in the new population. It will be
denoted as GMD+STB.

The GMD+STB is possible by means of an unique operator or by the hybridization of
different crossover operators, using a different operator for each descendant or group
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of descendants. In this paper, we will use an unique operator, BLX- , to obtain all the
descendants, and we will consider the possible extensions for future works.

The mechanism proposed generates 4, 6, 8 ,16, 32, 64, and 128 descendants for each
pair of parents, and selects the two best (operator 2-2-2, 2-4-2, 2-6-2, 2-8-2, 2-16-2, 2-
32-2, 2-64-2, and 2-128-2, respectively) to be included in the new population. Figure
2 shows graphically the working scheme of this mechanism.

C1 C2

      Generation of  n children
  (n = 4, 6, 8, 16, 32, 64, 128)

    H1, H2,  . . . . . . . . . . . . . . . ., Hn

 Selection of the two best
(1 ≤  i < j ≤ n)

  Hi            Hj

Fig. 2. Scheme for the mechanism of GMD+STB

The generation of multiple descendants from two parents has been considered in dif-
ferent proposals. In [5,6], multiple descendants are generated from two parents using
different crossover operators, introducing all the descendants in the new population
(MCPC model). In [7], a single offspring  from the multiple crossovers (MCPC and
MCMP) is selected and inserted in the next population. In [14], the generation of
multiple descendants is proposed, selecting the two chromosomes for the next popula-
tion from the named family, the parents and their children (MGG model). In [3], a
generalization of this model is presented. In this case, one of the chromosomes is the
best one of the population and another is selected by a classical sampling mechanism
(or various ones in the case of multiple parents) and, taking them as point of depar-
ture, multiple descendants are generated; finally, the two best chromosomes of the
family are selected (G3 model).

 The proposal defers from these models because it has a selection of descendants and
the parents do not participate in the selection process.

4   �������� ��	���� �	����	���	��
���!"#$���

In this section, we study empirically the effects of the GMD+STB, when the number
�����������������������������������
������ �������������
� �/�-�,��-�+������-�.��$
���
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values allow to use intervals of exploration and produce different levels of diversity.
The population size is 61. Tables 3, 4, and 5, and Figure 4, present a summary of the
results for the parameters 0.5, 0.3, and 0.1 respectively. These tables show the per-
centages over the total of functions in which the operator, according to the number of
descendants, has obtained the best results.

Table 3. Results obtained by BLX-0.5 with GMD+STB

BLX 0.5 BA/BT BA/ST TB ST/NBA T B/S
2-2-2  0%  0%  0%  23.07%  23.07%
2-4-2  0%  15.38%  15.38%  30.76%  46.14%
 2-6-2  0%  7.69%  7.69%  46.14%  53.83%
 2-8-2  23.07%  23.07%  46.14%  30.76%  76.90%
 2-16-2  7.69%  23.07%  30.76%  30.76%  61.52%
 2-32-2  7.69%  15.38%  23.07%  23.07%  46.14%
 2-64-2  0%  0%  0%  30.76%  30.76%
 2-128-2  0%  0%  0%  30.76%  30.76%

Table 4. Results obtained by BLX-0.3 with GMD+STB

BLX 0.3 BA/BT BA/ST TB ST/NBA T B/S
2-2-2       0%  0%  0%  30.76%  30.76%
2-4-2 0%  15.38%  15.38%  23.07%  38.45%
 2-6-2 0%  7.69%  7.69%  30.76%  38.45%
 2-8-2 0%  30.76%  30.76%  30.76%  61.52%
 2-16-2 0%  23.07%  23.07%  61.52%  84.59%
 2-32-2 0%  15.38%  15.38%  46.14%  61.52%
 2-64-2 0%  7.69%  7.69%  53.83%  61.52%
 2-128-2 0%  30.76%  30.76%  15.38%  46.14%

Table 5. Results obtained by BLX-0.1 with GMD+STB

BLX 0.1 BA/BT BA/ST TB ST/NBA T B/S
2-2-2  0%  0%  0%  23.07%  23.07%
2-4-2  7.69%  0%  7.69%  15.38%  23.07%
 2-6-2  0%  30.76%  30.76%  38.45%  69.21%
 2-8-2  23.07%  38.45%  61.52%  30.76%  92.28%
 2-16-2  0%  7.69%  7.69%  7.69%  15.38%
 2-32-2  0%  0%  0%  15.38%  15.38%
 2-64-2  0%  0%  0%  7.69%  7.69%
 2-128-2  0%  0%  0%  23.07%  23.07%

2-2-2 2-4-2 2-6-2 2-8-2 2-16-2 2-32-2 2-64-2 2-128-2

alpha= 0.1

alpha = 0.3

alpha = 0.5

Fig. 4. Results of BLX-  with GMD+STB for  = 0.1, 0.3, and 0.5
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GMD+STB achieves the best results when the number of descendants is eight, for
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dants number increases until 8 or 16 descendants are reached. From this number on-
wards, the results are progressively worse. It is clear that a high number of descen-
dants produces a worse behavior.  A higher number of descendants produces a higher
selective pressure, which induces a loss of diversity.

Since each parameter obtains the best results with a different number of descendants,
we have compared BLX-0.1and BLX-0.5 with eight descendants, and BLX-0.3 with
sixteen descendants, with the aim of deciding which of them is the best. Table 6 shows
this comparison.

Table 6. Comparison between different parameters and descendants number

Crossover BA/BT BA/ST TB ST/NBA T B/S
BLX-0.1 (2-8-2)  0%  46.14%  46.14%  15.38%  61.52%

BLX-0.3 (2-16-2)  38.45%  23.07%  61.52%  15.38%  76.9%
 BLX-0.5 (2-8-2)  0%  46.14%  46.14%  15.38%  61.52%

'�� �������� �
��� �
�� ����� ����
��� ���� ����������
��� �
�� � ���������� ��� -�+� ���� �
�
operator generates sixteen descendants.

5    Study of the Selection of Descendents: STB versus Selection of
      All Descendents

The objective of this section is to study the importance of the STB strategy as mecha-
nism for selecting the descendents that are introduced in the population. In order to do
this, we attempt to determine whether the generation of multiple descendents may
work adequately along with a different strategy. In particular, we investigate an ap-
proach where all the descendants generated for every pair of parents are included in
the new population. The pairs of parents that do not generate descendants, according
to the crossover probability, are incorporated in the population, as well. The process
finishes when the population reaches 61 elements. We have carried out the experi-
���������
����� ����������� /-�,���
��
� ��� �
������������������
���� !"#��$��
��1
shows the results achieved using different values for the number of descendents.

The alternative strategy does not obtain suitable results when multiple descendants are
generated. This does not occur with the STB strategy (Section 3), which has arisen as
a powerful technique for working together with the generation of multiple descendents
(Section 4).
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Table 7. Results obtained by the BLX-0.5 with the new strategy investigated

Num. Desc. BA/BT BA/ST TB ST/NBA T B/S
2  92.28%  7.69%  100% 0%       100%
4 0% 0% 0% 0% 0%
 6 0% 0% 0% 0% 0%
 8 0% 0% 0% 0% 0%
 16 0% 0% 0% 0% 0%
 32 0% 0% 0% 0% 0%
 64 0% 0% 0%  7.69% 7.69%

6   Study with Different Numbers of Evaluations

In this section, we analyze whether the results obtained by GMD+STB may be influ-
enced by the number of evaluations considered. We have carried out additional ex-
periments with different values for the number of evaluations (50000, 150000, and
200000).

Figure 5 shows the percentages in which BLX-0.5 with GMD+STB has obtained the
best results with 50000, 100000, 150000, and 200000 evaluations (according to the
number of descendants).

 2-2 2-4 2-6 2-8 2-16 2-32 2-64 2-128

50000 ev.

100000 ev.

150000 ev.

200000 ev.

Fig. 5. BLX-0.5 with GMD+STB for 50000, 100000, 150000, and 200000 evaluations.
We may remark that the generation of multiples descendants achieves good results independ-
ently of the number of evaluations. This property is limited by a particular offspring number. If
too many descendants are generated, the selective pressure is very high after the selection of the
two best ones. In this way, a disproportionate balance is produced between the exploration of
the mechanism of generation of children and the exploitation associated with the selection of the
two best ones.
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7   Conclusions

We may conclude that the proposal of multiple descendants achieves good results.
With the GMD+STB model, the 2-8-2 and 2-16-2 mechanisms for BLX-  obtains
better results than the operators with a higher number of descendants, reaching a suit-
able balance between diversity and selective pressure.

Furthermore, we have conducted experiments with GMD+STB considering others
crossover operators for RCGAs. For crossover operators that show exploitation prop-
erties, such as the arithmetical crossover operator, the increment of the number of
descendants produce an increment of the selective pressure, and no good results are
obtained. In contrast, the crossover operators that have exploration properties
achieved good results.
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Abstract. A fuzzy cognitive map is a graphical means of representing arbitrar-
ily complex models of interrelations between concepts. The purpose of this pa-
per is to describe an adaptive fuzzy cognitive map based on the random neural
network model. Previously, we have developed a random fuzzy cognitive map
and illustrated its application in the modeling of processes. The adaptive fuzzy
cognitive map changes its fuzzy causal web as causal patterns change and as
experts update their causal knowledge. Our model carries out inferences via
numerical calculation instead of symbolic deduction. We show how the adap-
tive random fuzzy cognitive map can reveal implications of models composed
of dynamic processes.

1   Introduction

Modeling a dynamic system can be hard in a computational sense. Many quantitative
techniques exist. Well-understood systems may be amenable to any of the mathemati-
cal programming techniques of operations research. Insight into less well-defined
systems may be found from the statistically based methods of data mining. These
approaches offer the advantage of quantified results but suffer from two drawbacks.
First, developing the model typically requires a great deal of effort and specialized
knowledge outside the domain of interest. Secondly, systems involving significant
feedback may be nonlinear, in which case a quantitative model may not be possible.
What we seek is a simple method that domain experts can use without assistance in a
“first guess” approach to a problem. A qualitative approach is sufficient for this. The
gross behavior of a system can be observed quickly and without the services of an
operations research expert. If the results of this preliminary model are promising, the
time and effort to pursue a quantitative model can be justified. Fuzzy cognitive maps
are the qualitative approach we shall take.

Fuzzy Cognitive Maps (FCMs) were proposed by Kosko to represent the causal
relationship between concepts and analyze inference patterns [7, 9]. FCMs are hybrid
methods that lie in some sense between fuzzy systems and neural networks. So FCMs
represent knowledge in a symbolic manner and relate states, processes, policies,
events, values and inputs in an analogous manner. Compared either experts system
and neural networks, it has several desirable properties such as: it is relative easy to
use for representing structured knowledge, and the inference can be computed by
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numeric matrix operation instead of explicit IF/THEN rules. FCMs are appropriate to
explicit the knowledge and experience which has been accumulated for years on the
operation of a complex system. FCMs have gained considerable research interest and
have been applied to many areas [3, 4, 8, 10]. However, certain problems restrict its
applications. A FCM does not provide a robust and dynamic inference mechanism, a
FCM lacks the temporal concept that is crucial in many applications and a FCM lacks
the traditional statistical parameter estimates.

The Random Neural Network (RNN) has been proposed by Gelenbe in 1989 [5, 6].
This model does not use a dynamic equation, but uses a scheme of interaction among
neurons. It calculates the probability of activation of the neurons in the network. The
RNN has been used to solve optimization and pattern recognition problems [1, 2, 6].
Recently, we have proposed a FCM based on the random neural model [3]. The
problem addressed in this paper concerns the proposition of an adaptive FCM using
the RNN. We describe the Adaptive Random Fuzzy Cognitive Map (ARFCM) and
illustrate its application in the modeling of dynamic processes. Our ARFCM changes
its fuzzy causal web as causal patterns change and as experts update their causal
knowledge. We shall use each neuron to model a concept. In our model, each concept
is defined by a probability of activation, the dynamic causal relationships between the
concepts (arcs) are defined by positive or negative interrelation probabilities, and the
procedure of how the cause takes effect is modeled by a dynamic system. This work is
organized as follows, in section 2 the theoretical bases of the RNN and of the FCM
are presented. Section 3 presents the ARFCM. In section 4, we present applications.
Remarks concerning future work and conclusions are provided in section 5.

2   Theoretical Aspects

2.1   The Random Neural Network Model

The RNN model has been introduced by Gelenbe [5, 6] in 1989. The model consists
of a network of n neurons in which positive and negative signals circulate. Each neu-
ron accumulates signals as they arrive, and can fire if its total signal count at a given
instant of time is positive. Firing then occurs at random according to an exponential
distribution of constant rate r(i). Each neuron i of the network is represented at any
time t by its input signal potential ki(t). A negative signal reduces by 1 the potential of

the neuron to which it arrives (inhibition) or has no effect on the signal potential if it is
already zero; while an arriving positive signal adds 1 to the neuron potential. Signals
can either arrive to a neuron from the outside of the network or from other neurons. A

signal which leaves neuron i heads for neuron j with probability p+(i,j) as a positive

signal (excitation), or as negative signal with probability p-(i,j) (inhibition), or it de-

parts from the network with probability d(i). Positive signals arrive to the ith neuron

according to a Poisson process of rate Λ(i). Negative signals arrive to the ith neuron
according to a Poisson process of rate λ(i). The main property of this model is the
excitation probability of a neuron i, q(i), which satisfy the non-linear equation:
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q(i) = λ+(i)/(r(i)+λ-(i)) (1)

where, λ+(i) = ∑n
j=1 q(j)r(j)p+(j,i)+Λ(i), λ-(i) = ∑n

j=1 q(j)r(j)p-(j,i)+λ(i). The syn-

aptic weights for positive (w+(i,j)) and negative (w-(i,j)) signals are: w+(i,j) =

r(i)p+(i,j) and w-(i,j) = r(i)p-(i,j). Finally, r(i) = ∑n
j=1 [w+(i,j) + w-(i,j)].

To guarantee the stability of the RNN, the following is a sufficient condition for the
existence and uniqueness of the solution in the equation (1)

λ+(i) < [ r(i) + λ-(i)]

2.2   Fuzzy Cognitive Maps

FCMs combine the robust properties of fuzzy logic and neural networks [7, 9]. A
FCM is a fuzzy signed oriented graph with feedback that model the worlds as a col-
lection of concepts and causal relations between concepts. Variable concepts are rep-
resented by nodes. The graph’s edges are the casual influences between the concepts.
In general, a FCM functions like associative neural networks. A FCM describes a
system in a one-layer network which is used in unsupervised mode, whose neurons are
assigned concept meanings and the interconnection weights represent relationships
between these concepts. The fuzzy indicates that FCMs are often comprised of con-
cepts that can be represented as fuzzy sets and the causal relations between the con-
cepts can be fuzzy implications, conditional probabilities, etc. A directed edge Eij

from concept Ci to concept Cj measures how much Ci causes Cj. In general, the edges
Eij can take values in the fuzzy causal interval [-1, 1] allowing degrees of causality to
be represented: i) Ejk>0 indicates direct (positive) causality between concepts Cj and
Ck,. ii) Ejk<0 indicates inverse (negative) causality between concepts Cj and Ck, iii)
Ejk=0 indicates no relationship between Cj and Ck.

In FCM nomenclature, model implications are revealed by clamping variables and
using an iterative vector-matrix multiplication procedure to assess the effects of these
perturbations on the state of a model. A model implication converges to a global sta-
bility, an equilibrium in the state of the system. During the inference process, the se-
quence of patterns reveals the inference model. The simplicity of the FCM model
consists in its mathematical representation and operation. So a FCM which consists of
n concepts, is represented mathematically by a n state vector A, which gathers the
values of the n concepts, and by a n*n weighted matrix E. Each element Eij of the
matrix indicates the value of the weight between concepts Ci and Cj. The activation
level Ai for each concept Ci is calculated by the following rule:

Ai
new = f(∑n

j=1 Aj
new Eji)+ Ai

old (2)

Ai

new is the activation level of concept Ci at time t+1, Aj

old is the activation level of
concept Cj at time t, and f is a threshold function. So the new state vector A, which is
computed by multiplying the previous state vector A by the edge matrix E, shows the
effect of the change in the activation level of one concept on the other concepts.  A
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FCM can be used to answer a “what-if” question based on an initial scenario that is
represented by a vector S0= {si}, for i=1 …n, where si=1 indicates that concept Ci

holds completely in the initial state, and si=0 indicates that Ci does not hold in the
initial state. Then, beginning with k=1 and A=S0 we repeatedly compute Ai. This proc-
ess continues until the system convergence (for example, when Ai

new=Ai

old). This is the
resulting equilibrium vector, which provides the answer to the “what if” question.

3   The Adaptive Random Fuzzy Cognitive Maps

Our previous RFCM improves the conventional FCM by quantifying the probability
of activation of the concepts and introducing a nonlinear dynamic function to the
inference process [3]. Similar to a FCM, concepts in RFCM can be causes or effects
that collectively represent the system’s state. The value of Wij indicates how strongly
concept Ci influences concept Cj. W

+
ij >0 and W-

ij=0 if the relationship between the
concepts Ci and Cj is direct, W-

ij >0 and W+
ij=0 if the relationship is inverse, or

W+
ij=W-

ij=0 if doesn’t exist a relationship among them. The quantitative concepts
enable the inference of RFCM to be carried out via numeric calculations instead of
symbol deduction.

The new aspect introduce by the ARFCM is the dynamic causal relationships. That
is, the values of the arcs are modified during the runtime of the FCM to adapt them to
the new environment conditions. The quantitative concepts allow us develop a feed-
back mechanism that is included in the causal model to update the arcs. In this way,
with the ARFCM we can consider on-line adaptive procedures of the model like real
situations. Our ARFCM change their fuzzy causal web during the runtime using neural
learning laws. In this way, our model can learn new patterns and reinforce old ones.
To calculate the state of a neuron on the ARFCM (the probability of activation of a
given concept Cj), the following expression is used [3]:

{ }{ })j(),j(rmax),j(min)j(q −+ λλ= (3)

where { }{ }),(),(min
,1

max)( jiWiq
ni

j +
=

=+λ

{ }{ }),(),(min
,1

max)( jiWiq
ni

j −
=

=−λ

   Such as, Λ(j)=λ(i)=0. In addition, the fire rate is:

{ })j,i(W),j,i(Wmax)j(r
n,1i

−+

=
= (4)

   The general procedure of the RFCM is the following:

1. Define the number of neurons (the number of neurons is equal to the number of
concepts).

2. Call the Initialization phase
3. Call the Execution phase.
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3.1   The Initialization Procedure

In this phase we must define the initial weights. The weights are defined and/or update
according to the next procedures:
i) Based on expert’s opinion: each expert defines its FCM and we determine a

global FCM. We use two formulas to calculate the global causal opinion:

{ }e
ji

e

G
ji EmaxE = , ∀  e=1, NE (number of experts); or NE/EbE

NE

1e

e
jie

G
ji ∑=

=
,

where e
jiE  is the opinion of the expert e about the causal relationship among

Cj and Ci, and be is the expert’s opinion credibility weight. Then, a) If i≠j and

if EG
ij>0, G

ijij EW =+  and 0Wij =− , b) If i≠j and if EG
ij<0, G

ijij EW =−  and

0Wij =+ , c) If i=j or if EG
ij=0, 0WW ijij == −+ . The causal relationship ( e

jiE )

is caught from each expert from the interval [0, 1].
ii) Based on measured data: In this case we have a set of measures about the

system. This information is the input pattern: M={D1, …, Dm} = {[d1

1, d1

2, …,
d1

n], …, [dm

1, dm

2, …, dm

n]}, where dj

t is the value of the concept Cj measured
at time t. In this case, our learning algorithm follows the next mechanism:
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η is the learning rate.

3.2   The Execution Phase

The ARFCM can be used like an associative memory. In this way, when we present a
pattern to the network, it will iterate until generate an output close to the information
keeps. This phase consists on the iteration of the system until the system convergence.
The input is an initial state S0= {s1, …, sn}, such as q0(1)=s1, …, q0(n)=s1 and si∈ [0, 1]
(set of initial values of the concepts). The output Qm={qm(1), …, qm(n)}is the predic-
tion of the ARFCM such as m is the number of the iteration when the system con-
verge. During this phase, the ARFCM is trained with a reinforced learning law. The
weights of edges leaving a concept are modified when the concept has a nonzero state
change (the weight of edge among two concepts is increased if they both increase or
both decrease, and the weight is decreased if concepts move in opposite directions):

( )t
j

t
i

1t
ij

t
ij qqWW ∆∆η+= − (5)
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where ∆qi
t is the change in the ith concept’s activation value among iterations t and

t-1.
It is an unsupervised method whose computational load is light. In this way, we

take into account the dynamic characteristics of the process. The algorithm of this
phase is:

1. Read input state Q0

2. Until system convergence
2.1 Calculate q(i) according to the equation (3)
2.2 Update Wt according to the equation (5)

4   Experiment

In this section we illustrate the ARFCM application. A discrete time simulation is
performed by iteratively applying the equation (3) to the state vector of the graph. At
the beginning, we must define an initial vector of concept states, and the simulation
halts if an equilibrium state is reached. To test the quality of our approach, we com-
pare it with the Kozko FCM [4, 9].

4.1   First Experiment: Virtual Worlds

Dickerson and Kosko proposed a novel use for FCMs [4, 8]. They employed a system
of three interacting FCMs to create a virtual reality environment populated by dol-
phins, fish, and sharks. [9] refines the Dickerson and Kosko’s approach to be used the
FCM to model the “soft” elements of an environment in concert with an expert system
capturing the procedural or doctrinal – “hard” elements of the environment. In their
paper, they present a FCM modeling a squad of soldiers in combat. This is a good
example where we can use a dynamic model to caught ideas like: an army needs sev-
eral battles to know the strength of its enemy before a decisive battle. We introduce
these aspects in this experiment. The concepts in this map are: i) Cluster (C1): the
tendency of individual soldiers to close with their peers for support, ii) Proximity of
enemy (C2), iii) Receive fire (C3), iv) Presence of authority (C4): command and con-
trol inputs from the squad leader, v) Fire weapons (C5), vi) Peer visibility (C6): the
ability of any given soldier to observe his peers, vii) Spread out (C7): dispersion of the
squad, viii) Take cover (C8): the squad seeking shelter from hostile fire, ix) Advance
(C9): the squad proceeding in the planned direction of travel with the intent of engag-
ing any encountered enemy forces, x) Fatigue (C10): physical weakness of the squad
members.
    In the hybrid system we suggest, the presence of authority concept would be re-
placed by an input from an expert system programmed with the enemy’s small unit
infantry doctrine and prevailing conditions. Similarly, the proximity of the enemy
would be an input based on the battlefield map and programmed enemy locations.
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Table 1. The edge connection initial matrix for the virtual word experiment.

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

C1 0 0 0 0 0 1 -1 0 0 0

C2 1 0 1 0 1 0 0 1 0 0

C3 1 0 0 1 -0.1 0 0 1 0 1

C4 -1 0 0 0 0 0 1 -1 1 0

C5 0 -0.5 -0.12 0 0 0 0 0 0 0.2

C6 0 0 0 0 0 0 0 -0.7 1 0

C7 -1 0 -0.5 0 0 0 0 0 0 0

C8 1 0 0 1 -0.7 1 0 0 -1 -1

C9 0 1 0 0 0 0 0 0 0 1

C20 0 0 0 0 -0.5 0 0 0 0 0

Here, however, we give them initial inputs and allow them to vary according to op-
eration of the FCM. In addition, during the runtime we introduce results of previous
battles. The table 2 presents the results for the initial states 0 0 0 1 0 1 1 0 1 0.

Table 2. The results for the virtual word experiment.

Input Kosko FCM DFRCM Iteration
0 0 0 1 0 1 1 0 1 0 0 0 0 1 0 1 1 0 1 0

1 1 1 1 0 1 0 1 0 1
1 0 1 1 0 1 0 1 1 0
1 1 1 1 0 1 0 0 1 1
0 1 1 0 1 1 0 0 1 1
0 1 1 1 0 0 0 0 1 1
0 1 1 1 1 0 0 0 1 1
1 1 1 1 1 0 0 1 1 1

0.2 0.4 0.7 0.6 0.5 0.6 0.6 0.4 0.6 0.4
1 0.6 0.6 0.6 0.5 0.1 0.4 0.6 0.6 0.8
0.6 0.6 0.6 0.6 0.5 0.1 0.4 0.6 0.8 0.8
0.8 1 1 0.6 0.8 0.1 0.2 0.8 1 1
0.8 1 0.8 1 0.8 0 1 0.8 1 0.8
1 1 0.8 1 0.8 0 0 0.8 1 0.8

1
2 *
3
4 *
5
6
7
8

We define the starting state S0=(0 0 0 1 0 1 1 0 1 0) i.e., presence of authority, peer
visibility, spread out and advance are present, but all other concepts are inactive. The
system stabilizes to the state S8 (Kozko model) or state S6 (ARFCM). The introduction
of new information during the runtime doesn’t affect the convergence of our system
(we obtain the same result of Kozko). The first * consists of clamping the first concept
(Cluster) because the soldiers are closed with their peers. The second * clamps prox-
imity of enemy, receive fire, and fatigue because that are new conditions that are ob-
served from the environment. This is reasonable system operation and suggests the
feasibility of FCMs as simple mechanisms for modeling inexact and dynamic behavior
that is difficult to capture with formal methods.

4.2   Second Experiment: A Simple Model of a Country

In this experiment we present a model to determine the risk of a crisis in a country.
The operative concepts are: i) Foreign inversion (C1): the presence of a strong foreign
inversion. ii) Employ rate (C2): The level of employ on the country. iii) Laws (C3): the
presence or absence of laws. iv) Social problems (C4): the presence or absence of
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social conflict on the country. v) Government stability (C5): a good relationship be-
tween the congress, the president, etc. The edge connection matrix (E) for this map is
given in table 3.

Table 3. The edge connection matrix for the country model.

Foreign
inversion

Employ
Rate

Laws Social
problems

Government
stability

Foreign inver-
sion

0 0.8 0 0 0

Employ
Rate

0 0 0 -06 0.8

Laws 0.4 0 0 -0.8 0
Social prob-

lems
0 0 0 0 -0.8

Government
stability

0.6 0 0 0 0

In the system we give initial inputs and during the runtime we introduce results of
new events (laws, social problems, etc.). The table 4 presents the results for different
initial states

Table 4. The results.

Input Kosko FCM ARFCM Iteration
1 0 0 1 0 1 1 0 1 0

1 1 0 0 0
1 1 0 1 0
1 1 0 1 1
1 1 0 1 0
1 1 0 0 1

0.6 0.6 0.2 0.2 0.6
0.8 0.8 0.2 0.2 0.8
0.8 0.8 0.1 1 0.8
0.9 0.8 0.1 0 0.8

1
2
3*
4
5
6

1 0 1 1 0 1 1 1 1 0
1 1 0 0 0
1 0 1 0 0
1 1 1 0 0
1 1 1 0 0

0.7 .0.7 0.8 0 0.2
0.8 1 0.6 0 0.1
0.9 .0.8 0.9 0 0

1
2*
3
4
5

Clamping two antithetical concepts allows to test the implications of one or more
competing concepts. To illustrate, we begin by clamping C1 and C4 (S0=(1 0 0 1 0)) –
a strong foreign inversion can generate more employment and maybe solve social
problems. The * consists of reclamping the fourth concept because the social prob-
lems continue. Despite of the foreign inversion, we have an unstable government due
to the social problems (the system reaches an equilibrium state of (1 1 0 0 1)). With
S0=(1 0 1 1 0) foreign inversion and social problems remain clamped, but we also
clamp the ability to have a good law system. Now, the second * clamps employ rate
because is observed a high employ rate. The system reaches an equilibrium state of 1
1 1 0 0 – A peaceful country at the social level but one unstable government.

We could study the different states of the concepts during the inference process (S1,
S2). This example suggests the social problem is the main factor to have an unstable
government. Obviously, our goal in analyzing this model was not to determine policy
choices for a country. Rather, we tried to illustrate the advantages of the ARFCM to
this sort of analysis. The nature of the domain is such that a quantitative model is
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difficult to construct, if not impossible. Resorting to qualitative measures permitted us
to rapidly construct a model and analyze a variety of alternative policy options. Our
results indicate that ARFCMs quickly come to an equilibrium regardless of the com-
plexity of the model.

5 Conclusions

In this paper, we have proposed an adaptive FCM based on the RNN, the ARFCM.
We show fusing the RFCM with a traditional reinforced learning algorithm can yield
excellent results. The ARFCM may be rapidly adapted to changes in the modeled
behavior. It is a useful method in complex dynamic system modeling. We do not ob-
serve any inconsistent behavior of our ARFCM with respect to the previous FCMs.
Our ARFCM exhibit a number of desirable properties that make it attractive: i) Pro-
vide qualitative information about the inferences in complex dynamic models, ii) Can
represent an unlimited number of reciprocal relationships, iii) Is based on a reinforced
learning procedure, iv) Facility the modeling of dynamic, time evolving phenomena
and process, v) Has a high adaptability to any inference with feedback. Another im-
portant characteristic is its simplicity, the result of each ARFCM’s cycles is computed
from the equation (3). The ease of construction and low computational costs of the
ARFCM permits wide dissemination of low-cost training aids. In addition, the ability
to easily model uncertain systems at low cost and with adaptive behavior would be of
extraordinary value in a variety of domains.
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Abstract. Some important geometric properties of Support Vector Ma-
chines (SVM) have been studied in the last few years, allowing re-
searchers to develop several algorithmic aproaches to the SVM formula-
tion for binary pattern recognition. One important property is the rela-
tionship between support vectors and the Convex Hulls of the subsets
containing the classes, in the separable case. We propose an algorithm
for finding the extreme points of the Convex Hull of the data points in
feature space. The key of the method is the construction of the Convex
Hull in feature space using an incremental procedure that works using
kernel functions and with large datasets. We show some experimental
results.

1 Introduction

In the formulation of a SVM [1,2], we find that in feature space the decision
surface is always an hyperplane, and the classifier is always written in terms
of data instances that belongs to the outside of the boundaries of the classes.
More specifically, in the separable case, the boundaries of the classes contain
the instances of solution (support vectors), therefore we only need the points on
those boundaries. The boundaries of the data can be obtained from the Convex
Hull of each class. In particular, we only need the extreme points (vertices) of
the Convex Hull. We show a particular aproach to find these extreme points
in feature space, using the so called kernel functions, a key part of SVMs for-
mulation. The application area for our method includes incremental training [3,
4], parallel training, and reduction of the run time complexity of SVMs [5,6,
7]. Related work on convex geometry for SVMs geometry has been developed
recently [8,9,10].
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(a) (b)

Fig. 1. (a) Relationship between the Convex Hull of a set of points and the smallest
hypersphere containing the same points. (b) The first Convex Hull obtained by finding
the smallest hypersphere.

1.1 Support Vector Machines for Pattern Recognition

A Support Vector Machine (SVM) is a general optimal model for learning from
examples that has become practical in the last five years. This model for pat-
tern recognition is based on the Structural Risk Minimization Principle and VC
theory, focused on finding the optimal decision surface in terms of the linear
function

f(x) = sgn
∑S

i=1 αiK(x, si) + b (1)

Where K maps the decision function into a high dimensional feature space
in which it becomes linear. For example, K can convert f(x) into a polynomial
classifier using K(x,y) = (x ·y+1)p, or a Radial Basis Learning Machine using a
gaussian form, or a Multilayer Neural Network if we use a sigmoidal K(x,y) [1].
These kernel functions can be used under certain conditions. The more intuitive
condition is that K must satisfy K(x,y) = Φ(x) · Φ(y) where Φ is a non linear
map to some inner product space in which the linear function lives. When the
hyperplane is on input space, K(x,y) = x · y.

The usual aproach to train SVMs is to solve a quadratic optimization prob-
lem with linear constrains, starting from the problem of finding the hyperplane
in feature space which maximizes the distance between the class boundary in
the separable case. The non separable case is solved by including error penalty
variables which transtate in the formulation by creating an upper bound on the
QP variables.

2 Finding the Extreme Points of a Convex Hull in
Feature Space

The problem of finding the Convex Hull of a set of points in feature space (also
called kernel space) is manageable only if the choosen method is able to make all
the calculations using the kernel function instead of mapping the points explicitly
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in feature space. The kernel functions can be used by writing all the formulations
in terms of inner products of data points, which can later be replaced by kernel
function evaluations to obtain the final feature space formulation.

Let L ∈ R
N be the set of points. The convex hull of a set of points L is

defined by the set C = conv(L) that satisfy

conv(L) = {x ∈ L | x =
∑�

i=1 λixi} where
∑v

i=1 λi = 1, and λi ≥ 0 (2)

Thus, C are the set of points of L that can be generated by convex combi-
nations of some subset of elements V ∈ L. This subset V is the set of extreme
points of L, and the vertices of the smallest convex polyhedron containing L.
The method we show in this paper finds the subset V.

2.1 Finding the Extreme Points V
In order to find V , we use an incremental algorithm that uses the following
ideas:

1. Checking the containment of a point in a Convex Hull can be done by: 1.
Solving a convex quadratic optimization program formulated in terms of
inner products, so it can be solved in feature space, or 2. Solving a linear
program that tries of find a separating hyperplane between a point and the
rest of the data set.

2. Using a measure of the distance to the center of the smallest hypersphere
containing L gives us admissible spatial knowledge in order to use heuristic
procedures to find V.

These ideas take us to an incremental algorithm that constructs the set V
based on the iterative inclusion of points in a candidate set of extreme points
V0, based on whether it can be written as a convex combination of the points
on V0. We use a from outside to inside inclusion order defined by the distance
of the point to the center of the smallest hypersphere containing L. We do this
until we have checked all the points. At the end, the algorithm has a candidate
V0 containing the solution V and some extra interior points near the boundaries
of the Convex Hull defined by V. De final step is a one against all check, to
discard the extra interior points.

Initial Condition. The most important condition is choosing the first V0. It
can be shown that the points lying on the surface of the smallest hypersphere
containing L are also in V (see figure 1(b)), then our first V0 are these points.
The calculation of this hypersphere was done using a large scale incremental
implementation in feature space previously used with other aplications using
SVMs [11,6]. In what follows, given a set L, we will call the points on the
surface of the smallest hypersphere containing L, SphereSet(L).
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Fig. 2. (a) The Convex Hull of the Ripley dataset.(b) The Convex Hulls for classes +1
and -1 on Ripley dataset.

The Algorithm. Let V be the set of extreme points of L, and x ∈ L. Suppose
that we have the functions SphereSet(L) and SphereSort(L). The first returns
the subset of L lying on the surface of the smallest sphere containing L, and the
second returns a descending sort list of L by the distance to the center of the
same sphere. We have also the function CheckPoint(x,V) returning TRUE if
x belongs the interior of the Convex Hull defined by V. In what follows, V0 is a
set of candidate extreme points.

ExtremePoints(L).

1. Initialize V0 = {Sphere(L)}, and V = ∅
2. Create the sorted list L∗ = {SphereSort(L)} − V0

3. Until L∗ is empty

– Get first x ∈ L∗, update L∗ = L∗ − {x}
– If (CheckPoint(x,V0) = FALSE) then V0 = V0 ∪ {x}

4. Until V0 is empty

– Get next x ∈ V0

– If (CheckPoint(x,V0 − {x}) = FALSE) then V = V ∪ {x}

At step 4, V0 = V + A, where A is a set of extra points near the surface of the
boundaries of the Convex Hull, and V the set of extreme points. A is eliminated
in 4. The Algorithm passes once through all L, and twice on V0. The advantage
of this algorithm is that it never uses all the points on a CheckPoint() opera-
tion, and the biggest set used is V0. In most cases, the from outside to inside
incremental procedure allows us to obtain a small set A. In the following sections
we give some remarks on the mathematical formulation in feature space for the
functions used by the algorithm.
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3 Feature Space Mathematics

In this section we present the mathematical formulation that allows us to use
the previous algorithmic aproach in feature space. Thus, we analize the functions
used in the section 2.1 on input and feature space.

3.1 Finding the Hypersphere of L
We use the same formulation used in [11,6]. The problem of finding the radius
of the smallest sphere containing L is solved by minimizing the largest distance
R between a variable center point a and every point x.

min
a

max
i=1,...,�

R(a,xi) (3)

Which can be written in dual form as:

max
Λ

∑�
i=1 λiK(xi,xi) −ΛTQΛ where Qij = K(xi,xj) (4)

with constrains ΛT1 = 1, −Λ ≤ 0

Where K(x,y) is the kernel functions making the implicit mapping to feature
space for x and y and computing their dot product. The solution of this QP
yields the sphere radius R, the set of points lying on the surface (points whose
coefficient are λ > 0), and a representation for the center a (as a linear combina-
tion of the points on the surface). The distance from any point y to the center
a can be obtained by:

d(a,y) =
√∑s

i,j αiαjK(xi,xj) + K(y,y) − 2
∑

i αiK(xi,y) (5)

Where S is the set of surface points, x ∈ S, and α are the variables in (4).

3.2 Checking a Point y in a Convex Hull C Defined by V
In this section we show a couple of formulations that allow us to check in feature
space the containment of a point in the interior of the Convex Hull C defined by
the vertices V.

Writing a point as a Convex Combination in feature space. We have
formulated this problem as a linearly constrained convex quadratic optimization
program that minimizes an error measure between y itself and the aproximation
of convex combinations of points in V. If we can minimize this measure to cero,
y can be written as a convex combination of x ∈ V. Formally,

min
λi

f(y, λ) = (y − ∑v
i=1 λixi )2 with

∑v
i=1 λi = 1, and λi ≥ 0, xi ∈ V

(6)
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Fig. 3. (a) Checkpoint Test on all the Ripley data set for a first Convex hull obtained
using the hypersphere calculation from section 3.1. (b) Values of the objective function
when ChecPoint(x, V0) is formulated as a QP in section 3.2 the test.

Which can be reduced to an expression in terms of inner products in input space
as:

min
Λ

f(y,Λ) = yTy +ΛTQΛ− 2
∑v

i=1 λixT
i y where Qij = xixj (7)

with constrains ΛT1 = 1, −Λ ≤ 0, xi ∈ V
We can traslate this QP to the feature space form replacing the inner products
by kernel functions, obtaining:

min
Λ

f(y,Λ) = K(y,y) + ΛT QΛ − 2
∑v

i=1 λiK(xi,y) where Qij = K(xi,xj) (8)

with constrains ΛT 1 = 1, −Λ ≤ 0, xi ∈ V

When we evaluate a point y outside C, the final objective function is f∗(y,Λ) >
0. If y is inside the polyhedron defined by C then f∗(y,Λ) = 0. Figure 3 shows
an experimental demonstration in the 2d dataset Ripley1. Figure 2(b) shows the
Convex Hull for each class of points (Ripley is a binary classification dataset).

Finding an extreme point using a Separating hyperplane. The hyper-
plane separating a point xi ∈ L from the rest {L} − xi, must satisfy

w · xi + b <= 0 (9)
w · xj + b >= 0 ∀j �= i

In order to formulate the problem of finding this hyperplane for any point in L,
not only the extreme points, we introduce penalty variables P for each point in
1 Available on ftp://markov.stats.ox.ac.uk/pub/neural/papers
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Fig. 4. Separating hyperplanes and the extreme points. We can see that for the interior
points the hyperplane can’t be found.

L. Therefore, we can formulate a problem wich tries to minimize Pi for every
point. Formally,

min
λ,b,Pi

∑�
i=1 Pi (10)

with constrains
∑�

j=1 λjxj · xi + b− Pi <= 0
∑�

j=1 λjxj · xz + b+ Pz >= 0 ∀z �= i, Pz, Pi >= 0

Since the problem has the form of dot products, we can replace all of these
operations with kernel functions, obtaining the feature space formulation

min
λ,b,Pi

∑�
i=1 Pi (11)

with constrains
∑�

j=1 λjK(xj ,xi) + b− Pi <= 0
∑�

j=1 λjK(xj ,xz) + b+ Pz >= 0 ∀z �= i, Pz, Pi >= 0

In this formulation the variables b and λj are free ∀j. It’s easy to see that eq. (11)
solves the problem for the point xi in L. At the end of the minimizing process, if
we can minimize all the penalties Pi to cero, the hyperplane separating xi from
the rest has been found, and we can say that xi is an extreme point of L.

4 Conclusions and Final Remarks

In this paper we have shown a procedure to compute the set of extreme points
defining the Convex Hull of a data set in feature space. The difference with pre-
vious convex hull computation algorithms used in the SVM arena [3,12] is that
our aproach doesn’t need explicit knowledge of dimensionality or explicitly map-
ping the data points in feature space. A first application area for our method is
incremental and parallel training speedup, where work reported in [3,4] could be
extended to feature space very easily, although some extensions would need to be
worked out to include non-separable data. A second possible application would
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be reduction SVM run time complexity [5,6,7], since, for example, some misclas-
sified support vectors could in principle be rewritten as convex combination of
extreme points of the data that are already support vectors. Another interesting
property of the method is its dimensionality independence as a general geometric
Convex Hull extreme points algorithm, when compared with other algorithms
like Quickhull [13], and divide and conquer methods.

One important drawback to be dealt with in this topic is that the complex-
ity of the convex hull and the number of extreme points have an exponential
dependence on the dimensionality of the feature space. We have used data in 2
and 3 dimensions to test the algorith, but the adaptation of this aproach to be
used in large scale applications and higher dimension feature spaces is subject
of further work.

Acknowledgments. Edgar Osuna also works in the Risk Management De-
partment of Banco Mercantil, Caracas, Venezuela. We would like to thank José
Ramı́rez for his useful comments.
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Abstract. This paper presents a new adaptive procedure for the linear and non-
linear separation of  signals with non-uniform, symmetrical probability distribu-
tions, based on both simulated annealing (SA) and competitive learning (CL)
methods by means of a neural network, considering the properties of the vecto-
rial spaces of sources and mixtures, and using a multiple linearization in the
mixture space.  Also, the paper proposes the fusion of two important paradigms,
Genetic Algorithms and the Blind Separation of Sources in Nonlinear Mixtures
(GABSS). From experimental results, this paper demonstrates the possible
benefits offered by GAs in combination with BSS, such as robustness against
local minima, the parallel search for various solutions, and a high degree of
flexibility in the evaluation function. The main characteristics of the method are
its simplicity and the rapid convergence experimentally validated by the separa-
tion of many kinds of signals, such as speech or biomedical data.

1   Introduction

Blind Source Separation (BSS) consists in recovering unobserved signals from a
known set of mixtures. The separation of independent sources from mixed observed
data is a fundamental and challenging signal-processing problem [2], [6], [7], [14]. In
many practical situations, one or more desired signals need to be recovered from the
mixtures only. A typical example is speech recordings made in an acoustic environ-
ment in the presence of background noise and/or competing speakers. This general
case is known as the Cocktail Party Effect, in reference to human’s brain faculty of
focusing in one single voice and ignoring other voices/sounds, which are produced
simultaneously with similar amplitude in a noisy environment. Spatial differences
between the sources highly increase this capacity. The source separation problem has
been successfully studied for linear instantaneous mixtures [1], [4], [12], [14] and
more recently, since 1990, for linear convolutive mixtures. References [10., [17], [19]
clearly explain the nature of the problem, previous work, purpose, and contribution of
the paper. The nonlinear separation of sources has been addressed in [3], [8], [13].

 In the framework of independent component analysis, ICA, many kinds of ap-
proaches have been presented concerning the blind separation of sources, with appli-



Applying Neural Networks and Genetic Algorithms to the Separation of Sources         421     

cations to real problems in areas such as communications, feature extraction, pattern
recognition, data visualization, speech processing and biomedical signal analysis
(EEG, MEG, fMRI,  etc), considering the hypothesis that the medium where the
sources have been mixed is linear, convolutive or non-linear. ICA is a linear transfor-
mation that seeks to minimise the mutual information of the transformed data, x(t), the
fundamental assumption being that individual components of the source vector, s(t),
are mutually independent and have, at most, one Gaussian distribution. The ‘Infomax’
algorithm of Bell and Sejnowski [2] is an unsupervised neural network learning algo-
rithm that can perform blind separation of input data into the linear sum of time-
varying modulations of maximally independent component maps, providing a power-
ful method for exploratory analysis of functional magnetic resonance imaging (fMRI)
data. Also using the maximization of the negentropy, ICA ‘Infomax’ algorithm is used
for unsupervised exploratory data analysis and for general linear ICA applied to elec-
troencephalograph (EEG) monitor output. Many solutions for blind separation of
sources are based on estimating a separation matrix with algorithms, adaptive or not,
that use higher-order statistics, including minimization or cancellation of independ-
ence criteria by means of cost functions or a set of equations, in order to find a separa-
tion matrix [10]. ICA is a promising tool for the exploratory analysis of biomedical
data. In this context, a generalized algorithm modified by a kernel-based density esti-
mation procedure has been studied to separate EEG signals from tumour patients into
spatially independent source signals, the algorithm allowing artifactual signals to be
removed from the EEG by isolating brain-related signals into single ICA components.
Using an adaptive geometry-dependent ICA algorithm, Puntonet et al. [14] demon-
strated the possibility of separating biomedical sources, such as EEG signals, after
analyzing only the observed mixing space, due to the almost symmetric probability
distribution of the mixtures. The general case of a nonlinear mixture of sources is
shown in the following figure:

 

� 

s 1 
s 2 

s n 

f 1 

f 2 

f n 

x 1 
x 2 

x n 

g 1 

g 2 

g n 

� 

Mixing Demixing 

y 1 
y 2 

y n 

� 

s 1 
s 2 

s n 

f 1 

f 2 

f n 

x 1 
x 2 

x n 

g 1 

g 2 

g n 

� 

Mixing Demixing 

y 1 
y 2 

y n 

Fig. 1. Nonlinear mixing and demixing model.
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2 Hybridization of Competitive Learning and Simulated
      Annealing

2.1   Algorithm Description

Fig. 1 shows that the mixing system is divided into two different phases: first a linear
mixing and then, for each channel i, a nonlinear transfer part. The unmixing system is
the inverse, first we need to approximate the inverse of the nonlinear function in each
channel gi, and then unmix the linear mixing by applying W to the output of the gi

nonlinear function.
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In different approaches, the inverse function gj is approximated by a sigmoidal
transfer function, but because of certain situations where the human expert does not
give the a priori knowledge about the mixing model, a more flexible nonlinear transfer
function based on odd polynomial of P-th order is used:
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Nevertheless, computation of the parameter vector 
jg is not easy, as it presents a

problem with numerous local minima. Thus we require an algorithm that is capable of
avoiding entrapment in such a minimum. As a solution to this first unmixing stage, we
propose the hybridization of genetic algorithms. We have just used new meta-
heuristics, as simulated annealing and genetic algorithms for the linear case [5], [15],
[16], but in this paper we will focus in a more difficult problem as is the nonlinear
BSS. We propose an original method for independent component analysis and blind
separation of sources that combines adaptive processing with a simulated annealing
technique, and which is applied by normalizing the observed space, x(t), in a set of
concentric p-spheres in order to adaptively compute the slopes corresponding to the
independent axes of the mixture distributions by means of an array of symmetrically
distributed  neurons in each dimension. A preprocessing stage to normalize the ob-
served space is followed by the processing or learning of the neurons, which estimate
the high density regions in a way similar, but not identical to that of self organizing
maps. A simulated annealing method provides a fast initial movement of the weights
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towards the independent components by generating random values of the weights and
minimizing an energy function, this being a way of improving the performance by
speeding up the convergence of the algorithm. The main process for competitive
learning when a neuron approaches the density region, in a p-sphere (k) at time t, is
given by:

)),(),,(()(),()1,( twtefttwtw kikkiki ρραρρ ⋅+=+ (4)

with (t) being a decreasing learning rate. Note that a variety of suitable functions, ()
and f(), can be used. In particular, a learning procedure that activates all the neurons at
once is enabled by means of a factor, K(t), that modulates competitive learning as in
self-organizing systems, i.e.,
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Simulated annealing is a stochastic algorithm that represents a fast solution to some
combinatorial optimization problems. As an alternative to the competitive learning
method described above, we first propose the use of stochastic learning, such as
simulated annealing, in order to find a fast convergence of the weights around the
maximum density points in the observation space x(t). This technique is effective if
the chosen energy, or cost function, Ei j , for the global system is appropriate. The pro-
cedure of simulated annealing is well known [16]. It is first necessary to generate
random values of the weights and, secondly, to compute the associated energy of the
system. This energy vanishes when the weights achieve a global minimum, the
method thus allowing escape from local minima. For the problem of blind separation
of sources we define an energy, E, related to the four-order statistics of the original p
sources, due to the necessary hypothesis of statistical independence between them, as
follows:
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where cum22 (si (t), sj (t)) is the 2x2 fourth-order cumulant of si (t) and sj (t), and <x(t)>
represents the expectation of x (t). In spite of the fact that the technique presented in
Section 2.2 is fast, the greater accuracy achieved by means of the competitive learning
shown in Section 2.1 led us to consider a new approach. An alternative method for the
adaptive computation of the W k matrix concerns the simultaneous use of the two
methods, competitive learning and simulated annealing. Now, a proposed adaptive
rule of the weights is the following:

( , 1) ( , ) ( ) ( , ) (1 ( ))SA CL
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2.2   Simulation Results

In Figure 2, we show the first simulation, that corresponds to the synthetic non-linear
mixture presented by Lin and  Cowan [9], for sharply peaked distributions, the original
sources being digital 32-bit signals.

Fig. 2. Non-linear mixture of p=2 sources.

As shown in Figure 3, good estimation of the density distribution is obtained with
20000 samples, and using n=4 p-spheres (p=2).

Fig. 3. Network Estimation with SA and CL.

3   Genetic Algorithms

3.1   Algorithm Description

Genetic Algorithms (GAs) are nowadays one of the most popular stochastic optimiza-
tion techniques. They are inspired by the natural genetics and biological evolutionary
process. The GA evaluates a population and generates a new one iteratively, with each
successive population referred to as a generation. Given the current generation at it-
eration t, G(t), the GA generates a new generation, G(t+1), based on the previous
generation, applying a set of genetic operations. The GA uses three basic operators to
manipulate the genetic composition of a population: reproduction, crossover and mu-
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tation [5]. Reproduction consists in copying chromosomes according to their objective
function (strings with higher evaluations will have more chances to survive). The
crossover operator mixes the genes of two chromosomes selected in the phase of re-
production, in order to combine the features, especially the positive ones of them.
Mutation is occasional; it produces with low probability, an alteration of some gene
values in a chromosome (for example, in binary representation a 1 is changed into a 0
or vice versa). To perform the GA, first is very important to define the fitness function
(or contrast function in BSS context). This fitness function is constructed having in
mind that the output sources must be independent from their nonlinear mixtures. For
this purpose, we must utilize a measure of independence between random variables.
Here, the mutual information is chosen as the measure of independence. Evaluation
functions of many forms can be used in a GA, subject to the minimal requirement that
the function can map the population into a partially ordered set. As stated, the evalua-
tion function is independent of the GA (i.e., stochastic decision rules). Unfortunately,
regarding the separation of a nonlinear mixture, independence only is not sufficient to
perform blind recovery of the original signals. Some knowledge of the moments of the
sources, in addition to the independence, is required. A similar index as proposed in
[16] and [18], is used for the fitness function that approximates mutual information:
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Values near to zero of mutual information (8) between the yi  imply independence
between those variables, being statically independent if I(y)=0. In the above expres-
sion, the calculation of H(yi) needs to approximate each marginal probability density
function (pdf) of the output source vector y, which are unknown. One useful method is
the application of the Gram-Charlier expansion, which only needs some moments of yi

as suggested by Amari et al. [1] to express each marginal pdf of y as:
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The approximation of entropy (9) is only valid for uncorrelated random variables,
being necessary to preprocess the mixed signals (prewhitening) before estimating its
mutual information. Whitening or sphering of a mixture of signals consists in filtering
the signals so that their covariances are zero (uncorrelatedness), their means are zero,
and their variances equal unity. The evaluation function that we compute will be the
inverse of mutual information in (8), so that the objective of the GA will be maximiz-
ing the following function in order to increase statistical independence between vari-
ables:
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There is a synergy between Genetic Algorithms and Natural Gradient descent.
Given a combination of weights obtained by the genetic algorithms for the nonlinear
functions expressed as G= [g1, ..., gn], where the parameter vector that defines each
function gj is expressed by                     , it is necessary to learn the elements of the
linear unmixing matrix W to obtain the output sources yj. For this task, we use the
natural gradient descent method to derive the learning equation for W as proposed in
[18]:

[ ]WyyIW T)(Φ−∝∆ η (11)
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and � denotes the Hadamard product of two vectors. The typical genetic operators are
crossover and mutation, that will be used for the manipulation of the current popula-
tion in each iteration of the GA.  The crossover operator is „Simple One-point Cross-
over“. The mutation operator is „Non-Uniform Mutation“ [11]. This operator presents
the advantage when compared to the classical uniform mutation operator, of perform-
ing less significant changes to the genes of the chromosome as the number of genera-
tions grows. This property makes the exploration-exploitation trade-off be more favor-
able to exploration in the early stages of the algorithm, while exploitation takes more
importance when the solution given by the GA is closer to the optimal solution.

3.2   Simulation Results

To provide an experimental demonstration of the validity of GABSS, we will use a
system of three sources. Two of the sources are sinusoidal, while the third is a random
signal, uniformly distributed in [-1, 1] (uniform noise). The independent sources and
the 3x3 mixture matrix are:
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The nonlinear distortion are selected as:
1: f1 (x)= Tanh(x),   2: f2(x) = Tanh(0.8x),  3: f3(x) = Tanh(0.5x)

The goal of the simulation was to analyse the behaviour of the GA and observe
whether the fitness function thus achieved is optimised; with this aim, therefore, we
studied the mixing matrix obtained by the algorithm and the inverse function. When

1,...,j j jPg g g =  
uur
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the number of generations reached a maximum value, the best individual from the
population was selected and the estimated signals u were extracted, using the mixing
matrix W, and the inverse function. Figure 4 represents the 1000 samples from the
original signals. Figure 5, on the left, represents the mixed signals, and on the right
shows the separated signals obtained with the proposed algorithm. As it can be seen
signals are very similar to the original ones, up to possible scaling factors and permu-
tations of the sources. Figure 6, on the left, compares the approximation of  the func-
tions gi to the inverse of fi  and Figure 6, on the right, shows the joint representation of
the original, mixed and obtained signals. In this practical application, the population
size was populationsize= 20 and the number of generations was generationnumber = 40.
Regarding genetic operators parameters, crossover probability per chromosome was
pc= 0.8 and mutation probability per gene was pm= 0.01. As an special parameter for
the non-uniform mutation operator b=5.

Fig. 4. Original signals

    
Fig. 5. Mixed signals (left) and separated signals (right).
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4   Conclusion

We have shown a new, powerful adaptive-geometric method based on competitive
unsupervised learning and simulated annealing, which finds the distribution axes of
the observed signals or independent components by means of a piecewise linearization
in the mixture space, the use of simulated annealing in the optimization of a four-order
statistical criterion being an experimental advance. The algorithm, in its current form,
presents some drawbacks concerning the application of simulated annealing to a high
number, p, of signals, and the complexity of the procedure O(2pp2 n) for the separation
of nonlinear mixtures, that also depends on the number, n, of p-spheres. In spite of
these questions that remain open, the time convergence of the network is fast, even for
more than two subgaussian or supergaussian signals, mainly due to the initial simu-
lated annealing process that provides a good starting point with a low computation
cost, and the accuracy of the network is adequate for the separation task, the competi-
tive learning being very precise, as several experiments have corroborated. Besides the
study of noise, future work will concern the application of this method to independent
component analysis with linear and nonlinear mixtures of biomedical signals, such as
in Electroencephalograph and functional Magnetic Resonance Imaging, where the
number of signals increases sharply, making simulated annealing suitable in a quan-
tized high-dimensional space. Despite the diversity of the approaches to blind separa-
tion of sources, the fundamental idea of the source signals being statistically inde-
pendent remains the single most important assumption in most of these schemes. The
neural network approach has the drawback that it may be trapped into local minima and
therefore it does not always guarantee optimal system performance.

This article discusses, also, a satisfactory application of genetic algorithms to the
complex problem of the blind separation of sources. It is widely believed that the
specific potential of genetic or evolutionary algorithms originates from their parallel
search by means of entire populations. In particular, the ability of escaping from local
optima is an ability very unlikely to be observed in steepest-descent methods. Al-
though to date, and to the best of the authors’ knowledge, there is no mention in the
literature of this synergy between GAs and BSS in nonlinear mixtures, the article
shows how GAs provide a tool that is perfectly valid as an approach to this problem.

         

Fig. 6. Comparison of the unknown fi

-1 and its approximation by gi (left), and representation of
the original (S), mixed (X), and obtained (Y) signals (right).
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Abstract. In this work, we study the behaviour of the Bidirectional Associative
Memory (BAM) in terms of the supporting neural structure, with a view to its
possible improvements as a useful Pattern Classifier by means of class associations
from unknown inputs, once mentioned classes have been previously defined by
one or even more prototypes. The best results have been obtained by suitably
choosing the training pattern pairs, the thresholds, and the activation functions
of the network’s neurones, by means of certain proposed methods described in
the paper. In order to put forward the advantages of these proposed methods, the
classifier has been applied on an especially popular hand-written character set
as the well-known NIST#19 character database, and with one of the UCI’s data
bases. In all cases, the method led to a marked improvement in the performance
achievable by a BAM, with a 0% error rate.

1 Introduction

We present a design for a two-layer neural network, adapted from the conventional BAM
structure, and specifically aimed at the classification of characters in the strong presence
of noise or distortion. To achieve classification results that are completely error free, we
defined a method of prototype selection in the training set, and a new formulation of the
thresholds and the activity function of the neurons of the network. The classifier was
tested on two widely accepted databases - NIST #19 and UCI. In all cases, even under
unfavourable conditions, the success rate was 100%.

The application of associative memories to Pattern Recognition has been one of the
most popular lines of research for some time now. Some significant theoretical studies
in this field appeared in the sixties (see [1] , [2] and [3]). A network model was first
established in work by Kosko [4] and showed a high degree of immunity to noise and
distortions. After these first studies, there appeared operational neural models known as
Willshaw models, which incorporated Hebbian learning in binary synapses and hetero-
associative one-step retrieval [5]. There followed a number of developments aimed at
improving the efficiency of these associative memories, with an analysis of all potential
modifications of the elements of the process and of the retrieval methods [6].

Different training methods were described in the years following Kosko’s original
work to attempt to ensure the recognition of all the pairs presented to a BAM. Two
encoding strategies were proposed in [7]: multiple training and dummy augmentation.
Then the recovery of all the pairs was guaranteed using the multiple training method

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 430–439, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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[8], and the same method was applied to the “back-propagation" algorithm for use in
associative memories [9].

At around the same time, a method based on Housenholder transformations was
proposed [10] to ensure that the pairs give rise to energy function minima. In doubling the
number of connections, this method has the drawback that the evolution of the network
may enter a cycle and not converge to a stable state. An improvement was later proposed
in [11] which ensured convergence by avoiding such cycles. Two learning algorithms
were proposed in [12] which improved Kosko and Wang’s results. Amongst other later
methods, we might cite that of Arthithan & Dasgupta [13] who approach the problem of
the network’s recognition of all the pairs and its behaviour with respect to noise. Other
forms of altering the characteristics of a BAM may be found in the literature ( see [14]
, [15] , [16] and [17]). Recently, a three-layer feedforward implementation has been
proposed [18] which guarantees secure recall for a determined number of associated
pairs, and one finds in [19] one of the last attempts to increase a BAM’s recall capacity.
An extensive review of the state-of-the art of all the methods used up to now can be
found in [20].

For theAssociative Memories implemented by means of neural networks, there have
been studies of methods of improving their capacity for storage and retrieval as a function
of the neuron thresholds for the case of totally interconnected networks [21], for partially
connected networks, which are closer to real biological structures [22], and even for such
specific structures as cellular neural networks, ([23] , [24]).

2 Architecture of the Classifier System

There are two clearly differentiated units in our system. On the one hand there is an op-
tional geometrical-type preprocessor responsible for eliminating the topological com-
ponents in cases in which the image aspect of the input character to be classified is
important, as is the case with alphanumeric characters, certain kinds of images, etc. On
the other hand, after this pre-processor, there is the neural network itself responsible for
the definitive classification of the input. Basically then, this is a two-layer, BAM-type
associative memory, in which the inputs of each layer’s neurons are totally connected
to the outputs of the previous layer’s neurons, but there exist no sideways connections
within any given layer. The neurons of the first layer (the “input" layer in conventional
BAM nomenclature) are defined by the expression

yj = F (Ij) = F (
N∑

i=1

mji · xki − θl ) (1)

where“Ij” represents the excitation coming from the second layer’s neurons. With
respect to the latter, the main difference is that the threshold term“θj” does not appear
in their function. The significance of this will be seen below. Neither is the function F(.)
the same. Whereas for the second layer, the usual sigmoid or the step functions are used,
for the first we chose a multi-step function for the reasons that we will present below in
discussing the “dead zone". The network functions under the control of a supervisory unit
which, when it detects that the input has been assigned to a class, halts the oscillating cycle
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that is characteristic of this type of memory. This network is conceived for classification
of its inputs, so that, unlike the typical BAM formulation, and even though it is a hetero-
associative type of memory, the second character set is fixed beforehand and corresponds
to what we shall denominate a set of “class" vectors{Vi} = (Vi1,Vi2, . . . ,Vi26),
that belongs to a canonical structured set with equidistance 2 as in [25], so that one and
only one of its components - that which indicates the numeral of the class - is “1" and
the rest are “0":

V1 = (1, 0, 0, . . . , 0)
V2 = (0, 1, 0, . . . , 0)
V3 = (0, 0, 1, . . . , 0)
...
V26 = (0, 0, . . . , 0, 1)

Thus, for example, we construct the pairs

{A,V1}, {B,V2}, . . . {Z,V26}. (2)

then we obtain a new set of pairs{X1,Y1}, {X2,Y2}, . . . , {X26,Y26}, where{Xi}
is the set of vectors obtained by bipolarization from the prototype set{A,B,C, . . . ,Z}
and{Yi} the bipolar vectors computed from the class vectors{V1,V2,V3, . . . ,V26}.
We thus have the Relation Matrix constructed according to its original definition, but
with elements that are much easier to calculate, since, from (2), we have

M =
N∑

i=1

XT
i · Yi =




m11 · · · m1N

...
...

...
mP1 · · · mPN


 (3)

due to the fact that one is dealing with class vectors, one can verify that the column
vectors of the relation matrix have the following structure:

mT
i = XT

i +
N∑

j=1
j�=i

XcT
j (4)

whereXcT
i is the conjugate vector ofXT

i .
At this point, let us suppose that a prototypeAk , k = 1, . . . , Q, is presented at the

first layer, andAk belongs to class “j". Since, as was stated above, the first layer has Q
neurons with P inputs each, each neuron receives an excitation resulting from equation
(5) which is:

Ij =
P∑

i=1
j=1,... ,Q

xki · mij = Xk · mj = Xk(XT
j +

Q∑
l=1
l�=j

XcT
l ). (5)

This constitutes the complete expression that defines the excitation which each neuron
of a layer receives from the other layer. We shall see that this expression will be highly
useful in the following section.
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Fig. 1. Block Diagram of the proposed pattern classifier

Figure 1 shows the block diagram of our classifier. The external input can be fed into
the memory either directly or by way of the geometrical preprocessor.

For this purpose, we take advantage of the input selection unit which also serves
to switch the signals that arrive at the first layer, selecting between the external input
– the first activation of the BAM - and the outputs from the second layer – the normal
running cycle. In accordance with its definition, the first layer (so called the input layer)
has N neurons, the same number as classes, and the second layer (the feedback layer)
has P neurons, corresponding to the dimension of input characters to be classified. Each
neuron of the first layer has P inputs, one for every output of the second layer, whereas
the neurons of the second layer have N inputs, connected to the outputs of the N neurons
of the first layer. With this arrangement, imposed by the classical definition of the BAM,
the number of neurons and the inputs are perfectly known from the outset. The remaining
point is to decide the thresholdθj of the neural functions, as well as the particular form
of the activity function F(.). This will be the main objective of the following section.

3 The Adaptive Mechanism

The reason for this classifier’s success resides in its adaptive process, which really
begins with the selection of the training set. Indeed, the process of training the network
is initiated with the selection of prototypes, with one prototype being chosen for each
class. The choice is made by the method of greatest difference, seeking those characters,
which provoke the greatest excitationIj in the neuron of their class, and the least in the
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others. This process is performed under the control of a specific subprogram, and only
takes place at the moment of choosing the classes that one wants to use. In this way,
with all the prototypes not belonging to class “j", we have the maximum excitation at
the j-neuron withXk ∈ Ak �= PrototypeAj,

MaxIk = Max(
P∑

i=1

wij · xki) (6)

which means that the maximum of the excitation coming from the prototypes of the
class differs from the excitation for the prototypes of the remaining classes by at least a
quantity that can be calculated as

εj = Ij − Max Ik. (7)

We can now define the specific function of each of the first layer’s neurons:

yj = F (
P∑

i=1

wij · xi − (εj − χ)) (8)

This replaces the initial definition (1). A “fudge" termχ has been introduced into this
equation which avoids the possibility that there may at some moment appear an input
of another class but of greater similarity to the prototype than those used in the initial
calculation.

4 The Dead Zone

One of the other possible ways of increasing the networks’ storage capacity is to alter
the shape of the activity function. Examples in the literature are the improvements of the
models produced by changing the traditional function to one that is non-monotonic [26],
or even using networks with a low activity level. We shall now analyze the improvement
in classical performance given by changing the activity function to a form similar to that
of multi-step activation functions ([27] , [28]) or even more similar to the ternary neurons
[29]. Stability is the main problem that arises, together with the elimination of the noise
and distortions that have been studied so far. If we present the network with an arbitrary
external input, it will begin to oscillate in attempting to stabilize at a point of minimum
energy near that input. If the neurons are excessively sensitive, it may occur that this
result is not attained, in that any variation in the excitation provoked by a variation in
the input alters sharply and unforeseeably the value of the output. We should therefore
try to restrict, within certain limits for each class, the states of excitation to which the
neurons should respond. It is a matter of endowing the neurons of the system with a
variable degree of stability so that they are able to maintain the output constant against
distorted inputs without having to completely reprogram the neural network, and so that
the said neurons do not fire by mistake in response to inputs that are highly distorted or
noisy. In order to modulate the sensitivity of the neurons, we propose defining a safety
margin for each class, to thereby ensure that the neurons responsible for the prototype
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classification do not generate outputs of value “+1" in response to the prototypes of the
other classes. To this end, we choose the following model of neuron function:

F (x) =




+1 if x > η+

0 if η− ≤ x ≤ η+

−1 if x ≤ η−
(9)

Figure 2 shows the plot of this function. With the introduction of the dead zone term into

+
-

Fig. 2. The neuronal function with the dead zone termη

the neuron function, we get the neurons to fire within the limits learnt as the “allowed
excitation limits of the class". In this way, the response to the presence of an unknown
input to the network will be closer to the response that we have stored for the prototype
of its class. With this premise, one can expect that the network will have a maximum
degree of efficiency for pattern classification, since we have two ways to suppress the
overlap noise and ensure convergence of the network - the threshold and the dead zone.
The general output function for the first-layer neurons will now be put into the following
form:

yj = F (Ij , ηj) =




+1 if Ij > η+

0 if η− ≤ Ij ≤ η+

−1 if Ij ≤ η−
(10)

with the conditionsMax{Ii} � η−
j ; min{Ij} ≥ η+

j ; i �= j , where{Ii} is the
strongest excitation received from the prototypes of the other classes, as was defined in
(6), while min{Ij} is the minimum excitation provoked by some prototype of the class
“j" in question. In this equation, F is the neural function defined in Equation (9) andηj

is each neuron’s dead zone term.

5 Results

To evaluate our system’s performance, we first chose one of the most widely used and uni-
versally accepted character sets, the NIST#19 (see [30]), handwritten character database,
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Table 1. Classification success rate (per cent) in a scan of the threshold value∆θ (in hundreds)
on characters of the NIST alphabet. Here,θini

j is an a priori defined threshold value

∆θ

Prot. θini
j 0 20 40 80 90 100 115 130

a 17384 4 100 100 100 100 100 25 0
b 17820 0 10 100 100 100 100 45 0
c 17176 0 85 100 100 100 95 25 0
d 18056 0 90 100 100 100 100 50 0
e 18012 0 65 100 100 100 100 80 0
f 16096 0 35 100 100 100 100 100 15
g 16366 0 15 100 100 100 100 55 0
h 17548 0 0 100 100 100 100 909 0
i 16242 0 100 100 100 100 100 75 0
j 14370 0 95 100 100 100 100 0 0
k 18666 0 70 100 100 90 95 0 0
l 18646 20 100 100 100 100 100 65 0
m 18194 70 100 100 100 95 35 0 0
n 17298 20 100 100 100 100 60 0 0
o 16276 0 100 100 100 100 100 85 0
p 14992 0 65 100 100 100 100 100 0
q 16524 0 95 100 100 100 100 85 20
r 16406 0 90 100 100 100 100 100 90
s 16904 0 80 100 100 100 95 30 0
t 16134 0 0 100 100 100 100 95 0
u 15844 5 70 100 100 100 95 30 0
v 14244 0 75 100 100 100 100 70 0
w 15520 25 100 100 100 90 75 15 0
x 15976 0 45 100 100 95 50 0 0
y 16436 0 35 100 100 100 95 20 0
z 15636 25 100 100 100 95 90 55 0

and then, as a completely different case to study, which means that we do not handle
inputs with a topologically-characterized structure, we tested our improved BAM as
Pattern Classifier on a database of the also well-known UCI (see [31]). As a simple test
example, we chose the DISPLAY 1 database, consisting of a set of binary “characters"
representing either the excitation state or extinction state of the lighting segments which
form a common lighting diode-based display. In all the cases, a 100% level of success
was attained, even in the presence of up to 40% noise. The processing speed was high:
more than 200 characters per second on a personal computer running a Pentium III at
600 MHz.

The NIST#19 database is a collection prepared by the National Institute of Standards
and Technology of the USA from earlier databases. It contains binary images of 3699
forms filled in in long-hand, and 814 255 alphanumeric characters taken from those
forms. The isolated characters are 128x128 pixels in size, and are grouped into 62 classes
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which correspond to the upper and lower case letters of the English alphabet and the
digits “0" to “9". This database may be regarded as the most widely accepted selection
of characters for the training and testing of optical character recognition systems.

The characters are grouped into divisions according to how they were extracted from
the forms. Examples of these divisions are: by writer, by position in the form (the box
for dates, etc.), and, of most interest for our purposes, by class, with a selection of the
same character (the letter “a", or the number “7", for instance) from different writers.
The forms used consisted of 34 fields: name and date, city/state, 28 digit fields, a field
of lower case letters, another of upper case, and finally a paragraph taken from the
constitution of the USA written freestyle. The writers were personnel from the Census
Bureau from all the states of the US and high-school students in Bethesda, Maryland.
We formed the Training Set using a pseudo-random selection program, taking a single
character for each letter from the character files of the NIST#19 database. The Test Set
was constructed using all the remaining elements from each of the files used for the
previous selection. Given that the NIST files contain around 400 characters each, the
components of the test set clearly constitute an ample and varied spectrum of images on
which to test the neural network’s capacities in classification tasks.

Finally, Table 1 lists the results obtained on the whole test set as the threshold is
varied of the different neurons associated with each class. The table gives the correct
classification results in a rail-to-rail threshold scan on each group of characters of the
NIST alphabet. The equation governing the threshold scan isθj = θini

j + ∆θ where
∆θ is expressed in hundreds. Thus the threshold of, for instance, the class “a" neuron
varies between 17 384 (the value obtained from the character used as prototype) and 30
384 (= 17 384 + 13 000).

As a completely different case of study, which means that we do not manage inputs
with a topological-characterized structure, we have tested our improved BAM as Pattern
Classifier on a database of the too well known UCI [31]. Concretely, and as a simple
test example, we have chosen the DISPLAY 1 database, constituted by a set of binary
“characters" representing either the excitation state or extinction state of the lighting
segments which form a common lighting diode-based Display.

The obtained results can be seen at Table 2.

Table 2. Success rates (also in %)for the different noise inputs obtained with the DISPLAY 1
database

Stochastic Noise Classification Success

0 100
10 100
30 85
40 78

It is important to see, that a noise around 40% means a variation of the statement of
the led set that form the digit in the display, over a half of them, leading the system (in
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most of cases) to a misclassification state of the net for the corrupted input character, due
to the fact, that it is formed by 7 attributes, since, coincidences between inputs become
unsolvable, being the input involved in such a distortion level. In [31] can be found the
obtained results for this database using several techniques of Pattern Classification:

1. With 200 training and 5000 test instances:
– Optimal Bayes classification rate: 74%
– CART decision tree: (resubstitution estimate) 71%
– Nearest Neighbour Algorithm: 71%

2. With 2000 training and 500 test instances:
– C4 decision tree algorithm: (pessimistic pruning) 72.6%

3. With 400 training and 500 test cases:
– IWN system: (And-OR algorithm) 73.3%
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Abstract. In this paper, a procedure for rule extraction from radial basis
function networks (RBFNs) is proposed. The algorithm is based on the use of a
support vector machine (SVM) as a frontier pattern selector. By using
geometric methods, centers of the RBF units are combined with support vectors
in order to construct regions (ellipsoids or hyper-rectangles) in the input space,
which are later translated to if-then rules. Additionally, the support vectors are
used to determine overlapping between classes and to refine the rule base. The
experimental results indicate that a very high fidelity between RBF network and
the extracted set of rules can be achieved with low overlapping between classes.

1 Introduction

Neural networks (NNs) have been considered powerful universal predictors. They
have shown very good performance in solving complex problems. However, one of
their main drawbacks is that they generate black box models: Trained NNs do not
have the ability to explain, in an understandable form, the process by of which the exit
takes place. In the last years, there has been a widespread activity aimed to redressing
this situation by extracting the embedded knowledge in trained neural networks in the
form of symbolic rules [1],[5],[20],[21]. In addition to provide NNs with explanatory
power, these rule extraction methods have other several purposes: knowledge
acquisition for symbolic AI systems, data exploration, development of hybrid
architectures [23] and improved adequacy for data mining applications [15],[24].

In this paper, a procedure for rule extraction from radial basis function networks
(RBFNs) is proposed. RBF networks [2],[10],[11],[16],[17] have gained considerable
attention as an alternative to multilayer perceptrons (MLPs) trained by the
backpropagation algorithm. The advantages of RBF networks, such as linearity in the
parameters and the availability of fast and efficient training methods have been noted
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in many publications. The local nature of RBF networks makes them an interesting
platform for performing rule extraction (in contrast with the distributed nature of the
knowledge representation in MLPs). However, the basis functions overlap to some
grade in order to give a relatively smooth representation of the distribution of training
data [2],[16]. This overlapping is a shortcoming for rule extraction.

Few rule extraction methods directed to RBF networks have been developed until
now [3],[9],[12],[13]. To avoid the overlapping, most of them are using special
training regimes [9],[12] or special architectures [3] in order to guarantee that RBF
nodes are assigned and used by a single class. Our algorithm does not suppose any
training method or special architecture; it extracts rules from an ordinary RBF
network. In order to solve the overlapping, a support vector machine (SVM) is used
[4],[6],[22]. The decision functions of SVMs are constructed from a subset of the
training data called support vectors (SV). These vectors lie in the proximity of the
classification border. Therefore, we use the SVM as a frontier pattern selector.
Support vectors are used in our algorithm in two forms: (1) to delimit ellipsoids
constructed in the input space, which will be translated to rules, (2) to determine
overlapping between classes and to refine the rule base.

This paper is organized as follows: the foundations of the RBF networks are
exposed in the next section. The rule extraction method is described in section 3.
Then, section 4 describes experimental results of our method, applied to several data
sets. Finally, we present the conclusions and future work.

2 Radial Basis Function Networks

A RBF network consists on feedforward architecture, with an input layer, a hidden
layer of basis functions and an output layer of linear units. The response of the output
units is calculated using Eq. 1. Each unit k in the hidden layer has a center o prototype
vk. The corresponding nonlinear activation function �k expresses the similarity
between any input pattern x and the center vk by means of a distance measure. Weight
wik represents the connection between the hidden unit k and the output unit i and wi0

the threshold value of output unit i. The most commonly employed radial basis
function is the Gaussian. In this case, the center vk of the function �k defines the
prototype of input cluster k and the variance �k the size of the covered region in the
input space.
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Training on RBF networks is a fast two-stage procedure: (1) Unsupervised
learning of basis function parameters; that is, the centers vk and widths �k are either
fixed a priori or selected based on the x-values of the training examples. (2)
Supervised learning of weights via linear least squares. In order to select the centers,
it is possible to use several approaches. One of them consists on taking every training
sample as a center. This usually results in overfitting, unless penalty is added to the
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empirical risk functional. Most methods select centers as representative prototypes via
methods as k-means o SOM. Other approaches include modeling the input
distribution as a mixture model and estimating the centers via the EM algorithm; and
a greedy strategy for sequential addition of new basis functions centered on each
training sample. The widths �k of the RBF units are determined using various P-
nearest-neighbor heuristics, to achieve a certain amount of response overlap between
each RBF unit and its neighbors, so that a smooth and continuous interpolation of the
input space is obtained.

3 Rule Extraction Algorithm

Our proposal for rule extraction from RBF networks is based on the use a support
vector machine as a frontier pattern selector. Support vectors establish the boundaries
between classes. Using geometric methods, the centers of the RBF nodes are
combined with the support vectors in order to determine the boundaries of regions
defined in the input space (ellipsoids or hyper-rectangles). Each region will define a
rule with its corresponding syntax (Fig. 1): equation rules, which correspond to
mathematical equations of the ellipsoids and interval rules, associated with hyper-
rectangles defined from parallel ellipsoids to the coordinate axes.

Fig. 1. Rule extraction from RBF networks

In order to establish the activation range of the rules, we will not use the width
parameter of RBF units because this value is determined to produce a certain
overlapping degree between these nodes. Some rule extraction methods use it [3], but
they add it a correction factor, which they establish empirically. Other methods use
genetic algorithms to establish the activation range of the rules [9]. In this study, the
ellipsoids (and its activation range) that will be translated to rules are constructed in
the following form:

The center of the RBF unit will be the center of the ellipsoid. Then, the algorithm
selects one support vector from the associated data to the RBF node (step 3 of below
algorithm describes how to establish this partition). The chosen support vector will be
the one with the maximum distance to the center. The straight line defined by these
two points is the first axis of the ellipsoid. The rest of the axes and the associated
vertices are determined by simple geometry. There are three possibilities to define
those vertices: (a) with the support vectors themselves, (b) derived from support
vectors or (c) with the farthest point to the center. In order to construct hyper-

Rule
extraction

Interval  rule:
IF  X1 � [a,b] AND X2 � [c,d]
THEN CLASS

Equation rule:
IF AX1

2 + BX2
2 + CX1X2 +

DX1 + EX2 + F � G
THEN CLASS

RBFN
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rectangles, a similar procedure is followed. The only difference is that parallel lines to
the coordinate axes are used to define the axes of the associated ellipsoid. By using
support vector we establish the border of the ellipsoids. Next, the rule extraction
algorithm is described in detail:
1. Train SVM on data set.
2. A class label is assigned for each center of RBF units. Output value of the RBF

network for each center is used in order to determine this class label.
3. By assign each input pattern to their closest center of RBF node according to the

Euclidean distance function, a partition of the input space is made. As it described
above, the distance between an input pattern and the center of RBF node
determines the activation of the hidden unit. When assigning a pattern to its
closest center, this one will be assigned to the RBF node that will give the
maximum activation value for that pattern.

4. For each node an ellipsoid with the associated partition data is constructed.
5. Once determined the ellipsoids, they are transferred to rules.

This procedure will generate a rule by each node. Nevertheless, when step 3 is
executed, data of different classes could be present in the partition of RBF unit. In this
case, the algorithm will generate a rule by each present class in the partition with the
following procedure:

By each partition
– To construct an ellipsoid with the data of the same class of the center of the RBF

node.
– For the rest of the data, to determine the mean of the data of each class. Each

mean is used as center of its class in order to construct an ellipsoid with the
associated data.

In this way, the algorithm will generate one or more rules by RBF node. The
number of rules by node will depend on the number of present classes in the
activation region of the node. Fig. 2 shows an example of the regions generated by the
algorithm.

In order to eliminate or to reduce the overlapping that could exist between
ellipsoids of different classes, an overlapping test is applied. Overlapping test verifies
if a support vector from another class exits within the ellipsoid. Because the support
vectors are the points nearest to decision limit, the presence of these within an
ellipsoid of different class is a good indicator of overlapping.

If the overlapping test is positive, the ellipsoid is divided. In order to divide an
ellipsoid the following procedure is made:
– To determine two new partitions with the data associated to the ellipsoid. This is

made using the k-means algorithm [8], which finds two new prototypes or centers.
– By each prototype an ellipsoid using the associated partition data is constructed.

This procedure will allow to refine the rule base and to reduce the overlapping
between classes. When the ellipsoids are divided, more specific rules are generated in
order to exclude data from other classes. This procedure can be executed of iterative
form; depending of the number of iterations, two or more partitions by ellipsoids can
be obtained. The maximum number of iterations can be established by user. Thus, it is
possible to control the number of generated rules by RBF node. In some methods, this
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refinement is made applying a contraction algorithm to eliminate overlapping
between regions of different classes [3]. Others, do not solve this overlapping, but
they extract special rules that indicate how the nodes between different classes are
sharing [13] or they extract fuzzy rules [18].

Fig. 2. (a) Data, RBF centers and support vectors. (b) Ellipsoids and (c) Hyper-rectangles
generated by the algorithm. Because data of different classes exist in the associated partition,
two regions are generated from one RBF node of class 2.

3.1    Data Matching and Classification

Once extracted the rules, the system classifies an example by assigning it the class of
the nearest rule in the knowledge base [7], [19]. The distance between a rule and an
example is defined as follows. Let E = (e1, e2, ..,en) be an example with value ei for
the ith attribute, the distance D(R,E) between an equation rule R and E is defined as
the result of evaluating the mathematical equation ellipsoid on the example E. In the

cases of an interval rule the definition of D(R,E) is based on a component distance �i

for the ith attribute

Here ri,lower and ri,upper are interval limits for the ith attribute in the rule. Then

            ∑
=

=
N
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If an example is covered by several rules, we use the following heuristic to resolve
this overlapping: to choose the class of the most specific ellipsoid or hyper-rectangle
containing the example; that is, the one with the smallest volume in the input space
[19],[24]. For interval rules, this volume V(R) is calculated as follows

 RBF centers  Support vectors

Class 1

Class 2

(a) (c)(b)

 0  if    ri,lower  �  ei  �  ri,upper

  �i  =     ei -  ri,upper if ei  >  ri,upper

ri,lower  -  ei if   ei  <  ri,lower
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iL(R) where    Li = ri,upper  -  ri,lower

For comparing the associated volumes with equation rules, a volume index is used
instead of the volume. This index is calculated as the product of the all half axes of
the ellipsoid
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4 Experimental Results

In order to evaluate the performance of the rule extraction algorithm, we carried out
two kinds of experiments: with artificial data sets and data sets from the UCI
repository [14]. In the first case, 9 artificial samples were generated randomly (each
one constituted by 160 training data and 100 test data). Different overlapping degrees
between classes were guaranteed for these samples. Afterwards, a RBF network using
only training data determined the decision function for each sample (Fig. 3). Finally,
the rule extraction algorithm was applied. Tables 1 and 2 show the results obtained for
RBF error, rule base error, overlapping percentage on training data (DS) and on test
data (TS) and the number of generated rules (NR).

In order to visualize the effect of the overlapping test on the rule performance,
results obtained when extracting rules without applying the test and later applying it
are showed in the tables. In the last case, only the evaluation parameter values of rules
where these values were improved by overlapping test are showed.

In the second experiment, we applied the rule extraction method to three data sets
from UCI repository: Iris, Wine and breast cancer Wisconsin. Table 3 shows their
characteristics. In this case, the performance of the generated rules was quantified
with the following measures:

– Error (Err): This is the classification error provided by the rules on test set.
– Consistency (Co): It is the percentage of the test set for which network and the

rule base output agree.
– Coverage (Cv): The percentage of examples from a test set covered by the rule

base.
– Overlapping (Ov): It is the percentage of examples from test set covered by

several rules.
– Number of extracted rules (NR).

Tables 4, 5 and 6 show the prediction error of the RBF network and the
performance values of the extracted rule base. The data were obtained by averaging
over stratified ten-fold cross-validation. Our results show a high agreement between
the values obtained from the rule base and those obtained from the RBF network.
Only few rules are necessary. It should be emphasized that the consistency percentage
between the rule base and the RBF networks is very high. Additionally, a low



446         H. Núñez, C. Angulo, and A. Català

overlapping percentage between classes is obtained when overlapping test is applied.
Bellow, we show an example of obtained interval rules for Iris data set.

Fig. 3. Artificial data sets, RBF centers and support vectors

Table 1. Results of equation rules for artificial data sets

Without overlapping test With overlapping test
DATA RBF

error
RBF
nodes

Error DS TS NR Error DS TS NR

D1 0.00 2 0.01 0.00 0.00 3 - - - -

D2 0.01 4 0.02 2.50 5.00 5 0.01 0.00 0.00 6

D3 0.03 2 0.02 3.75 3.00 4 0.02 0.63 0.00 6

D4 0.03 2 0.08 22.50 20.00 4 0.04 6.25 6.00 8

D5 0.07 3 0.09 3.75 6.00 5 - - - -

D6 0.02 3 0.02 0.00 0.00 5 - - - -

D7 0.04 5 0.04 1.88 0.00 8 - - - -

D8 0.09 5 0.05 10.63 9.00 7 0.03 2.5 2.00 10

D9 0.01 3 0.03 5.00 5.00 5 0.01 0.63 0.00 6

D1 D2 D3

D4 D5 D6

D7 D8 D9

RBF centers      Support vectors
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R1: IF X1 � [4.30,5.84] AND X2 � [2.30,4.40] AND X3 � [1.00,1.90] AND X4 �
[0.20,0.60]  THEN  Iris setosa (error: 0.00)
R2: IF X1 � [5.39,7.00] AND X2 � [2.20,3.40] AND X3 � [2.96,4.70] AND X4 �
[1.00,1.87] THEN  Iris versicolour (error: 0.06)
R3:  IF X1 � [4.90,6.30] AND X2 � [2.20,3.00] AND X3 � [4.80,5.10] AND X4 �
[1.65,2.00] OR

IF X1 � [6.20,7.96] AND X2 � [2.50,3.30] AND X3 � [5.10,7.25] AND X4 �
[1.60,2.50] THEN  Iris virginica (error: 0.00)

Where:  X1 = sepal length, X2 = sepal width, X3 = petal length, X4 = petal width.

Table 2. Results of interval rules for artificial data sets.

Without overlapping test With overlapping test
DATA RBF

Error
RBF

Nodes
Error DS TS NR Error DS TS NR

D1 0.00 2 0.04 1.25 1.00 3 0.02 0.00 1.00 4

D2 0.01 4 0.04 3.75 4.00 5 0.03 0.00 0.00 7

D3 0.03 2 0.03 3.13 2.00 4 0.02 2.00 0.00 8

D4 0.03 2 0.19 13.75 9.00 4 0.07 1.88 1.00 8

D5 0.07 3 0.14 29.38 43.00 5 0.12 5.63 7.00 9

D6 0.02 3 0.03 0.00 0.00 6 - - - -

D7 0.04 5 0.04 4.38 0.00 8 - - - -

D8 0.09 5 0.09 3.75 3.00 7 0.05 2.5 2.00 9

D9 0.01 3 0.04 1.25 0.00 5 - - - -

Table 3. Data sets and their characteristics.

Data sets Samples Attributes Classes
Iris 150 4 3

Wisconsin 699 9 2
Wine 178 13 3

Table 4. Results for Iris data set.

RBF error: 0.040 RBF nodes: 4.7
Rules Err Co Cv Ov NR
Equation 0.060 95.33 74.00 0.67 6.3
Interval 0.067 96.00 74.67 1.33 6.9
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Table 5. Results for Wisconsin data set.

RBF error: 0.030 RBF nodes: 2.2
Rules Err Co Cv Ov NR
Equation 0.035 97.79 89.60 4.83 7.2
Interval 0.056 93.67 93.98 6.50 7.7

Table 6. Results for Wine data set.

RBF error: 0.011 RBF nodes: 3.2
Rules Err Co Cv Ov NR
Equation 0.034 97.77 66.43 2.74 7.6
Interval 0.046 95.38 81.30 5.32 8.4

5 Conclusions and Future Work

The proposed rule extraction algorithm allows transform the RBF network into a rule-
based classifier. By using support vectors it is possible to delimit the regions that will
be translate to rules and to determine overlapping between regions of different
classes.

The extracted rules provided good classification results on the three data sets.
They are showing high accuracy on test comparable with the RBF networks. In
general, the obtained consistency values show that the rule base captures most of the
information embedded in the RBF network with little class overlapping and high
coverage of the data.

The number of generated rules will depend on overlapping degree between RBF
nodes. In order to exclude data from other class, numerous rules could be generated.
Nevertheless, to reduce the rule base, simplification algorithms can be applied.
Another possibility, that we are developing, is to realize this simplification at the
moment for extracting rules assigning each input data to their closest center of its
class.
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Abstract. Estimating Prediction Risk is important for providing a way of
computing the expected error for predictions made by a model, but it is also an
important tool for model selection. This paper addresses an empirical
comparison of model selection techniques based on the Prediction Risk
estimation, with particular reference to the structure of nonlinear regularized
neural networks. To measure the performance of the different model selection
criteria a large-scale small-samples simulation is conducted for feedforward
neural networks.

1 Introduction

The choice of a suitable model is very important to balance the complexity of the
model with its fit to the data. This is especially critical when the number of data
samples available is not very large and/or is corrupted by noise. Model selection
algorithms attempt to solve this problem by selecting candidate functions from
different function sets with varying complexity, and specifying a fitness criterion,
which measures in some way the lack of fit. Then, the class of functions that will
likely optimize the fitness criterion is selected from that pool of candidates.

In regression models, when the fitness criterion is the sum of the squared
differences between future observations and models forecasts, it is called Prediction
Risk. While estimating Prediction Risk is important for providing a way of estimating
the expected error for predictions made by a model, it is also an important tool for
model selection [11].

Despite the huge amount of network theory and the importance of neural networks
in applied work, there is still little published work about the assessment on which
model selection method works best for nonlinear learning systems. The aim of this
paper is to present a comparative study of different model selection techniques based
on the Minimum Prediction Risk principle in regularized neural networks.
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Section 2 studies the Generalized Prediction Error for nonlinear systems
introduced by Moody [7] which is based upon the notion of the effective number of
parameters. Since it cannot be directly calculated, algebraic or resampling estimates
are reviewed taking into account regularization terms in order to control the
appearance of several local minima when training with nonlinear neural networks.

Results varying the number of hidden units, the training set size and the function
complexity are presented in the Simulation results section. Conclusions follow up.

2 Model Selection Techniques

The appearance of several local minima in nonlinear systems suggests the use of
regularization techniques, such as weight decay, in order to reduce the variability of
the fit, at the cost of bias, since the fitted curve will be smoother than the true curve
[9]. Regularization adds a penalty Ω to the error function ε to give:

Ω+= λεε̂ (1)

where the decay constant λ controls the extent to which the penalty term Ω influences
the form of the solution.

In particular, weight decay consists of the sum of the squares of the adaptive
parameters in the network where the sum runs over all weights and biases:

∑=Ω
i

iw2

2
1

(2)

It has been found empirically that a regularizer of this form can lead to significant
improvements in network generalization.[1]

Prediction Risk measures how well a model predicts the response value of a future
observation. It can be estimated either by using resampling methods  or algebraically,
by using the asymptotic properties of the model.

Algebraic estimates are based on the idea that the resubstitution error εRes is a
biased estimate of the Prediction Risk εPR, thus the following equality can be stated:

εPR = εRes + Penalty_Term (3)

where the penalty-term represents a term which grows with the number of free
parameters in the model. Thus, if the model is too simple it will give a large value for
the criterion because the residual training error is large, while a model which is too
complex will have a large value for the criterion because the complexity term is large.
The minimum value for the criterion represents a trade-off between bias and variance.

According to this statement different model selection criteria have appeared in the
statistics literature for linear models and unbiased nonlinear models, such as Mallow’s
CP estimate, the Generalized Cross-Validation (GCV) formula, Akaike’s Final
Prediction Error (FPE) and Akaike’s Information Criteria (AIC) [5], etc. For general
nonlinear learning systems which may be biased and may include weight decay or
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other regularizers Moody [7] was the first to introduce an estimate of Prediction Risk,
the Generalized Prediction Error (GPE), which for a data sample of size n can be
expressed as:

n

p
GPE eff

s

)(ˆ
ˆ2)( 2

Re

λ
σλ ε += (4)

where 2σ̂  is an estimate of the noise variance on the data and the regularization
parameter λ controls the effective number of parameters peff(λ) of the solution. As
suggested in [6] it is not possible to define a single quantity which expresses the
effective number of weights in the model. peff(λ) usually differs from the true
number of model parameters p and depends upon the amount of model bias, model
nonlinearity, and our prior model preferences as determined by λ and the form of the

regularizer. See [6] for a detailed determination of peff(λ) and 2σ̂  .
The effective number of parameters can then be used in a generalization of the

AIC for the case of additive noise, denoted by Murata as NIC (Network Information
Criterion) [8]. The underlying idea of NIC is to estimate the deviance for a data set of
size n, compensating for the fact that the weights were chosen to fit the training set:

)(ˆ*2)log(* Re λε effs pnNIC += (5)

Alternatively, data resampling methods, such as k-fold Cross-validation (kCV) or
bootstrap estimation make maximally efficient use of available data, but they can be
very CPU time consuming for neural networks. A nonlinear refinement of CV is
called 10NCV [7].

In both, kCV and kNCV, the dataset is randomly split into k mutually exclusive
folds or subsets of approximately equal size. The training process is repeated k times,
each time leaving out one of the k subsets to test, but kNCV uses as starting point
weights of a network trained on all available data rather than random initial weights
for retraining on the k subsets.

We consider that models which minimize GPE, NIC, kCV and kNCV are optimal
in the average loss sense. We can use these criteria to select a particular model from a
set of possible models.

3   Simulation Results

This paper focuses on feedforward neural networks with a single layer of units with
hyperbolic tangent activation functions. Architectures considered are limited to single
hidden layer networks because of their proven universal approximation capabilities
and to avoid further increasing complexity.

The networks were trained by ordinary least-squares using standard numerical
optimisation algorithms for H hidden units ranging from 1 to M. The training
algorithm was Levenberg-Marquardt. For a network with H hidden units, the weights
for the previously trained network were used to initialise H-1 of the hidden units,
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while the weights for the Hth hidden unit were generated from a pseudorandom
normal distribution. The decay constant λ was fixed to 0.002.

All simulations were performed 1000 times, each time generating a new different
data set of size N. Model selection results were averaged to reduce the influence of
model variability on network size selection by introducing the possibility of escaping
local minima.

We used artificially generated data from the following target functions:

y =  1.8*tanh(3.2*x + 0.8)- 2.5*tanh(2.1*x + 1.2)-  0.2*tanh(0.1*x – 0.5)+ξ (6)

y = -5*x5 – 1.8*x4  + 23.27*x3 + 8.79*x2 -15.33*x - 6 + ξ (7)

where x∈ [-2,2] and ξ is a Gaussian zero mean, i.i.d. sequence which is independent of
the input with variance σ=0.5.

Fig. 1. Low-noise and noise-free block functions from Donojo-Johnstone benchmarks

Alternatively, in order to study a case of higher nonlinearity we considered the
low-noise block function from the Donoho-Jonstone benchmarks (fig. 1).These
benchmarks have one input, high nonlinearity and random noise can be added to
produce an infinite number of data sets. Sarle [10] checked that the MLP easily
learned the block function at all noise levels with 11 hidden units and there was
overfitting with 12 or more hidden units when training with 2048 samples.

We assume that among the candidate models there exists model Mc that is closest
to the true model in terms of the expected Prediction Risk, E[PR](Mc). Suppose a
model selection criterion selects model Mk which has an expected Prediction Risk of
E[PR](Mk). Observed efficiency is defined as the ratio that compares the Prediction
Risk between the closest candidate model, Mc, and the model selected by some
criterion Mk.
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Tables from 1 to 9 show observed efficiency for different target functions when the
numbers of training examples are 25, 50 and 100.

First column shows the number of hidden units, ranging from 1 to 10 hidden units
for hyperbolic tangent target function (6) and for the 5th degree target function (7),
and models ranging from 1 to 20 for low-noise block target function. For each of the
1000 realizations the criteria select a model and the observed efficiency of this
selection is recorded, where higher observed efficiency denotes better performance.

Next columns show the counts for the different model selection criteria: NIC,
10NCV, 10CV, GPE and the Prediction Risk (PR) computed over a sample size of
2000. These results are one way to measure consistency, and we might therefore
expect the consistent model selection criteria to have the highest counts. Last two
rows show the mean observed efficiency and the rank  for each criterion. The criterion
with the highest averaged observed efficiency is given rank 1 (better) while the
criterion with the lowest observed efficiency is given rank 4 (lowest of the 4 criteria
considered).

Table 1. Simulation results for a data sample size of N=25 and target function (6)

Models NIC 10NCV 10CV GPE PR
1 1 10 7 2 4
2 431 646 653 567 790
3 158 180 155 156 137
4 87 63 85 83 28
5 60 23 24 43 13
6 39 11 8 27 7
7 39 11 10 19 5
8 25 8 12 15 6
9 29 9 11 19 3
10 131 39 35 69 7
Efficiency 0.8080 0.9030 0.9090 0.8480 1.0
Rank 4 2 1 3

Table 2. Simulation results for N=50 and target function (6)

Models NIC 10NCV 10CV GPE PR
1 0 0 0 0 0
2 529 713 741 631 851
3 164 161 132 149 120
4 86 54 48 65 11
5 55 29 24 45 6
6 47 13 13 31 3
7 22 3 7 13 2
8 15 4 8 10 1
9 22 8 10 17 1
10 60 15 17 39 5
Efficiency 0.8891 0.9521 0.9520 0.9125 1.0
Rank 4 1 2 3
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Table 3. Simulation results for N=100 for target function (6)

Models NIC 10NCV 10CV GPE PR
1 0 0 0 0 0
2 607 702 692 668 873
3 146 165 168 136 106
4 74 66 64 66 12
5 72 33 28 58 4
6 33 14 12 26 2
7 23 2 7 15 0
8 12 5 8 7 0
9 5 1 9 5 0
10 28 12 12 19 3
Efficiency 0.9438 0.9743 0.9716 0.9529 1.0
Rank 4 1 2 3

Table 4. Simulation results for N=25 and target function (7)

Models NIC 10NCV 10CV GPE PR
1 0 56 60 1 44
2 1 96 77 7 29
3 18 191 149 62 89
4 41 222 185 148 233
5 60 142 151 144 240
6 63 92 125 125 159
7 86 71 85 112 75
8 108 51 67 98 51
9 178 35 55 127 37
10 445 44 46 176 43
Efficiency 0.6820 0.7782 0.7573 0.7370 1.0
Rank 4 1 2 3

Table 5. Simulation results for N=50 and target function (7)

Mod NIC 10NCV 10CV GPE PR
1 0 0 0 0 1
2 0 4 2 1 3
3 13 75 32 18 16
4 101 264 219 165 239
5 138 248 278 221 351
6 119 161 185 158 199
7 111 103 113 118 103
8 133 53 78 102 46
9 147 53 57 105 20
10 238 39 36 112 22
Efficiency 0.7866 0.8783 0.8558 0.8272 1.0
Rank 4 1 2 3

Tables 1, 2 and 3 show that for experimental function (6) all methods select models
with 2 and 3 hidden units, 10NCV and 10CV perform almost the same, but both are
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superior to GPE and NIC. In all the experiments NIC averaged observed efficiency
has the last position on the ranking.

Table 6. Simulation results for N=100 and target function (7). NCV, CV and GPE favor
models from 4 to 8 hidden units while NIC favors more overfitted models

Models NIC 10NCV 10CV GPE PR
1 0 0 0 0 0
2 0 0 0 0 0
3 1 7 1 1 1
4 152 251 113 184 203
5 207 268 329 270 408
6 191 193 223 199 213
7 126 117 132 117 105
8 109 81 96 91 41
9 113 52 56 76 17
10 101 31 50 62 12
Efficiency 0.9114 0.9491 0.9190 0.9250 1.0
Rank 4 1 3 2

Table 7. Simulation results for N=25 and low-noise block target function, when the sample size
is very small model selection tasks are more difficult, in this case NIC shows a very high
variance on the observed efficiency

Models NIC 10NCV 10CV GPE PR
1 0 76 69 0 20
2 2 177 146 2 114
3 0 236 235 4 204
4 12 145 158 31 165
5 26 112 96 44 150
6 73 82 83 120 87
7 79 54 45 126 75
8 103 44 43 146 49
9 96 17 38 121 40
10 61 12 12 99 28
11 88 8 10 50 18
12 75 1 9 59 4
13 48 3 6 17 8
14 33 2 5 19 6
15 31 5 4 20 2
16 26 6 6 17 3
17 26 1 7 15 2
18 27 2 6 14 3
19 37 6 5 16 6
20 157 11 17 80 16
Efficiency 0.7251 0.8046 0.8233 0.7319 1.0
Rank 4 2 1 3

Tables 4, 5 and 6 show that for experimental function (7) observed efficiency
increases as the sample size grows. 10NCV is the most underfitting method for a
sample size of 25, while NIC and GPE favor overfitted models.
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In contrast to the previous results, we next considered a problem that has a much
higher nonlinearity, the low-noise block function. Tables 7, 8 and 9 show that NIC
outperforms 10NCV and 10CV when the sample size is 100 while with N=50 all
methods perform almost the same. The averaged observed efficiency always grows as
the simple size increases.

Table 8. Simulation results for N=50 and low-noise block target function. All criteria show a
similar averaged observed efficiency, but 10NCV and 10CV tend to more underfitted models
than NIC and GPE

Models NIC 10NCV 10CV GPE PR
1 0 3 2 0 0
2 0 28 18 0 9
3 0 71 89 0 22
4 0 173 138 0 65
5 8 188 187 8 120
6 8 111 97 12 112
7 30 81 71 44 96
8 44 66 85 60 102
9 75 83 70 106 91
10 96 41 64 125 72
11 135 36 52 126 98
12 97 33 47 116 56
13 99 30 14 100 30
14 88 19 10 69 34
15 60 3 13 52 18
16 49 5 4 44 20
17 33 6 5 24 11
18 35 6 10 23 11
19 30 9 7 24 10
20 113 8 17 67 23
Efficiency 0.8269 0.8208 0.8358 0.8322 1.0
Rank 2 1 4 3

From all the experimental results we can conclude that the performance differences
are not great between 10NCV and 10CV, but 10NCV seems to perform better in
almost all the sample sizes. 10CV is more computationally demanding than 10NCV.
This fact leads us to prefer 10NCV rather than 10CV.

In general, there is not best model selection method. Depending on the particular
problem one technique can outperforms another. When N is large, all methods give
reasonable efficiency results but crossvalidation-based criteria seem to be slightly
better. However, when it comes to the case where N=50 and 100 and high
nonlinearity is present, NIC and GPE outperform 10NCV and 10CV. The algebraic
estimate of Prediction Risk is also more attractive from the computational
perspective. However, it is important to note that the theory of NIC relies on a single
well-defined minimum to the fitting function, and it can be unreliable when there are
several local minima [8]. Among the different cases presented in this paper GPE
shows a more reliable behavior with not great differences between the best technique
and GPE.
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Table 9. Simulation results for N=100 and low-noise block target function. GPE and NIC show
a higher averaged observed efficiency, and favor models from 11 to 16 hidden units, while
10CV and 10NCV models ranging between 9 and 14 hidden units

Models NIC 10NCV 10CV GPE PR
1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 12 17 0 1
5 0 30 42 0 5
6 0 75 55 2 8
7 6 60 42 4 33
8 14 66 36 14 25
9 23 90 68 27 45
1 42 92 91 58 96
11 114 112 120 140 97
12 118 72 87 138 99
13 114 84 78 105 97
14 127 79 87 137 135
15 103 66 75 106 102
16 98 44 49 93 77
17 65 30 27 56 68
18 62 16 47 52 27
19 41 29 20 25 27
20 73 43 59 43 58
Efficiency 0.9326 0.8484 0.8581 0.9319 1.0
Rank 1 3 4 2

Conclusions

The performance of different model selection techniques based on the Prediction Risk
estimation in nonlinear regularized neural networks has been studied. We determined
relative performance by comparing GPE, NIC, 10NCV and 10CV against each other
under different simulated conditions. Which is the best among these competing
techniques for model selection is not clear. They can behave quite differently in small
sample sizes and directly depend on the nonlinearity of the task.

The similar performance between 10CV and 10NCV lead us to prefer 10NCV
since the computational cost is lower. NIC favors overfitted models when low
nonlinearity is present while 10NCV favors underfitted models, even in high
nonlinearity cases. Although the observed efficiency of GPE is not always the best, it
gives reliable results for all the cases and, as well as 10NCV, it provides good
estimates of the prediction risk at a lower computational cost.
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Abstract. In this paper we present a neural network model and new formulation
for the p-median problem. The effectiveness and efficiency of our algorithm
under varying problem sizes are analyzed in comparison to conventional
heuristic methods. The results for small-scale problems (less than 100 points)
indicate that our implementation of algorithm is effective. Furthermore, we also
have applied our algorithm to solve large-scale problems, demonstrating that a
simple recurrent neural network, with an adapted formulation of the problem,
can generate good solutions in a few seconds.

1 Introduction

One of the most popular problems in the facility location literature is the p-median
problem. This model locates p facilities in some space (such as Euclidean plane or a
network) that will attend n demand points. The objective of the model is to minimize
the total (weighted) distance between the demand points and the facilities.

Kariv and Hakimi [20] showed that the p-median problem on a general
network is NP-hard. This has resulted in the development of heuristic solution
techniques in an effort to solve large-scale problems to near-optimality with a
reasonable computational effort. Perhaps the most popular p-median heuristic was
developed by Teitz and Bart [27]. This is a node-exchange procedure that attempts to
improve the objective function value at each iteration. It is a simple to implement and
it produces relatively good solutions to smaller problems when it is applied with
multiple starting solutions.

There are more sophisticated heuristics for the p-median problem. A number
of solution procedure have been developed for general networks. Most of the
proposed procedures have been based on mathematical programming relaxation and
branch-and-bound techniques. However, recently have been developed new procedure
based on tabu search, neural networks, genetic algorithms and tree search. Thus, some
proposed procedures include tree search (Christofides and Beasley [3], Bartezzaghi
and Colorni [1]), lagrangian relaxation coupled with branch & bound (Narula, Ogbu
and Samuelsson [24], Galvao [13]), tabu search (Ohlemüller [23]), heuristic and
decision techniques (Hribar and Daskin [20], Hansen, Mladenovic and Taillard ,
Drezner and Guyse [18]), as well as Kohonen maps (Lozano, Warrior, Onieva and
Larrañeta [23]).
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Researchers have focused recently on the design of modern heuristics to
solve the p-median problem. Modern heuristics can generate better results than the
simple node-exchange procedure. But this modern heuristics usually are laborious and
difficult to understand and to implement.

We have designed a simple neural network (such as Hopfield neural
network) that generates good solutions to the p-median problem, comparable in
quality to those of the node-exchange heuristics.

The rest of this paper is organized as follow: Section 2 describes the problem
and gives a preliminary analysis. Section 3 shows how to apply a simple recurrent
neural network to the problem. Section 4 contains illustrative and comparative
simulation results. Finally, section 5 provides a summary and conclusions.

2 Problem Formulation

The p-median problem is well known and it has been studied during years. The p-
median problem concerns the location of p facilities (medians) in order to minimize
the total weighted distance between the facilities and the demand points. This problem
is a multi-facility extension of the Weber problem which is widely accepted as the
first formalized facility location problem in the literature. Operational generalizations
of the problem have been investigated by Cooper [1] using iterative approximation
methods. ReVelle and Swain [26] provided an integer programming formulation for
the discrete P-median problem, which is given below

Minimize
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where
N is the considered number of points
P is the number of facilities or medians

ijd  is the distance (cost) between the demand point i and the facility j
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
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=
otherwise   0
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
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=
otherwise   0
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x jj

The restriction (2) prevents that a demand point i is free, that is to say that does
not have any facility associated to him. The restriction (3) establishes the number of
facilities or medians. The last condition (4) assures the coherence of the solutions, a

demand point i cannot be associated to the facility j ( 1=ijx ) and in the point j not to

be established a facility ( 0=jjx ).

To the above formulation they have been applied numerous and different
algorithms, but we do not know anyone that has been applied a neural network like
the Hopfield network, because the restriction (4) not you ready to their application.

For that reason, in this paper we intends a new more appropriate formulation to
the p-median problem:

Minimize
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where
N  is the number of points
P  is the number of facilities (medians) to locate

ijd  is the distance among the points i and j



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=
otherwise0

 group  with theassociated is point   theif11 qi
Siq



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=
otherwise0

 group  theoffacility  a is  if12 qj
S jq

Notice the existence of two types of neurons: 1
iqS  (allocations neurons) and

2
jqS  (facilities location neurons). Even, it is observed that the restrictions are much

simpler that in the previous formulations. With the restriction (6) we only allow that a



An Efficient Neural Network Algorithm for the p-Median Problem         463

point associates to an only group, and with the condition (7) we make sure that in
each group there is only one facility or median.

3 Competitive Recurrent Neural Network Model

The proposed neural network consists of a single layer of N interconnected binary

neurons or processing elements. Each neuron i  has an input ih and an output

}1,0{∈iS . In order to design a suitable neural network for this problem, the key

step is to construct an appropriate energy function E for which the global minimum is
simultaneously a solution of the above formulation. The simplest approach to
constructing a desired energy function is the penalty function method. The basic idea
in this approach is to transform the constrained problem into an unconstrained one by
adding penalty function terms to the objective function (5). These terms cause a high
cost if any constraint is violated. More precisely, some or all constraints are
eliminated by increasing the objective function by a quantity which depends on the
amount by which the constraints are violated. That is, the energy function of the
neural network is given by the Liapunov energy function defined as
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where 0>iλ  are penalty parameters that they determine the relative weight of the

constraints.  The penalty parameters tuning is an important problem associated with
this approach.

In order to guarantee a valid solution and avoid the parameter tuning problem,
we will divide our neural network in disjoint groups according to the two restrictions,
that is, for the P-median problem with N points, we will have N groups, according to
restriction (6), plus P groups, according to restriction (7). Then, we will reorganize
our neurons in two matrices (one matrix per neuron type) where a group is
represented by a row or column of the matrix according to neuron type.
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Fig. 1. Neurons organization of the neural network for the P-median problem with N points.
This shows two matrices, the first matrix contains the allocation neurons and the second
contains the location neurons. The allocation neurons inside same group are in the same row of
the matrix, and the location neurons inside same group are in the same column

In this model one and only one neuron per group must have one as its outputs, so
the penalty terms are eliminated from the objective function. The neurons inside same
group are updated in parallel. Then we can introduce the notion of group update.
Observe that the groups are updated sequentially. Then, the energy function of the
neural network is reduced to

∑∑∑
= = =

=
N

i

N

j
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q
jqiqij SSdE

1 1 1

21
(9)

Applying a gradient descent method, we obtain the inputs of the neurons of the
network
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The dynamics of the neural network are given by
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then the energy function is guaranteed to decrease (see [12]). Thus, this energy
decrease is maximized at every time. The following procedure describes the proposed
algorithm based on the above neural network.
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1. Set the initial state by randomly setting the output of one neuron in each group
to be one and all the others neurons in the group to be zero.

2. Evaluate the initial value of the energy function (9).
3. Select a group g
4. Compute the inputs of the neurons in the group g, by (10) if Ng ≤≤1  or by

(11) otherwise.
5. Interchange the activated neuron in the group with the neuron with maximum

input.
6. Repeat from step 3 until the neurons with the maximum input in each group are

activated.

On step 3 we select a group randomly or sequencely. On step 5, if there are
different neurons with the maximum input value, the algorithm must randomly select
one of them.

Fig. 2 illustrates the energy decrease for a small-scale problem. In the first
iterations, the curve slope is pronounced due to this energy decrease is maximized at
every iteration. In fact, a good solution is obtained from iteration 400 with minimal
error. In this case, the optimal solution is reached at 1003rd iteration.
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Fig. 2. Graphical representation of the values of the energy function on every iteration step in
the 5-medians problem with 100 demand points
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4 Simulations Results

A random number generator has been used to generate the two-dimensional points.
All points are distributed uniformly within the unit square.

For a comparison, we tested all algorithms on an Origin 2000 computer (Silicon
Graphics Inc.). The computation of the optimal solutions has been carried out with an
exact algorithm [13], using branch & bound.

We choose to compare the performance of proposed algorithm (NN) with the
performance of the interchange algorithm proposed by Teizt and Bart [27] (T&B),
since T&B is very simple to understand and implement, and it produces good
solutions with limited computational effort. We recognize, however, that it is possible
to generate better solutions for some instances of the p-median problem using other
heuristics, such as langrangian relaxation or tabu search.

We first compare our implementation of NN with T&B and random search (RS)
on several small-scale problems. Table 1 lists the comparison of results from different
algorithms with optimal solutions. For each instance, which it is represented by a row
in the table, 50 randomly problems are generated and tested. T&B and N&N report
100% of optimality for their 50 randomly generated problems with 75 demand points
(N=75) and 5 medians (P=5). The average error figures in the table represent the
average percentage deviation from the best solution calculated by an exact algorithm
[13].

Table 1. Results for the three algorithms applied to small scale problems

N
(demand points)

P
(medians)

NN
Avg. Error (%)

T&B
Avg. Error (%)

RS
Avg. Error (%)

75 5 0.00 0.00 0.10
75 10 0.00 0.09 0.12
75 20 0.10 0.17 0.30

100 5 0.00 0.05 0.10
100 10 0.01 0.21 0.25
100 20 0.09 0.39 0.41

RS is the fastest among these algorithms because there is virtually no
processing overhead involved. RS performs so well in these cases because the
difference between the number of feasible solutions evaluated and the total number of
solutions is similar. However, RS is not likely to perform similarly well for larger
problems due to size of the solution space. It is included here only to demonstrate that
a simple random search method can generate good solutions for small-scale problems
in less time.

In Table 2 we compare the iterations and time of NN and T&B for the same
problems. In this table we demonstrate that our implementation of NN produce better
results in less time due to less number of iterations. Parallelism of the neural networks
justified the less number of iterations, since the input of each neuron is calculated in
parallel. In addition, our neural network is divided in groups and all neurons in the
same group are parallel updated in only one iteration. Although an iteration of NN is
slower than an iteration of T&B, our implementation of NN needs less time due to the
great difference of iterations between NN and T&B. For example, the first row of
Table 2 shows that T&B is faster than our NN, nevertheless our NN needs much less
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iterations to obtain optimal results. For the rest of problems evaluated, the time of NN
is lower than the time of T&B due to the less increase of iterations.

Table 2. Comparison of NN with T&B for small scale problems

N P NN T&B
(demand
points)

(medians) Avg.
Iterations

Avg. Time
(s)

Avg.
Iterations

Avg. Time
(s)

75 5 1246 0.74 7051 0.68
75 10 1445 1.00 15253 1.47
75 20 1432 0.93 21422 2.01

100 5 1254 0.81 10965 1.05
100 10 1583 1.20 28199 2.52
100 20 2230 2.15 33241 3.14

The increase of average error or gap is another important characteristic. Fig.
3 shows the increase of average error according to number of medians for instances of
randomly problems with 200 demand points. In this case, we test 100 randomly large-
scale problems to evaluate the error. This figure illustrates the good results obtained.
In fact, our implementation of NN guarantees a solution with 99.4% of optimality for
50-medians problems with 200 demand points. Note that, this large-scale problem has

more than 47105.4 ⋅  feasible solutions and the solution is calculated in a few seconds,
less than 4 seconds.
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Fig. 3. Graphical representation of the relative error (gap) with 200 demand points
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5 Conclusions

In this paper, we applied a neural network to solve the p-median problem. Our
objective was to exploit the features of neural networks and demonstrate that a simple
recurrent neural network can generate good solutions to location-allocations
problems.

With the proposed mathematical model, we have tried to reduce the complexity
of the problem that was observed in the resolution of the same one with other
formulations. Besides the simplicity of this formulation, a decrease of the number of
variables has been gotten, with the rising improvement in the yield of the methods or
algorithms to apply. Also, the utility of the neural networks has been shown to treat
optimization problems. Although, the proposed model guarantees that every
converged state of neural network is equivalent to a feasible solution, and tuning the
penalty parameters is not needed. Based on our computational tests, we believe that
neural networks have the potential to be useful heuristic for the p-median problem.

In summary, in this paper we have achieved related with success two research
areas, Localization and Neural Networks, to solve a classic NP-complete optimization
problem, demonstrating this way, the fruitful existent cooperation among these areas.
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Abstract. The Cellular Neural Network (CNN) is a bidimensional ar-
ray of analog dynamic processors whose cells interact directly within a
finite local neighborhood [2]. The CNN provides an useful computation
paradigm when the problem can be reformulated as a well-defined task
where the signal values are placed on a regular 2-D grid (i.e., image pro-
cessing) and direct interaction between signal values are limited within
a local neighborhood. Besides, local CNN connectivity allows its imple-
mentation as VLSI chips which can perform image processing based in
local operations at a very high speed [5]. In this paper, we present a
general methodology to extend actual CNN operations to a large family
of useful image processing operators in order to cover a very broad class
of problems.

1 Introduction

The Cellular Neural Network Universal Machine (CNN-UM) is a programmable
neuroprocessor having real-time power implemented in a single VLSI chip [8].
This neurocomputer is a massive aggregate of regularly spaced nonlinear analog
cells which communicate with each other only through their nearest neighbors.
Local connectivity allows its implementation as VLSI chips that can operate
at a very high speed and complexity [5]. This fact makes the CNN an useful
computation paradigm when the problem can be reformulated as a task where
the signal values are placed on a regular 2-D grid, and the direct interaction
between signal values are limited within a finite local neighborhood [2]. This
cellular structure and the local interconnection topology not only resemble the
anatomy of the retina, indeed, they are very close to the operation of the eye [10],
especially when photosensors are placed over each tiny analog processor. Several
of these tiny processors have been placed on a chip, which is also called visual
microprocessor or cellular processor. In this paper, a methodology to extend
local CNN computation capabilities to a very broad class of global operators is
presented. In Section II, the cellular neural network mathematical model and the
architecture of the CNN-Universal Machine prototyping system is introduced, as
well as some standard CNN operators (also called templates). Sections III and IV
describe a general method for implementing any type of piecewise-linear output

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 470–480, 2002.
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Fig. 1. Structure of the CNN dynamical network (left) and electrical scheme of each
cell (right).

function and how we can perform integral and wavelet transforms on the CNN-
UM framework. In Section V, several examples demonstrating the operation
and run-time of the algorithm are discussed. Finally, Section VI gives a brief
conclusion.

2 Description of the CNN-UM

The CNN-Universal Machine (CNN-UM) architecture [8] is an analogic spatio-
temporal array computer wherein analog spatio-temporal dynamics and logic
operations are combined in a programmable framework. A computational in-
frastructure exists in order to interface this computing analog technology to
digital systems.
The elementary instructions and the algorithm techniques are absolutely dif-

ferent from any digital computers because elementary instructions (templates)
perform complex spatio-temporal nonlinear dynamics phenomena by varying the
local interconnection patterns in the array.

2.1 Nonlinear Dynamics of the Network

CNN dynamics can be electronically emulated by a single capacitor which is
coupled to neighbouring cells through nonlinear controlled sources as can be
seen in Fig. 1. The dynamics of the array can be described by the following set
of nonlinear differential equations

d

dt
xi,j(t) = −xi,j(t) +

∑
k,l∈Nr

Ak,lyi+k,j+k(t) +
∑

k,l∈Nr

Bk,lui+k,j+k(t) + I (1)

y(x) =
1
2
[|x − 1| − |x+ 1|] (2)
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Input, state and output, represented by ui,j , xi,j and yi,jare defined on 0 ≤
i ≤ N1 and 0 ≤ i ≤ N2 and Nr represents the neighborhood of the cell with
a radius r as Nr = {(k, j) : max {|k − i| , |l − j|} ≤ r} . Due to implementability
concerns, the template neighborhood radius is generally restricted to be as small
as possible, and templates are applied in a space-invariant manner (A and B are
the same for every cell).

2.2 Universal Machine Capabilities

The elementary image processing tasks performed on the input data by a single
template can be combined to obtain more sophisticated operation mode on the
CNN Universal Machine. The machine uses the simple CNN dynamics (1) in a
time multiplexed fashion by controlling the template weights and the source of
the data inputs for each operation.
The CNN-UM extends the CNN core of each cell in two main parts: (a)the

array of extended CNN cells and (b)the Global Analogic Programming Unit
(GAPU). Several extra elements extend the CNN nucleus (core cell) compu-
tational capabilities to a Universal Machine: 4 Local Analog Memories (LAM)
consisting in a few continuous (analog) values are stored in the LAM in each
cell; 4 Local Logic Memories (LLM)which are several binary (logic) values stored
in the LLM at each cell; a Local Logic Unit (LLU) which executes a simple
programmable multi-input/single-output analog operation; and a Local Comu-
nication and Control Unit (LCCU) which receives the messages from the central
(global) ”commander” (the GAPU) and programs the extended cells accordingly.

2.3 Local Processing Capabilities

In image processing applications, two independent input signal arrays S1(ij) =
ui,j(t) and S2(ij) = xi,j(0) can be mapped onto the CNN, while the output signal
array So(ij) is associated with yi,j . The generic input can be time varying, but
the initial state xi,j(0) is usually fixed.
A lot of computational examples about capabilities of image processing on

the cellular neural network can be found in the literature [1], [9], [7]. In the
following one, it will be illustrated how CNN output exclusively depend on local
properties (e.g., average gray level, intensity or texture). The processing is based
on using several templates defined as TEMk =

{
Ak;Bk; Ik

}
where Ak

, B
k are

3× 3 convolution matrices and Ik is a biasing scalar.
From an input image Fig. 2(a), we can perform a linear low-pass filtering by

convoluting with TEM1 =
{
A1ij = 0;B

1
ij = 0.1(1 + δ2jδ2i); Ik = 0,∀i, j} . Then

we can use the feedback convolution matrix A for thresholding the image by
means of TEM2 =

{
A2

ij = 2δ2jδ2i;B
1
ij = 0; I

k = z∗ ,∀i, j} where z∗ is the value
of the threshold. In the following stage, a border extraction template TEM2 ={
A2ij = 2δ2jδ2i;B

1
ij = −1(1 + 9δ2jδ2i); Ik = −0.5 ,∀i, j} is used. It can be noted

how the template extract the binary borders: matrix B controls the dynamics
of the CNN convoluting the input image by a linear high-pass filter. The design
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Fig. 2. An example of image processing capabilities on the Cellular Neural Network.
(a)-(b) Input image and output after the low pass filter. (c) Thresholding of (b) with
template in the normalized scale [−1, 1]. (c) Border detection.

of these templates is based in the geometric aspects of the matrices involved in
the nonlinear differential equation (Eq. 1).
In these templates it can be seen how both linear classical filtering and dy-

namically evolving templates are based on convolution of a image with a 3 × 3
matrix, this fact makes CNN-UM ill-conditioned for achieving global operations
over the whole image (e.g., integral/wavelet transforms or statistical operations).

3 PWL Approximation on the CNN-UM

When considering the VLSI CNN chip model, we deal with the output function
(Eq. 1). In this Section, we present a software-based method to implement any
non-linear output function on current CNNUM chips by superposition of simple
piecewise-linear (PWL) saturation blocks in order to approximate any given
continuous functions. This approximation is the basis of a novel method for
accomplishing global operations on the implemented chip.

3.1 Notation

The following notation is used. δij denotes Kronecker delta, Bzo,r denotes de
open ball Bzo,r := {z ∈ Z : ‖z − zo‖ < r} , ‖·‖ is the weighted Euclidean norm
defined as ‖z‖ = (∑n

i=1 ωiz
2
i

)1/2
, ωi > 0, ‖·‖∞ the weighted infinity norm,

∆hi := hi+1 − hi, Σhi := hi+1 + hi and the simbol ’ denotes differentiate on
variable x.

3.2 Infinite Norm Criterion

In this paper, a superposition f(x) of PWL saturation functions is considered

f(x) =
σ∑

i=1

(
1
bi
y(aix − ci) +mi

)
(3)
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where y(x) is the function defined in (Eq. 2); ai, bi, ci,mi ∈ IR are the parameters
of the structure. Basically, (Eq. 3) it is a nonlinear combination of linear affine
lines, πi := 1

2 [|(aix − ci)− 1| − |(aix − ci) + 1|] , i ∈ [1, σ].
Now, the problem under study can be stated as follows: Given a smooth

function f : S → IR, where S ⊂ IR is compact, we want to design a PWL function
f that minimizes the error between them in some sense. Formally, given a fixed
number ε we want to find the optimal parameter vector θ∗ = [a∗

i , b
∗
i , c

∗
i ,m

∗
i ] that

makes the objective functional J :=
∥∥f(x)− f(x)

∥∥
∞ = ε ∀x ∈ S. The method

used to obtain the PWL function is based on theorem 1

Theorem 1. Let f(x) be a function defined in the open subset (xi, xi+1);
xi, xi+1 ∈ IR and Pn(x) a polynomial of degree n. Then Pn(x) mini-
mizes ‖f(x)− Pn(x)‖∞ if and only if f(x) − Pn(x) takes the value ε :=
max(|f(x)− Pn(x)|) at least in n+2 points in the interval (xi, xi+1) with al-
ternating sign.

Remark 1. In manifold cases, the condition required by the previous theorem
can be analytically expressed. This is the case when f(x) is a concave or convex
function in the approximating interval.

Theorem 2. Let f(x) be a function with f ′′ > 0 in the interval (x1, x2),
x1, x2 ∈ IR and P1(x) := Mx + B. Then P1(x)1 minimizes ‖f(x)− P1(x)‖∞ if
and only if M = ∆f/ ∆x1; B = 1

2 [f(x2) + f(xa)− ∆fi/ ∆xi (xa + x2)] where
xa is obtained by solving f ′(xa) = ∆fi/∆xi

Proof. It follows from theorem 1 that it must be three points x1, x2, x3 in
(xi, xi+1) which maximize E(x) := f(x) − P1(x). This condition implies that
x2 is an intermediate point in the interval (xi, xi+1) with E′(x)|x=x2

= 0; this
is the same that f ′(x)|x=x2

= M . Since f ′′(x) ≥ 0, f ′(x) is a growing function
strictly and can equateM only once, this means that x2 is the only one interme-
diate point in the interval. Thus x1 = xi−1 and x2 = xi. Applying the results in
theorem 1, we obtain f(xi)−P1(xi) = − [f(x2)− P1(x2)] = f(xi+1)−P1(xi+1).
By solving these equations we can conclude

M =
∆fi

∆xi
; B =

1
2

[
f(xi+1) + f(xa)− ∆fi

∆xi
(xa + xi+1)

]

Corollary 1. Under the previous conditions the infinity norm is given by the fol-
lowing expression ε = f(x)−

[
∆fi

∆xi
x+ 1

2

(
f(xi+1) + f(xai)− ∆fi

∆xi
(xai − xi+1)

)]

Theorem 3. Let f(x) be a function with f ′′(x) ≥ 0 in the interval (xa, xb),
xa, xb ∈ IR , ε an arbitrary small real number and f(x) =

∑σ
i=1 πi,where πi :=

1
2 [|(aix − ci)− 1| − |(aix − ci) + 1|] , i ∈ [1, σ]; ai, bi, ci,mi ∈ IR, i ∈ [1, σ]. Then
f(x) makes

∥∥f(x)− f(x)
∥∥

∞ = ε∗ minimizing σ if the parameters of f(x) fulfill
the following conditions
1 This straight line is called Chebyshev line in the literature.
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ai = 2/ ∆xi, bi = 2/ ∆fi, ci = Σxi/ 2, i ∈ [1, σ];
m1 = Σfi/ 2− ε∗, mj = Σfj/ 2− f(xj)− ε∗, j ∈ [2, σ] (4)

where xi is defined by the following set of discrete equations

ε∗ − 1
2

[
xi +

∆fi

∆xi
(xai − xi)− f(xai)

]
= 0, f ′(xai) =

∆fi

∆xi

Proof. In order to demonstrates this theorem we can express πi as

πi :=



mi − b−1

i , ∀x ∈ [
ci + a−1

i ,∞)
mi + ∆fi

∆xi
(x − ci), ∀x ∈ Bci,a

−1
i

mi + b−1
i , ∀x ∈ (−∞, ci − a−1

i

]

Replacing the values of the parameters given in the statement of the theorem

πi :=



δ1i (f(xi)− ε∗) , ∀x ∈ [

ci + a−1
i ,∞)

δ1i (f(xi)− ε∗) + ∆fi

∆xi
(x − xi), ∀x ∈ Bci,a

−1
i

δ1i (f(xi)− ε∗) +∆fi, ∀x ∈ (−∞, ci − a−1
i

]

If we consider xa ∈ (xj , xj+1) and expand f(xa) taking into account the value of
ε∗ and the shape of πi with the parameters given in the theorem it is obtained

f(xa) := π1 +
∑j−1

i=2 πi + πj +
∑σ

i=j+1 πi

= (f(x1)− ε∗) +
∑j−1

i=2 ∆fi +
[

∆fj

∆xj
(x − xj)

]
= f(xj)− ε∗ + ∆fj

∆xj
(x − xj)

= ∆fi

∆xi
x+ 1

2

[
f(xi+1) + f(xa)− ∆fi

∆xi
(xa + xi+1)

]

this is the equation of the Chebyshev line that approximated f(x) in the interval
(xj , xj+1) with ‖f(x)− P1(x)‖∞ = ε∗ as it was expressed in corollary 4.

Corollary 2. Since the PWL function is continuous in the intervals (xi, xi+1)
and the term

∑σ
i=j+1 πi is null in the expansion of f(xa) performed in the pre-

vious proof, it can be affirmed that lim∆x→0 f(xi +∆x) = lim∆x→0 f(xi − ∆x),
and f(x) is a PWL continuous function.

Remark 2. Theorem 3 gives us the possibility of approximating any contiuous
function f(x) with f ′′(x) ≥ 0 by means of a PWL function as defined by f(x)
with an arbitrary infinite norm ε∗. Besides, the intervals of the approximation
function can be obtained in a forward way if we know the analytical expression
of f(x), by means of solving the uncoupled discrete equations stated at the final
of theorem 3.
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The functional proposed in this paper is an alternative to the (f(x)− f(x))2

functional studied in several papers [3], [4]. This cuadratic criterion yields a
nonlinear optimization problem characterized by the existence of several local
minima. One practical technique used to solve this problem consist in the use
of iterative algorithms which produce new random search direction when a local
minimum in reached. This fact emphasize the advantage of the direct method
based on theorem 3 to design the intervals of approximation opposite to the
annealing iterative method needed in the minimization of the cuadratic norm.

3.3 Approximation of Useful Functions

In this point it will be analytically derived the parameter vector θ∗ for several
concrete functions that will be used in the process of performing integral trans-
formation on the CNN. In this approximation it will be used a value ε∗ = 2−7

because of the physical implementation of the CNN-UM chip allows an analog
accuracy of this magnitude.
In the case of f(x) being a logarithmic or exponential function, the discrete

equation in theorem 3 yields the following implicit discrete equations

ln
(

∆xi

∆ lni

)
+

(
∆ lni

∆xi

)
xi − ln(xi)− 1 = 2ε∗ (5)

∆ expi

∆xi

[
ln

(
∆ expi

∆xi

)
+ xi + 1

]
− exp(xi) (6)

where ∆ lni = ln(xi+1) − ln(xi), ∆ expi = exp(xi+1) exp(xi) and ε∗ = 2−7.
Both equation can be easily solved by standard numerical methods in order to
obtain in a sequential and forward way the neighboring points of the intervals
that construct the PWL approximating function f(x). Similar equation can be
obtained for the functions x2 and tan−1(x). The parameter vector defined as
θ∗ := [a∗

1, b
∗
1, c

∗
1,m

∗
1, a

∗
2, b

∗
2, ...] can be easily obtained as it was shown in theorem

3

– ln(x); xi = {0.368, 0.608, 1.004, 1.657, 2.735} in the interval limited by the
conditions2 f(x1) = −1, f(xσ) = 1.

– exp(x); xi = {−2,−1.5,−1,−0.310, 0.202, 0.610, 0.949, 1.239, 1.699, 1.856, 2}
– x2; xi = {0, 0.354, 0.708, 1.062}
– tan−1(x); xi = {0, 0.697, 1.425, 2.672, 5.617, 16.963}

3.4 Algorithmic Description of the PWL Approximation

The stages in the approximation process are: (i) modification of the saturation
PWL original saturation as defined in (Eq. 2) to adopt it to every interval ob-
tained previously and (ii) superposition of these modified saturation in order to
obtain f(x).
2 The reason for selecting these intervals will be shown in the following section.
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Fig. 3. Algorithmic diagram of the Integral Transformation.

The original saturation function y(x) is modified by the affine transforma-
tion given by 1

bi
y(aix − ci) + mi. This transformation translates the corners

from (-1,-1) and (1,1) to (ci − 1
ai
, mi − 1

bi
), (ci + 1

ai
, mi + 1

bi
). This transforma-

tion is performed on the CNN by means of the following two templates run in
a sequential way TEMPWLk,1 =

{
A2ij = 0;B

1
ij = akδ2jδ2i); Ik = −akck ,∀i, j

}
,

TEMPWLk,2 =
{
A2

ij = 0;B
1
ij = b−1

k δ2jδ2i); Ik = mk ,∀i, j
}
.

The way to obtain the desired approximating function is by shaping the
output saturation by templates given by TEMPWLk,1 and TEMPWLk,2 with the
coeficients obtained in the manifold stages needed to approximate the function.
Once we have modified the first stage, we apply this shaped output to the input
image and save the result into the LAM, then the second stage is modified and
the same input image is passed through this saturation and the results is added to
the value previously saved in the LAM. Making this process through every stage
we finally obtain the image processed by a point operation that approximately
performs a desired function f(x).

4 Gabor Transform Computation

This Section describes the design of a CNNUM program which compute the out-
put of integral transforms. The base of the algorithm is described in Fig. 3. In
this figure can be seen how the input image is directly irradiated on the Chip sur-
face through the optical devices and sensed by the photosensors implemented on
the silicon. Once we have the image in the LAM I(x, y), we perform the approx-
imation of the logarithmic function ln(I(x, y)+ 1.5), adding a bias on the whole
image to translate the swing of analog values into the interval (0.5, 2.5) where
the logarithmic approximation is valid. Then we add in the LAM the logarith-
mically shaped image with the logarithmic base Blog(x, y) := ln(B(x, y) + 1.5),
where B(x,y) is the transformation base used. Then we pass this results through
an exponential approximation stage to obtain
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exp
[
ln(I(x, y) + 1.5) + ln(B(x, y) + 1.5)

]
= (I(x, y) + 1.5) (B(x, y) + 1.5)
= I(x, y)B(x, y) + 1.5(I(x, y) +B(x, y)) + 1.52

It is easy to correct this result to obtain the product by simply substracting
the term 1.5(I(x, y) + B(x, y)) + 1.52 which is computing scaling the addition
of input and base including a biasing term. Lastly, we perform the averaging
by means of a template that emulated the PDE of temperature diffusion. This
template gives us the value of the correlation between the image and the base
and the value of the transform at the frequency point of the base is directly
calculated.

5 Experimental Results

In this section, it is presented a Gabor transform example providing run-time
of the algorithm. Gabor filters has been used as preprocessors for different tasks
in computer vision and image processing [6]. Gabor filters exists or signal of
arbitrary dimension where an n-dimensional signal is defined to be a mapping
from IRn to IR or C. For n-dimensional signals, the impulse response g(−→x ) of
a two-dimensional Gabor filter is a complex exponential modulated by an n-
dimensional Gaussian

g(x, y) =
1√
2πσ

e−(x2+y2)/2σ2
ej(ωxox+ωyoy)

which is tuned to spatial frequency (ωxo, ωyo). This filter responds maximally to
edges which are oriented at an angle θ = tan−1(ωyo/ωxo) where θ is defined to
be an angle between the horizontal axis and the line perpendicular to the edge.
Several illustrative images obtained along the transformation process are

showed in Fig. 3. In table 1, we compare this architecture considering the pro-
cessing time of different elementary steps in CNN and digital technologies. In
our comparison we define equivalent operations between the parallel CNN and
the serial processors.

6 Conclusions

In this paper, we have introduced the equations that govern the complex CNN
spatio-temporal dynamics and the CNNUM computational infrastructure im-
plemented on silicon. After this, we have presented a general technique that
allows us to approximate any nonlinear output function on the CNNUM VLSI
Chip. For this purpose, we have given a theoretical analysis of an approximation
technique based on the infinity norm criterion. Also, the advantages of this tech-
nique have been compared with the cuadratic error criterion. Lastly, we have
used this technique to implement the algorithm on the fully parallel architecture
in order to implement Gabor filters. The main motivation of this work is to
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Table 1. Comparision table of execution times of the different imaging processors (grey
scale and 64 × 64 image resolution).

Run-time of elementary steps Sub-tasks of the algorithm
CNN

100nsec
PC

@4, 1GHz
CNN

100nsec

I/O image 6 µ sec 10 µ sec
Logarithmic
approximation

24,4 µ sec

Conversion
LLM/LAM

100 nsec
Exponential
approximation

61 µ sec

Binary
Save/Load

6 µ sec Biasing 6,1 µ sec

Arithmetic
operation

100 nsec 9 µ sec
PDE

(Heat diffusion) 8 µ sec

Logical 50 nsec 8 µ sec
Image

LAM transfer
6 µ sec

Convolution
3 × 3 1,4 µ sec 32 µ sec

Coefficient
LAM transfer

6 µ sec

release CNNUM emphanalogic (analog+logic) architecture from using emphdig-
ital computers when CNN image processing computing capabilities are unable
to perform any required nonlinear filtering step or global transformation.
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Abstract. In this paper we present an algorithm for learning a function able to
assess objects. We assume that our teachers can provide a collection of pair-
wise comparisons but encounter certain difficulties in assigning a number to the
qualities of the objects considered. This is a typical situation when dealing with
food products, where it is very interesting to have repeatable, reliable
mechanisms that are as objective as possible to evaluate quality in order to
provide markets with products of a uniform quality. The same problem arises
when we are trying to learn user preferences in an information retrieval system
or in configuring a complex device. The algorithm is implemented using a
growing variant of Kohonen’s Self-Organizing Maps (growing neural gas), and
is tested with a variety of data sets to demonstrate the capabilities of our
approach.

1   Introduction

Generally speaking, quality assessment is a complex matter: what we usually need to
evaluate are the desirable traits of an object by means of a single number. Frequently
though, this number does not strictly reflect an absolute value, but rather the relative
quality of the object with respect to others. This is especially true for objects of a
biological origin; their quality is dependent on a not always well defined group of
multisensorial properties resulting from their chemical composition, the natural
structure of the food elements, their interaction and the way in which they are
perceived by human senses [13]. This situation becomes even more complex when we
consider quality grading of food products from the viewpoint of experts or consumers.
Since no detailed grading specifications exist, experts may adopt a quality profile that
considerably exceeds that expected by the consumer [2]. The requirements of
consumers are usually based on single attributes that characterize primary senses.

                                                          
1 The research reported in this paper has been supported in part under MCyT and Feder grant

TIC2001-3579
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Consequently, the literature reflects disagreement between quality assessments
obtained through consumer or expert panels [2, 9].

However, the food industry needs to supply markets with uniform quality products
to satisfy consumer demands for normalized quality. Furthermore, if possible, food
producers would like to know what the objective (chemical and physical) basis of the
assessed quality is from the customer viewpoint so as to improve the acceptability of
their products.

The straightforward way to build computable procedures to assess objects is to
collect a set of representative assessment events and then to apply a machine learning
algorithm that employs regression like CUBIST [6], M5’ [16, 20], SAFE (System to
Acquire Functions from Examples) [15] or BETS (Best Examples in Training Sets)
[7]. However, our experience with biological objects [9, 10] tells us that the
complexity of the assessment task means that the repeatability of human evaluations
tends to be low. Hence, the reliability of the training material is poor, despite experts
having been trained exhaustively and having accumulated a large, valuable body of
knowledge used for assessing [12].

Experts or consumers are perfectly able to prefer one object to another, but usually
fail when they are asked to label products with a number. There is a kind of batch
effect that often biases the assessment; human assessors try to number the differences
in a relative sense, comparing products with the other partners in the batch. Thus, a
product surrounded by worse things will probably obtain a higher assessment than if it
were presented with better products. However, although we may find unacceptable
individual variability in the absolute number obtained to assess the quality of a given
product, the relative position obtained in a batch is quite constant.
In this paper we present a new approach to learning functions capable of assessing objects
starting from reliable training material. Our training sets are formed by pairs of object
descriptions, given by continuous attributes, where the first one has been considered worse than
the second. The goal is then a function able to quantify the quality of objects as coherently as
possible with the pair-wise ordering supplied as the training set.
The core idea is to consider each training instance as an indication of a direction where we can
find an increase in quality. Thus, the vectorial difference of compared products is interpreted as
a kind of coding of the local behavior of the assessment function. In this way, the learning
algorithm is a clustering that uses a growing version [8] of Kohonen’s Self-Organizing Maps
(SOM) [11], where each cell encapsulates a regression rule.
After presenting the geometrical motivations of the algorithm followed by the implementation
details, we close the paper with a section devoted to presenting the experimental results
obtained with our assessment learner.

2   Geometrical Motivation of the Algorithm

Let u and v be vectors describing the features of two objects that our experts compare,
resulting in u being worse than v; in symbols, u < v. Then, we seek a function f such
that f(u) < f(v). If we assume that f behaves linearly, at least in the surroundings of
our vectors, we have to find a vector w such that

fw(u) = u · w < v · w = fw(v) (1)

where, for vectors z and t, we represent their inner product by z·t.
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From a geometrical point of view, function fw represents the distance to the
hyperplane u·w = 0; i.e. the hyperplane of vectors perpendicular to w. If we search for
w considering only normalized vectors (i.e. w  = 1), the largest difference between
fw(u) and fw(v) values is reached when w is the normalized vector in the direction of
(v-u). In fact,

fw(v–u) = (v–u)·w ≤ v-u � w  = v-u  = (v–u)·(v–u)/ v-u  = f(v-u)/ v-u (v–u)
.

(2)

v u 

w 

assessment 
hyperplane 

Fig. 1. Given two objects represented by vectors u and v, if u is worse than v, the normal vector
in the direction of the difference, w = (v-u)/ v-u , defines a hyperplane, the distance from
which is a suitable local assessment function

In the general case we start from a family of comparisons

{ui < vi: i = 1, …, n } (3)

and wish to induce a function f, with local linear behavior, and which hopefully is
capable of distinguishing as often as possible that ui is worse than vi, because f(ui) <
f(vi). The algorithm proposed in this paper uses the geometrical intuition introduced in
this section as the basic building block of such a function f. Hence, the main task of
the algorithm will be to combine the local guidelines suggested by each comparison
supplied in the training set.

3   The Algorithm: Clustering Partial Functions

In line with the discussions presented in the previous section, the comparison
examples of (3) give rise to a set of 2n pairs of vectors as follows:

{((vi - ui)/ vi - ui � ui): i = 1, …, n} ∪  {((vi - ui) / vi - ui , vi,): i = 1, …, n}  . (4)

If (w, u) is such a pair, we understand it to be a suggestion of a regression rule
indicating that the assessment of a vector z is
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fw(z) if z is in the neighborhood of u  . (5)

Given that fw (z) = z·w, we will usually identify w with the linear function fw.
Likewise, we will refer to u as the conditions of the rule. For short, we write w ← u

In general, we are pursuing an assessment function f defined by parts of the whole
attribute space. In other words, our assessment function will be given by a list of
regression rules

(w1 ← u1); (w2 ← u2); …; (wm ← um) (6)

that must be evaluated by means of a minimal distance criterion. In symbols, the
function f that is finally induced will work as follows for an arbitrary vector z.

f(z) = wk·z if z - uk  ≤ z - uj , ∀  j = 1, …, m (7)

A first attempt to define the list of regression rules (6) is to consider the whole set of
pairs (w, u) defined in (4), but these rule set must be improved: it is too big and may
contain a lot of noise. Therefore, the idea of our learning algorithm (see Algorithm 1)
is to cluster similar conditions u, and then to attach a function w according to the
functions of the pairs of the same cluster (see Figure 2). To this end, we use a growing
version of Kohonen’s Self-Organizing Maps (SOM) [11]: growing neural gas (GNG)
of Fritzke [8]. This approach has the advantage that we do not need to define a priori
configuration parameters like SOM layout dimensions or the radius used throughout
the adaptation.

Fig. 2. The clusters of partial functions represents, in each node, an environment in the attribute
space of the objects to be assessed, drawn in gray in the picture, and a vector pointing in the
direction to measure the assessments. In other words, the map represents a set of regression
rules to be applied by means of a nearest-distance criterion

The GNG graph starts with two nodes u1, u2 representing two points in the domain of
the assessment function, in each iteration step a new node is added trying to fit better
this space. The number of steps (N) followed by GNG conditions the granularity of
the regression rules. By default, N is the number of comparisons divided by 10.
Once we have a number of clusters represented by u1, u2,…,um, we consider the set of
comparisons (t2 < t1) where each tk is closer to the same ui than to any other uj. These
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comparisons will be used to compute a local linear approximation of the assessment
function in the surroundings of ui.
The procedure followed to find a linear function with coefficients w = (a1, …, ad) is
taken from OC1 [14] only slightly modified for this purpose. In fact, what we are
looking for is a vector w such that w·(t1-t2) > 0 as many times as possible. We can
start with w being the average of the normalized differences

w = (a1, …, ad)  = Average{(t1-t2)/ t1-t2 ��t1>t2 & t1,t2 ∈  cluster(ui)}  . (8)

Now we try to improve the coefficients am, one at a time. The key observation is that
for each normalized difference (t1-t2)/ t1-t2 �(x1, …, xd) we have that

w·(t1-t2) = Σ(ai * xi: i = 1..d) > 0 , (9)

when xm > 0, is equivalent to

am > -(a1x1 + a2x2 + . . . + am-1xm-1 + am+1xm+1+ ... + adxd) / xm = U (10)

or the opposite when xm < 0. When xm = 0, the value of the coefficient am does not
matter. So, for fixed values of all other coefficients, each equation (10) represents a
constraint on the values of am. Therefore, we sort all U values and consider as possible
setting for am the midpoints between each pair of consecutive U’s. We select the am

that satisfies the greater number of constraints. Following the procedure of OC1, we
iterate this step in order to adjust all the coefficients until no further optimisation can
be achieved.
If the number of clusters is high, for instance whenever we use the default value for
N, the number of training examples divided by 10, then the previous approach
inspired in OC1 can be skipped (the results are quite similar). We can simply update
the function w attached to a cluster u as the average of the functions w’ of pairs
(w’,u’) whose winner node is u.
In any case, the regression rules so found need a final improvement process. The idea
is that w ← u may correctly resolve assessments of objects near u. That is, when t1>t2,
and both t1 and t2 are near u, w was devised for obtaining w·(t1-t2) > 0. But w may fail
when one of the objects is going to be assessed by another rule w’ ← u’. To solve
these situations we are going to look for adequate slope modifiers a and independent
terms b such that the function of the regression rule will now be

a ( w ·     ) + b ← u  . (11)

The procedure followed to find a and b for each regression rule is almost the same
that we have just described for adjusting the coefficients am of each w. The only
difference is that now we consider comparisons where only one of the objects is near
the condition of the rule to be improved.
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Function LEARN TO ASSESS COMPARISONS FROM EXAMPLES (LACE)
(comparisons set {ui<vi: i=1,…,n}, number of steps N) {

E = {(
ii

ii

uv
uv

−
− ,ui): i=1,…,n} ∪  {(

ii

ii

uv
uv

−
− ,vi,): i=1,…,n};

// To have comparable values in [0,1]
Normalize each component of conditions ui and vi in E pairs;
// Now, we cluster the conditions of E examples
GNG(conditions(E), steps = N); //by default N = |E|/(2*10)
Let (w1,u1), (w2,u2),…,(wm,um) be the nodes of the graph

where wi are the average values of the training
instances having node i as the nearest one

//the next loop can be safety skipped when N is high
for each node (wi, ui) in graph do {
//notice that the function wi is an arbitrary value
wi = OC1{t1-t2: (t2 < t1) && ui,t1 ≤ Xj,t1 �		� ui,t2 ≤ Xj,t2 �M�≠ i}

}
improve relative slopes and independent terms of regression rules;
return regression rules;

}

Algorithm 1. The algorithm that learns to assess from pair-wise comparison examples (LACE)

4   Experimental Results

In order to test the validity of our approach we conducted a number of experiments.
The idea is to deal with assessment problems where we know a priori the kind of
results that we would like to obtain.

To illustrate the way that our algorithm works, we start with a simple problem. Let
us consider objects describable by only one continuous attribute x with values in [0,
1], and having as true assessment function the parabola ta(x)= -x(x-1), see Figure (3,
a). To build a training set of comparisons E, we generated 3000 pairs (x1,x2) with
values in [0,1], and we added to E the pair (x1,x2) if ta(x1) > ta(x2), and we added
(x2,x1) otherwise. Our algorithm learned from E the function f drawn in Figure (3, b).
Notice that while the actual values of f(x) and ta(x) are quite different, the relative
values are almost the same. In fact, building a test set of comparisons using the same
procedure followed for E, we only found that the 0.03% of the pairs were erroneously
ordered by f.

A second package of experiments (see Table 1) was carried out with objects
describable by two continuous attributes: x and y. Once an assessment function had
been fixed, the objects were randomly generated as 2-dimensional points in the stated
rectangles; once we have generated two such objects, they are written in the
comparison set, the worse one (according to the corresponding goal assessment
function) first. We additionally generated another test set of comparisons, changing
the random seed. Both sets had 3000 pairs. The errors reported are the percentage of
test pairs that were misplaced by the assessment function learned by our algorithm.
These data sets should be easy problems for our learner, and in fact were so, as can be
seen in the scores reported in Table (1): However, we can appreciate significantly
better scores when the regions with different assessment behavior are separated.
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Fig. 3. The objects to be assessed are described by x ∈  [0, 1]. (a) The true assessment is
ta(x) = -x(x-1). (b) The function learned by our algorithm f. Only 1 of the 3000 test pairs is
erroneously ordered by f

Table 1. Experiments carried out with goal functions defined by two linear subfunctions with
separate domains. The original objects to be assessed were vectors in the rectangles [0, 999] ×
[0,999] in the first two rows, and for the other two [200,299] × [0,999], and [700,799] × [0,999].
Both training and test sets have 3000 elements. We used only 3 steps to adapt the underlying
GNG graph

Goal functions Error
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Finally, we used some publicly available regression datasets in an attempt to deal
with almost real-world data. We built training and test sets providing comparisons
between the class values of pairs of examples instead of training on their class labels
as in the conventional setting; for each example we randomly selected other 10
examples, 8 of them were placed in the training set and the other 2 went to the test set.
In order to compare the achievements of LACE, we used two well-known regression
learners: M5’ [16, 20], and Cubist [6]. We trained M5’ and Cubist with the whole
dataset, that is considering not only the description of the objects, but the numeric
class too. To test what they learned, we compared the values provided for each
component of the comparison. The scores so found are reported in Table (2).

Let us remark that the comparative reported in Table (2) is not fair for our LACE.
The reason is that regression learners have access to the true numerical classes for all
test examples, while LACE can only see pairs where there are differences, but without
knowing the amount of those differences. As was pointed out in the introduction, in
real-world cases we will not have the numeric classes and so we will not able to use
M5’ or Cubist.
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Table 2. Error scores of our learner in publicly available regression datasets in addition to the
parabola dataset described above. The CPU, Body fat were dowloaded from Cubist URL [6],
while Boston housing, and Liver disorders can be found at UCI Repositoty [1]. The number of
steps followed by GNG was the default value, i.e., the number of training comparisons divided
by 10. Notice that LACE reached only 0.03% errors when N was 3 in the parabola dataset

dataset Cubist M5’ LACE

CPU 13.16% 11.00% 11.48%

Boston Housing 8.99% 9.19% 7.01%

Body fat 17.26% 15.48% 11.10%

Liver disorders 31.59% 31.30% 14.63%

Parabola 0.86% 9.13% 3.93%

Average 14.37% 15.22% 9.63%

5   Related Work

Tesauro tackled a similar problem in [17] for finding a function able to select the most
preferable alternative in his famous backgammon player. His proposal was to enforce
a symmetric neural network architecture consisting of two separate subnetworks, one
for each object in the comparison. In addition, he enforced that both subnetworks
have the same weights (only multiplied by -1 in the output layer). However, this
restriction in the training mechanism only worked properly with perceptron networks,
at least in his application field. Other perceptron approaches are described in [18,19].

In information retrieval, user preferences were modelled by means of preference
predicates learned from a set of comparisons [3, 4, 5]. This is a quite different
approach since our aim is to obtain a function able to assess grader preferences with a
number; for our purposes it is not enough to know which object is preferable.
Additionally, once you have a preference predicate, to order a set of objects is a NP-
hard problem [5] since the transitivity of the learned predicate is not guaranteed at all.

6   Conclusions

In this paper, we have presented a new approach to obtaining sound assessment
functions of objects. Our approach allows us to make use of a kind of knowledge
capable of satisfactorily ranking a set of objects from the best to the worst, but that
fails in assessing the ‘goodness’ of a single object with an absolute number.
Assessments carried out in an absolute way are strongly affected by a batch effect in
the sense that they tend to number the quality of an object with respect to the other
objects in a batch, but not in an absolute sense, as we hope for when we assign a
number to quality. This situation is characteristic of biological objects, and especially
in the food industry, in which the rules for deciding the degree of quality of a product
are not usually well defined, but the ranking of products is quite constant and well
accepted on the part of consumers and market operators.
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From a computational point of view, we have to obtain a float function from
training sets without categorical or continuous classes. The problem has been tackled
with a growing modification of Kohonen’s SOM based on a geometrical intuition of
the transformations that should be applied to the training data. The algorithm thus
built was tested with both artificial and real-world data in order to show the abilities
of the method proposed. The results reflect a very high degree of accuracy.

The limitations of our approach, which should be overcome in a future work, have
to do with the granularity of the underlying GNG graph that clusters training data.
Additionally, we hope that an improvement in the placement of conditions (u) in
regression rules (w ← u) would provide a better performance of solutions with a
lower number of steps, see Tables 1 and 2.
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Abstract. In statistics, Box-Jenkins Time Series is a linear method widely used
to forecasting. The linearity makes the method inadequate to forecast real time
series, which could present irregular behavior. On the other hand, in artificial
intelligence FeedForward Artificial Neural Networks and Continuous Machine
Learning Systems are robust handlers of data in the sense that they are able to
reproduce nonlinear relationships. Their main disadvantage is the selection of
adequate inputs or attributes better related with the output or category. In this
paper, we present a methodology that employs Box-Jenkins Time Series as
feature selector to Feedforward Artificial Neural Networks inputs and
Continuous Machine Learning Systems attributes. We also apply this
methodology to forecast some real time series collected in a power plant. It is
shown that Feedforward Artificial Neural Networks performs better than
Continuous Machine Learning Systems, which in turn performs better than
Box-Jenkins Time Series.

Keywords. Forecasting, Box-Jenkins Time Series, Neural Networks, Con-
tinuous Machine Learning Systems

1   Introduction

Time series are widely analyzed and forecasted by means of Box-Jenkins Time Series
(BJTS). This method considers that the time series has been generated by a stochastic
process and all techniques which obtain them are conducted to identify this generator.
Then, the model is estimated and verified and finally once it has been accepted it is
applied to forecast future values of the time series. The model identifies some
characteristics of the time series, as the trend and the seasonality and gives an
expression that relates the current value of the time series data with its historical ones
that are more relevant. The main disadvantage is that these relations are linear which
often conducts to inadequate predictions when treating with real world time series.
They are also unable to explain sudden changes in the time series.

Alternatively, the use of artificial intelligence techniques, like Feedforward
Artificial Neural Networks (FANN) and Continuous Machine Learning Systems
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(CMLS), to forecast time series results promising due to its capacity to handle
amounts of data and to reproduce nonlinear relations between inputs and output in
FANN and between attributes and category in CMLS. They are also capable to predict
sudden variations. The main and difficult task is to find out which inputs or attributes
better define the output or category.

Taking advantage of the best properties of BJTS on one hand and of FANN and
CMLS on the other, we propose a methodology that combines them in the way that
BJTS are used to identify adequate inputs or attributes for FANN and for CMLS
respectively. We apply this methodology to several real physical time series collected
in a power plant.

The remainder of this paper is as follows: In section 2 BJTS, FANN and CMLS are
briefly detailed, in section 3 the combination of the latter methods are explained, the
application of the methodology and the discussion of the results is made in section 4,
and finally the conclusions and future work are exposed in section 5.

2 Box-Jenkins Time Series, Neural Networks, and Machine
      Learning Systems

In this section BJTS, FANN and some CMLS are briefly detailed.

2.1   Box-Jenkins Time Series

The most general BJTS are Seasonal Autoregressive Integrated Moving Average
(SARIMA(p*,d*,q*,P*,D*,Q*,s*)), which assume that the mean is zero. The expression of
a SARIMA time series is given by eq. (1):

ta)*sB(*Q)B(*qty*d)B1(*D)*sB1)(*sB(*P)B(*p ΘθΦφ =−− (1)

where *** ,, qPp θφ Φ  and *QΘ  are the autoregressive p*-order, the seasonal

autoregressive P*-order, the moving average q*-order and the seasonal moving
average Q*-order operators, B is the backward shift operator, yt is the original time
series and at is white noise time series.

The seasonality s* is taken by means of the periodogram as the component whose
amplitude is significantly greater. The parameters d* and D* are simultaneously varied
until the trend and the seasonality are removed. Then, a new time series called
differenced time series xt  is obtained and given by eq. (2).

t
dDs

t yBBx *** )1()1( −−= (2)

The autocorrelation and the partial autocorrelation functions (ACF and PACF) are
used to choose p* and q* (for the differenced time series) and P* and Q* (for the
differenced time series taking the values corresponding to s*-multiple indexes) [2].

The autoregressive, seasonal autoregressive, moving average and seasonal moving
average operators are given by eqs. (3)-(6):
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tptpptpttp wxbxbxxB =+++= −− ,1,1* ...)(φ (3)

tsPtPPstPtt
s

P zwbwbwwB =+++=Φ ⋅−− ,,1
*

* ...)( (4)
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qtqqtqttq rbrbrrB −− +++= ,1,1* ...)(θ (6)

The coefficients bi,j are estimated based on the methodology shown in [3] and [13].
The ACF and PACF of the residual time series are used to validate the model to

check that the residual time series can be regarded as a white noise time series [19].

2.2   Neural Networks

The most common neural networks are FANN, which have the neurons structured in
layers. The neurons of a layer can only be connected to neurons of the following layer
but not to neurons of the same layer. The incorporation of hidden layers and a transfer
function furnishes these neural networks with enough flexibility to solve difficult
problems, thus reproducing the nonlinear dependence of the variables.

The logistic function was taken as node function, because it is bounded,
monotonous increasing and differentiable and these properties assure the convergence
of the weight estimation method [8]. One hidden layer was also chosen since the data
partially defines a continuous function and one hidden layer is sufficient to
approximate this kind of function [6]. The number of neurons in the hidden layer was

obtained by iteratively constructing a sequence of FANNs mddd SSS ++ ⊂⊂⊂ ...1 ,

where d  is the number of inputs and m is the maximum number of neurons in the
hidden layer, which was fixed at 10 and Si is the set of FANNs with a hidden layer and
i neurons in this layer. The mean squared error adding and without adding an
additional term, which improves the forecasting error, was taken as the error function.
The addition of this term is called regularization [15]. The mean of the squared
weights was chosen as the additional term. The expression of the resulting error
function is given by eq. (7).
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where wj are the weights to be estimated, Nde is the number of data used to obtain the
model, dj is the desired neural network output, oj is the current neural network output
and Npe is the number of weights

The method chosen for the weight estimation was the conjugate gradient method
[4], [10], [16] and [11] with the Fletcher-Reeves update [9] combined with
Charalambous’ search [5] for one-dimensional minimization. In the conjugate
gradient algorithms a search is performed along conjugate directions, which produces
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faster convergence than the basic steepest descent algorithm. These methods require
only a little more storage than the simpler algorithms, so they are often a good choice
for networks with a large number of weights. An iteration of the method is shown in
eq. (8) and eq. (9):

kkk1k pww +=+ (8)

1-kkkk p-gp += (9)

where kw  is the vector ( )
peN1 w,...,w  in the kth -iteration, kp  is the conjugate

gradient direction in the kth-iteration, kg  is the gradient direction in the kth -iteration

and k  is the optimal size step after linear minimization in the kth-iteration.

The various versions of conjugate gradient are distinguished by manner in which
the constant k  is computed. For the Fletcher-Reeves update, the procedure is given

by equation (10):

1-k1-k

kk
k

gg

gg
T

T

= (10)

This is the ratio of the squared of the norm of the current gradient to the squared of
the norm of the previous gradient. The storage requirements of this update are lower
than others.

The validation model is carried out by taking some data that are not used to obtain
the model and checking that the error committed in the forecasting is lower than a
given value.

2.3   Continuous Machine Learning Systems

CMLS take a set of examples and learn a set of regression rules or regression trees
from them. The examples are described as a sequence of pairs attribute-value and a
category.

These techniques are widely applied to different areas with excellent results; an
example can be found in [12]. The versatility, robustness and accuracy of these
systems make them adequate to be applied to forecasting.

One of the most important problems of applying this kind of systems is to select a
set of informative attributes [1]. Although it is supposed that they are able to deal with
irrelevant attributes if its number is high, it is recommended to carry out an attribute
selection.

The CMLS employed in this paper are m5’ [20], Cubist [17] and RT [18]. m5’ is “a
rational reconstruction of m5”, which produces regression trees. Cubist is a
commercial system that produces regression rules. RT is a learning system that can
handle multiple regression problems based on samples of data and the resulting
models have the form of a regression tree.
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3 Combination of Box-Jenkins Time Series, Feedforward
      Artificial Neural Networks, and Continuous Machine Learning
      Systems

In this section it is explained the methodology that combines BJTS, FANN and CMLS.
As it was previously exposed the most general BJTS is SARIMA, whose parameters

are p*,d*,q*,P*,D*,Q*,s*. These parameters are employed to identify the inputs or
attributes of FANN and CMLS. Firstly, the meaning of these parameters is briefly
detailed:
•  The parameter p* is the number of relevant delays of the time series respect to the

current instant.
•  The parameter d* is the order of differentiation which allows to remove the trend of

the time series.
•  The parameter q* is the number of relevant delays of the white noise time series

respect to the current instant (this time series appear in the model of BJTS)
•  The parameter s* is the seasonality.
•  The parameter P* is the number of relevant delays with s*-multiple indexes of the

time series respect to current instant.
•  The parameter D* is the order of differentiation which allows to remove the

seasonality of the time series.
•  The parameter Q* is the number of relevant delays with s*-multiple indexes of the

white noise time series respect to the current instant (this time series appear in the
model of BJTS)
In most time series P* and Q* are rarely positive [3]. Besides, the parameters

associated to the white noise are not taken into account due to the fact that FANN and
CMLS already deal with noise. On the other hand, in Neural Networks and Machine
Learning it is accepted the fact that it is desirable that the distribution of the train and
the test data be the same. This occurs only when the time series does not have trend,
although it has seasonality. This is the reason why D* is not necessary to be
considered. Then, our methodology only takes into account p*, d* and s*.

Firstly, it is necessary to remove the trend, so the time series is differentiated
according to eq. (11).

t
*d

t y)B1(x −= (11)

Then, p* delays respect to the current instant and p* delays respect to the
seasonality s* are considered as inputs or attributes of the FANN and CMLS as
expressed in eq. (12).

(t-cp*, t- cp*-1,,...,c1, t-cs*+p*-1, t- c s*+p*-2,,...,c s*,) (12)

Algorithmically, the procedure is as follows:

{ForecastedTimeSerieFANN, ForecastedTimeSerieMLS}
FORECAST (TimeSeries TS){
  //Obtain BJTS parameters
  {p*, d* and s*} = BJTSParameters(TimeSeries TS);
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  //Differentiate the time series according d*
  DifferentiatedTS=Differenciate(TS, d*);

  //Obtain p* delays respect to the current instant and
  //respect to the seasonality and the current instant
  DataInputsOutputs=Delays(DifferenciatedTS,p*, s*);

  //Apply FANN of CMLS to the differentiated time series
  //to obtain the forecasted time series
  return {FANN(DifferentiatedTS),CMLS(DifferentiatedTS)};

} //end of FORECAST

4   Application and Results

Pressures, temperatures and mass flow rates simultaneously registered every 10
minutes from a seawater refrigerated power plant condenser subject to tide effects
between 8-6-98 and 14-6-98 (1008 data) are used to compare the performance of
BJTS, FANN and CMLS. The last two days (288 data) were removed for the test.

The implementation was carried out using the Matlab 5.3 NAG Foundation
Toolbox [14] and Neural Network Toolbox [7] and Cubist [17], M5’ [20] and RT [18].

Table 1 shows the BJTS and the inputs or attributes of FANN and CMLS.
In the BJTS, the seasonality obtained from the periodogram was a day (s* =144).

The seasonality is removed by differencing the original time series (D*=1). However,
it was not necessary to remove the trend (d*=0). The moving averaged components
are zero (q*=0 and Q*=0). Only nonseasonal, autoregressive components were
identified (p*>0 and P*=0).

The Medium Average Deviation (MAD) is a common measure of the performance,
but it is adequate to use the Relative Medium Average Deviation (RMAD) which is
the MAD divided by the MAD of the system that always predicts the average function
(Av. MAD). This measure removes the effect of the dimension of the variables. In
Table 2 it is shown the MAD of the system that always predicts the average function
for each time series.

In Table 3 it is shown the RMAD forecasting errors for BJTS, FANN without and
with term regularization and some CMLS when the real values of the delays are used
to forecast the next value of the time series (TO 1). It is also shown the best (BEST)
RMAD for each time series.

In Table 4 it is shown the RMAD forecasting errors for BJTS, FANN without and
with term regularization and some CMLS when the forecasted values of the delays are
used to forecast the next value of the time series (TO N). It is also shown the best
(BEST) RMAD for each time series.
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Table 1. BJTS and the inputs or attributes of FANN and CMLS. The value c
i
  in (c

1
, c

2
,..., c

m
)  is

the number of delays with respect to the current instant t

Time Serie
(p*,d*,q*,P*,D*,Q*,s*)

FANN and CMLS
(c1, c2,..., cm)

cM& (1,0,0,0,1,0,144) (1,144)

Td1 (1,0,0,0,1,0,144) (1,144)

ptes1 (1,0,0,0,1,0,144) (1,144)

pstlp (2,0,0,0,1,0,144) (1,2,144,145)

Tstlp (1,0,0,0,1,0,144) (1,144)

pcp (1,0,0,0,1,0,144) (1,144)

Thot (1,0,0,0,1,0,144) (1,144)

∆p (1,0,0,0,1,0,144) (1,144)

Lch (2,0,0,0,1,0,144) (1,2,144,145)

Tw,i (2,0,0,0,0,0,0) (1,2)

Tw,o (1,0,0,0,1,0,144) (1,144)

Table 2. MAD of the system that always predicts the average function

Mc Td1 ptes1 pstlp Tstlp pcp Thot ∆p Lch Tw,i Tw,o

MAD 47.22 3.20 0.03 0.40 2.30 6.97 2.39 61.82 0.79 0.25 1.91

Table 3. RMAD for BJTS, FANN whitout and with term regularization, some CMLS (Cubist,
M5’ and RT) and the best RMAD when TO 1

FANN MLS
BJTS

-Reg +Reg Cubist M5’ RT
BETTER

Mc 13.18% 10.89% 14.72% 10.99% 10.67% 16.79% 10.67%
Td1 10.52% 9.31% 12.03% 9.39% 9.55% 15.31% 9.31%

ptes1 11.39% 8.71% 9.38% 7.68% 7.86% 12.61% 7.68%

pstlp 9.70% 7.03% 14.01% 7.17% 7.11% 15.13% 7.03%

Tstlp 51.89% 31.21% 30.65% 29.92% 31.167% 35.60% 29.92%

pcp 13.65% 12.35% 14.26% 12.41% 12.32% 18.59% 12.32%

Thot 12.29% 11.30% 12.06% 11.13% 11.14% 16.97% 11.13%

∆p 22.43% 17.41% 19.04% 17.61% 17.84% 22.96% 17.41%
Lch 20.87% 16.78% 22.05% 15.80% 16.66% 20.46% 15.80%

Tw,i 12.31% 12.31% 13.49% 16.57% 16.62% 23.99% 12.31%

Tw,o 14.02% 12.45% 15.08% 12.84% 12.73% 18.28% 12.45%

Av. 17.48% 13.61% 16.07% 13.77% 13.97% 19.70% 13.27%
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Table 4. RMAD for BJTS, FANN  whitout and with term regularization, some CMLS (Cubist,
M5’ and RT) and the best RMAD when TO N

FANN MLS
BJTS

-Reg +Reg Cubist M5’ RT
BETTER

Mc 60.13% 90.58% 53.16% 86.07% 119.74% 117.30% 53.16%

Td1 58.99% 97.97% 53.90% 133.03% 121.88% 150.34% 53.90%

ptes1 62.66% 89.13% 64.67% 129.63% 116.96% 121.63% 62.66%

pstlp 70.19% 57.50% 68.89% 111.89% 66.96% 122.42% 57.50%

Tstlp 111.74% 97.84% 96.30% 99.95% 123.15% 235.94% 96.30%

pcp 56.75% 79.77% 54.11% 117.16% 94.21% 126.79% 54.11%

Thot 56.36% 93.05% 53.85% 124.96% 119.29% 129.08% 53.85%
∆p 88.55% 90.14% 87.24% 99.33% 94.77% 114.56% 87.24%

Lch 84.00% 73.58% 79.92% 97.73% 90.86% 152.25% 73.58%

Tw,i 86.62% 48.63% 47.90% 138.96% 98.75% 106.38% 47.90%

Tw,o 63.82% 94.77% 57.86% 92.60% 99.04% 137.10% 57.86%
Av. 72.71% 83.00% 65.25% 111.94% 104.15% 137.62% 63.46%

Looking at results in Table 3 it is noticed that FANN without regularization term
outperforms BJTS for all time series. However, FANN with regularization and BJTS
are similar. Cubist and M5’ do the same except for Tw,i, although the difference is
insignificant. Cubist and M5’ are also better than FANN with regularization. The
performance of FANN without regularization, Cubist and M5’ are similar. However,
the results of RT are worse even than BJTS.

Looking at results in Table 4 it is noticed that FANN with regularization term
outperforms BJTS and CMLS for all time series. However, CMLS do not have learned
well given that most of the RMAD are above the 100%, that is the MAD is worse than
the MAD of the function that predicts the average. FANN without regularization are
worse than BJTS and FANN with regularization.

5   Conclusions

This paper describes the employment of the widely used forecasting technique BJTS
to identify the inputs of FANN or the attributes of CMLS. This methodology is then
applied to some time series collected in a seawater refrigerated power plant condenser
subject to tide effects.

The use of BJTS as a feature selector to FANN and CMLS results promising since
these latter techniques reaches significantly more accurate than BJTS. Cubist (a
CMLS) performs the best although M5’ (another CMLS) and FANN also give good
results.

FANN without regularization, Cubist and M5’ outperform BJTS when the real
values of the delays are used to forecast the next value of the time series. However,
FANN with regularization is the only system that outperforms BJTS when the
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forecasted values of the delays are used to forecast the next value of the time series. In
this latter case CMLS does not learn correctly.

As future work we are interested in exploiting the power of FANN and CMLS to
deal with different variables at the same time, that is, to incorporate other variables as
inputs or attributes, fact that is computational unacceptable for BJTS.
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Abstract. In this work we have made use of a new type of network with non
linear synapses, Gaussian Synapse Networks, for the segmentation of
hyperspectral images. These structures were trained using the GSBP algorithm
and present two main advantages with respect to other, more traditional,
approaches. On one hand, through the intrinsic filtering ability of the synapses,
they permit concentrating on what is relevant in the spectra and automatically
discard what is not. On the other, the networks are structurally adapted to the
problem as superfluous synapses and/or nodes are implicitly eliminated by the
training procedure.

1   Introduction

Remote land observation has been going on for decades. Until recently, most of these
observations were carried out through multispectral imagery. Due to limited number
of bands of these images, that is, their low spectral resolution, similar land covers
could not be differentiated, thus reducing their applicability. To overcome these
limitations, imaging spectrometry was developed to acquire images with high spectral
resolution. This type of spectrometry is usually called hyperspectral imaging.
Hyperspectral images can be defined as those that cover the 400-2500 nm (near
infrared to visible) wavelength band with a number of samples between 50 and 250.
This corresponds to a sampling of wavelengths in the order of 0.01 micrometers,
which is adequate to describe the spectral variability of most surfaces in this
wavelength range. This type of technology is relatively new, but we can find a
number of commercially available hyperspectral sensors. Staenz [1] lists 14 current
instruments with more than 100 spectral bands in this wavelength range. These
sensors are mounted on specially prepared airplanes and, depending of the conditions
of flight, a hyperspectral pixel can correspond to an area between 15 and 300 square
meters, approximately.

The main advantage of hyperspectral imaging with respect to classical
remote sensing is the large amount of information it provides. Unfortunately, like in
all remote sensing techniques, it still presents the problem of removing the effects
induced by whatever is present between the target and the sensor, that is, the
atmosphere.

The influence of the atmosphere may be divided into two groups of effects:
Those that are spatially and temporally constant and those that are not. In the first
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category we can include the absorption and scattering by CO2, N2, CH4 and O2 (well
mixed in the atmosphere), and in the second, those elements that could vary in certain
circumstances (like water vapor, ozone and aerosols –dust, water droplets and haze-).
To eliminate such influences, it is necessary to make a transformation of the measured
radiances into reflectances [2]. There are two possible ways to obtain such a
transformation: by radiative transfer models or using ground truth. The use of
radiative transfer models is not satisfactory in most cases as the necessary information
on atmospheric conditions is seldom available, consequently the reflectance accuracy
is limited by the simulation of the atmosphere which turns out to be a hard and
resource consuming task due to the combined effects enumerated earlier. As an
example of this problem, Goetz [3] assumes that surface reflectance varies linearly
with wavelength in the spectral range from approximately 1.0 micrometers to 1.3
micrometers. They develop an estimate of surface reflectance and atmospheric water
vapor using reflectance data at high spectral resolution (of the order of 10 nm). If we
look into their discussion on the physics underlying this problem and the motivation
for addressing it, we can see how complex it becomes. Therefore the procedure used
(regression by linear least squares) was very time consuming. Gao and Goetz [3] state
that retrievals of water vapor for 20,000 spectra from the Advanced Visible Infrared
Imaging Spectrometer (AVIRIS) [4] require 200 minutes of processing on their
computers.

The ground truth approach measures the reflectance at selected ground
control points at the time of the remotely sensed image. Alternatively it can provide in
situ classifications of some targets instead of measuring their reflectances [5]. This
last approach has been used in this study.

From the data processing viewpoint and although theoretically the use of
hyperspectral images should increase our abilities to identify various materials, the
classification methods used for multispectral images are not adequate and the results
are not as good as desired. This is because most methods used are statistically based
on decision rules determined by training samples. As the number of dimensions in the
feature space increases, the number of training samples needed for image
classification also increases. If the number of training samples is insufficient as is
usually the case in hyperspectral imaging, statistical parameter estimation becomes
inaccurate.

Different authors have proposed methods to improve the classification
results. One line of research is based on statistical theory to extract important features
from the original hyperspectral data prior to the classification. In this case, the
objective is to remove the redundant information without sacrificing significant
information. A group of these methods are compared using classification performance
in [6]. They are principal component analysis [7], discriminant analysis feature
extraction [8], and decision boundary feature extraction [9]. The basic idea is not new,
if we concentrate only on what is relevant, the classification is a lot easier. This is the
approach we have followed in this paper, but instead of designing a statistical method
to do it, we propose an Artificial Neural Network architecture and training algorithm
that implement a procedure to concentrate on what is relevant and ignore what is not
in an automatic manner straight from the training set. In addition, this structure has
proven to be very effective in discriminating different categories within hyperspectral
images without any atmospheric correction. The only preprocessing the image
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underwent was to remove the offset through a subtraction of the average pixel value.
In the following sections, we will describe the network, provide a brief overview of
its training procedure and we will test its classification abilities using one of the
benchmark hyperspectral processing images, the Indian Pines image obtained by
AVIRIS. This spectrometer is flown on a high altitude aircraft and it acquires image
data in 224 spectral bands over the spectral range 0.4 to 2.5 micrometers, at
approximately 0.01 micrometers resolution, for each of 614 samples (pixels) per
image line.

2   Structure of the Network and GSBP

The architecture employed in this type of networks is very similar to the classical
Multiple Layer Perceptron. In fact, the activation functions of the nodes are simple
sigmoids. The only difference is that each synaptic connection implements a gaussian
function determined by three parameters: its center, its amplitude and its variance:

(1)

To train this structure we have developed an extension of the backpropagation
algorithm, called Gaussian Synapse Backpropagation (GSBP) [10]. In what follows
we will provide a brief overview of it.

First, as in any other backpropagation algorithm, we must determine what the
outputs of the different layers are. We must also define the error with respect to the
target values we desire and backpropagate it to the parameters determining the
synaptic connections, in this case the three parameters that correspond to the gaussian
function. In order to do this, we must obtain the gradients of the error with respect to
each one of the parameters for each synapse. Consequently, if we define the error as
the classical sum of the squares of the differences between what we desire and what
we obtain:

(2)

And as the outputs of the neurons in the output and hidden layers are:

(3)

(4)

If we now calculate the gradients of the error with respect to each one of the
parameters of the gaussians in each layer we obtain the following equations that will
be used for the modification of the gaussian corresponding to each synapses every
iteration. In the ouput layer the gradient of the error with respect to Ajk is:
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In the case of  Bjk, and Cjk we obtain:

(6)

(7)

For the hidden layer we have:

(8)

and the variation of the error with respect to Aij, Bij and Cij is:

(9)

(10)

(11)

3   Segmentation System

The segmentation system we have constructed is presented in figure 1. It consists of a
set of Gaussian synapse based networks working in parallel over the spectral
dimension of each pixel of the image. These detectors produce a detection probability
surface associated with the category they have been trained for. Obviously, a pixel
may be assigned a detection probability by two or more detectors. This may be due to
several causes: non discriminant training sets, very similar spectra, mixtures of
categories within the same pixel (take into account that depending on the altitude of
the flight and the spatial resolution of the instrument a pixel may represent very large
areas areas), noise, etc. Thus, after going through the detectors, each pixel is
characterized by a detection probability vector and the way this detection vector is
used will depend on the application. Consequently, to decide on the final label
assigned to the pixel, all the detectors send their information to a final decision
module. The final decision will be made depending on the desires of the user. For
instance, the decision module may be trained to choose the most likely category for
the pixel or to assign combinations of detections to new categories so that the final
image indicates where there is doubt or even prioritize some types of detections when
searching for particular objectives such as minerals.
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Fig. 1. Structure of the detector based segmentation system. The spectral cube is scanned in the
x-y dimension and each spectrum is processed by the different detectors in parallel. The
decision module constructs the final detection image.

4   Experimental Results

The spectra used for this work correspond to the Indian Pines 1992 image obtained by
the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) developed by NASA
JPL which has 224 contiguous spectral channels covering a spectral region form 0.4
to 2.5 �m in 10 nm steps. It is a 145 by 145 pixel image with 220 spectral bands that
contains a distribution of two-thirds of agricultural land and one-third of forest and
other elements (two highways, a rail line and some houses and smaller roads). The
ground truth available for this image [11] designates 16 not mutually exclusive
classes. This scene has been studied by Tadjudin and Landgrebe [8][12], and also by
Gualtieri et al. [13].

Instead of the atmospheric correction model used by these authors, we have
started with a very simple preprocessing stage consisting in subtracting the average of
the pixels in the whole image in order to eliminate offsets. The final spectra for each
pixel are quite complex and misleading. As shown in figure 2 spectra corresponding
to the same category may be much different than spectra from different categories.
Consequently, the use of systems that incorporate the ability to obtain non linear
divisions of the input space is needed. This is the context in which the Gaussian
synapse networks have been used.

We have built seven networks for detecting categories in the Indian Pines image.
The detectors were trained for: Soybean, Corn, Grass-Pasture, Grass-Trees, Hay-
windrowed, Wheat and Woods. We group the different types of soybean and corn that
were present in original image because the only difference between the types is the
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Fig. 2. In the left, two similar spectra corresponding to different categories. Right, two different
spectra corresponding to the same category vs. a spectrum from a different category.

amount of weeds. We don’t use more categories because there were insufficient
number of pixels to train a network.

The training set used for all the detectors contained different numbers of pixels
corresponding to the different categories (Soybean, 220; Corn, 350; GP, 220; GT,
292; HW, 320; Wheat , 130; Woods, 450). These training points were extracted from
certain regions of the image, but the tests were carried out over the whole image in
order to prove the generalization capabilities of the networks. In fact only less than
1% of the points of the image were used as training pixels.

The networks initially consist of 220 inputs, corresponding to the different
spectral bands of AVIRIS. Due to the non-physical character of the pre-processing
stage, unlike many other authors that manually reduce the number of spectral bands to
facilitate the detector’s work, we have decided to use the whole spectrum and let the
network decide what is relevant. There are two hidden layers, with 18 nodes each, and
one output layer corresponding to the presence or absence of the category. The
training process consisted of 50 epochs in every case, with the same values for the
training coefficients: 0.5 for amplitude training, 2 for variance training, and 0.5 for
center training.

In figure 3 and for the purpose of providing an idea of the operation of the
individual networks, we present the outputs of three of the detectors after scanning the
hyperspectral image. The detectors correspond to the categories of grass pasture,
soybean and wheat. There are pixels that are detected to different degrees by more
than one of the detectors and in figure 4 we present the results after going through the
final decision module. In this case, the figure corresponds to a maximum likelihood
decision, which does not take into account any neighbourhood information. We also
provide the ground-truth image in the NASA-JPL set for Indian Pines.

Several considerations may be made about these results. First of all, we must
indicate that the ground truth provided had enormous areas without any labels. In the
original ground truth image this areas were called background. The labelling provided
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Fig. 3. Information provided by three of the detectors over the whole image. Top left: Grass
pasture. Top Right: Soybean. Bottom left: Wheat. Bottom right: Ground truth.

by our system for these areas was very good and consistent with the indications found
by other authors [8][13]. In addition, the ground truth is not detailed in the sense that
there are elements within the labelled zones that were not indicated, such as roads,
pathways, trees within other types of areas, etc. The system consistently detects these
features. The network performs a very good classification of the whole image
including all of the image regions that were no used in training at all. The only
problem in the classification is the double label obtained in corn and soybean regions,
where both detectors indicate the presence of their species. This is because the image
was taken when the plants were only three or four weeks old and only occupied 5% of
the areas labelled as soybean and corn. Corn and Soybean plants at this age are very
similar from a spectroscopic point of view. Grass and wheat also present a similar
problem and a double label is also obtained in some regions.
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Fig. 4. From right to left. Color code of the categories, ground truth obtained in the literature
for this categories and result of our networks with a final  maximum likelihood decision module
in segmenting the image

5   Conclusions

In this paper we have considered the application of Artificial Neural Networks with
High-Order Gaussian Synapses and a new algorithm for training them, Gaussian
Synapses Backpropagation (GSBP), to the segmentation of hyperspectral images. The
structure of the segmentation system implies the use of Gaussian Synapse based
networks as detectors act in parallel over the hyperspectral images providing each
providing a probability of the presence of its category in each pixel. The inclusion of
gaussian functions in the synapses of the networks allows them to select the
appropriate information and filter out all that is irrelevant. The networks that result for
each detector are much smaller than if other network paradigms were used and require
a very small training set due to their great generalization capabilities. The final
segmentation is made by a decision module that is trained depending on the type of
segmentation desired. In the case of hyperspectral images and using a maximum
likelihood decision module, the segmentation performed is quite good taking into
account that no atmospheric modeling has been performed and, consequently, we are
basically segmenting the image straight from the sensor. This makes the procedure
very adequate for reducing the amount of processing required for this type of sensing
strategies.
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Abstract. This paper shows that the multivalued recurrent neural
model (MREM) can be used as an autoassociative memory (multival-
ued counterpart of Hopfield network). The architecture of the proposed
family of networks is inspired from bipolar Hopfield’s neural network
(BH).
We have modified the function of energy of the bipolar Hopfield model by
a new function of the outputs of neurons that we are naming function of
similarity as it measures the similarity between the outputs of neurons.
When binary neurons are considered and the function product is used as
a function of similarity, then the proposed model is identical to that of
Hopfield.
We have studied a method to load a set of patterns into the network.
That method corresponds to the Hopfield’s one when bipolar neurons
are been considered.
Finally we show that an augmented network avoids the storage of un-
desirable patterns into the network, as the well-known effect of loading
the opposite pattern into the Hopfield’s network. For this new storage
technics an expression that allows to set bounds to the capacity of the
network is obtained.

1 Introduction

Neural networks can be classified into two types according to output signals.
One has a continuous value for output signals and other has a binary value. In
1982 J.J. Hopfield introduced a powerful two-state neural network model [2] for
content addressable memory. In 1984, he introduced the analog version of his
model [3] that has been widely used in order to solve combinatorial optimization
problems.

While the continuous Hopfield net model is a powerful generalization of the
binary model, the size of the state space increases drastically and the energy
function is hence likely to have more local minima than in the discrete model.

However there exists other powerful generalization of the binary model to
discrete neurons, that is, the node outputs belong to a discrete set of values.
Basically there are four different multivalued type Hopfield neuron models.

– Q-Ising neuron: The state of a Q-Ising neuron is represented by a scalar
(see [13]). The interaction energy between two neurons is expressed as a
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function of the product of these scalars. In this model the states are ordered
from a minimum to a maximum.

– Phasor neuron: The states of a phasor or clock neuron is expressed by a
complex vector on the unit circle (see [11] and [4]). The interaction between
two neurons is written as a function of the real part of the product of these
vectors.

– Potts neuron: The different states are expressed by an n-dimensional vector
(see [5] and [14]). The interaction energy between two neurons is a function
of the scalar product between the vectors that represent their states.

– Discrete neuron: The state of that neuron is an integer from {1, 2, . . . , N}
(see [1] and [12]). The interaction between neurons is expressed by the sign
function.

Multivalued type Hopfield neural networks are been used in [4], [7], [15] and
[1] as content addressable memory, but they lead to a very complex represen-
tation and the obtained results are similar to standard models that uses more
simple neurons. In [1], Erdem and Ozturk introduce the MAREN model that
is also used to solve combinatorial optimization problems. In [12] Ozturk and
Abut propose the SOAR model as an extension to MAREN and uses it to image
classification.

In this paper, we present the MREM neural network model inspired in BH
network. The neurons are multivalued and their output can be any element of
a finite set M = {m1,m2, . . . ,mN} that can be a numerical or qualitative one,
so any order is demanded for the M set. The interaction between neurons is
expressed by the similarity function that produces any numerical value. It leads
to a better representation of interaction energy between neurons that SOAR and
MAREN models since in those models most of the information enclosed in the
multivalued representation is missed by the sign function that produces only
values in {−1, 0, 1}.

It must be pointed out that the MREM model has a big flexibility and allows
a good representation for most of combinatorial problems without fine-tuning of
parameters, as most others models do [8],[9],[10]. The flexibility of this model
can be observed since the four types of neurons before expressed and standard
binary {0, 1} and bipolar {−1, 1} Hopfield models are particular instances of
MREM.

In this paper it is shown the MREM model as a content addressable memory
and applied to load and retrieve some patterns into/from the network by the
Hebb’s rule. Other applications can be seen in [8],[9],[10].

In section 2, the discrete version of MREM model is presented and some of
its properties are derived. In section 3, the properties of the model as a content
addressable memory is shown. Section 4 studies the capacity of the network.
Finally we present our conclusions in section 5.

2 The Finite MREM Model of Neural Network

Let H be a recurrent neural network formed by P nodes (neurons) where the
state of each neuron is defined by its output Vi, i ∈ I, I = {1, 2, . . . , P}
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and it takes values in any finite set M. This set can be a numerical set
(for example: M = {1, 2, . . . , N}), or a non numerical one (for example:
M = {red, green, blue}).

The state of the network, at time k, is given by a P -dimensional vector,
V (t) = (V1(t), V2(t), . . . , VP (t)) ∈ MP.

The network is fully connected and wij is the weight of the connection from
jth to the ith node. The behavior of the network can be characterized by its
energy function that is given by the following expression

E = −1
2

P∑
i=1

P∑
j=1

wijf(Vi, Vj) +
P∑

i=1

θi(Vi)

where i, j ∈ I and f ,θi are functions: f : M × M → R and θi : M → R.
The function f(Vi, Vj) can be consider as a measure of similarity between the

outputs of the ith and jth neurons. The most simple similarity function is

f(x, y) = δ(x, y) =
{
1 x = y
0 x �= y

∀x, y ∈ M

that is, the function only takes the value 1 if the two neurons have the same
state. Others similarity functions are f(x, y) = −Ad(x, y) +B, where A,B ∈ R,
A > 0 and d(x, y) is any function distance.

If we consider f(Vi, Vj) = ViVj , θi(Vi) = θiVi and M = {−1, 1} then
the BH model is obtained (when M = {0, 1} we obtain the binary one).
It can be easily seen due to the energy function in the Hopfield network is
E = − 1

2

∑P
i=1

∑P
j=1 wijViVj +

∑P
i=1 θiVi, where θi are real constants (thresh-

olds).
The others models can be easily obtained:

– The MAREN or discrete model is obtained when M = {1, 2, . . . , N} and
f(Vi, Vj) = sgn(Vi − Vj), where sgn(x) is −1, 0, 1 if x < 0, x = 0 or x > 0
respectively.

– In the Phasor model M is the set of complex roots the equation zn − 1 = 0,
and f(Vi, Vj) = Re(ViVj), where Re(z) is the real component of z.

– Q-Ising model of neurons uses a finite subset of real numbers as M and the
product function as f(Vi, Vj).

– Potts neuron model has some vertices of [0, 1]N (or [−1, 1]N ) as M and uses
the scalar product of vectors as f , that is, f(Vi,Vj) = 〈Vi,Vj〉.
Since thresholds will not be used for content addressable memory, henceforth

we will consider θi be the zero function for all i ∈ I.
The similarity function has not any restriction, but in most applications it

usually verifies three properties that in advance we referred to them as similarity
conditions. These conditions are
1) ∀x ∈ M, f(x, x) = c, where c is a real number.
2) f(x, y) is symmetric: ∀x, y ∈ M, f(x, y) = f(y, x)
3) ∀x �= y f(x, y) ≤ c
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If M is a discrete set, the similarity function is defined by an N ×N matrix,
F , where Fij ∈ R measures the similarity between the elements mi and mj , for
mi,mj ∈ M.

In this way, the network H can be represented by a threesome H = (M,W,F )
and the energy function:

E = −1
2

P∑
i=1

P∑
j=1

wijFVi,Vj (1)

When f(x, y) verifies the similarity conditions then F is a symmetric matrix,
Fii = c and Fij ≤ c (i �= j).

2.1 Dynamic of MREM Network

We have considered discrete time and asynchronous dynamic, where only a neu-
ron is updated at time t. The next state of the interrogated neuron will be the
one that makes the lowest value of the energy function.

Let us consider some total order in M, (since it is a finite set we can select any
from the N ! possible ones), and suppose that a is the index of the interrogated
neuron at time t, then at time t+1, the state of neuron i for i �= a, is equal to
the previous one (Vi(t+1) = Vi(t),∀i �= a). In order to determine the next state
of neuron a, we define the potential increment.

Definition 1. We define the potential increment of a-th neuron, at time t, when
it takes the state l:

Ua,l(t) =
1

2

i=P∑
i=1

[
waiFl,Vi(t) + wiaFVi(t),l

] − 1

2
waaFll (2)

So, the potencial increment of neuron a is a vector Ua with N components.
Expression (2) is formed by terms in (1) that are affected by changes of a-th

neuron, with different sign.
We use the following updating rule:

Va(t+ 1) = l ⇔ Ua,l(t) ≥ Ua,i(t), ∀i ∈ M (3)

when there exist several components with the maximum value, we select the
minimum among them by the total order supposed on M. So we shall avoid
cycles among states of equal energy.

When similarity conditions are verified by f(x, y) then expression (2) is re-
duced to: Ua,l(t) = 1

2

∑i=P
i=1 (wai + wia)FVi(t),l − c

2waa

Moreover, since the term − c
2waa is a constant for all possible states of neuron

a, it is not necessary to consider this term, when we are looking for the maximum
in (3). So, the updating rule is given by:

Va(t+ 1) = l ⇔ U∗
a,l(t) ≥ U∗

a,i(t), ∀i ∈ M (4)
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where U∗
a,l(t) =

1

2

i=P∑
i=1

(wai+wia)FVi(t),l and it can be called reduced potential

increment of neuron a when it takes value l.
It has been proved that the MREM model with this dynamics always con-

verges to a minimal state [8].

3 The MREM as a Recurrent Model

Suppose X = (xk)k∈K be a set of patterns that we want to be loaded into the
neural network, that is, they must correspond to minimal energy states. Suppose
that, at first, all the states of the network have the same energy W = 0, then in
order to load a pattern X, we must modify the components of the W matrix to
obtain that X be the state of the network with minimal energy.

So we calculate ∂E
∂wij

= − 1
2f(xi, xj) and we modify the components of matrix

W to reduce the energy of state X by ∆wij = −α ∂E
∂wij

= α
2 f(xi, xj), (α > 0),

so for α = 2, it results ∆wij = f(xi, xj). Summarizing overall the patterns, we
obtain:

Wij =
∑
k∈K

f(xki, xkj) (5)

that is a generalization of the Hebb’s postulate of learning because the weight
wij between neurons is increased in correspondence with their similarity. It must
be pointed out that usually the Hebb’s learning rule is used with the product
function between the neuron outputs.

When bipolar neurons are used and f(x, y) = xy, it will be obtained the
well-known rule of learning of patterns in the Hopfield’s network, but now the
outputs of neurons in equation 3 have been extended to any discrete set M.

To recover a loaded pattern, the network is initialized with the known part
of that pattern. The network dynamic will converges to a minimal state that is
the answer of the network. Usually this stable state is next to the initial one.

Lemma 1. Given a network H, if we modify the weight matrix W by ∆W then
a state V of the network will modify its energy function by

∆E =
−1
2

i=P∑
i=1

j=P∑
j=1

∆wijf(Vi, Vj)

It can be easily proved by subtracting E′ − E, where E′ is the energy with the
matrix W ′ = W +∆W .

Definition 2. Given a state V of the network and a similarity function f , we
define its associated matrix GV as the P × P matrix with Gij = f(Vi, Vj).
Moreover we define its associated vector GV , as the vector with P 2 compo-
nents obtained by expanding the matrix GV as a vector (Gij = Gj+P (i−1)).
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Lemma 2. When in a multivalued network H with weight matrix W , a pattern
Xk have been loaded by equation 3, then:

∆EV = −1
2
〈GXk ,GV 〉 = −1

2
||GXk ||||GV ||cos(α)

where 〈.〉 represents the Euclidean scalar product and α is the angle between the
associated vectors of pattern Xk and the state V .

Proposition 2 can be easily proved from Proposition 1.
When the image space of the similarity functions is {−1, 1}, then for all

state S and pattern Xk, result ||GXk || = ||GS || = P . So it will be obtained by
proposition 2 that ∆ES = −P 2

2 cos(α).
This expression points out that the states with associated vector more similar

to GXk will decrease more its energy. But, can different states have the same
associated state?, the answer is affirmative and it produces the well-known effect
of loading the opposite state (−Xk) by the BH network.

Proposition 2 justifies that others Hopfield’s model (continuous and binary)
are not used for content addressable memory since associated patterns to states
have different modulus.
Example 1: For the BH network M = {−1, 1}, f(x, y) = xy, so if the

vector x = (−1, 1,−1) has been loaded, then the associated vector of x is Gx =
(1,−1, 1,−1, 1,−1, 1,−1, 1), but the associated vector of −x = (1,−1, 1) is also
Gx. So when the BH network load the pattern x the energy of states with
associated vector more similar to Gx is reduced and the opposite state is also
loaded. States with local minimum energy and no associated with input patterns
are denoted as spurious states.
Example 2: Consider M = {R,G,B}, (R=red, G=green, B=blue), and the

similarity function f : M × M → {−1, 1}, that verifies: f(R,R) = f(G,G) =
f(B,B) = 1 and f(R,G) = f(G,R) = f(R,B) = f(B,R) = f(G,B) =
f(B,G) = −1. To load the pattern x = (B,G,R,B) into the network, the
associated matrix is:

Gx =




f(B,B) f(B,G) f(B,R) f(B,B)
f(G,B) f(G,G) f(G,R) f(G,B)
f(R,B) f(R,G) f(R,R) f(R,B)
f(B,B) f(B,G) f(B,R) f(B,B)


 =




1 −1 −1 1
−1 1 −1 −1
−1 −1 1 −1
1 −1 −1 1


 ⇒

Gx = (1,−1,−1, 1,−1, 1,−1,−1,−1,−1, 1,−1, 1,−1,−1, 1) is the associated
vector, but there exist some others patterns with the same associated vector
(those ones V with V1 = V4, V1 �= V2 �= V3 and V1 �= V3). So all the patterns
(G,R,B,G), (G,B,R,G), B,R,G,B), R,B,G,R and R,G,B,R) have the same
associated vector than x. The previous effect (spurious states) usually is an un-
desirable one. Next we will show a trick to avoid it.

Definition 3. Suppose X = (x1, x2, . . . , xP ) is a pattern which must be loaded
into the network and M = {m1,m2, . . . ,mN}, then we say that its augmented
pattern (X̂) is a vector in MP+N which components are:
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x̂i =
{

xi i ≤ P
mi−P i > P

Theorem 1. The function Ψ : X̂ → GX̂ , which applies its associated vector to
an augmented pattern, is injective.

Let X̂ = (x1, x2, . . . , xP ,m1,m2, . . . ,mN ) and Ŷ = (y1, y2, . . . , yP ,m1,m2,
. . . ,mN ) be the augmented vectors of X = (x1, . . . , xP ) and Y = (y1, . . . , yP )
that verify Ψ(X̂) = Ψ(Ŷ ), or equivalently GX̂ = GŶ .

The P + 1 to P + N components of GX̂ are f(x1,m1), f(x1,m2),
. . . , f(x1,mN ). If x1 = mj , since GX̂ = GŶ , it results 1 = f(x1,mj) =
f(y1,mj) ⇒ y1 = mj .

Repeating the reasoning with kP+(k-1)N+1 to k(P+N) components (1 ≤
k ≤ P ), we obtain xk = yk and the function will be injective.

So, to load a pattern X where xi ∈ M = {m1,m2, . . . ,mN}, we can load
into the network its augmented pattern X̂. The state X̂ will be the only one
that maximizes the decrement of energy. The new N neurons can be consider
false or no implemented since they have always the same value. Only the weight
associated with them wij must be considered.

For example, to load the vector X = (−1, 1,−1) by a BH network, we can
augment the given vector with x4 = −1, x5 = 1 and to use a network with five
neurons (two false ones), to load X̂ = (−1, 1,−1,−1, 1). The minimal states
of the new network are related to X̂ and −X̂. When in the retrieve phase the
network is stabilizes in any of them, the original pattern can be obtained by
considering that both corresponds to a state V with V1 = V3 = V4, V2 = V5,
and we know V4 = X̂4 = −1 and V5 = X̂5 = 1.

4 Capacity

Similarly to the analysis of a Hopfield network storage capacity [6], storage
capacity of a multivalued associative memory is calculated by the estimation of
probability of an error in the network response. So, we suppose that K patterns
have been loaded into the network and the state V ∗ coincides with a loaded
pattern, but state V λ is a state that coincides with V ∗ except component λ.

From equations 1 and 3, we obtain the energy of any state V from:

− 2E(V ) =
P+N∑
i=1

P+N∑
j=1

K∑
k=1

f(Xk,i, Xk,j)f(Vi, Vj) (6)

For simplicity we consider the component that is different between states V ∗

and V λ is the first one. Denoting by D = 2∆E = 2(E(V λ) − E(V ∗)), results
that if D > 0, the corresponding component is obtained without error when the
state V λ is introduced into the network. From equation 6 results:

D =
P+N∑
i=1

P+N∑
j=1

K∑
k=1

f(Xk,i, Xk,j)f(V ∗
i , V ∗

j )−
P+N∑
i=1

P+N∑
j=1

K∑
k=1

f(Xk,i, Xk,j)f(V λ
i , V λ

j )
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Since V ∗
j = V λ

j for all j > 1 we obtain that only terms with i = 1 or j = 1
are different in the expressions of the energy for the states V ∗ and V λ. Moreover
since the similarity function is symmetric and f(V1, V1) = 1, for any state V , so
we obtain the next expression for D:

D = 2
N+P∑
i=2

K∑
k=1

f(Xk,1, Xk,i)(f(V ∗
1 , V ∗

i ) − f(V λ
1 , V λ

i ))

Let Xk0 be the loaded pattern that coincides with V ∗ then:

D = 2
N+P∑
i=2

f(V ∗
1 , V ∗

i )(f(V
∗
1 , V ∗

i ) − f(V λ
1 , V λ

i ))+

+2
N+P∑
i=2

K∑
k �=k0

f(Xk,1, Xk,i)(f(V ∗
1 , V ∗

i ) − f(V λ
1 , V λ

i ))

For all i the expression f(V ∗
1 , V ∗

i )f(V
∗
1 , V ∗

i ) = 1.
The expression

∑P+N
i=P+1 f(V

∗
1 , V ∗

i )f(V
λ
1 , V λ

i ) = N −4, since last components
of the augment patterns are {m1,m2, . . . ,mN} there exist mp �= mq with V ∗

1 =
mp and V λ

1 = mq, then for i ∈ {p, q}, f(V ∗
1 , V ∗

i )f(V
λ
1 , V λ

i ) = −1 and for i �∈
{p, q} that expression is 1.

To calculate the value for 2 ≤ i ≤ P we consider random patterns whose
components are uniformly distributed, so the value of f(V ∗

1 , V ∗
i )f(V

λ
1 , V λ

i ) is a
random variable φ with distribution: p(φ = −1) = 2

N and p(φ = 1) = N−2
N . It is

shown in table 1, so µ = E(φ) = N−4
N and its variance is V (φ) = 8(N−2)

N2 . The
first term of D results 2((N +P −1)− (N −4)−∑P

i=2 φi) = 2(P +3−∑P
i=2 φi).

Table 1. Distribution of φ.

First term Second term Probability Value
V ∗

1 = V ∗
i V λ

1 = V λ
i 0 1

V ∗
1 = V ∗

i V λ
1 �= V λ

i
1
N

-1
V ∗

1 �= V ∗
i V λ

1 = V λ
i

1
N

-1
V ∗

1 �= V ∗
i V λ

1 �= V λ
i

N−2
N

1

To evaluate the second term of D, let Xk and V ∗ be a random pattern and
a random state respectively. For a given pattern Xk the expression:

A = f(Xk,1, Xk,i)(f(V ∗
1 , V ∗

i )− f(V λ
1 , V λ

i )), (2 ≤ i ≤ P ) is a random variable
ξ of distribution: p(ξ = 2) = p(ξ = −2) = 1

N and p(ξ = 0) = N−2
N , as it is shown

in table 2(left). The mean and variance of ξ is E(ξ) = 0 and V (ξ) = 8
N .

Hence,
∑P

i=2
∑K

k �=k0
f(Xk,1, Xk,i)(f(V ∗

1 , V ∗
i )−f(V λ

1 , V λ
i )) =

∑(P−1)(K−1)
l=1 ξl.

The expression B =
∑i=P+N

i=P+1 f(Xk,1, Xk,i)(f(V ∗
1 , V ∗

i )− f(V λ
1 , V λ

i )) is newly
the random variable ξ because Xk,i = V ∗

i = V λ
i when i > P , so denoting



An Associative Multivalued Recurrent Network 517

Table 2. Distribution of A and B.

T1 T2 T3 Probability Value
Xk,1 = Xk,j V ∗

1 = V ∗
i V λ

1 = V λ
i 0 0

Xk,1 = Xk,j V ∗
1 = V ∗

i V λ
1 �= V λ

i
1

N2 2
Xk,1 = Xk,j V ∗

1 �= V ∗
i V λ

1 = V λ
i

1
N2 -2

Xk,1 = Xk,j V ∗
1 �= V ∗

i V λ
1 �= V λ

i
N−2
N2 0

Xk,1 �= Xk,j V ∗
1 = V ∗

i V λ
1 = V λ

i 0 0
Xk,1 �= Xk,j V ∗

1 = V ∗
i V λ

1 �= V λ
i

N−1
N2 2

Xk,1 �= Xk,j V ∗
1 �= V ∗

i V λ
1 = V λ

i
N−1
N2 -2

Xk,1 �= Xk,j V ∗
1 �= V ∗

i V λ
1 �= V λ

i
(N−1)(N−2)

N2 0

T1 T2 Probability Value
p=r q=r 0 0
p=r q �= r 1

N
2

p �= r q=r 1
N

-2
p �= r q �= r N−2

N
0

Xk,1 = mr, V ∗
1 = mp and V λ

1 = mq, (mq �= mp), we obtain it from table 2(right).
Hence we obtain that:

∑N+P
i=P+1

∑K
k �=k0

f(Xk,1, Xk,i)(f(V ∗
1 , V ∗

i ) − f(V λ
1 , V λ

i )) is

a sum of K − 1 independent random variables B =
∑P (K−1)

l=(P−1)(K−1)+1 ξl.

Summarizing all terms we obtain: D = 2(P + 3 − ∑P
i=2 φi +

∑P (K−1)
l=1 ξl).

According with the Lindenberg-Levy central limit theorem, for high values of
P and K, the distribution of

∑P (K−1)
l=1 ξl becomes a Gaussian with mean zero

and variance P (K − 1) 8
N and

∑P
i=2 φl becomes another Gaussian with mean

(P−1)(4−N)
N and variance (P − 1) 8(N−2)

N2 .
The probability of error when V λ is introduced into the network is:

Pe = prob(D < 0) = prob(P + 3 < ψ) (7)

where ψ → N(µ, σ) with µ = (P−1)(4−N)
N and σ =

√
8(P−1)(N−2)

N2 + 8P (K−1)
N .

The parameter of capacity α is usually defined as the quotient between the
maximum number of pattern to load into the network and the number of used
neurons that obtains an acceptable error probability (usually Pmax

e = 0.05), here
α = K

P ⇒ K = αP . From equation 7, it is possible obtain the value for α for a
given Pe. Here we obtain the value α = 0.1864 (similar to the well known value
0.15 for BH) when Pe = 0.05, N = 4 and P = 1000 by replacing K for αP and
considering that for Z = P+3−µ

σ = z0.05 = 1.645 ⇒ P (Pe > Z) = 0.05
It must be pointed out that for a given parameter α the loaded patterns are

multivalued and them contains much more information than binary ones.

5 Conclusions

We have shown the discrete MREM network, it generalizes all existing type
Hopfield models with multivalued neurons.

We have studied a method to load patterns into the network, so the model
performs as an content addressable memory. The loaded patterns correspond
to minimal energy (stable) states. When the network is initialized with similar
states, the network converges to a minimal energy state that usually is near from
its initial one.
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The well-known effect of loading into the BH network the opposite pattern
−X jointed to X, has been explained in terms of the changes of the energy func-
tion on them. Similar effects occurs with the proposed network. But, a method
to avoid that usually undesirable result has been shown. This method needs a
network with P +N neurons to load an N -dimensional pattern. This could be
seen as the price one pays for avoiding to load undesirable patterns.

We have studied the capacity of the network, obtaining an expression where
the parameter of capacity of the network can be obtained.
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neural network for the N-queens problem. Lecture Notes in Computer Science
2084, 522–529, 2001.

11. A.J. Noest. Discrete-state phasor neural nets. Physical Review A38 2196–99,
1988.
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Abstract. In this paper we compare two machine learning algorithms (Support
Vector Machine and Multi Layer Perceptrons) to perform on-line dynamic se-
curity assessment of an electric power system. Dynamic simulation is properly
emulated by training SVM and MLP models, with a small amount of informa-
tion. The experiments show that although both models produce reasonable pre-
dictions, the performance indexes of the SVM models are better than those of
the MLP models. However the MLP models are of considerably reduced com-
plexity.

1 Introduction

An important task in the real-time operation of an electric power system is to accu-
rately assess the dynamic response during a system disturbance [1]. In this case, it is
important to evaluate the system robustness to establish effective emergency control
measures such as under frequency load shedding, in order to prevent system collapse
[2,3].

The dynamic behavior of the electric power system, usually analyzed using time-
domain simulation methods or Lyapunov´s stability theory is a very time demanding
task. Based on simulation results, the state of the system is classified as “se-
cure/insecure”. Due to the computationally cost involved and the repetitious use of
dynamic simulators, large efforts have been made toward developing fast algorithms
to deal with the prediction of the system dynamic behavior.

In the literature several approaches have been presented to address the definition of
these algorithms: pattern recognition [4], neural networks [2], decision tree [5], re-
gression trees [6] and associative dichotomous classification [1]. In this work, empiri-
cal models, built by training a Support Vector Machine (SVM) and a Multi Layer
Perceptron (MLP) are compared. SVM provides a new approach to the two-category
classification problem (“secure/insecure”)[7] whereas MLP is one of the most com-
mon applied method. To our best knowledge, the SVM approach has not been yet
used to evaluate on-line dynamic behavior.

The paper is organized as follows: In section 2 the methods used in this paper are
introduced, section 3 presents the proposed approach to assess the dynamic response
of an electric power system and, finally section 4 presents and compares the results.
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2 Global Machine Learning Models

2.1   Support Vector Machine

Support Vector Machines provide a novel approach to the two-category classification
problem  [7]. The methods have been successfully applied to a number of applications
ranging from particle identification, face identification and text categorization to en-
gine detection, bioinformatics and data base marketing. The approach is systematic
and properly motivated by statistical learning theory [8].

SVM is an estimation algorithm (“learning machine”) in which the training phase
involves optimization of a convex cost function, hence there are no local minima to
complicate the learning process. Testing is based on the model evaluation using the
most informative patterns in the data (the support vectors). Performance is based on
error rate determination as test set size tends to infinity [9].

Suppose Xi is a power system state vector whose components represent the vari-
ables that are going to characterize a given operating condition, and yi is the result of
applying a dynamic simulation model (DSM): yi = DSM(Xi). Additionally, if Xi is a
secure state then yi = 1, otherwise yi = -1.

Consider a set of N training data points {(X1,y1), …. (XN,yN)}. The main idea is to
obtain a hyperplane that separates secure states from insecure states in this space, that
is, to construct the hyperplane H: y = w · X-b = 0 and two hyperplanes parallel to it:

H1: y = w · X-b = +1 and H2: y = w · X-b = -1 (1)

with the condition, that there are no data points between H1 and H2, and the dis-
tance between H1 and H2 (the margin) is maximized. Figure 1 shows such case [10].

The quantities w and b are the parameters that control the function and are referred
as the weight vector and bias [8].

The problem can be formulated as:
Min ½ wTw
w,b
s.t     yi (w · X-b) � 1

(2)

This is a convex, quadratic programming problem in (w, b), in a convex set.  Using
the Lagrangian formulation, the constraints reduce to those on the Lagrange multipli-
ers themselves. Additionally a consequence of this reformulation, is that the training
data will only appear in the form of dot product between data vectors [7]. Introducing
Lagrange multipliers �1, ….., �N � 0, a Lagrangian function for the optimization
problem can be defined:

Lp(w,b,�) = ½ wTw  - �i (�iyi(w ·Xi-b) - �i) (3)

Now Lp must be minimized with respect to w and b with the condition that the de-
rivatives of Lp with respect to all the �i, vanish and �i � 0 [7]. This formulation corre-
sponds to a convex quadratic programming problem, with a convex objective func-
tion. Additionally those points that satisfy the constraints also form a convex set.

So the following “dual” problem can be formulated: Maximize Lp, subject to the
constraints that the gradient of Lp with respect to w and b vanish and �i � 0. The sta-
tionarity conditions give the following relations [7]:
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w = �i �iyi Xi
(4)

�i �iyi = 0 (5)

From here, substituting in (3) the Wolfe dual formulation [7,8,11] is obtained:

LD =  �i �i  - ½ �ij �i�jyiyj Xi  ·  Xj
(6)

Solving for �i and computing b gives w = �i �iyiXi.
Once a SVM has been trained it is simple to determine on which side of the deci-

sion boundary a given test pattern X* lies and assign the corresponding class label,
using sgn (w·X*- b).

When the maximal margin hyperplane is found, only those points which lie closest
to the hyperplane have �i > 0 and these points are the support vectors, that is, the
critical elements of the training set. All other points have �i = 0. This means that if all
other training points were removed and training was repeated, the same separating
hyperplane would be found [7]. In figure 2, the points a, b, c, d and e are examples of
support vectors [10].

Small problems can be solved by any general-purpose optimization package that
solves linearly constrained convex quadratic programs. For larger problems, a range
of existing techniques can be used [8].

H: w ·  X – b = 0

H1: w ·  X – b = +1

H2: w ·  X – b = -1

m
ar

 g
in

Data point in Class 1

Data point in Class 2

 
Fig. 1. Decision hyperplanes generated by a linear SVM [10]

If the surface separating the two classes is not linear, the data points can be trans-
formed to another high dimensional feature space where the problem is linearly sepa-
rable.

The algorithm that finds a separating hyperplane in the feature space can be ob-
tained in terms of points in input space and a transformation function �(·). It is not
necessary to be explicit about the transformation �(·) as long as it is known that a
kernel function K(Xi,Xj) is equivalent to a dot product in some other high dimensional
feature space [7,8-13]. A kernel function must satisfy Mercer’s theorem [11], there
are many kernel functions that can be used this way, for example [7,8]:
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w ·  X – b = 0

w ·  X – b = +1

w ·  X – b = -1

a

b

c

d
e

Fig. 2. Example of support vectors [10]

K(Xi,Xj) = e -||Xi-Xj||²/2s² the Gaussian radial basis function kernel
K(Xi,Xj) = (Xi · Xj + ml )p  the polynomial kernel
K(Xi,Xj) = tanh(�(Xi · Xj))  the hyperbolic tangent kernel

With a suitable kernel, SVM can separate in feature space the data that in the origi-
nal input space was non-separable. This property implies that nonlinear algorithms
can be obtained by using proven methods that handle linearly separable data sets [11].

The choice of the kernel is a limitation of the support vector approach. Some work
has been done on limiting kernels using prior knowledge [11]. In any case, the SVM
with lower complexity should be preferred.

2.2 Multi Layer Perceptrons [14]

A multi layer perceptrons is a kind of artificial neural networks composed of layers of
differentiable parametric non-linear functions, in general, sigmoid or hyperbolic tan-
gent.

From a mathematical point of view, an MLP model with only one output unit is de-
fined by a non-linear weighted combinations of m hyperbolic tangents of weighted
sums of the input vector:

si

i

b)btanh(tanh�;f( +




 •+•= ∑ isi wwxx

(7)

where the estimated output is a function of the input vector and the parameters �:
wi, wis, bs.

The set of parameters can be estimated by minimizing an error cost function. The
most common errors measure used is the mean squared error between the desired out-
put and the estimated outputs, for a given training set:

Q = �(yi-f(x;�))2 (8)

For this case, a gradient descent algorithm based on the computation of the partial
derivative of the error function with respect to all the parameters can be used to esti-
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mate the parameters. The gradient descent can be executed for each parameter by an
iterative process of the form:

�(t+1) = �(t) +��Q/�� (9)

where � < 1 is the learning rate.
A disadvantage of this model is that the optimization process can get stuck in a lo-

cal optimum.

2.3 Performance Evaluation

The performance of a binary classifier is measured using sensitivity, specificity and
accuracy indexes [15]:

FNFPTNTP

TNTP
accuracy

FPTN

TN
yspecificit

FNTP

TP
ysensitivit

+++
+=

+
=

+
=

where:
TP=Number of True Positive classified cases (The learning machine correctly
classifies)

TN=Number of True Negative classified cases (The learning machine correctly
classifies)

FP= Number of False Positive classified cases (The learning machine labels a case
as positive while it is a negative)

FN= Number of False Negative classified cases (The learning machine labels a
case as negative while it is a positive)

For power system dynamic evaluation, sensitivity gives the percentage of correctly
classified secure states and the specificity the percentage of correctly classified inse-
cure states.

3   Proposed Approach

In order to apply the previous models in power system dynamic evaluations, two data
sets are built (training and testing) and only different states are selected, that is there
are no replicated states in the data sets.

Each power system state is represented by a vector Xi whose components represent
the variables that are going to characterize a given operating condition. As suggested
in [3], the following variables were considered: the active and reactive power of all
generators, spinning reserve, active and reactive load, among other. As the DSM will
be replaced by a machine learning model the data set is built by sampling the configu-
ration space of the electric power system. A random system state is generated by
varying the values of the previously mentioned variables and applying the DSM.
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A system state Xi is classified as insecure if the minimum frequency that the sys-
tem experiments after a disturbance is less that a specific value.

4   Example

The system to be studied is the 60 Hz power system of an oil company in Venezuela,
with several types of gas-fired units and a meshed 115 kV transmission network. An
equivalent system with a total of 18 variables was considered. A system state is classi-
fied as insecure if the frequency is less than 59.3 Hz.

The training data set consists on 770 samples (596 states were secure and only 174
were insecure), whereas the testing data set consists on 3018 states: 2735 states were
secure and only 283 were insecure.

In the SVM approach different kernels were tried. The optimization required in the
training phase was performed using the Sequential Minimal Optimization approach
discussed in [13]. The best SVM found corresponds to a second order polynomial
kernel, with ml=4, based on 131 support vectors. This SVM model completely sepa-
rates the training set, and shows good generalization capacity.

In the MLP, the architecture used consists on an 18 dimension input vector, one
hidden layer of variable unit number and one output unit. The best MLP had one hid-
den layer with 14 processing units. It is interesting to note that the best MLP did not
separate completely the training data set, achieving an accuracy of 93.50 %.

In order to compare mathematical similar models, experiments with an hyperbolic
tangent kernel were carried out.

Table 1 presents the performance results for both models over the testing data set.

Table 1. Performance Results for different models

Model Support
Vectors

Number of
parameters

Sensitivity
%

Specificity
%

Accuracy
%

SVM, p=2 131 2359 94.92 91.88 94.63
SVM tanh 228 4105 96.05 82.33 94.76
MLP m=14 ------- 281 92.83 84.45 90.63

It is interesting to note the SVM models are superior to the MLP model, since the
performance indexes are higher. In the most similar models from a mathematical
point of view (SVM with a hyperbolic tangent kernel and MLP), the SVM model
shows a better sensitivity and accuracy than the MLP model, while the specificity is
very similar.

5   Conclusions

This paper has evaluated on-line dynamic security assessment of electric power sys-
tem based on two machine learning models. In the example presented both models,
built from a small sample of the state space, produce dynamic evaluation with a satis-
factory accuracy. However, SVM models outperform in all cases the best MLP. Nev-
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ertheless, from a complexity point of view, MLP models are less complex since they
depend on smaller number of parameters.
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Abstract. Morphological Associative Memories (MAM) are a construct
similar to Hopfield Associative Memories defined on the (R,+, ∨, ∧) alge-
braic system. The MAM posses excellent recall properties for undistorted
patterns. However they suffer from the sensitivity to specific noise mod-
els, that can be characterized as erosive and dilative noise. We find that
this sensitivity may be made of use in the task of Endmember determi-
nation for the Spectral Unmixing of Hyperspectral Images.

1 Introduction

Passive remote sensing evolution has produced measurement instruments with
ever growing spectral bread and resolution. Multispectral sensing allows the clas-
sification of pixels, however the recognition that pixels of interest are frequently
a combination of material has introduced the need to quantitatively decompose
the pixel spectrum into their constituent material spectra. Hyperspectral sensor
measurements in hundreds of spectral bands allow to perform such ”spectral
unmixing” [9]. The reasons for the mixture of several spectra in a single pixels
are (1) the spatial resolution of the sensor implies that different land covers are
included in the area whose radiance measurement results in an image pixel, and
(2) distinct materials are intimately mixed (e.g.: a beach). The second situation
is independent of the sensor spatial resolution and produces non-linear mixtures,
which are difficult to analyze. The first situation produces mixtures which, often,
can be adequately modeled by a linear mixing model. In this paper we assume
that the linear model is correct, and we present an approach to the detection of
endmembers for spectral unmixing in hyperspectral image processing through
the application of Morphological Associative Memories.

Research efforts trying to introduce elements of mathematical morphology in
the domain of the Artificial Neural Networks involve a small community but are
sustained in time. In short definition Morphological Neural Networks are those
that involve somehow the maximum and/or minimum (supremum and infimum)
operators. Some fuzzy approaches are included in this definition. The kind of
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Morphological Neural Networks range from patter classifiers [2], [12], [20], [28],
target detection [5], [6], [14], [27], to associative memories for image restoration
[16], [17], [18].

The basis for the learning algorithms is the computation of the gradient
of functions that involve max/min operators [13],[27], [28], [29]. An antecedent
for these works is the adaptive construction of morphological filters [1], [21].
Some authors [12], [13] propose the composition of the network with a mixture
of morphological and linear operators in the nodes. The Morphological Asso-
ciative Memories (MAM) [16], [17], [18] are the morphological counterpart of
the Correlation Associative Memories (CAM) [10] and the well known Hopfield
Associative Memories [7]. Like the CAM, MAM are constructed as correlation
matrices but with the substitution of the conventional matrix product by a Min
or Max matrix product from Image Algebra [19]. Dual constructions can be made
using the dual Min and Max operators. We propose a procedure that involves
the application of MAM to detect new patterns, but the training proceeds on
line adding the patterns to the already identified patterns,

The structure of the paper is as follows: In section 2 we review the definition
of the linear mixing model. Section 3 provides a review of basic results of MAM’s.
Section 4 gives our algorithm of endmember selection for remote sensing hyper-
spectral images. Section 5 presents some experimental results of the proposed
algorithm. Section 6 gives our conclusions and directions of future work.

2 The Linear Mixing Model

The linear mixing model can be expressed as follows:

x =
M∑
i=1

aisi +w = Sa+w, (1)

where x is the d-dimension received pixel spectrum vector, S is the d × M
matrix whose columns are the d-dimension endmembers si, i = 1, .., M, a is the
M -dimension fractional abundance vector, and w is the d-dimension additive
observation noise vector. The linear mixing model is subjected to two constraints
on the abundance coefficients. First, to be physically meaningful , all abundance
coefficients must be non-negative ai ≥ 0, i = 1, .., M. Second, to account for the
entire composition the abundance coefficients must be fully additive

∑M
i=1 ai = 1.

Often the process of spectral unmixing is performed on transformations of
the data intended to reduce the computational burden [9] or to enhance some
properties of the data [8]. We do not apply any dimension reduction transfor-
mation here. The task of endmember determination is the focus of this paper.
In an already classical paper [4], Craig starts with the observation that the scat-
ter plots of remotely sensed data are tear shaped or pyramidal, if two or three
spectral bands are considered. The apex lies in the so-called dark point. The
endmember detection becomes the search for non-orthogonal planes that enclose
the data forming a minimum volume simplex, hence the name of the method.
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Besides its computational cost the method requires the prespecification of the
number of endmenbers. Another step to the automatic endmember detection is
the Conical Analysis method proposed in [8] and applied to target detection.
The extreme points in the data after a Principal Component transform are the
searched for endmember spectra. The method is geometrically similar to the
Craig´s one but does not require costly linear programming. It also requires the
prespecification of the desired number of endmembers. Another approach is the
modeling by Markov Random Fields and the detection of spatially consistent
regions whose spectra will be assumed as endmembers [15]. A quite standard
approach to endmember determination is the use of standard libraries of spectra
[9]. This approach requires great expertise and a prori knowledge of the data. Fi-
nally, there are interactive exploration algorithms that are supported by specific
software packages.

Once the endmembers have been determined the last task is the computation
of the inversion that gives the fractional abundance and, therefore, the spectral
unmixing. The simplest approach is the unconstrained least squared error esti-
mation given by:

â =
(
ST S

)−1
ST x. (2)

The abundance coefficients that result from this computation do not fulfill the
non-negative and full aditivity conditions. It is possible to enforce each condition
separately, but rather difficult to enforce both simultaneously [9]. As our aim is to
test an endmember determination procedure, therefore we will use unconstrained
estimation (2) to compute the abundance images. We will show intensity scaled
and shifted images of the abundance coefficients to evaluate our results.

3 Morphological Associative Memories

The work on Morphological Associative Memories stems from the consideration
of an algebraic lattice structure (R,∨,∧,+) as the alternative to the algebraic
(R,+, ·) framework for the definition of Neural Networks computation [16] [17].
The operators ∨ and ∧ denote, respectively, the discrete max and min operators
(resp. sup and inf in a continuous setting). The approach is termed morpholog-
ical neural networks because ∨ and ∧ correspond to the morphological dilation
and erosion operators, respectively. Given a set of input/output pairs of pattern
(X, Y ) =

{(
xξ,yξ

)
; ξ = 1, .., k

}
, an heteroassociative neural network based on

the pattern’s crosscorrelation [10], [7] is built up as W =
∑

ξ yξ · (xξ
)′

. Mimick-
ing this construction procedure [16], [17] propose the following constructions of
HMM’s:

WXY =
k∧

ξ=1

[
yξ × (−xξ

)′]
MXY =

k∨
ξ=1

[
yξ × (−xξ

)′]
(3)
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where × is any of the ∨✷ or ∧✷ operators. Here ∨✷ and ∧✷ denote the max and min
matrix product, respectively defined as follows:

C = A ∨✷ B = [cij ] ⇔ cij =
∨

k=1..n

{aik + bkj} , (4)

C = A ∧✷ B = [cij ] ⇔ cij =
∧

k=1..n

{aik + bkj} . (5)

It follows that the weight matrices WXY and MXY are lower and upper bounds
of the max and min matrix products ∀ξ;WXY ≤ yξ × (−xξ

)′ ≤ MXY and
therefore the following bounds on the output patterns hold ∀ξ;WXY ∨✷ xξ ≤
yξ ≤ MXY ∧✷ xξ, that can be rewritten WXY ∨✷ X ≤ Y ≤ MXY ∧✷ X. A matrix
A is a ∨✷ -perfect ( ∧✷ -perfect) memory for (X, Y ) if A ∨✷ X = Y (A ∧✷ X =
Y ). It can be proven that if A and B are ∨✷ -perfect and ∧✷ -perfect memories,
resp., for (X, Y ) , then WXY and MXY are also ∨✷ -perfect and ∧✷ -perfect, resp.:
A ≤ WXY ≤ MXY ≤ B. Therefore WXY ∨✷ X = Y = MXY ∧✷ X. Conditions of
perfect recall of the stored patterns are given by the following theorems proved
in [16],[17]:

Theorem 1. Perfect recall of HMM. The matrix WXY is ∨✷ -perfect if and only
if ∀ξ the matrix

[
yξ × (−xξ

)′] − WXY contains a zero at each row. Similarly,

the matrix MXY is ∧✷ -perfect if and only if ∀ξ the matrix
[
yξ × (−xξ

)′]−MXY

contains a zero at each row.

Theorem 2. Perfect recall of AMM. Both erosive and dilative AMM’s have the
perfect recall property: WXX ∨✷ X = X = MXX ∧✷ X, for any X.

These results hold when we try to recover the output patterns from the
noise-free input pattern. To take into account the noise, a special definition of
the kinds of noise affecting the input patterns is needed. Let it be x̃γ a noisy
version of xγ . If x̃γ ≤ xγ then x̃γ is an eroded version of xγ , alternatively we
say that x̃γ is subjected to erosive noise. If x̃γ ≥ xγ then x̃γ is a dilated version
of xγ , alternatively we say that x̃γ is subjected to dilative noise. Morphological
memories are very sensitive to these kinds of noise. The conditions of robust
perfect recall for WXY , i.e. the retrieval of yγ given a noisy copy x̃γ , are given
in [16], [17]. The dilative HMM WXY is robust against controlled erosions of the
input patterns while the erosive HMM MXY is robust against controlled dilations
of the input patterns. At present we are more concerned by the conditions for
perfect recall of noisy patterns of AMM:

Corollary 1. Given patterns X, the equality WXX ∨✷ x̃γ = xγ holds when the
noise affecting the pattern is erosive x̃γ ≤ xγ and the following relation holds
∀i∃ji; x̃

γ
ji
= xγ

ji
∨

(∨
ξ �=γ

(
xγ

i − xξ
i + xξ

ji

))
. Similarly, the equality MXY ∧✷ x̃γ =

xγ holds when the noise affecting the pattern is dilative x̃γ ≥ xγ and the following
relation holds: ∀i∃ji; x̃

γ
ji
= xγ

ji
∧

(∧
ξ �=γ

(
xγ

i − xξ
i + xξ

ji

))
.
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The AMM will fail in the case of the noise being a mixture of erosive and
dilative noise. To obtain general robustness the kernel method has been proposed
[16], [18], [22]. In order to characterize kernels and to obtain a constructive defi-
nition, the notion of morphological independence and strong morphological inde-
pendence is introduced in [18], here we distinguish erosive and dilative versions
of this definition:

Definition 1. Morphological independence. Given a set of pattern vectors X =(
x1, ...,xk

)
, a pattern vector y is said to be morphologically independent of X

in the erosive sense if yxγ ; γ = {1, .., k} , and morphologically independent of
X in the dilative sense if yxγ ; γ = {1, .., k} . The set of pattern vectors X is
said to be morphologically independent in either sense when all the patterns are
morphologically independent of the remaining patterns in the set.

The strong morphological independence is introduced in [18] to give a con-
struction for minimal kernels with maximal noise robustness. For binary valued
vectors, morphological independence and strong morphological independence are
equivalent. For the current application we want to use AMM as detectors of the
set extreme points, to obtain a rough approximation of the minimal simplex that
covers the data points. We need to establish first a simple fact in the following
remark:

Remark 1. Given a set of pattern vectors X =
(
x1, ...,xk

)
and the erosive WXX

and dilative MXX memories constructed from it. Given a test pattern y /∈ X,
if y is morphologically independent of X in the erosive sense, then WXX ∨✷ y /∈
X. Also, if y is morphologically independent of X in the dilative sense, then
MXX ∧✷ y /∈ X.

The endmembers that we are searching for are the corners of a high di-
mensional box centered at the origin of the space (we will perform a simple
correction of the mean of the data). They are morphologically independent vec-
tors both in the erosive and dilative senses, and they enclose the remaining
vectors. The endmember detection process would apply the erosive and dila-
tive AMM’s constructed from the already detected endmembers to detect the
new ones as suggested by the previous remark. Working with integer valued
vectors, a desirable property is that vectors already inside the box defined by
the endmembers would be detected as such. However, given a set of pattern
vectors X =

(
x1, ...,xk

)
and the erosive WXX and dilative MXX memories

constructed from it. If a test pattern y < xγ for some γ ∈ {1, .., k} would give
WXX ∨✷ y /∈ X. Also, if the test pattern y > xγ for some γ ∈ {1, .., k} then
MXX ∧✷ y ≥/∈ X. Therefore, working with integer valued patterns the detection
of the morphologically independent patterns would be impossible. However, if
we consider the binary vectors obtained as the sign of the vector components,
then morphological independence would be detected as suggested by the above
remark. Let us denote by the expression x > 0 the construction of the binary
vector ({bi = 1 if xi > 0; bi = 0 if xi ≤ 0} ; i = 1, .., n) .
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4 The Detection of Spectral Endmembers

The endmembers of a given hyperspectral image under the linear mixture as-
sumption correspond to the vertices of the minimal simplex that encloses the
data points. The region of the space enclosed by a set of vectors simultaneously
morphologically independent in both erosive and dilative senses is a high dimen-
sional box. Therefore, the search for the extremes in the morphological sense
gives the high dimensional box that best approaches the minimal simplex that
encloses the data points. The approach in this paper is to use AMM’s as the
mechanism to evaluate the morphological independence condition. Let us de-
note

{
f (i, j) ∈ R

d; i = 1, .., n; j = 1, .., m
}
the hyperspectral image, µ and σ the

vectors of the mean and standard deviations of each band computed over the
image, α the noise correction factor and E the set of endmembers discovered.
We perform first a correction of the mean of the data, so that it will be centered
about the origin, to ease the detection of the directions where the extreme points
lye. The standard deviation of the data at each band is taken as an estimation of
the additive noise standard deviation. To test the morphological independence
we apply the AMM to the pixel spectra after the addition and subtraction of ασ.
This procedure is intended to avoid the detection of small fluctuations around
the mean as endmember directions. The confidence level α controls the amount
of flexibility in the discovering of new endmembers.

The steps in the procedure are the following:

1. Compute the zero mean image {f c (i, j)= f (i, j) − µ; i = 1, .., n; j = 1, .., m}.
2. Initialize the set of endmembers E = {e1} with a pixel spectra randomly

picked from the image. Initialize the set of morphologically independent bi-
nary signatures X = {x1} =

{(
e1k > 0; k = 1, .., d

)}
3. Construct the AMM’s based on the morphologically independent binary sig-

natures: MXX and WXX . Define orthogonal binary codes Y for the end-
members and construct the identification HMM1: MXY .

4. For each pixel f c (i, j)
a) compute the vector of the signs of the Gaussian noise corrections

f+ (i, j) = (f c (i, j) + ασ > 0) and f− (i, j) = (f c (i, j) − ασ > 0)
b) compute y+ = MXY ∧✷ (MXX ∧✷ f+ (i, j))
c) compute y− = MXY ∧✷ (WXX ∧✷ f− (i, j))
d) if y+ /∈ Y and y− /∈ Y then f c (i, j) is a new endmember to be added to

E, go to step 3 and resume the exploration of the image.
e) if y+ ∈ Y and f c (i, j) > ey+ the pixel spectral signature is more extreme

than the stored endmember, then substitute ey+ with f c (i, j) .
f) if y− ∈ Y and f c (i, j) < ey− the pixel is more extreme than the stored

endmember, then substitute ey− with f c (i, j) .

5. The final set of endmembers is the set of original spectral signatures f (i, j)
of the pixels selected as members of E.

1 Although we have no formal proof of the perfect recall of the HMM when the input
patterns are morphologically independent, it is very likely and fits nicely to use the
HMM as the endmember identifier. In practice, we search the set X directly.
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5 Experimental Results

The spectra used for this work correspond to the Indian Pines 1992 image ob-
tained by the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) de-
veloped by NASA JPL which has 224 contiguous spectral channels covering a
spectral region form 0.4 to 2.5 mm in 10 nm steps. It is a 145 by 145 pixel image
with 220 spectral bands that contains a distribution of two-thirds of agricul-
tural land and one-third of forest and other elements (two highways, a rail line
and some houses and smaller roads). The ground truth available for this image
[11] designates 16 mutually exclusive classes of land cover. Examples of studies
about the application of supervised classification algorithms to this image are
[3], [24], [25], [26]. Figure 1 shows the ground truth as identified in [11], [25].
Many specific characteristics are hidden in the background class. The distribu-
tion of the cover classes was drawn approximately, so there is a non negligible
amount of erroneously labeled pixels in the ground truth. The results of the
supervised classification show a great deal of details [3], [25]. As we do not have
the permission to reproduce these results we present in figure 2 some false color
renderings based on different band selections. These images highlight some spa-
tial distributions of land cover that are consistently identified by diverse works
on supervised classification.

We have applied our method to the endmember detection starting with dif-
ferent initializations of the endmember set. In all cases the number of detected
endmembers was in the range from 8 up to 15. The control parameter α was
set at values between 2 and 1.6, the lower the values the greater the number of
endmember detected. The image pixels were processed once. As the endmember
detection is an unsupervised process, although we have a ground truth we don’t
have any proper performance measure, unlike the supervised classification case.
The validation of the quality of the results must be by observation of the re-
sulting abundance images. In these images white correspond to high values and
black to low values (may be negative). We present in figure 4 abundance images
resulting from an execution of the algorithm.

For instance, the endmember #1 seems to be a good detector for oats, whose
ground truth spatial situation can be appreciated in figure 1. Abundance image
1 highlights the ground truth patch, but also several straight lines that may cor-
respond to borders between land lots and to the side trees of roads. Endmember
#5 appears to be specialized in cultivated lands, it highlights the oats but also
the other crops, it gives very dark response on the woods while endmember #7
is a good detector of woods and grass, according to the ground truth and the
results of supervised classification [25]. If we take into account that the data was
gathered when the crops were very low, a feasible interpretation of the results
is that endmember #5 is detecting the soil, while endmember #7 detects the
green cover of the woods and the grass. This discussion is aimed to show that
the endmembers detected may have some physical meaning and some value in
the analysis and interpretation of the image.



On Endmember Detection in Hyperspectral Images 533

Fig. 1. The Indian Pines image ground truth

Fig. 2. Some false color renderings of the image based on different selections of the
bands that correspond to the RGB.

Fig. 3. Abundance images computed using the endmembers obtained with a typical
instance of our algorithm. The endmembers are not reproduced for lack of space.

6 Conclusions and Further Work

We have proposed an algorithm for endmember detection in hyperspectral im-
ages based on the noise sensitivity of the Autoassociative Morphological Memo-
ries (AMM). The procedure does not need the a priori setting of the number of
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endmembers. Its flexibility in the discovering of endmembers is controlled by the
amount of noise correction introduced in the pixel spectral signature. Experi-
mental results on the Indian Pines image have demonstrated that the procedure
gives a reasonable number of endmembers with little tuning of the control pa-
rameter (α), and that these endmembers have physical meaning and may serve
for the analysis of the image.

Further work must be addressed to experimentation with other multi and
hyperspectral images to further validate the approach. Also, research into the
realization of learning processes on morphological neural networks for this task
is a promising research venue. It involves the shift from binary classification as
performed by the min/max networks into morphological category representative
detection (clustering).
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Abstract. Three different machine learning algorithms applied to 3D
object modeling are compared. The methods considered, (Support Vector
Machine, Growing Grid and Kohonen Feature Map) were compared in
their capacity to model the surface of several synthetic and experimental
3D objects. The preliminary experimental results show that with slight
modifications these learning algorithms can be very well adapted to the
task of object modeling. In particular the Support Vector Machine Kernel
method seems to be a very promising tool.

1 Introduction

Object modeling is a very important technique of computer graphics and has
been matter of study for more than two decades. The technique has found a
broad range of applications, from computer-aided design and computer drawing
to image analysis and computer animation. In the literature several approaches
to object modeling can be found. One approach is to look for a rigid model that
best fits the data set, an alternate one is to deform a model to fit the data.
The latter ones are known as dynamically deformable models. They were first
introduced by Kass, Witkin and Terzopoulos [1] and have created much interest
since then because of their clay like behavior. A complete survey can be found
in [2].

To achieve 3D object modeling, it is desirable that the applied method show
a great flexibility in terms of shape and topology representation capacity. A
deformable model with this characteristic is the simplex mesh developed by
Delingette [3], [4]. It is a non-parametric deformable model, that can take virtu-
ally any shape of any topology with a very low computational cost as compared
to other deformable models with the same flexibility. It is well known that sev-
eral machine learning algorithms are able to induce efficiently, in a more or
less automatic manner, surfaces and topology preserving mappings on arbitrary
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dimensional noisy data. The proposed approach to 3D object modeling takes ad-
vantage of this low cost surface representation capacity inherent to these learning
algorithms.

In this paper we describe the application of the Support Vector Kernel
Method (SVM) [5], the Kohonen Self-Organizing Feature Maps [6] and the Grow-
ing Grid [7] machine learning algorithms to model objects from data sets that
contain information from one or more 3D objects. In general the application of
the algorithms start with a cloud of 3D data points and no a priori information
regarding the shape or topology of the object or objects in the scene. These
data points are applied to the learning algorithms, that with simple modifica-
tions on the learning rules, generate adaptively a surface adjusted to the surface
points. In case of the Kohonen Feature Map and the Growing Grid, a K-means
clustering algorithm, with as many prototype vectors as objects in the scene,
is initially applied to the data. Next, a spherical network is initialized in the
neighborhood of each prototype vector, in the interior of the clouds of points.
Finally the learning rule is applied and the networks deform and grow (Growing
Grid) until they reach stability at the surface of the clouds of points. In case
of the Support Vector Kernel Method the data points are mapped to a high
dimensional feature space, induced by a Gaussian kernel, where support vectors
are used to define a sphere enclosing them. The boundary of the sphere forms in
data space (3D) a set of closed surfaces containing the clouds of points. As the
width parameter of the Gaussian kernel is increased, these surfaces fit the data
more tightly and splitting of surfaces can occur allowing the modeling of several
objects in the scene. At the end of each of these processes we will have a model
for each object.

The organization of the paper is as follows: in the second section, an overview
of the applied learning machine methods and their modifications for 3D object
modeling are discussed. In the third section experimental results are presented
and finally in the fourth section the conclusions and further work are described.

2 Learning Machine Methods

3D Object modeling is an ill defined problem for which there exist numerous
methods [2], [8], [9], [10]. In the present approach, learning machine methods
that produce data clustering are applied to surface modeling. These clustering
methods can be based on parametric models or can be non-parametric. Para-
metric algorithms are usually limited in their expressive power, i.e. a certain
cluster structure is assumed. In this work experiments of surface modeling with
three non-parametric (Kohonen Feature Map, Growing Grid and SVM Kernel
Method) clustering algorithms are presented and compared. In what follows a
brief discussion of each learning method is made.

2.1 Support Vector Kernel Method

The idea behind the application of the support vector formalism [5] to object
modeling follows the SVM clustering method in [11]. Let {x} be a data-set of N
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3D points representing the objects in the scene. Using a nonlinear transformation
Φ from the input 3D space to some high dimensional feature space, we look for
the smallest enclosing sphere of radius R described by the constraints:

‖Φ(xi) − a‖2 ≤ R2 ∀i . (1)

Where use is made of the Euclidean norm and a is the center of the sphere.
Soft constraints are incorporated by adding slack variables ξi

‖Φ(xi) − a‖2 ≤ R2 + ξi ξi ≥ 0 ∀i . (2)

This problem is solved in the formalism of Lagrange by introducing and
minimizing the Lagrangian

L = R2 −
∑

i

(R2 + ξi − ‖Φ(xi) − a‖2) βi −
∑

i

ξiµi + C
∑

i

ξi . (3)

Where µ, β are positive Lagrange multipliers, C is a constant and the last
term is a penalty term.

The stationarity of the Lagrangean with respect to R and ξi leads to the
following relations:

∑
i

βi = 1 . (4)

a =
∑

i

βiΦ(xi) . (5)

βi = C − µi . (6)

The Karush, Kuhn and Tucker complementary conditions result in:

ξiµi = 0 . (7)
(R2 + ξi − ‖Φ(xi) − a‖2) βi = 0 . (8)

From these relations it is easy to verify that a point xi with ξi > 0 is outside
the sphere in feature space, such points have µi = 0 and βi = C. A point with
ξi = 0 is inside or on the surface of the sphere in feature space. To be on the
surface it must have βi not equal to zero. Points with 0 < βi < C will be referred
to as Support Vectors.

The above relations allow the derivation of the Wolf dual of the Lagrangian:

W =
∑

i

βi 〈Φ(xi) · Φ(xi)〉 −
∑
i,j

βi βj 〈Φ(xi) · Φ(xj)〉 . (9)

and the problem is solved by maximizing the dual. The dot products
〈Φ(xi) · Φ(xj)〉 can be conveniently replaced by a suitable Mercer kernel
K(xi,xj) in this way the Wolf dual can be rewritten as

W =
∑

i

βi K(xi,xi) −
∑
i,j

βi βj K(xi,xj) . (10)
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The Lagrange multipliers βi are obtained by maximizing this expression. This
is computationally done by the application of the Sequential Minimal Optimiza-
tion (SMO) algorithm [12].

In the approach to object modeling with SVM the Gaussian kernel is em-
ployed, with q as the width parameter

K(xi,xj) = exp(−q‖xi − xj‖2) . (11)

In feature space the square of the distance of each point to the center of the
sphere is

R2(x) = ‖Φ(x) − a‖2 . (12)

The radius of the sphere is

R = {R(xi) | xi is a support vector} . (13)

In practice the average over all support vectors is taken. The surface of the
clouds of points in 3D data space is given by the set:

{x | R(x) = R} . (14)

2.2 Kohonen Feature Map

The Kohonen Feature Map [6] is an unsupervised learning machine that typically
consists of one layer of processing units in a network of constrained topology. In
its learning phase the weight vectors are randomly initialized. During learning,
for every input vector the Best Matching Unit (BMU) is determined. The BMU
and a number of units in a neighborhood of the BMU, in the constrained topo-
logical network, are adjusted in such a way that the weight vectors of the units
resemble more closely the input vector. The weight vectors wj(t) of the units
surrounding the BMU are adjusted less strongly, according to the distance they
have to the BMU, applying the Kohonen Learning Rule:

wj(t + 1) = wj(t) + ε(t) Φij(t) (x(t) − wj(t)) . (15)

where the learning rate ε(t) is a linear time decreasing function, x(t) is the input
vector at time t, and Φij(t) is the neighborhood function with the form:

Φij(t) = exp
(−|j − i|2

σ2(t)

)
. (16)

Here j is the position of the BMU in the topological network and i the
position of a unit in its neighborhood. The width parameter σ(t) is also a linear
time decreasing function. It can be noted that since the learning rate and the
width parameter both decrease in time the adjustments made on the weight
vectors become smaller as the training progresses. On a more abstract level, this
means that the map will become more stable in the later stages of the training.

It can be appreciated that the result of learning is that the weight vectors of
the units resemble the training vectors. In this way the Kohonen Feature Map
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produces a clustering of the n-dimensional input vectors onto the topological
network.

In order to model the surface of the input data points, two modifications
to the Kohonen Feature Map are introduced: (a) The constrained topological
network chosen is a spherical grid. (b) the weight vectors of the BMU and its
neighbors are actualized only if the input vector is external to the actual spherical
grid. The implementation used three different rates to decrease parameters ε and
σ: a first rapid stage, a middle slower but longer stage and a final short fine tuning
stage.

2.3 Growing Grid Method

This model [7] is an enhancement of the feature map. The main difference is that
the initially constrained network topology grows during the learning process. The
initial architecture of the units is a constrained spherical network with a small
number of units. A series of adaptation steps, similar to the Kohonen learning
rule, are executed in order to update the weight vectors of the units and to gather
local error information at each unit. This error information is used to decide
where to insert new units. A new unit is always inserted by splitting the longest
edge connection emanating from the unit with maximum accumulated error.
In doing this, additional units and edges are inserted such that the topological
structure of the network is conserved.

The implemented process involves three different phases: an initial phase
where the number of units is held constant allowing the grid to stretch, a phase
where new units are inserted and the grid grows, and finally a fine tuning phase.

3 Experimental Results

The learning algorithms for modeling are applied on several synthetic objects
represented in the form of clouds of 3000 points each obtained from the applica-
tion of a 3D lemniscate with 4, 5 and 6 foci. The initial and final parameters used
for the Kohonen Feature Map were: ε0 = 0.5, εf = 0.0001, σ0 = 4, σf = 0.01,
with a total of 105 iterations. For the Growing Grid: ε0 = 0.05, εf = 0.001, and
a constant σ = 0.7, the iteration number is distributed as: 10 x Unit number in
the stretching phase; 200 x Unit number in the growing phase, and 200 x Unit
number for fine tuning. The parameters in the SVM algorithm are C = 1.0 and
q = 2 (Fig. 1 and Fig. 3), q = 4 (Fig. 2), and q = 0.00083 (Fig. 4) and q = 3.33
(Fig. 5).

In Fig. 1 the original surface (5 foci lemniscate) and the surface models
resulting from the application of the three learning methods (a) Kohonen Feature
Map (b) Growing Grid and (c) SVM algorithms are shown. The Kohonen Map
consisted on a spherical topological network with 182 units initialized in the
interior of the cloud of points. The Growing Grid was also a spherical network
with 6 initial units initialized in the interior of the cloud, the network was grown
up to 162 units. The SVM model was constructed with 49 support vectors. It can
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be appreciated that the three algorithms achieve a reasonable modeling of the
original object. The best results are produced by the Growing Grid and SVM
methods.

Fig. 1. Results of the three machine learning methods in the modeling of a surface
from a solid generated by a 5 foci lemniscate. (a) Kohonen Feature Map (b) Growing
Grid and (c) SVM Kernel method

In Fig. 2 the original surface (6 foci lemniscate) and the surface models re-
sulting from de application of the three learning methods (a) Kohonen Feature
Map (b) Growing Grid and (c) SVM algorithms are shown. The Kohonen Map
consisted on a spherical topological network with 266 units initialized in the in-
terior of the cloud of points. The Growing Grid was also a spherical network with
6 initial units initialized in the interior of the cloud and grown up to 338 units.
The SVM model was constructed with 77 support vectors. It can be appreciated
that again in this experiment the three algorithms achieve a reasonable modeling
of the original object. The best results are produced by the Growing Grid and
SVM methods.

In Fig. 3 the original surface (4 foci lemniscate) and the surface models re-
sulting from the application of the two learning methods Growing Grid (a-c)
and SVM (b) algorithms are shown. In these experiments the object is of partic-
ular interest since it consists of two parts joined by a point, an approximation
to a scene of two separate objects. For the experiment leading to Fig. 3(a), a
single Growing Grid initialized as a spherical network with 6 initial units in the
center of the cloud of points was used. The network was grown up to 134 units.
It is clear that the model produced in this case is not a good one. In order to
overcome this deficiency the data is initially clustered by a K-means algorithm
with two prototype vectors. Then two Growing grids, similar to the latter, are
initialized in the neighborhood of the prototype coordinates. A better model,
shown in Fig. 3(c), is then obtained. The SVM model was constructed with 38
support vectors. In this experiment both the Kohonen feature Map and the sin-
gle Growing Grid do not produce good models of the surface. However, it can
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Fig. 2. Results of the three machine learning methods in the modeling of a surface
from a solid generated by a 6 foci lemniscate. (a) Kohonen Feature Map (b) Growing
Grid and (c) SVM Kernel method

be appreciated that the SVM method and the multiple Growing Grids achieve
reasonable models and are superior.

Fig. 3. Results of two machine learning methods in the modeling of a surface from a
solid generated by a 4 foci lemniscate. (a) Growing Grid and (b) SVM Kernel method
(c) Double Growing Grid

In Fig. 4 the original surface (experimental data from the left ventricle of a
human heart echocardiogram) and the surface models resulting from the appli-
cation of the two learning methods (a) Growing Grid and (b) SVM algorithms
are shown. For this case the Growing Grid was a spherical network with 6 initial
units initialized in the interior of the cloud of points. The network was grown
up 282 units. The SVM model was constructed with 46 support vectors.
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Fig. 4. Results of two machine learning methods in the modeling of a surface from
experimental data (left ventricle of a human heart echocardiogram). (a) Growing Grid
and (b) SVM Kernel method

In Fig. 5 the original surface (4 foci disconnected lemniscate) and the surface
models resulting from de application of the two learning methods (a) Double
Growing Grid and (b) SVM algorithms are shown. In these experiments the
methods are applied to two separate objects in the scene. In the application
of the Growing Grid algorithm an initial clustering step with a two prototype
K-means algorithm is carried out. Then two Growing Grids initialized as spher-
ical networks with 6 units in the neighborhood of the prototype coordinates
are evolved. The grids are grown up to 240 units each. The SVM model was
constructed with 50 support vectors. It can be appreciated that both the SVM
method and the multiple Growing Grids achieve reasonable good models in this
multiple object case.

Fig. 5. Results of two machine learning methods in the modeling of a surface from a
solid generated by a 4 foci disconnected lemniscate (Two separate objects). (a) Double
Growing Grid and (b) SVM Kernel method
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In Table 1 the average execution times for the three machine learning al-
gorithms, measured on a Pentium III 500 MHz. Processor, are shown. It is to
be appreciated that the execution time for the Growing Grid method is an or-
der of magnitude greater than those of the other two methods. In any case the
computational costs of the algorithms are reasonably low.

Table 1. Average execution times for the three machine learning methods

Figure Method Parameters Time

Fig. 1 Kohonen Feature Map 182 units 22 seg
Growing Grid 162 units 219 seg
SVM 49 SVs 32 seg

Fig. 2 Kohonen Feature Map 266 units 33 seg
Growing Grid 338 units 344 seg
SVM 77 SVs 37 seg

Fig. 3 Growing Grid 134 units 133 seg
SVM 38 SVs 26 seg

Fig. 4 Growing Grid 282 units 492 seg
SVM 46 SVs 5 seg

Fig. 5 Double Growing Grid 484 units 640 seg
SVM 50 SVs 42 seg

4 Conclusions and Future Work

This work compared the application of three machine learning algorithms in the
task of modeling 3D objects from a cloud of points that represents either one or
two disconnected objects. The experiments show that the Kohonen Feature Map
and the Growing Grid methods generate reasonable models for single objects
with smooth spheroidal surfaces. If the object possess pronounced curvature
changes on its surface the modeling produced by these methods is not very
good. An alternative to this result is to allow the number of units in the network
to increase together with a systematic fine tuning mechanism of the units in
order to take account of the abrupt changes on the surface. This modifications
are theme of further work in case of the Growing Grid algorithm.

On the other hand, the experimental results with the Support Vector Ker-
nel Method are very good. In the case of single smooth objects the algorithm
produces a sparse (small number of support vectors) model for the objects. A
very convenient result for computer graphics manipulations. This extends to the
case with two objects in which the method is able to produce models with split
surfaces. A convenient modification of the SVM algorithm would be to include
a better control on the number of support vectors needed in the model. This
possibility could hinder the rounding tendency observed in the SVM models and



Application of Learning Machine Methods to 3D Object Modeling 545

allow the modeling of abrupt changes of the surface as seen on the data of the
echocardiogram.

To model several objects, with the Kohonen and Growing Grid methods, a
good alternative is to evolve multiple networks conveniently initialized in the
interior of the clouds of points of each object. To this end, an initial K-means
clustering algorithm, with as many prototypes as objects in the scene, is ap-
plied to the data. The networks are then initialized in the neighborhood of the
coordinates of the prototypes.

The considered data sets for multiple objects are not a representation of
a real scene. In a real scene the clusters of data points will be connected by
background information (walls and floor). The future work will also include the
extension of the actual algorithms to make them applicable to real scenes.

Finally it must be noted that in all cases the computational costs of the
algorithms are reasonably low, a fact that can lead to real time implementations.

Acknowledgements. Gratitude is expressed to Guillermo Montilla for allowing
us the use of his Virtual Vision Machine software, available at
http://www.cpi.uc.edu.ve/Pagina%20VVM/index.htm
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Abstract. This work presents an approach in which user profiles, rep-
resented by ontologies that were learned by an interface agent, are com-
pared to foster collaboration for information retrieval from the web. It
is shown how the interface agent represents the knowledge about the
user along with the profiles that were empirically developed. Departing
from a specific matching model, briefly presented here, quantitative re-
sults were achieved by comparing such particular ontologies in a fully
automatic way. The results are presented and their implications are dis-
cussed. We argue that an agent’s knowledge can be enriched by other
agents navigation experiences, possibly helping in connecting and recon-
ciliating distinct knowledge views while preserving a degree of privacy.

1 Introduction

Information agents applied to Information Retrieval(IR) try to detect users pref-
erences to help them in information search tasks. The registered preferences,
considered as user profiles, are used as guides in the search processes. An active
research field tries to improve the results of this type of agents, working gener-
ally isolated, through cooperation. Such an approach, in the form of Multi-Agent
Systems (MAS), would foster knowledge sharing, allowing access to the results
of other agents experiences that could potentially enrich the results achieved
by individual agents. To pave the way for knowledge sharing it is necessary to
determine the form by which recorded preferences can be compared.

The PersonalSearcher agent [5], was designed to assist users to filter informa-
tion during Internet search sessions and to keep profiles that can be treated as
ontologies. The agents were initially designed to run as stand-alone systems. An
alternative to improve their search performance is to acquire knowledge about
themes that are related to the ones that appear in a particular profile, possibly
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available with other agents, acting as part of a MAS, although no documents
should be automatically exchanged to better preserve the user privacy. The first
step in this direction is to compare quantitatively concepts that belong to differ-
ent user profiles, on their current form. This is the aim of the experiences that
are related in this work, describing the experimental results obtained with the
implementation of an algorithm for comparing different user profiles, considering
the way this knowledge is stored by PersonalSearcher agents. The chosen sim-
ilarity measure is the MD3 [18] model, that takes into account the words that
describe a concept and also its semantic neighborhood. This model is briefly
described along with the modifications that were necessary for its adoption.

The work is organized as follows: section 2 presents basic concepts related to
information agents; section 3 outlines the model used to quantify the similarity
between concepts of different user profiles (ontologies) and shows the imple-
mented algorithm that screens the compared ontologies to map those concepts
that may be suitable for an eventual sharing. Next, section 4 details the experi-
mental conditions concerning the selection of the test collections used to generate
the profiles and later compare them, as well as the modifications needed to adapt
the similarity model to the characteristics of the PersonalSearcher profile rep-
resentation. Section 5 discusses the results along with implications concerning
related work. Finally, section 6 presents the conclusions about this experiment.

2 Information Agents

Agents are usually processes that run continously, know what to do and when
to intervene. Agents communicate with other agents, asking solicitations and
executing the requested tasks. According to [8], an agent has a long list of prop-
erties, among which can be highlighted: autonomy, social hability, reactivity and
proactivity. Due to the enormous ammount of information accessible through the
Internet, and the short time a user generally has to find relevant information, a
type of agent that has been widely researched is the so called intelligent infor-
mation agent [9,12,10,16,3]. They are defined in [9] as computational software
entities that can access one or multiple information sources that are distributed
and heterogeneous and can acquire, mediate and mantain proactively relevant
information on behalf of the user or other agents, preferably in a just-in-time
fashion. They can be, in general, cooperative and non-cooperative. Additionally,
both types can be rational, adaptive and mobile. Recommender agents are a
special case of information agents. Two methods that are commonly used in rec-
ommender agents, based on Machine Learning(ML) and making part of a MAS
applied to IR, are [16,3]:

– Content based approaches: agents seek for items that are similar to those
preferred by the user, comparing content. Rooted in the IR domain, they
are popular for textual data and can be applied succesfully to isolated users;

– Collaborative approaches: or social learning [13]. They assume that there is
a group of users of the system, computing the similarity between users (not
items) and recommending items that similar users have found interesting.
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The performance of such systems crucially depends on the type of modeling
used to represent their users.

2.1 User Profiles

Each agent in a MAS can be considered to have a particular vision of its en-
vironment. This vision can be made explicit through an ontology. An ontology
is defined in [7] as a logical theory which gives an explicit, partial account of a
conceptualization. Furthermore, a conceptualization is an intensional semantic
structure which encodes the implicit rules constraining the structure of a piece of
reality [7]. Thus, an ontology is a compromise with a specific conceptualization
of the world. Guarino’s definition refines another definition given by Gruber [6],
stating that an ontology is a explicit specification of a conceptualization.

Ontology

Models M(L)

Language LConceptualization C

Intended models
Ik(L)

commitment K=<C,ττττ>

Fig. 1. Relating ontologies, language and conceptualization [7].

The use of ontologies to explain implicit knowledge is a viable approach to
overcome the problem of semantic heterogeneity. Interoperability between agents
can be achieved reconciliating the different world views through the compromise
to a common ontology [19]. Also, information agents can use ontologies to rep-
resent explicitly isolated user profiles [17,1], which is the view adopted in this
work concerning the profiles generated by the PersonalSearcher agent.

2.2 PersonalSearcher

The PersonalSearcher [5] agent is dedicated to the task of retrieving information
from the web. It uses Case Base Reasoning to build a profile of the thematic
preferences of the user, using an approach detailed in [5]. This profile is auto-
matically generated and it is incremental, being used to expand the user requests
with relevants terms, as well as to filter relevant pages from the set of results
obtained from general purpose search engines like Google, Yahoo or Altavista.

The profiles are generated by the agent watching the user’s search behaviour.
Parameters as the time dedicated to read a document, its source address, con-
tent, etc. are taken into account to describe the document as a case which is
compared to previously recorded cases. When a certain degree of similarity is
reached between cases, they are grouped into a cluster. Clusters are monitored,
and when the chosen parameters remain invariant, a group of words is taken to
generate a theme, that will be used from then on to reduce the space of options
when verifying if a document retrieved from the web is relevant for the user. A
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theme has an associated preference value, ranging from zero to one. The pref-
erence value is given by the time spent by an user reading the cases that are
classified under a theme, when compared to the overall reading time of the user.
The themes successively generated by the PersonalSearcher agent are hierarchi-
cally organized. The thematic hierarchies, or theme trees, can be considered as
representing particular ontologies. This way, themes can be treated as concepts
having features, actually words that describe them.

3 Ontological Matching as a Quantitative Measure of
Profile Similarity

In the literature there are some works that deal with the comparison of ontolo-
gies [15,4,14] referencing specific tools for the construction of complex ontologies
with the intervention of human experts. On the other hand, in [18] it is pre-
sented a relatively simple model, called MD3, to compare ontologies, that allows
a completely automated comparison, combining three forms of similarity mea-
surement. Furthermore, it can be applied with some modifications to the hierar-
chies that appear in the PersonalSearcher user profiles or even to more detailed
ontologies. Even though the use of the MD3 model can cause some precision loss
in the results, when a society of information agents is considered it is essential
that the comparison process could be made effectively with the highest degree
of automation, so to avoid a situation in which the user is continously asked
to decide upon conflicts that would distract her/him from her/his real goals.
The MD3 model evaluates the similarity between classes belonging to different
concept hierarchies. It was used as a basis to allow the comparison of profiles of
different users of PersonalSearcher. It considers that two independent concept
hierarchies (ontologies) are connected through a more general (imaginary) class
as it appears in figure 2.a).

anything

entity entity type

object building
complex

stadium building

artifact

structure way

building stadium building
complex

depth

Hierarchy H1 Hierarchy H2

athletic
field

sports
arena

structure

building stadium building
complex

athletic
field

sports
arena

Fig. 2. a)Connecting two ontologies using a common imaginary root (left); b)semantic
neighborhood with r=1 for stadiumH1, containing 4 classes (rigth) [18].
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The MD3 model combines feature-matching and semantic distance. The
global similarity value S(a, b) between two concepts a and b, belonging to differ-
ent ontologies, say p and q, is given by the following equation:

S(ap, bq) = wl ∗ Sl(ap, bq) + wu ∗ Su(ap, bp) + wn ∗ Sn(ap, bq) (1)

Sl, Su and Sn denote the lexical, feature and semantic neighborhood similar-
ities between the concepts a and b, and wl, wu and wn are the weights of each
component when calculating the global similarity value. As the lexical similarity
can be influenced by polysemy, the feature and semantic neighborhood similar-
ities should be used. The values of wl, wu and wn depend on the characteristics
of the ontologies to be compared and they must add up to one. However, only
common specification aspects can be used to verify the degree of similarity. E.g.,
if an ontology labels a concept with symbols that carry no information about
it (say “ABC0027”), the lexical similarity is useless. In the similarity functions
Si(ap, bq), a and b are classes (in the case of PersonalSearcher, themes) and i
denotes the type of similarity (lexical, feature and semantic neighborhood). Let
A and B be the sets of features of ap and bq. The matching process determines
the cardinality of the intersection and the difference between A and B.

Si(ap, bq) =
|A ∩B|

|A ∩B|+ α(ap, bq) ∗ |A −B|+ (1− α(ap, bq)) ∗ |B −A| (2)

The value of α is calculated using the depth of the classes in the connected

hierarchies: α(ap, bq) =

{
depth(ap)

depth(ap)+depth(bq) If depth(ap) ≤ depth(bq)

1− depth(ap)
depth(ap)+depth(bq) If depth(ap) > depth(bq)

An important aspect is that the similarity S(ap, bq) between concepts is not
a necessarily symmetric relation [18], e.g. “a hospital is similar to a building” is
more generally accepted than the expression “a building is similar to a hospital”.

To calculate the semantic neighborhood similarity is considered the notion
of semantic neighborhood, that is the set of classes which distance to a given
class is within a specified radius. The semantic neighborhood of a class contains
the given class, as can be seen in fig. 2.b). Formally: N(ao, r) = {co

i }, where ao

and co
i are classes of an ontology o, r is the radius and N(ao, r) is the semantic

neighborhood of ao. Furthermore, ∀co
i ∈ N(ao, r), d(ao, co

i ) ≤ r. This notion
of similarity is based on shallow matching, associated to the evaluation of the
immediate neighborhood of a class, i.e. the radius is of value 1.

Given two concepts ap and bq from ontologies p and q, where N(ap, r) has n
concepts and N(bq, r) has m concepts, and the intersection of the two neighbor-
hoods is denoted by ap∩nb

q, the value of Sn(ap, bq, r) is calculated by:

|ap∩nb
q|

|ap∩nbq|+ α(ap, bq) ∗ δ(ap, ap∩nbq, r) + (1− α(ap, bq)) ∗ δ(bq, ap∩nbq, r)
(3)

where δ(ap, ap∩nb
q, r) =

{ |N(ap, r)| − |ap∩nb
q| If |N(ap, r)| > |ap∩nb

q|
0 In other case
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The intersection between the neighborhoods is approximated by the sim-

ilarity of classes within them: ap∩nb
q =

[∑
i≤n

(
maxj≤mS(ap

i , b
q
j)

)]
− ϕ ∗

S(ap, bq)with

ϕ =
{
1 If S(ap, bq) = maxj≤m S(ap, bqj)
0 In other case

As S(ap, bq) is asymmetric, ap∩nb
q also is. The similarity between two classes

ap
i and bqj , from the neighborhoods of ap and bq is calculated using lexical and
attribute similarity, with equal weights (0.50): S(ap

i , b
q
j) = wl ∗ Sl(a

p
i , b

q
j) + wu ∗

Su(a
p
i , b

q
j). From here on, Sn(ap, bq) should be read as Sn(ap, bq, 1).

3.1 Comparison Algorithm

Using the MD3 model, a comparison algorithm was implemented. It has two
procedures, Trav 1 and Trav 2, shown in fig 3, being both essentially breadth-
first traversals of the PersonalSearcher user profiles theme trees. Trav 1 traverses
the first profile profile 1, considered as a reference. Trav 2 receives a node
of profile 1, with its neighborhood, and compares it with all the concepts in
profile 2. The MD3 model was adjusted as follows:

– As a profile concept label carries no information (e.g. “SBJ48”), wl is set
to zero: S(ap, bq) = 0.0 ∗ Sl(ap, bq) + 0.5 ∗ Su(ap, bp) + 0.5 ∗ Sn(ap, bq);

– Theme features have associated weights that affect the values of |A ∩ B|,
|A−B| and |B−A| in eq. 2 when calculating feature similarity. In eq. 2 the
cardinality is an integer, now is a real number. A possible interpretation is
that the values have attached a confidence degree. A feature is now denoted
by an ordered pair indicating the weight of the feature for a concept;

– When two isolated themes (i.e. themes that are linked to the root and have
no children) are compared, only the feature similarity is calculated.

4 Experimental Results

The described model, implemented as part of the algorithm, was applied to
sample user profiles, acquired feeding PersonalSearcher with subsets of test col-
lections of web pages. The profiles correspond to fictitious users. This approach
was taken to ensure repeatability, as several parameters can be used to tune the
PersonalSearcher theme generation: threshold to add a case to a cluster; number
of cases included in a cluster without introducing changes in the set of candidate
attribute words (used to transform a cluster into a theme); threshold to classify
a case under a theme; threshold to choose a word to be a candidate attribute.

The used collections were made publicly available by the CMU Text Classi-
fication Group: the first, more structured, called WebKB, has 8282 pages col-
lected in 1997 from Computer Science Departments of four USA Universities,
organized into 7 main directories with 5 subdirectories each; the second, rather
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Procedure 1 Trav_1(profile_1, profile_2)
queue_1.add(profile_1.root)
while queue_1 not empty do

node_1! queue_1.head
for k=1 to num_children(node_1) do
child_k ! next_child(node_1)
queue_1.add(child_k)
queue_neighb.initialize()
queue_neighb.add(node_1)
queue_neighb.add(child_k)
for j=1 to num_children(child_k) do
queue_neighb.add(next_child(child_k))

end for
Trav_2(child_k, queue_neighb, profile_2)

end for
queue_1.retrieve(node_1)

end while

Procedure 2 Trav_2(node, queue_neighb,profile_2)
queue_2.add(profile_2.root)
while queue_2 not empty do

node_2! queue_2.head
for m=1 to num_children(node_2) do
child_m ! next_child(node_2)
queue_2.add(child_m)
queue_neighb_2.initialize()
queue_neighb_2.add(node_2)
queue_neighb_2.add(child_m)
for n=1 to num_children(child_m) do

queue_neighb_2.add(next_child(child_m))
end for
element_queue.sim=S(node,queue_neighb,child_m,queue_neighb_2)
node.queue_sim.add(element_queue)

end for
queue_2.retrieve(node_2)

end while

Fig. 3. Traversal procedures used in the comparison process.

flat, called Sector, has 9548 pages distributed homogeneously into 105 direc-
tories corresponding each to an industrial activity sector. The subsets used to
fed PersonalSearcher were: 973 pages from one of the 7 main directories of the
WebKB collection; 521 pages from 5 directories of the Sector colection. From
here on, citing a collection denotes the used subset. Three profiles, shown in fig.
4, were generated: UserONE, using Sector as input. Its structure is rather flat,
containing just 6 isolated themes(i.e., a theme linked to the root, having no chil-
dren), neither of which is subclassified under another; UserTWO, usingWebKB
as input. It is more structured than UserONE, with 5 themes, 2 of which are
subcategories of more general themes; and UserTHREE, obtained feeding ini-
tially Sector followed by WebKB. The order is relevant as it affects the theme
generation. A sample concept is shown with its features in table 4.

Table 1. A sample concept from the PersonalSearcher UserONE profile

The comparison of the generated profiles was performed in two steps. Ini-
tially, each one of the three profiles was compared with itself, in order to have
reference cases. Next, they were compared with each other. Each concept of the
reference ontology keeps a list of the concepts of the other ontology upon with
it has a similarity value above a threshold than can be set by the user. Addi-
tionally, the preference degree of a theme can be taken into account, causing the
similarity to be multiplied by it, decreasing the similarity value. The observa-
tions confirmed the predictions stating that the similarity is non-symmetric. Still,
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Fig. 4. UserONE (upper left), UserTWO (upper rigth) and UserTHREE (down).

identical themes received relatively high similarity values. The lower similarity
value for identical themes was 0.50, resulting from feature similarity, with grad-
ually higher values for correspondingly similar semantic neighborhoods. Isolated
themes (see section 3.1) reached a similarity of 1.0. Sample comparison results
are shown in fig. 5 and in table 4.

Fig. 5. Similarity links values when comparing UserTWO with UserTHREE.



554 G.A. Giménez-Lugo et al.

Table 2. Relations and similarity link values between sample concepts, from fig. 5

5 Discussion and Related Work

At the present stage, PersonalSearcher user profiles still need improvements in
order to have a more accurate representation of the user knowledge, a problem
that is common to fully automated knowledge acquisition approaches.

In this sense, a confidence degree can be worked out for the acquired concepts
as part of further work on the acquisition of the profiles. Anyway, the compari-
son process shown in this work doesn’t need modifications to manipulate more
detailed and accurate ontologies and will only benefit from better acquisition
results, as far as the PersonalSearcher representation model remains the same.

There are few related works reporting the representation and comparison of
individual user ontologies mantained by agents as user profiles. The CAIMAN
[11] system represents ontologies only as vectors of words, on the other hand
PersonalSearcher favors the representation of ontologies in a way that is suitable
to cope with a frame based knowledge representation model like OKBC [2], en-
abling a much richer representation that allows to take advantage of the relations
that can be made explicit in a hierarchical structure. In DOGGIE [20], agents
exchange full documents to learn new concepts, a highly desirable but rather
restricting approach, e.g. for privacy reasons; our approach overcomes much of
the associated problem because it allows the exchange of (portions of) structured
knowledge, i.e. ontologies, without exposing the actual user documents.

6 Conclusions

We have shown an approach in which a quantitative comparison of user profiles,
considered as ontologies maintained by information agents, was implemented.
We plan to apply the results in a MAS system for IR in which existing interface
agents’ reasoning capabilities will be extended to support a model in the context
of a cooperative MAS in which different degrees of knowledge sharing (say single
features, concepts or whole ontologies) will be possible.
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Abstract. Autonomous agents are being increasingly used in a wide range of
applications. Most applications involve or require multiple agents operating in
complex environments and, over time, conflicts inevitably occur among them.
Negotiation is the predominant process for resolving conflicts. Recent interest in
electronic commerce has also given increased importance to negotiation. This
paper presents a generic negotiation model for autonomous agents that handles
multi-party, multi-issue and repeated rounds. The model is based on
computationally tractable assumptions.

1   Introduction

Autonomous agents operate in complex environments and, over time, conflicts
inevitably occur among them. Conflict resolution is crucial for achieving coordination.
The predominant process for resolving conflicts is negotiation. Recent interest in
electronic commerce has also given increased importance to negotiation. This paper
presents a generic negotiation model for autonomous agents that handles multi-party,
multi-issue, and repeated rounds. The components of the model are: (i) a
prenegotiation model, (ii) a multilateral negotiation protocol, (iii) an individual model
of the negotiation process, (iv) a set of negotiation strategies, and (v) a set of
negotiation tactics. The model is based on computationally tractable assumptions.

This paper builds on our previous work [7, 8, 9, 10]. In these papers, we presented
the prenegotiation model, introduced the individual model of the negotiation process,
and defined a number of negotiation tactics. In this paper, we present a multilateral
negotiation protocol, continue the description of the individual model and introduce a
set of negotiation strategies.

The remainder of the paper is structured as follows. Section 2 presents a generic
model of individual behavior for autonomous agents. The model forms a basis for the
development of negotiating agents. Section 3 presents a generic model of negotiation
for autonomous agents. Finally, related work and concluding remarks are presented in
sections 4 and 5, respectively.
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2   Autonomous Agents

Let Agents be a set of autonomous agents. This section briefly describes the features
of every agent agi∈ Agents (see [7, 8] for an in-depth discussion).

The agent agi has a set Bi={bi1,…} of beliefs and a set Gi={gi1,…} of goals.

Beliefs represent information about the world and the agent himself. Goals represent
world states to be achieved.

The agent agi has a library PLi={pti11,…} of plan templates representing simple

procedures for achieving goals. A plan template ptikl∈ PLi is a 6-tuple that includes a

header, a type, a list of conditions, a body, a list a constraints, and a list of statements
[8]. The header is a 2-tuple: headerikl=<pnameikl,pvarsikl>, where pnameikl is the

name of ptikl and pvarsikl is a set of variables. The library PLi has composite plan

templates specifying the decomposition of goals into more detailed subgoals, and
primitive plan templates specifying actions directly executable by agi.

The agent agi is able to generate complex plans from the simpler plan templates

stored in the library. A plan pik for achieving a goal gik∈ Gi is a 3-tuple:

pik=<PTik,≤h,≤t>, where PTik⊆ PLi is a list of plan templates, ≤h is a binary relation

establishing a hierarchy on PTik, and ≤t is another binary relation establishing a

temporal order on PTik. The plan pik is represented as a hierarchical and temporally

constrained And-tree. Plan generation is an iterative procedure of: (i) plan retrieval,
(ii) plan selection, (iii) plan addition, and (iv) plan interpretation [8].

At any instant, the agent agi has a number of plans for execution. These plans are

the plans adopted by agi and are stored in the intention structure ISi=[pi1,…]. For each

plan template ptikl in pik, the header of ptikl is referred as intention intikl.

The agent agi often has information about the agents in Agents. This information is

stored in the social description SDi={SDi(ag1),…}. Each entry Sdi (agj) =

<Bi(agj),Gi(agj),Ii(agj)>, contains the beliefs, goals and intentions that agi believes agj

has.

3   The Negotiation Model

Let Ag={ag1,…,agi,…,agn}, Ag⊆ Agents, be a set of autonomous agents. Let

PAg={p11,…,pik,…,pnn} be a set of plans of the agents in Ag including intentions

IAg={int111,…,intikm,…,intnnn}, respectively. Let the intentions in IAg represent

commitments to achieve exclusive world states. In this situation, there is a conflict
among the agents in Ag. This section presents a domain-independent description of a
computational model of negotiation.
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3.1   Preparing and Planning for Negotiation

The prenegotiation model defines the main tasks that each agent agi∈ Ag must attend

to in order to prepare and plan for negotiation. A brief description of these tasks
follows (see [9] for an in-depth discussion).

Negotiation Problem Structure Generation. A negotiation problem NPik from the

perspective of agi is a 6-tuple: NPik=<agi,Bi,gik,intikm,A,IA>, where Bi is a set of

beliefs, gik∈ Gi is a goal, pik∈ PAg is a plan of agi for achieving gik, intikm∈ IAg is an

intention of pik, A=Ag–{agi} and IA=IAg–{intikm}. The problem NPik has a structure

NPstructik consisting of a hierarchical And-Or tree. Formally, NPstructik is a 4-tuple:

NPstructik=<NPTik,≤h,≤t,≤a>, where NPTik⊆ PLi is a list of plan templates, ≤h and ≤t

have the meaning just specified, and ≤a is a binary relation establishing alternatives

among the plan templates in NPTik. The nodes of the And-Or tree are plan templates.

The header of the root node describes the negotiation goal gik.

The structure NPstructik is generated from plan pik by an iterative procedure

involving: (i) problem structure interpretation, (ii) plan decomposition, (iii) goal
selection, (iv) plan retrieval, and (v) plan addition [9]. NPstructik defines all the

solutions of NPik currently known by agi. A solution is a plan that can achieve gik.

Issue Identification and Prioritization. The negotiation issues of agi are obtained from

the leaves of NPstructik. Let Lik=[ptika,…] be the collection of plan templates

constituting the leaves of NPstructik. The header (pnameikl and pvarsikl) of every plan

template ptikl∈ Lik is called a fact and denoted by fikl. Formally, a fact fikl is a 3-tuple:

fikl=<isikl,v[isikl],rikl>, where isikl is a negotiation issue (corresponding to pnameikl),

v[isikl] is a value of isikl (corresponding to an element of pvarsikl), and rikl is a list of

arguments (corresponding to the remaining elements of pvarsikl). Let Fik={fika,…,fikz}

be the set of facts of NPstructik. The negotiating agenda of agi is the set of issues

Iik={isika,…,isikz} associated with the facts in Fik. The interval of legal values for each

issue isikl∈ Iik is represented by Dikl=[minikl,maxikl].

For each issue isikl, let wikl be a number called importance weight that represents its

importance. Let Wik={wika,…,wikz} be the set of normalized importance weights of

the issues in Iik. The priority of the issues in Iik is defined as their importance.

Limits and Aspirations Formulation. Limits and aspirations are formulated for each
issue. The limit for issue isikl is represented by limikl and the initial aspiration by

asp0
ikl, with limikl,aspo

ikl∈ Dikl and limikl≤asp0
ikl.

Negotiation Constraints Definition. Constraints are defined for each issue isikl∈ Iik.

Hard constraints are linear constraints that specify threshold values for issues. They
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cannot be relaxed. The hard constraint hcikl for isikl has the form: hcikl=(isikl≥limikl,

flex=0), where flex=0 represents null flexibility (inflexibility). Soft constraints are
linear constraints that specify minimum acceptable values for issues. They can be
relaxed. The soft constraint scikl for isikl has the form: scikl=(isikl≥asp0

ikl, flex=n),

where flex=n, n∈ N, represents the degree of flexibility of scikl.

Negotiation Strategy Selection. The agent agi has a library SLi={stri1,…} of

negotiation strategies and a library TLi={tacti1,…} of negotiation tactics. Negotiation

strategies are functions that define the tactics to be used at the beginning and during
the course of negotiation (see subsection 3.4). Negotiation tactics are functions that
define the moves to be made at each point of the negotiation process (see subsection
3.5). Strategy selection is an important task and must be carefully planned [3, 12, 13].
In this paper, we assume that agi selects a strategy strik∈ SLi accordingly to his

experience.

3.2   A Multilateral Negotiation Protocol

The protocol defines the set of possible tasks that each agent agi can perform at each

point of the negotiation process. A negotiation strategy specifies a task from the set of
possible tasks. A global description of the negotiation process follows.

The process starts with agi communicating a negotiation proposal propikm to all the

agents in A=Ag–{agi}. A negotiation proposal is a set of facts (see subsection 3.3).

Each agent agj∈ A receives propikm and may decide either: (i) to accept propikm, (ii) to

reject propikm without making a critique, or (iii) to reject propikm and making a

critique. A critique is a statement about issue priorities.
The process of negotiation proceeds with agi receiving the responses of all the

agents in A. Next, agi checks whether a negotiation agreement was reached. If the

proposal propikm was accepted by all the agents in A, the negotiation process ends

successfully. In this case, agi informs the agents in A that an agreement was reached.

Otherwise, agi can act either: (i) by communicating a new proposal propikm+1, or (ii)

by acknowledging the receipt of all the responses.
The process continues with the agents in A receiving the response of agi. If agi

decides to communicate a new proposal propikm+1, each agent agj∈ A may again

decide: (i) to accept propikm+1, or (ii) to reject propikm+1 without making a critique, or

(iii) to reject propikm+1 and making a critique. If agi decides to acknowledge the

receipt of the responses, the process continues to a new round in which another agent
agk∈ Ag communicates a proposal to all the agents in Ak=Ag–{agk}. This is repeated

for other agents in Ag.
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3.3   The Negotiation Process (Individual Perspective)

The individual model of the negotiation process specifies the tasks that each agent
must perform in order to negotiate in a competent way. These tasks (or processes) are
shown in Fig. 1 for the specific case of an agent agi∈ Ag that communicates a

negotiation proposal. Let NPik represent agi’s perspective of a negotiation problem

and NPstructik be the structure of NPik. A description of the main processes follows.

Negotiation Proposal Generation. This process generates the set of initial negotiation
proposals INPSik satisfying the requirements imposed by NPstructik. The generation of

INPSik is performed through an iterative procedure involving: (i) problem

interpretation, (ii) proposal preparation, and (iii) proposal addition [10]. In brief,
problem interpretation consists of searching NPstructik for any solution pik of NPik
and selecting the primitive plan templates pptik={ptika,…,ptikp} of pik. Proposal

preparation consists of determining a negotiation proposal propikm={fika,…,fikp}, i.e.,

a set of facts corresponding to the headers of the plan templates in pptik. Proposal

addition consists of adding propikm to INPSik.

The preparation of a proposal propikm partitions the set Fik of facts into: (i) subset

propikm, and (ii) subset pcomplikm={fikp+1,…,fikz}, called proposal complement of

propikm. The facts in propikm are fundamental for achieving the negotiation goal gik.

They are the inflexible facts of negotiation, for proposal propikm. The negotiation

issues Ipropikm={isika,…,isikp} associated with these facts are the inflexible issues. On

the other hand, the facts in pcomplikm are not important for achieving gik. They are the

flexible facts of negotiation, for proposal propikm. The issues

Icomplikm={isikp+1,…,isikz} associated with these facts are the flexible issues.

Feasible and Acceptable Proposal Preparation. This process generates the set of
feasible proposals IFPSik, IFPSik⊆ INPSik, and the set of acceptable proposals IAPSik,

IAPSik⊆ IFPSik. Let propikm={fika,…,fikp} be a negotiation proposal. Let

Ipropikm={isika,…,isikp} be the set of issues associated with the facts in propikm. Let

HCpropikm={hcika,…,hcikp} and SCpropikm={scika, …,scikp} be the sets of hard and

soft constraints for issues in Ipropikm, respectively. A negotiation proposal

propikm∈ INPSik is feasible if the issues in Ipropikm satisfy the set HCpropikm of hard

constraints. A feasible proposal propikm is acceptable if the issues in Ipropikm satisfy

the set SCpropikm of soft constraints.

Feasible Proposal Evaluation. This process computes a score for each proposal in
IFPSik using an additive scoring function and orders the proposals in descending order

of preference. Let Wik={wika,…,wikp} be the set of importance weights of the issues in

Ipropikm. Let Cikm=(v[isika],…,v[isikp]) be the values of the issues in Ipropikm (Cikm is

called a contract). For each issue isikl∈ Ipropikm defined over the interval Dikl=[minikl,
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maxikl], let Vikl be a component scoring function that gives the score that agi assigns to

a value v[isikl]∈ Dikj of isikl. The score for contract Cikm is given by [13]:

V(Cikm)= ∑
=

p

aj
])(v[is Vw ikjikjikj . The proposal propikm is identified with contract Cikm

and both have the same score.
Feasible Proposal Selection. This process selects a feasible proposal propikm∈ IFPSik.

The negotiation strategy strik of agi dictates a tactic tactik∈ TLi to use. The tactic tactik
specifies a particular proposal propikm.

Feasible Proposal Modification. This process computes a new proposal propikm+1

from a rejected proposal propikm. The strategy strik defines one or two tactics

tactik,tactik+1∈ TLi. The tactics modify propikm to make it more acceptable.

3.4   Negotiation Strategies

This subsection describes two classes of strategies, called concession and problem
solving strategies.

Concession strategies are functions that define the opening negotiation and concession
tactics. In this paper, we consider three sub-classes of strategies:

1. starting high and conceding slowly – model an optimistic opening attitude and
successive small concessions;

2. starting reasonable and conceding moderately – model a realistic opening attitude
and successive moderate concessions;

3. starting low and conceding rapidly – model a pessimistic opening attitude and
successive large concessions.

The starting high and conceding slowly strategies are formalized by analogous
functions. For instance, a strategy SH01 is formalized by a function:

sh_strategy_01(state,TLi,F)= tactik

if: state =“initial” then: tactik=“starting_optimistic”

else: tactik=”const_factor_tact” ∧  F=0.1

where state is the state of the negotiation, F∈ [0,1] is the concession factor, tactik is the

tactic specified by the strategy, starting_optimistic is an opening negotiation tactic,
and const_factor_tact is a constant concession factor tactic (see subsection 3.5). The
strategies in the other subclasses are formalized by similar functions.

Problem solving strategies define the opening negotiation, concession and
compensation tactics. In this paper, we consider two sub-classes of strategies:
1. low priority concession making – model a realistic opening attitude, large

concessions on issues of low priority and small concessions on other issues;
2. low priority concession making with compensation – these strategies are similar to

previous strategies; however, concessions are interleaved with compensations.
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Low priority concession making strategies partition the set Iik of issues into: (i) subset

Iik+, corresponding to higher priority issues, and (ii) subset Iik–, corresponding to the

remaining issues. Again, the strategies in this sub-class are formalized by analogous
functions. For instance, a strategy LP01 is formalized by a function:

lp_strategy_01(state,TLi,Iik,F1,F2)=(tactik, Iik+,tactik+1, Iik–)

if: state =”initial” then: tactik=“starting_realistic” ∧  tactik+1=”nil”

else: Iik= Iik++ Iik–  ∧  ∀ itikj∈ Iik+, tactik=”const_factor_tact” ∧  F1=0.10 ∧
∀ itikj∈ Iik–, tactik+1=”const_factor_tact” ∧  F2=0.35

where state and const_factor_tact have the meaning just specified, F1 and F2 are

constants, tactik and tactik+1 are the tactics defined by the strategy, and

starting_realistic is an opening negotiation tactic (see subsection 3.5). The
formalization of the strategies in the other sub-class is essentially identical to that.
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3.5   Negotiation Tactics

This section describes two classes of tactics, called opening negotiation and
concession tactics.
Opening negotiation tactics specify a proposal to submit at the beginning of
negotiation. Let IFPSik and IAPSik be the sets of feasible and acceptable proposals of

agi, respectively. Let INAPSik=IFPSik–IAPSik. Let Vpropikh be the score of proposal

propikh∈ IAPSik. Let Aprop0
ikh be the set of initial aspirations of agi for issues in

propikh and VAprop0
ikh be the score of Aprop0

ikh. Let Difikh= Vpropikh–VAprop0
ikh .

Similarly, let Vpropikh+1 be the score of proposal propikh+1∈ INAPSik. Let Aprop0
ikh+1

be the set of initial aspirations of agi for issues in propikh+1 and VAprop0
ikh+1 be the

score of Aprop0
ikh+1. Let Difikh+1= Vpropikh+1–VAprop0

ikh+1 . We consider three

tactics:

1. starting optimistic – specifies the proposal propik1 with the highest score;

2. starting realistic – specifies either: (i) proposal propikh with the lowest score, if

Difikh≤Difikh+1, or (ii) proposal propikh+1 with the highest score, if Difikh>

Difikh+1;

3. starting pessimistic – specifies the proposal propikn with the lowest score.

The three tactics are formalized by similar functions. For instance, the tactic starting
optimistic is formalized by the following function:

starting_optimistic(IFPSik)=propik1 ∀ propikj∈ IFPSik, Vpropik1≥Vpropikj

Concession tactics are functions that compute new values for each issue. In this paper,
we consider two sub-classes of tactics: (i) constant concession factor tactics, and (ii)
total concession dependent tactics. In each sub-class, we consider five tactics:
1. stalemate – models a null concession on isikj;

2. tough – models a small concession on isikj;

3. moderate – models a moderate concession on isikj;

4. soft – models a large concession on isikj;

5. compromise – models a complete concession on isikj.

Let propikm be a proposal submitted by agi and rejected. Let v[isikj]m be the value of

isikj offered in propikm. Let limikj be the limit for isikj. Let v[isikj]m+1 be the new value

of isikj to be offered in a new proposal propikm+1. Let Vikj be the component scoring

function for isikj. The constant concession factor tactics are formalized by a function

const_factor_tact which takes v[isikj]m, a constant w, limikj and another constant cte as

input and returns v[isikj]m+1, i.e.,

const_factor_tact(v[isikj]m,w,limikj,cte)= v[isikj]m+1|

v[isikj]m+1=v[isikj]m + (-1)w F  limikj – v[isikj]m  ∧  F=cte
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where w=0 if Vikj is monotonically decreasing or w=1 if Vikj is monotonically

increasing and F is the concession factor. The five tactics are defined as follows: the
stalemate tactic by F=0, the tough tactic by F∈ ]0,0.2], the moderate tactic by
F∈ ]0.2,0.3], the soft tactic by F∈ ]0.3,0.4], and the compromise tactic by F=1.

The total concession dependent tactics are similar to the previous tactics, but F is a
function of the total concession. Let v[isikj]0,…,v[isikj]m, be the values of isikj

successively offered by agi, with Vikj(v[isikj]h-1)≥Vikj(v[isikj]h), 0≤h≤m. The total

concession Ctotal made by agi on isikj is: Ctotal= v[isikj]0–v[isikj]m . These tactics

are formalized by a function tcd_tactics which takes v[isikj]m, w, limikj, a constant

λ∈ R+, Ctotal and v[isikj]0 as input and returns v[isikj]m+1, i.e.,

tcd_tactics(v[isikj]m,w,limikj,λ,Ctotal,v[isikj]0)=v[isikj]m+1|

v[isikj]m+1 = v[isikj]m + (-1)w F  limikj – v[isikj]m  ∧
F = 1 – λ Ctotal /  limikj– v[isikj]0

4   Related Work

The design of negotiating agents has been investigated from both a theoretical and a
practical perspective. Researchers following the theoretical perspective attempt mainly
to develop formal models. Some researchers define the modalities of the mental state
of the agents, develop a logical model of individual behavior, and then use the model
as a basis for the development of a formal model of negotiation or argumentation (e.g.,
[6]). However, most researchers are neutral with respect to the modalities of the
mental state and just develop formal models of negotiation (e.g., [5]). Generally
speaking, most theoretical models are rich but restrictive. They made assumptions that
severely limit their applicability to solve real problems.

Researchers following the practical perspective attempt mainly to develop
computational models, i.e., models specifying the key data structures and the
processes operating on these structures. Some researchers start with a model of
individual behavior, develop or adopt a negotiation model, and then integrate both
models (e.g., [11]). Again, most researchers prefer to be neutral about the model of
individual behavior and just develop negotiation models (e.g., [1]). Broadly speaking,
most computational models are based on ad hoc principles. They lack a rigorous
theoretical grounding. Despite these, some researchers believe that it is necessary to
develop computational models in order to use agents in real-world applications [14].
Accordingly, we developed a computational negotiation model.

As noted, most researchers have paid little attention to the problem of how to
integrate models of individual behavior with negotiation models. However, it is one of
the costliest lessons of computer science that independently developed components
resist subsequent integration in a smoothly functioning whole [2]. Accordingly, we
developed a model that accounts for a tight integration of the individual capability of
planning and the social capability of negotiation.

We are interested in negotiation among both self-motivated and cooperative agents.
Our structure for representing negotiation problems is similar to decision trees and
goal representation trees [4], but there are important differences. Our approach does
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not require the quantitative measures typical of decision analysis. Also, our approach
is based on plan templates and plan expansion, and not on production rules and
forward or backward chaining. In addition, our formulae for modeling concession
tactics are similar to the formulae used by Faratin et al. [1]. Again, there are important
differences. The total concession criterion is not used by other researchers and our
formulae: (i) assure that the agents do not negotiate in bad faith, and (ii) model
important experimental conclusions about human negotiation.

5 Discussion and Future Work

This article has introduced a computational negotiation model for autonomous agents.
There are several features of our work that should be highlighted. First, the model is
generic and can be used in a wide range of domains. Second, the structure of a
negotiation problem allows the direct integration of planning and negotiation. Also,
this structure defines the set of negotiation issues. Third, the model supports problem
restructuring ensuring a high degree of flexibility. Problem restructuring allows the
dynamic addition of negotiation issues. Finally, the negotiation strategies are
motivated by human negotiation procedures [3, 12]. Our aim for the future is: (i) to
extend the model, and (ii) to finish the experimental validation of the model.
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Abstract. The base of research works, on interface agents, is the client-server
concept, where they regarded them as humans’ assistants in the use of software.
This vision does not permit the foundation, in a coherent way, of the human-
software cooperation. In this paper, we propose a cooperation-based approach; of
interface agents’development for multi-agent systems.Abstractly, we consider the
human as an agent H that assumes one or more roles. Conceptually, we associate
to the human a software F that holds the H’s objective. F is a software agent
qualified as interface agent. However, F has neither human’s intellectual abilities
nor its resources’ exploitation. We supplement this lack by F-human interaction.
The agent H will then be consisted of F completed by the human’s intellectual
abilities and his resources’ exploitation. H cooperates with other software agents
and the development of F will follow a multi-agent development methodology.

1 Introduction

The base of the research works undertaken on interface agents (see [14], for research
works survey on interface agents) is the traditional concept of client-server. They see
the human as a client and qualify him as a user whereas they see the interface agent as a
humans server, for the use of software systems (tools). Consequently, the interface agent
must have some characteristics of intelligence, to better serve the human. This is what
makes dominate aspects of traditional artificial intelligence (natural language interface,
intelligent assistance, comprehension, learning...).

In this paper, we propose a different viewpoint, co-operation based approach. We try
to clarify the usual approach and its disadvantages, in section 2. We then introduce the
co-operation based approach and its advantages, in section 3. In the remaining sections,
we show how we can concretize this approach and how we materialized it in MASA
project.

2 Usual Approach

Usually, the human uses software systems through tool invocation. For that, he deter-
mines its objective and plans the actions enabling him to reach it. We can subdivide these
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actions in two classes: those must do by the human and those must do by the software
system. Since the human is intelligent, its plan is fuzzy. It revises it according to its
requirements by remaking actions, adding new actions...

2.1 Human Detention of Actions Plan

In this situation, it is the human, which holds its plan, and ensures its execution. The
latter consists of: (1) sequencing plan actions, (2) execution of the actions intended for
him, and (3) Demand to software system, through an interface, to execute the actions,
that he reserved for it.

2.2 Disadvantages

The disadvantages of this approach are numerous.We can cite: (1) Interface development
is based on an interminable research of a general valid model for the use of any software
system by any human role, (2) Many inconsistencies in the use and/or sequencing tools,
(3) Does not make possible to the designer to exploit the humans intellectual abilities
to serve the objective of the system to be developed, and (4) The plan detention and its
execution by the human is embarrassed, unproductive, causes errors in plan execution
and its foundation...

3 Co-operation Based Approach

In the co-operation based approach, we consider, abstractly, the human as an agent H
that assumes one or more roles. Conceptually, we associate to the human a software F
that holds the H’s objective. F is a software agent qualified as interface agent. However, F
has neither human’s intellectual abilities nor its resources’ exploitation. We supplement
this lack by F-human interaction. The agent H will then be consisted of F completed
by the human’s intellectual abilities and his resources’ exploitation. H cooperates with
other software agents.

3.1 Actions Plan Detention by Interface Agent

In this approach, actions plan, qualified of individual task, must be explicit. Its base is
organization’s roles that the agent H must assume in the MAS. It is then determined
during MAS design so that MAS functioning was coherent.

It is the responsibility of the interface agent to hold the individual task, and to ensure
its execution. This execution consists of: (1) sequencing actions plan, (2) Demand to
the human to execute actions intended for him, and (3) Demand to software agents to
execute actions which are intended for them.
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3.2 Sharing Tasks between Software Agents and the Human

In this approach, we can share the tasks, in a coherent way, between software agents and
human agent. We can charge the software agents by: (1) Execution of tasks concerning
the data processing automation: calculations, storage, research..., and (2) Making certain
decisions.

Whereas, we can charge the human agents by: (1)Achieving treatments of intelligent
tasks, (2) Making certain decisions, and (3) Achieving actions on the environment,
external to software system, decided by the software system.

3.3 Advantages and Disadvantages

The advantages of this approach are numerous. We can cite those, which allow us to: (1)
Use multi-agents systems techniques of co-operation, for the derivation of the necessary
characteristics of the agent H and, consequently, those of the agent F, (2) Profit the MAS
from the intellectual abilities of the humans, (3) Manage human co-operation through a
network...

Its disadvantage lie in the need of preliminary planning. However, we can consider
this disadvantage also as an advantage, since it ensures a rigorous development of soft-
ware systems.

4 Interfaces and Agents

We can classified the solutions proposed for combining of agent and interfaces as follows:

1. Interface agent for traditional applications: The human interacts with the software
system as it does it usually. The interface agent observes all its actions while advising
it and proposing him solutions for possible difficulties, which it will encounter.

2. Traditional interface for multiagent systems: The human interacts directly with the
agents of multi-agents system through a traditional interface.

3. Interface agents for multiagent systems: It is an integration of the human in the
multiagent system. We consider the human as a system’s component (agent) whose
it plays one or more roles in a given organization.

4.1 Interface Agents for Traditional Applications

In this case, the interface agent behaves as an assistant who must be intelligent, convivial,
understanding, learning, and communicating in natural language.... This approach is that
proposed by Maes [4], [5], improved by several interface agents collaboration for learning
from several users by Lashkari [6] and by introducing the autonomy by Lieberman [1],
[2], [3] and continued by Rich and its colleagues [7], [8], [9], [10], [11].

Several works, of this class, treat the learning of the interface agents from users
actions [4], [5], [11], [13].

In this vision, the software system is heterogeneous, i.e., it comprises components
based on agent technology and traditional components. The interface agents adaptation,
to traditional components, makes that they do not satisfy agents minimal characteristics.
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4.2 Traditional Interfaces for Multiagent Systems

It is the approach followed by the MAS developers whose interfaces do not constitute
their concern. The role of these interfaces is to assist the human, as in the previous
approach, in the use of the various agents. The base of this approach is, generally, the
object-based interfaces approach.

In this latter, one presents objects, materialized by icons, representing accessible
software system objects, to the human. The later chooses icons and, using a global or
contextual menu, he invokes methods of these objects accessible to him.

In this case, the agents are viewed as objects. What is not coherent with the agent
concept. Moreover, the software system cannot profit, explicitly and coherently, from hu-
mans intellectual abilities and/or humans actions on the environment. It cannot manage,
either, the co-operation between the human, since it regard them as users.

4.3 Interface Agents for Humans Integration in Multiagent Systems

We distinguish, in this case, two environments: (1) Virtual or software and (2) Real or
physical. The human agent and the interface agent (the particular software F, explained
in section 3) are associated to constitute only one agent. The interface agent wraps the
human and represents it in the virtual environment, so that it uses humans capacities
to serve software agents. In the other hand, the human wraps the interface agent and
represents it in the real environment.

5 MASA: Multiagent Modeling of Systems with Autonomous and
Heterogeneous Components

5.1 MASA Project

MASA Project consists of three poles: MASA-Meta-model, MASA-Applications and
MASA-Method. The autonomy characterization, in MASA-Meta-model, constitutes its
strong point where it makes it possible to support heterogeneous agents (physical, soft-
ware and human). The applications of MASA, MASA-Applications, include several
types. They are important applications but they also have the role of the evaluation, vali-
dation, correction, improvement and enriching MASA-Meta-model and MASA-Method.

5.2 MASA-Method Methodology

MASA-method is an organizational methodology. Its specificity is the characterization of
the organization as being a couple (Structure, Objective) rather than as an only structure,
as other multi-agents organizational methodologies consider it. That is what clarifies the
development of agents co-operation.
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Cooperation’s development. We adopted the procedural description of the objective
and we qualified it of global task. We then approached the co-operation as follows:

1. Global task description in Colored Petri Nets (CPN) which ensures actions synchro-
nization,

2. Distribution of this global task on the various agents to derive agents individual
tasks. This produces a set of synchronized CPN (CPN-S) which each one constitutes
a description of an agent’s individual task.

MASA-Method’s Process. The process of MASA-Method consists of three phases:

Organizational phase. Consists of: (1) Set the organization’s objective to produce the
objective’s informal expression, (2) From this later, determine the organization’s struc-
ture to produce the organization’s structure, and (3) Formalize the objective’s expression,
using the organization’s structure.

Modeling phases. Consists of: (1) Using the organization’s structure, distribute the roles
on agents, (2) Determine agents’sensors and effectors to constitute communication links
between them and to produce MAS’s structure, and (3) Distribute the organization’s
objective on agents, in accordance with roles distribution, to produce MAS’s model.

Implementation phase. Consists of: (1) Implement the agents’expertise and their mental
states, of the MAS’s model, to produce MAS’s architecture and (2) Implementation of
the MAS’s architecture to produce the final MAS.

5.3 Human Agents and Interface Agents in MASA

In MASA, we consider the human, from abstract view, as an agent of the complete
multiagent system. To integrate the human agents with software agents, we associate to
each of them an interface agent as explained in section 3.

6 Interface Agents in MASA

In MASA, agent characteristics are the following: (1) Sensors and effectors, (2) Re-
sources, (3) State, (4) Expertise, and (5) Individual task. In the following subsections,
we describe how we can derive these characteristics for interface agents.

6.1 Interface Agent

We attribute the human agents characteristics to the interface agent as follow:

1. Sensors and effectors are those of agent-human communication,
2. Resources: The interface agent has not the human agents resources but it acts on via

the human agent it self, by demanding him to act on them,
3. State is an abstract of the human mental state (see sect. 6.2),
4. Expertise: The expertise procedures are not exactly those, which the human uses

(see sect. 6.3),
5. Individual task (see sect. 6.4, for its derivation).
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6.2 Interface Agent State Detention

We can consider two solutions: (1) Memorize the state by the interface agent, or (2) Its
detention by the human. The difficulty of the first solution is in that the interface agent
is not able to memorize all types of information. The difficulty of the second is that the
software system will not assist the human in memorizing and presenting certain data
and/or results.

In MASA, we propose a combination of the two approaches: Memorizing the in-
formation, which the representation is acceptable (cost consideration, feasibility...) and
leave the others with the human. The decision, on the adoption of a solution or the other
for particular information, is lifted to the MAS designer.

6.3 Expertise Procedures

A procedure of an interface agent expertise must make possible to communicate, to the
human, the procedure name and, to present to him the procedure’s data and/or to receive
from him the results of its execution.

If the communication means, with the human, are the usual ones (keyboard, screen,
mouse...) the displaying of the data and/or the entry results can be complex. They can be
formatted texts, graphs and/or images. In this case, the associated procedure must use
tools enabling it to display these data and/or to assist the human to enter these results.

An expertise’s procedure of an interface agent, which is implemented like a method
of an active object, can be then described as follows: (1) Display procedure name, (2)
Display its data if there is any and (3) Recover results if there is any.

Fig. 1. Programming team’s global task
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6.4 Individual Task

In MASA, we derive the individual task from the CPN description of the global task,
indifferently, as those of all agents. We show that aspect in the application example (See
section 7).

7 Example: Project’s Head as Interface Agent in the Programming
Process

The programming process belongs to the software development process. This last knew
a significant turning in the middle of the Eighties with the article of Osterweil [12]
entitled ”Software processes are software too”. Osterweil considered the software pro-
cess as being a complex software system whose development must follow the software
development process it self.

Fig. 2. Individual tasks of a Technician extracted from the programming team’s global task

7.1 Multiagent System for Conceptual Models Programming

The organization’s global task must answer the question ”how to program a design?” We
can make this by a team of programmers who program conceptual models. We choose
here an organization in team in which a team’s head supervise the programmers.

The global task, which its formal description is given in fig. 1, can be described in-
formally as follows: (1) Break up (Br) the design into components, (2)Allot components
to programmers, (3) a programmer, holding a component, program (Pg) this component
and produces a module, (4) when all components were programmed, the team’s head
integrates (Intg) modules and produces resulted software.

7.2 Interface Agent: Project’s Head

The individual task of a technician, wich represents a programmer role, is given in fig.
2 and that of the project’s head, wich represents a team’s head role, is given in fig.
3. The expertise of the project’s head comprises procedures Br, Extract a component
(Ex), Memirize a module (Mem) and Intgr. The base of the derivation of the expertise’s
procedure is how it displays the procedure name and its entry parameters and how it
recovers the results. For example, for the procedure Br, the project’s head interface
agent must: (1) Displays the message ”Breaks up the following design:”, (2) Displays
the design D, and (3) invokes the tool allowing the human to enter the decomposition
result that is a set of components (Scos).
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Fig. 3. Individual tasks of the Project’s head extracted from the programming team’s global task

8 Related Works

We view other interface agents approaches [2], [4], [6], [9], [10] as a particular case
of the cooperation based approach. We can show this by introducing agents, in the
MAS, in accordance to the cooperation-based approach, that assure particular roles of
assistance, supervising... In addition, our approach allows remedying disadvantages of
usual approaches and it has many advantages, like those which we explained in the
section 3. Among its other advantages, we can cite the simplification of the human-
software system interaction. The approach reduces this to the only communication of
the operations names, data and results.

It is our opinion; that our approach allows also a harmonious integration of any kind
of physical agents such as robots. This is not the case of other approaches. However, we
did not study the robot integration with human and/or software agents, for the moment.

9 Conclusion

We validated the cooperation-based approach in a multiagent modeling of software de-
velopment process as explained earlier, in this paper. The interface agent development
systematic and causes no particulars difficulties. The multiagent development process,
based on MASA-Method, directs this development. This later is a difficult task that we
work to simplify it by systemizing, assisting and/or automating stages of this develop-
ment. This is the MASA projects objective.
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ECSTRñIAM01-001, ISBN: 0854327320, http://www.ecs.soton.ac.uk/˜sem99r, Intelligence,
Agents and Multimedia group (IAM group), University of Southampton.



Comparing Distributed Reinforcement Learning
Approaches to Learn Agent Coordination

Reinaldo A.C. Bianchi and Anna H.R. Costa
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Abstract. This work compares the performance of the Ant-ViBRA sys-
tem to approaches based on Distributed Q-learning and Q-learning, when
they are applied to learn coordination among agent actions in a Multi
Agent System. Ant-ViBRA is a modified version of a Swarm Intelligence
Algorithm called the Ant Colony System algorithm (ACS), which com-
bines a Reinforcement Learning (RL) approach with Heuristic Search.
Ant-ViBRA uses a priori domain knowledge to decompose the domain
task into subtasks and to define the relationship between actions and
states based on interactions among subtasks. In this way, Ant-ViBRA is
able to cope with planning when several agents are involved in a com-
binatorial optimization problem where interleaved execution is needed.
The domain in which the comparison is made is that of a manipu-
lator performing visually-guided pick-and-place tasks in an assembly
cell. The experiments carried out are encouraging, showing that Ant-
ViBRA presents better results than the Distributed Q-learning and the
Q-learning algorithms.

1 Introduction

Based on the social insect metaphor for solving problems, the use of Swarm
Intelligence for solving several kinds of problems has attracted an increasing
attention of the AI community [2,3]. It is an approach that studies the emergence
of collective intelligence in groups of simple agents, and emphasizes the flexibility,
robustness, distributedness, autonomy and direct or indirect interactions among
agents.

The most common Swarm Methods are based on the observation of ant
colonies behavior. In these methods, a set of simple agents, called ants, cooperate
to find good solutions to combinatorial optimization problems. As a promising
way of designing intelligent systems, researchers are applying this technique to
solve problems such as: communication networks, combinatorial optimization,
robotics, on-line learning to achieve robot coordination, adaptive task allocation
and data clustering.

One possible manner of coordinating agent actions in a Multi Agent System
is using the Ant-ViBRA system [1]. It is a Swarm Algorithm that combines the
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Reinforcement Learning (RL) approach with Heuristic Search to solve combi-
natorial optimization problems where interleaved actions need to be performed.
The Ant-ViBRA is a modification of a well known Swarm Algorithm – the Ant
Colony System (ACS) Algorithm [6] – which was adapted to cope with planning
when several agents are involved.

In order to better evaluate the results of the Ant-ViBRA system, this work
compares the system performance with the ones obtained using a Distributed
Q-learning (DQL) algorithm proposed by [7] and the Q-learning algorithm [8].

The domain in which this comparison is made is that of a manipulator per-
forming visually guided pick-and-place tasks in an assembly cell. The system
optimization goal is to minimize the execution time by reducing the number of
movements made by the robotic manipulator, adapting in a timely fashion to
new domain configurations.

The remainder of this paper is organized as follows. Section 2 describes the
pick-and-place task domain used in this work. Section 3, 4, and 5 present the
Q-Learning, the Distributed Q-Learning, and the Ant-ViBRA algorithm, respec-
tively. Section 6 presents the experimental setup, the experiments performed in
the simulated domain, and the results obtained. Finally, Section 7 summarizes
some important points learned from this research and outlines future work.

2 The Application Domain

The pick-and-place domain can be characterized as a complex planning task,
where agents have to generate and execute plans, to coordinate its activities to
achieve a common goal, and to perform online resource allocation. The difficulty
in the execution of the pick-and-place task rests on possessing adequate image
processing and understanding capabilities and appropriately dealing with inter-
ruptions and human interactions with the configuration of the work table. This
domain has been the subject of previous work [4,5] in a flexible assembly cell.

In the pick-and-place task, given a number of parts arriving on the table (from
a conveyor belt, for example), the goal is to select pieces from the table, clean
and pack them. The pieces can have sharp edges as molded metal or plastic
objects usually presents during their manufacturing process. To clean a piece
means to remove these unwanted edges or other objects that obstruct packing.
In this way, there is no need to clean all pieces before packing them, but only
the ones that will be packed and are not clean. In this work, pieces to be packed
(and eventually cleaned) are named tenons and the desired place to pack (and
eventually clean) are called mortises.

While the main task is being executed, unexpected human interactions can
happen. A human can change the table configuration by adding (or removing)
new parts to it. In order to avoid collisions, both the cleaning and packing
tasks can have their execution interrupted until the work area is free of collision
contingencies.

The pick-and-place domain is a typical case of a task that can be decomposed
into a set of independent tasks: packing (if a tenon on the table is clean, pick it
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up with the manipulator and put it on a free mortise); cleaning (if a tenon or
mortise have sharp edges, clean it before packing) and collision avoidance.

One of the problems to be solved when a task is decomposed into several tasks
is how to coordinate the task execution. Since collision avoidance is an extremely
reactive task, its precedence over cleaning and assembly tasks is preserved. This
way, only interactions among packing and cleaning are considered. The packing
subtask is performed by a sequence of two actions – Pick-Up followed by Put-
Down – and the cleaning subtask applies the action Clean. Actions and relations
among them are:

– Pick-Up: to pick up a tenon. After this operation only the Put-Down oper-
ation can be used.

– Put-Down: to put down a tenon over a free mortise. In the domain, the
manipulator never puts down a piece in a place that is not a free mortise.
After this operation both Pick-Up and Clean can be used.

– Clean: to clean a tenon or a mortise, removing unwanted material to the trash
can and maintaining the manipulator stopped over it. After this operation
both Pick-Up and Clean can be used.

The coordination problem of the task execution, given a certain table con-
figuration in the pick-and-place domain, becomes a routing problem that can be
modeled as a combinatorial TSP Problem, since the goal here consists in mini-
mize the total amount of displacement performed by the manipulator during the
task execution. We have used three different reinforcement learning algorithms
to learn the agent coordination policy that minimizes the routing problem for a
given table configuration: Q-Learning, DQL and Ant-ViBRA. These algorithms
are discussed in the next sections.

3 Q-Learning

Reinforcement Learning (RL) algorithms have been applied successfully to
the on-line learning of optimal control policies in Markov Decision Processes
(MDPs). In RL, learning is carried out on-line, through trial-and-error inter-
actions of the agent with the environment. On each interaction step the agent
senses the current state s of the environment, and chooses an action a to perform.
The action a alters the state s of the environment, and a scalar reinforcement
signal r (a reward or penalty) is provided to the agent to indicate the desirability
of the resulting state.

The task of an RL agent is to learn a policy π : S → A that maps the
current state s into the desirable action a to be performed in s. One strategy to
learn the optimal policy π∗ is to allow the agent to learn the evaluation function
Q : S×A→ R. Each Q(s, a) value represents the expected cost incurred by the
agent when taking action a at state s and following an optimal policy thereafter.

The Q-learning algorithm [8] iteratively approximates Q, provided the system
can be modeled as an MDP, the reinforcement function is bounded, and actions
are chosen so that every state-action pair is visited an infinite number of times.
The Q learning rule is:
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Q(s, a)← Q(s, a) + α[r(s, a) + γ max
a′

Q(s′, a′)−Q(s, a)] (1)

where: s is the current state, a is the action performed in s, r(s, a) is the
reinforcement received after performing a in s, s′ is the new state, γ is a discount
factor (0 ≤ γ < 1), and α is the learning rate (α > 0).

4 Distributed Q-Learning

A recent Distributed Reinforcement Learning algorithm is the Distributed Q-
learning algorithm (DQL), proposed by Mariano and Morales [7]. It is a general-
ization of the traditional Q-learning algorithm described in the previous section
where, instead of a single agent, several independent agents are used to learn a
single policy.

In DQL, all the agents have a temporary copy of the state-action pair eval-
uation functions of the environment, which is used to decide which action to
perform and that are updated according to the Q-Learning update rule.

These agents explore different options in a common environment and when
all agents have completed a solution, their solutions are evaluated and the best
one receives a reward. The DQL algorithm is presented in table 1.

Table 1. The general DQL algorithm [7].

Initialize Q(s, a) arbitrarily
Repeat (for n episodes)

Repeat (for m agents)
Initialize s, copy Q(s, a) to Qcm(s, a)
Repeat (for each step of the episode)

Take action a, observe r, s′

Qcm(s, a)← Qcm(s, a) + α[γ maxa′ Qcm(s′, a′)−Qcm(s, a)]
s← s′

Until s is terminal
Evaluate the m solutions
Assign reward to the best solution found
Q(s, a)← Q(s, a) + α[r + γ maxa′ Q(s′, a′)−Q(s, a)]

5 Ant-ViBRA

Ant-ViBRA is a modification of the ACS algorithm in order to cope with different
sub-tasks, and to plan the route that minimizes the total amount of displacement
performed by the manipulator during its movements to execute the pick-and-
place task.
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5.1 The ACS Algorithm

The ACS Algorithm is a Swarm Intelligence algorithm proposed by Dorigo and
Gambardella [6] for combinatorial optimization based on the observation of ant
colonies behavior. It has been applied to various combinatorial optimization
problems like the symmetric and asymmetric traveling salesman problems (TSP
and ATSP respectively), and the quadratic assignment problem. The ACS can
be interpreted as a particular kind of distributed RL technique, in particular a
distributed approach applied to Q-learning [8]. In the remaining of this section
TSP is used to describe the algorithm.

The ACS represents the usefullness of moving to the city s when in city r in
the τ(r, s), called pheromone, which is a positive real value associated to the edge
(r, s) in a graph. It is the ACS counterpart of Q-learning Q-values. There is also
a heuristic η(r, s) associated to edge (r, s). It represents an heuristic evaluation
of which moves are better. In the TSP η(r, s) is the inverse of the distance δ
from r to s, δ(r, s).

An agent k positioned in the city r moves to city s using the following rule,
called state transition rule [6]:

s =

{
arg max

u∈Jk(r)
τ(r, u) · η(r, u)β if q ≤ q0

S otherwise
(2)

where:

– β is a parameter which weighs the relative importance of the learned
pheromone and the heuristic distance values (β > 0).

– Jk(r) is the list of cities still to be visited by the ant k, where r is the current
city. This list is used to constrain agents to visit cities only once.

– q is a value chosen randomly with uniform probability in [0,1] and q0 (0 ≤
q0 ≤ 1) is a parameter that defines the exploitation/exploration rate: the
higher q0 the smaller the probability to make a random choice.

– S is a random variable selected according to a probability distribution given
by:

pk(r, s) =




[τ(r, u)] · [η(r, u)]β∑
u∈Jk(r)

[τ(r, u)] · [η(r, u)]β
if s ∈ Jk(r)

0 otherwise

(3)

This transition rule is meant to favor transition using edges with a large
amount of pheromone and which are short.

Ants in ACS update the values of τ(r, s) in two situations: the local update
step (applied when ants visit edges) and the global update step (applied when
ants complete the tour).

The ACS local updating rule is:

τ(r, s)← (1− ρ) · τ(r, s) + ρ ·∆τ(r, s) (4)
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where: 0 < ρ < 1 is a parameter (the learning step), and ∆τ(r, s) = γ ·
maxz∈Jk(s) τ(s, z).

The ACS global update rule is:

τ(r, s)← (1− α) · τ(r, s) + α ·∆τ(r, s) (5)

where: α is the pheromone decay parameter (similar to the discount factor
in Q-Learning), and ∆τ(r, s) is a delayed reinforcement, usually the inverse of
the length of the best tour. The delayed reinforcement is given only to the tour
done by the best agent – only the edges belonging to the best tour will receive
more pheromones (reinforcement).

The pheromone updating formulas intends to place a greater amount of
pheromone on the shortest tours, achieving this by simulating the addition of
new pheromone deposited by ants and evaporation. The ACS algorithm is pre-
sented in table 2.

Table 2. The ACS algorithm (in the TSP Problem).

Initialize the pheromone table, the ants and the list of cities.
Repeat (for n episodes) /* an Ant Colony iteration */

Repeat (for m ants) /* an ant iteration */
Put each ant at a starting city.
Repeat (for each step of the episode)

Chose next city using equation (2).
Update list Jk of yet to be visited cities for ant k.
Apply local update to pheromones using equation (4).

Until (ants have a complete tour).
Apply global pheromone update using equation (5).

5.2 The Ant-ViBRA Algorithm

To be able to cope with a combinatorial optimization problem where interleaved
execution is needed, the ACS algorithm was modified by introducing: (i) several
pheromone tables, one for each operation that the system can perform, and;
(ii) an extended Jk(s, a) list, corresponding to the pair state/action that can be
applied in the next transition.

A priori domain knowledge is intensively used in order to decompose the
pick-and-place problem into subtasks, and to define possible interactions among
subtasks. Subtasks are related to pick-and-place actions (Pick-Up, Put-Down
and Clean – see section 2), which can only be applied to different (disjunct) sets
of states of the domain.

The use of knowledge about the conditions under which every action can be
applied reduces the learning time, since it makes explicit which part of the state
space must be analyzed before performing a state transition.
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In Ant-ViBRA the pheromone value space is decomposed into three sub-
spaces, each one related to an action, reducing the search space. The pheromone
space is discretized in “actual position” (of the manipulator) and “next posi-
tion” for each action. The assembly workspace configuration perceived by the
vision system defines the position of all objects and also the dimensions of the
pheromone tables.

The pheromone table corresponding to the Pick-Up action has entries “actual
position” corresponding to the position of the trash can and of all the mortises,
and entries “next position” corresponding to the position of all tenons. This
means that to perform a pick-up, the manipulator is initially over a mortise (or
the trash can) and will pick up a tenon in another place of the workspace.

In a similar way, the pheromone table corresponding to the Put-Down action
has entries “actual position” corresponding to the position of the tenons and
entries “next position” corresponding to the position of all the mortises. The
pheromone table corresponding to the Clean action has entries “actual position”
corresponding to the position of the trash can and of all the mortises, and entries
“next position” corresponding to the position of all tenons and all mortises.

The Jk(s, a) list is an extension of the Jk(r) list described in the ACS. The
difference is that the ACS Jk(r) list was used to record the cities to be visited,
assuming that the only action possible was to move from city r to one of the
cities in the list.

To be able to deal with several actions, the Jk(s, a) list records pairs
(state/actions), which represent possible actions to be performed at each state.
The Ant-ViBRA algorithm introduces the following modifications to the ACS
algorithm:

– Initialization takes care of several pheromone tables, the ants and the Jk(s, a)
list of possible actions to be performed at every state.

– Instead of directly choosing the next state by using the state transition rule
(equation 2), the next state is chosen among the possible operations, using
the Jk(s, a) list and equation (2).

– The local update is applied to pheromone table of the executed operation.
– When cleaning operations are performed the computation of the distance δ

takes into account the distance from the actual position of the manipulator
to the tenon or mortise to be cleaned, added by the distance to the trash
can.

– At each iteration the list JK(s, a) is updated, pairs of (state/actions) already
performed are removed, and new possible pairs (state/actions) are added.

The next section presents experiments of the implemented system, and results
where the performance of Ant-ViBRA, DQL and Q-learning are compared.

6 Experimental Description and Results

Ant-ViBRA was tested in a simulated domain, which is represented by a discrete
10x10 workspace where each cell in this grid presents one of the following six
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configurations: one tenon, one mortise, only trash, one tenon with trash on it,
one mortise with trash on it, one tenon packed on one mortise, or a free cell.

Experiments were performed considering different configurations of the
workspace, learning successfully action policies in each experiment under the
assembly task domain. In order to illustrate the results we present three exam-
ples. In all of them, the goal is to find a sequence in which assembly actions
should be performed in order to minimize the distance traveled by the manipu-
lator grip during the execution of the assembly task. One iteration finishes when
there is no more piece left to be packed, and the learning process stops when
the result becomes stable or a maximum number of iterations is reached. All
three algorithms implemented a priori domain knowledge about the position of
the pieces in order to reduce the state space representation, reducing the search
space.

In the first example (figure 1) there are initially 4 pieces and 4 tenons on
the border of a 10x10 grid. Since there is no trash, the operations that can be
performed are to pick up a tenon or put it down over a mortise. The initial (and
final) position of the manipulator is over the tenon located at (1,1).
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Fig. 1. Configuration of example 1 (left) and its results (right).

In this example, the average of 25 episodes of the Ant-ViBRA algorithm took
844 iterations to converge to the optimal solution, which is 36 (the total distance
between pieces and tenons). The same problem took 4641 steps in average to
achieve the same result using the Distributed Q-learning and 5787 steps using
the Q-learning algorithm. This shows that the combination of both reinforcement
learning and heuristics yields good results.

The second example (figure 2) is similar to the first one, but now there are
8 tenons and 8 mortises spread in a random disposition on the grid. The initial
position of the manipulator is over the tenon located at (10,1). The result (see
figure 2-right) is also better than that performed by both the DQL and the
Q-learning algorithm.



Comparing Distributed Reinforcement Learning Approaches 583

= Mortises = Tenons

65

70

75

80

85

90

95

0 2000 4000 6000 8000 10000

Iterations

Distance

Q-Learning
DQL

Ant-ViBRA

Fig. 2. Configuration of example 2 (left) and its results (right).

Finally, example 3 (figure 3) presents a configuration where the system must
clean some pieces before performing the packing task. The tenons and mortises
are on the same position as example 1, but there are trashes that must be re-
moved over the tenon in the position (1, 10) and over the mortise (6, 1). The
initial position of the manipulator is over the tenon located at (1,1). The opera-
tions are pick up, put down and clean. The clean action moves the manipulator
over the position to be cleaned, picks the undesired object and puts it on the
trash can, located at position (1, 11). Again, we can see in the result shown in
figure 4-right that the Ant-ViBRA presents better results.

TrashCan
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Fig. 3. Configuration of example 3 (left) and its results (right).

In the 3 examples above the parameters used were the same: exploita-
tion/exploration rate is 0.9, the discount factor γ is set at 0.3, the maximum
number of iterations allowed was set to 10000 and the results are the average of
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25 episodes. For both the Q-learning and the DQL, the learning rate α is set at
0.1. In a similar way, the learning step ρ is set at 0.1 for the Ant-ViBRA. The
experiments were implemented on a AMD K6-II-500MHz, with 256 MB RAM
memory, using Linux and GNU gcc.

7 Conclusion

The experiments carried out show that the Ant-ViBRA algorithm was able to
minimize the task execution time (or the total distance traveled by the manip-
ulator) in several configurations of the pick-and-place workspace. Besides that,
the learning time of the Ant-ViBRA was also small when compared to the Dis-
tributed Q-Learning and Q-Learning techniques.

Future works include the implementation of an extension of the Ant-ViBRA
algorithm in a system to control teams of mobile robots performing foraging
tasks, and the exploration of new forms of composing the experience of each
agent to update the pheromone table after each iteration.
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Abstract. Identifying situations in which power exists is an ability that agents
can exploit when they must interact with one another. In particular, agents can
take advantage of empowered situations to make other agents satisfy their goals.
The aim of this paper is to identify situations in which power might exist through
the roles agents play in a society as well as the powers that emerge from their own
capabilities. However, unlike other models in which power is eternal and absolute,
in our model power is always considered as beingdynamic.

1 Introduction

Identifying situations in which power exists is an ability that agents can exploit when they
need to interact with one another. In particular, agents can take advantage of empowered
situations to make other agents satisfy their goals.That is, one of the advantages for agents
in a society is that they can overcome their limited capabilities by using the capabilities
of others and, in this way, satisfy goals that might otherwise not be achieved. However,
given that agents are autonomous, the benevolent adoption of goals cannot be taken for
granted since agents can choose not to adopt them [15], and therefore a mechanism to
influence them must be used. One effective means of doing this is by using the power
that some agents have not only due to their own capabilities [4], but also by being in
particular situations in the society where they exist.

According to Ott [18],power can be defined as the latent ability toinfluence the
actions, thoughts or emotions of others and, consequently, it is the potential to get people
to do things the way you want them done. Translating these concepts to the context of
agents, we can say that powers are expressed through an agent’s capabilities to change the
beliefs, the motivations, and the goals of others. However, power exists only if the other
agents allow being influenced. That is, power involves a bilateral relationship between
two agents, the one who exerts the power and the one on whom the power is exerted [9].
What is important to understand now is both where the power of agents comes from and
why some agents become influenced.

Towards this end, the main objective of this paper is to analyse the situations in which
power can be identified, whereas situations in which agents are influenced are left for
future work. Unlike other models in which power is eternal and absolute, in our model
power is always considered as beingdynamic. That is, powers appearing in a particular
situation might not exist in another, and they cannot be exerted over all agents, but a
particular subset of agents. In addition, our model always considers powers of agents
as being related to the goals of target agents (i.e. those to be influenced). We start our

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 585–595, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



586 F. López y López and M. Luck

discussion by defining autonomous agents and norms in Section 2. After that, powers
existing in a society are described in Section 3, whereas powers that are result of agents’
capabilities are discussed in Section 4. Finally, both conclusions and future work are
presented.

2 Agents and Norms

In this section, we describe the basic blocks from which to build up our theory of power
relationships, and which underpin several aspects not included in this paper, but described
elsewhere [14,16]. In particular, we adopt the SMARTagent framework described in [8]
and, in what follows, we use the Z specification language to construct a formal model.
Z is based on set-theory and first order logic, with details available in [21]. For brevity,
however, we will not elaborate the use of Z further.

In the SMARTagent framework, anattribute represents a perceivable feature of the
agent’s environment, which can be represented as a predicate or its negation. Then, a
particularstate in the environment is described by a set of attributes,actions are discrete
events that change the state of the environment when performed, agoal represents
situations that an agent wishes to bring about, andmotivations are desires or preferences
that affect the outcome of the reasoning intended to satisfy an agent’s goals. For the
purposes of this paper, we formally describe environmental states, actions and goals.
Details of the remaining elements are not needed, so we consider them as given sets.

[Attribute,Motivation]

EnvState == P1 Attribute; Action == EnvState → EnvState
Goal == P1 Attribute

In addition, anentity is described by a non-empty set of attributes representing its
permanent features, a set of goals that it wants to bring about, a set of capabilities that
it is able to perform, and a set of motivations representing its preferences. Moreover,
agents are entities whose set of goals is not empty, andautonomous agents are agents
with non-empty sets of motivations. By omitting irrelevant details, we formalise them
as follows.

Agent
capabilities : P Action; goals : P Goal
motivations : P Motivation; beliefs : P1 Attribute

goals �= ∅

AutonomousAgent =̂ [Agent | motivations �= ∅]

An agent may have access to certain norms, which are represented as data struc-
tures relating to social rules.Norms are mechanisms within a society that influence the
behaviour of agents within it; they can be characterised by observing several different
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aspects. First, norms must be complied with by a set ofaddressee agents in order to
benefit another set of agents (possibly empty). They specify what ought to be done and,
consequently, they includenormative goals that must be satisfied by addressees. Some-
times, these normative goals must be directly intended, whereas other times their role is
to inhibit specific goals (as in the case of prohibitions). Second, norms are not always
applicable, and their activation depends on thecontext; there may beexceptions when
agents are not obliged to comply with the norm. Finally, in some cases, norms suggest
the existence of a set ofsanctions or punishments to be imposed when addressees do not
satisfy the normative goal, and a set ofrewards to be received when they do. Thus, the
general structure of a norm can be formalised as follows.

Norm
addressees, beneficiaries : P Agent
context , exceptions : EnvState
normativegoals, rewards, punishments : P Goal

addressees �= ∅ ∧ context �= ∅

Now, in order to know if a norm has been fulfilled, the satisfaction of its associ-
ated normative goals must be verified. This is true if the normative goals are alogical
consequence of the current environmental state. This is formalised as follows.

logicalconsequence : P(EnvState × EnvState)
fulfilled : P(Norm × EnvState)

∀n : Norm; st : EnvState •
fulfilled (n, st) ⇔ (∀ g ∈ n.normativegoals • logicalconsequence (st , g))

Moreover, anormative agent is an autonomous agent whose behaviour is shaped
by the obligations it must comply with, prohibitions that limit the kind of goals that it
can pursue, social commitments that have been created during its social life and social
codes which may not carry punishments, but whose fulfillment could represent social
satisfaction for the agent. All these responsibilities are represented by norms.

NormativeAgent
AutonomousAgent
norms : P Norm

Sometimes, it is useful to observe norms not through the normative goals that ought
to be achieved, but through the actions that can lead to the satisfaction of such goals. Then
we can talk about actions that are eitherpermitted or forbidden by a norm as follows.
If there is a state that activates a norm, and the results of a particular action benefit
the achievement of the associated normative goals, then such an action ispermitted by
the respective norm. Similarly,forbidden actions are those leading to a situation that
contradicts or hinders normative goals. In general, it is not trivial to observe how the
results of an action might benefit or hinder the achievement of normative goals, but to
avoid drilling down into the intricate details of this, the associations between situation
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states that might eitherbenefit orhinder goals are taken for granted. Moreover, we define
two relations that hold among an action and a norm, which either permit or forbid it, as
follows.

benefits , hinders : P(EnvState × Goal)
permitted , forbidden : P(Action × Norm)

∀ a : Action; n : Norm; •
permitted (a,n) ⇔ (∃ g : n.normativegoals • benefits (a n.context , g)) ∧
forbidden (a,n) ⇔ (∃ g : n.normativegoals • hinders (a n.context , g))

In other words, if an action is applied in the context of a norm, and the results of this
action benefit the normative goals, then the action is permitted, otherwise the action is
forbidden.

3 Institutional Powers

It is generally accepted that social structures define power relationships derived from the
roles agents play in a norm-based system. In such systems there exist norms that entitle
some agents to direct the behaviour of others. Therefore, as long as an agent wants to
belong to such a system, it must recognise the power, and therefore the authority, of
certain agents. We call these kinds of powersinstitutional powers, a term that we borrow
from [11], and before analysing them we define anormative multi agent system as a set
of normative agents controlled by a common set of norms (a better description can be
found in [12]). In such systems four types of norms can be identified, namely, norms di-
rected at controlling all agents(normsNMAS ), norms directed at enforcing compliance
with norms by applying punishments(enforcenorms), norms directed at encouraging
compliance with norms by giving rewards (rewardnorms), and norms issued to allow
the creation of new norms (legislationnorms). To effectively represent their function,
the structure of the three last sets of norms is constrained as follows. First, enforcement
norms are activated when a norm is not fulfilled in order to punish its offenders. By
contrast, reward norms are activated when a norm is fulfilled, and their normative goals
are aimed at rewarding compliant agents. Finally, legislation norms allow some agents
to issue new norms. These constraints are represented in the relationships below.

enforce , reward : P(Norm × Norm)
legislate : P Norm

∀n1,n2 : Norm •
enforce (n1,n2) ⇔ (¬ fulfilled(n2,n1.context) ∧

n2.punishments ⊆ n1.normativegoals) ∧
reward (n1,n2) ⇔ (fulfilled(n2,n1.context) ∧

n2.rewards ⊆ n1.normativegoals) ∧
legislate (n1) ⇔ (∃ issuingnorms : Action • permitted (issuingnorms,n1))

Now, a normative multi-agent system is formally defined in the schema below. The
first predicate states that all members must have adopted some of the norms of the system,
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the second makes explicit that addressees of norms must be members of the system, and
the last predicates represent the constraints on each different set of norms.

NormativeMAS
members : P NormativeAgent
normsNMAS , enforcenorms : P Norm
rewardnorms, legislationnorms : P Norm

∀ ag : members • ag .norms ∩ normsNMAS �= ∅

∀ rg : normsNMAS • rg .addressees ⊆ members
∀ en : enforcenorms • (∃n : normsNMAS • enforce (en,n))
∀ rn : rewardnorms • (∃n : normsNMAS • reward (rn,n))
∀ ln : legislationnorms • legislate (ln)

As we can observe, norms are in fact the way toempower agents by entitling them to
punish, reward or legislate in a normative multi-agent system. In summary, it can be said
thatinstitutional powers are predetermined by norms that entitle agents to demand other
agents to behave in a certain way. However we admit that those norms can change, and
therefore these powers might disappear. At least four types of institutional powers in a
norm-based system can be found: power to issue new norms, power to punish offenders
of norms, powers to claim a reward, and powers to claim benefits from a norm.

Legal Power. This is the kind of power that legislators, as addressees of a legislation
norm, have because they are entitled to issue new orders for the members of a normative
multi-agent system. For instance, when the manager of a factory gives orders to workers
under his control, we can observe that he is exerting the power acquired by the role he
plays in the factory. Here, workers accept the manager’s orders because they recognise his
authority and therefore his power in the social structure. This kind of power is formally
defined in the schema below, which states that an agent haslegal power over another if
the first is a legislator in the same normative system. Due to type compatibility, first a
function to cast a normative agent as an agent is introduced.

theagent : NormativeAgent → Agent
legalpower : P(NormativeAgent × NormativeAgent × NormativeMAS )

∀ ag1, ag2 : NormativeAgent ; nmas : NormativeMAS •
legalpower (ag1, ag2,nmas) ⇔ ((ag2 ∈ nmas.members) ∧

(∃ ln : nmas.legislationnorms • theagent ag1 ∈ ln.addressees))

Legal Coercive Power. It can be said that in a normative multi agent system, an agent has
legal coercive power over another, if the first is legally allowed, through anenforcement
norm, to punish the second when it fails to comply with a norm. Enforcement norms
avoid the situation in which other agents coerce their peers. For instance, in a factory,
only managers are entitled (by norms) to fire their workers, no worker can do so.
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legalcoercivepower : P(NormativeAgent × NormativeAgent × Norm
×NormativeMAS )

∀ ag1, ag2 : NormativeAgent ; n : Norm; nmas : NormativeMAS •
legalcoercivepower (ag1, ag2,n,nmas) ⇔ ((n ∈ nmas.normsNMAS ) ∧

(ag2 ∈ nmas.members) ∧ (theagent ag2 ∈ n.addressees) ∧
(∃ en : nmas.enforcenorms •

((theagent ag1 ∈ en.addressees) ∧ enforce(en,n))))

Legal Reward Power. Once an agent complies with its responsibilities, it acquire the
power to claim the reward offered. In fact, this is considered a right of the agent who
satisfied a norm, and it becomes an obligation of the responsible agent for providing
rewards.

legalrewardpower : P(NormativeAgent × NormativeAgent × Norm
×NormativeMAS × EnvState)

∀ ag1, ag2 : NormativeAgent ; n : Norm;
nmas : NormativeMAS ; st : EnvState •

legalrewardpower (ag1, ag2,n,nmas, st) ⇔ (n ∈ nmas.normsNMAS ∧
(ag1 ∈ nmas.members) ∧ (theagent ag1 ∈ n.addressees) ∧
fulfilled (n, st) ∧ (n.rewards �= ∅) ∧
(∃ rn : nmas.rewardnorms •

(theagent ag2 ∈ rn.addressees ∧ reward (rn,n))))

Consequently, an agent hasreward power over another, if the first has already fulfilled
a norm for which the second agent is responsible (through a rewarded norm) for providing
a reward.

Legal Benefit Power. Agents who are expecting to receive the benefits of a norm for
which non-compliance might be penalised are also empowered agents, because they can
achieve something by using other agents’ abilities. The benefits are guaranteed through
legal enforcement of fulfillment. In other words, an agent hasbenefit power over another,
if there is a satisfied norm for which the first is a beneficiary, the second an addressee,
and there exists someone entitled to punish non-compliance with the norm.

legalbenefitpower : P(NormativeAgent × NormativeAgent × Norm
×NormativeMAS )

∀ ag1, ag2 : NormativeAgent ; n : Norm; nmas : NormativeMAS •
legalbenefitpower (ag1, ag2,n,nmas) ⇔ ((n ∈ nmas.normsNMAS ) ∧

(ag1 ∈ nmas.members) ∧ (theagent ag1 ∈ n.beneficiaries) ∧
(ag2 ∈ nmas.members) ∧ (theagent ag2 ∈ n.addressees) ∧
(∃ rn : nmas.rewardnorms • reward (rn,n)))
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4 Personal Powers

There are also powers derived from an agent’s capabilities on the one hand, and from the
goals of target agents on the other. These powers have been studied extensively as part
of Social Power Theory, and are known aspersonal powers [4,3]. However, such powers
have been limited to powers due to dependence among agents. Our work extends such
theory by identifying other kinds of powers that are also a result of an agent’s abilities.
That is, some agents can either facilitate or impede the satisfaction of other agent goals.
On the one hand we know that agents are entities with abilities to act. However, these
capabilities are limited and, consequently, they may need other agents to succeed in
the achievement of their goals. On the other hand, there are also situations in which,
although possessing the needed abilities, agents cannot satisfy their goals because other
agents hinder them. Both cases can lead to the creation of power. However, contrary to
the cases presented in Section 3 where powers are given by the norms of the society,
personal powers are given for their capabilities to satisfy goals.

Knowing if an agent can either facilitate or impede the achievement of some goals
requires the evaluation of many aspects. For example, we can evaluate an agent’s capa-
bilities, its experience, its availability in the current state (which in turn depends on its
goals), and even the relationships that such an agent has with other agents. However, this
is a complex topic that we prefer to discuss in future work. At this moment, we define,
and specify it without developing it further, a relationship that holds between an agent,
a goal, and a specific state of the system when the agent is able to satisfy that goal in
such an state. After that, two basic forms of power are defined by using it.

satisfy : P(Agent × Goal × EnvState)

Facilitation Power. It can be said that an agent has the power tofacilitate the achieve-
ment of another agent’s goal, if the first has the means to satisfy a goal which, in turn,
benefits the goal of the second.

facilitationpower : P(Agent × Agent × Goal × EnvState)

∀ ag1, ag2 : Agent ; g2 : Goal ; st : EnvState •
facilitationpower (ag1, ag2, g2, st) ⇔ ((g2 ∈ ag2.goals) ∧

(∃ g1 : Goal • (satisfy (ag1, g1, st) ∧ benefits(g1, g2))))

Being able to facilitate the satisfaction of goals creates dependence relations between
agents with the relevant abilities and those without them. Therefore, a dependence rela-
tionship can also be defined in terms of powers and their absence, as follows.

depend : P(Agent × Agent × Goal × EnvState)

∀ ag1, ag2 : Agent ; g : Goal ; st : EnvState •
depend (ag1, ag2, g , st) ⇔ (g ∈ ag1.goals ∧

¬ satisfy (ag1, g , st) ∧ satisfy (ag2, g , st))

These relations are, in general terms, equivalent to those given by Castelfranchi and
colleagues [2,4,17], and a better and detailed definition of powers and dependence in
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terms of an agent’s plans and capabilities can be found elsewhere [7,13,20]. However,
for the purpose of this paper our definitions seem to be sufficient.

Illegal Coercive Power: There are also agents whose abilities are not used to benefit the
goals of some agents, but to impede or hinder them. In these cases, power is expressed
by an agent’s capabilities to directly threaten the goals of others agents in order to obtain
what they want. We call thisillegal coercive because there is no norm that entitled these
agents to coerce the others. On the contrary, this kind of power is generally forbidden,
which is why although some agents have this kind of power, they scarcely use it. Formally,
we say that an agent has illegal coercive power over another if it can satisfy a goal that
can hinder one of the goals of the second agent.

illegalcoercivepower : P(Agent × Agent × Goal × EnvState)

∀ ag1, ag2 : Agent ; g2 : Goal ; st : EnvState •
illegalcoercivepower (ag1, ag2, g2, st) ⇔ ((g2 ∈ ag2.goals) ∧

(∃ g1 : Goal • (satisfy (ag1, g1, st) ∧ hinders(g1, g2))))

Now, we describe situations in which these basic forms of powers are either overcome
or related to other kinds of powers.

Comrade Power. One of the things that makes small groups work is the friendship
relations that are created among its members. In this case, agents have the power to require
help from any of thecomrades of the group. In general, members of this group, know
that they can ask for help from the rest without objection. This represents benevolence
towards aspecific group of agents. For example, a group of friends helping each other
as a way of being identified as members of what they consider a special group of agents.
Note that the conditions to have this kind of power are that both agents belong to the
same group of agents, and that the agent over whom the power is exerted is able to
facilitate the required goal.

comradepower : P(Agent × Agent × Goal × P Agent × EnvState)

∀ ag1, ag2 : Agent ; g : Goal ; ags : P Agent ; st : EnvState •
comradepower (ag1, ag2, g , ags, st) ⇔ ((ag1 ∈ ags) ∧ (ag2 ∈ ags) ∧

(facilitationpower (ag2, ag1, g , st)))

Reciprocation Power. Reciprocation with previous actions has been considered as
one of the key aspects underlying society cohesion [10]. Agents who have worked in
support of another’s goals generally expect to receive some reciprocal benefits, even if
not explicitly mentioned. This represents an ethical matter in which agents show their
gratitude to others. Formally, we say that an agent has the power of beingreciprocated
by other agent, if it has already fulfilled a norm whose benefits were enjoyed by the
second, and the second has the power to facilitate one of the goals of the first.
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reciprocationpower : P(NormativeAgent × NormativeAgent
×Norm × EnvState)

∀ ag1, ag2 : NormativeAgent ; n : Norm; st : EnvState •
reciprocationpower (ag1, ag2,n, st) ⇔ (fulfilled (n, st) ∧

(theagent ag1 ∈ n.addressees) ∧ (theagent ag2 ∈ n.beneficiaries) ∧
(∃ g : ag1.goals • facilitationpower (ag2, ag1, g , st)))

Note that in contrast withlegal reward power (described in Section 3), here the
considered norms are not necessarilysystem norms, and the goal of the reciprocation is
neither part of an offered reward nor the other agent’s responsibility.

Exchange Power. Castelfranchi et al. state that dependence makes a network of rela-
tionships that might be used by agents to influence each other [4,5]. Among all possible
forms of dependence relationships, one is of particular interest:reciprocal dependence
occurs when an agent depends on another to satisfy a goal and vice versa. In this partic-
ular situation, both agents acquire what is calledexchange power [6], because both of
them have the power to offer something to benefit the goals of the other. In this way, any
of the agents can start a negotiation process that finishes with the creation of a social
commitment in which each part of the deal receives what it wants.

exchangepower : P(Agent × Goal × Agent × Goal × EnvState)

∀ ag1, ag2 : Agent ; g1, g2 : Goal ; st : EnvState •
exchangepower (ag1, g1, ag2, g2, st) ⇔ ((g1 ∈ ag1.goals) ∧ (g2 ∈ ag2.goals)

∧ depend (ag1, ag2, g1, st) ∧ depend (ag2, ag1, g2, st))

Before finishing, we emphasise thatno powers are eternal. In the case of institutional
powers, the authorities of a system are recognised as long as agents consider themselves
members which, much of the time, is due to some of their goals being satisfied simply
by being there. However, sometimes agents evaluate their society, or compare it with
other societies, in order to know what might be more convenient for the satisfaction of
their goals. As a result of this evaluation, agents might emigrate to other societies and,
consequently, the norms that until now have influenced them can be abandoned, and
authorities could lose their legal power. Personal powers are relativised to a particular
situation in which some agent goals are either helped or hindered. Therefore, what is
true in one situation may not remain true if an agent’s interests, and therefore its goals,
change. For example,exchange power disappears if one of an agent’s goals is no longer
considered important. In addition, it can also be said thatthere are no absolute powers,
and therefore every kind of power has its own limitations.

5 Conclusion

The main contribution of this paper is a classification of dynamic power relationships that
some agents can use to make other agents satisfy their goals. In our work, both powers
acquired through the roles agents play in a society and powers that emerge from their own
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Legal Benefited Power 
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Facilitate Power 

Comrade Power 

Reciprocation Power 

Exchange Power 

Fig. 1. Powers Taxonomy

capabilities are analysed (see Figure 1). We argue that agents must be able to recognise
either their power, or their susceptibility to be influenced because power is, in some sense,
only “in the mind". Agents that do not recognise these situations may not be influenced,
but will suffer in the long term through less optimal interactions. In addition, if agents
know where a situation of power comes from, the limits of such power can be established
and therefore abusive situations can be avoided. For example, when a secretary gets a
job, he is informed who is the boss, who has the power to control him and, consequently,
the boss’s orders are fulfilled. However, if he is unable to understand both where the
boss’s powers come from and where the boss’s authority finishes, his submissiveness
could be exploited by making him to do things beyond his own responsibilities. Clearly,
there remain many questions to be answered. For example, issues relating to how this
model impacts on the development or implementation of multi-agent systems have not
been our main focus, but are important nonetheless.

Although our analysis builds on important work on power, dependence and norms
[1,2,11,19], it goes beyond power due to dependence [4], or powers to legislate [11] in
a society. In addition, in contrast to much work in which powers of agents are taken as
absolute, our power situations have been relativised to both the society and the goals of
agents. In the same way that power situations were identified in this paper, future work
will be directed to analysing the conditions that enable agents to become influenced, and
therefore willing to adopt both new norms and the goals of other agents.
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Abstract. This paper presents an application to a Distributed Agenda
Management problem through a decentralised multi-agent co-ordination
model. Each agent represents a user’s personal agenda, which must to co-
ordinate with other agendas in order to reach a joint commitment, such
as a meeting scheduling, respecting user’s privacy and local constraints.
Constraints represent personal preferences and committed engagements
that must be take into account during a search for a globally consis-
tent schedule. The aim of this paper is to illustrate the application of
the decentralised co-ordination model addressing distributed satisfaction
constraints through negotiation, plan relations and social dependence.

1 Introduction

Advances in the Distributed Artificial Intelligence domain has provided the user
with more flexible, dynamic and autonomous systems that are able to complex
co-operation with each other. As a matter of fact, since distributed systems are
spreading rapidly on the Internet the user needs more and more functionalities
in order to manage heterogeneous and distributed knowledge. The Multi-Agent
Systems (MAS) field has proposed techniques for co-ordination among artificial
automated agents which provide those functionalities to real problems, as it has
been reported in [1].

One of the applications that we are concerned with is of the Distributed
Agenda Management domain. This application consists of multiple independent
agents that represent an user’s Agenda and that must co-ordinate themselves in
order to solve a scheduling problem. This domain is open and highly dynamic
since information such as meeting hours, user preferences or user priorities can
change over time and even during the negotiation phase. Many works have ad-
dressed the problem of the distributed meeting scheduling [6,5,7,14,8] through
Distributed Constraint Satisfaction Problem [18,17] or Distributed Resource Al-
location [12] approaches.
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The purpose of our work is to specify a Distributed Agenda Manager where
agents can manage calendar appointments and schedule meetings on behalf of
user according its individual preferences and social dependencies, ruled by an
organisational structure. The interest in take agenda management application
through a decentralised multi-agent co-ordination approach lays on its natu-
ral distribution and the need for privacy of personal user information. For this
matter, we provide a co-ordination model which is decentralised on the Vowels
Paradigm and we illustrate a multi-agent specification for the agenda application
under this approach.

2 The Vowels Co-ordination Model

Our decentralised co-ordination model is based on the Vowels paradigm, focusing
particularly on plan relations and social dependence. The Vowels paradigm [4]
describe a methodology to build multi-agent systems based on a componential
principle to reason in terms of Agents, Environments, Interactions, Organisations
and their dynamics as a core of a Multi-agent Oriented Programming approach.

This model is oriented to every component of a MAS, addressing some co-
ordination approaches into an integrated way. At the Organisation level, we take
Sichman’s social reasoning mechanism [16] and we extend it to deal with plan-
ning techniques also at the Interaction level. The plan relations are borrowed
from Martial’s work [11] about co-ordination actions among planning agents. In
this case, we have used potential plan relations at the Agent and Organisation
levels through the extension of the DEPendence NETwork (DEPNET) from [16].
At the Environment level, we have associated a description of the activities, re-
sources and world representation through a TÆMS-like approach [3]. In the next
section, a short overview is presented about our research on the decentralised
co-ordination model under Vowels methodology1.

2.1 Co-ordination Requirement Dependencies

Our central claim is about relationships between plans, actions, goals, and spec-
ification of co-ordination dependencies. Dependence is defined through classes
that describe co-ordination requirements concerning resource, goal, plan and
action relationships. For instance, an action requirement could be related to
simultaneity constraints (Mutex) or producer/consumer conflicts; with regards
to co-ordination mechanisms, the former can be managed through scheduling
techniques, while the latter is related to synchronisation.

In MAS, these dependencies account for multi-level constraints among multi-
agent components: personal constraints at the Agent level; situational constraints
at the Environment level; relational constraints at the Interaction level and
organisational constraints at the Organisation level. We have proposed a co-
ordination approach [2] that aims to decentralise the dynamic of MAS by split-
ting the control among MA components according their specifications and skills.
1 A broader coverage of the model specification and description can be found in [2].
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In our work, goal and plan requirements are deal with at the Agent level, while
action and resource requirements are considered in the Environment component.

2.2 Co-ordination Model Description

(A)gent Level Co-ordination: at this level, a co-ordination problem is mainly
concerned with plan synchronisation, action/resource dependencies, goal evalu-
ation, and scheduling optimisation. We have taken into account personal con-
straints generated by the agent’s internal reasoning, which is concerned with
plan relationships and task dependencies. For our Agent level co-ordination, we
have defined a hierarchical planning representation with additional description
relationships, which extends to an internal representation approach in order to
deal with social dependence [16].

(E)nvironment Level Co-ordination: resource management and situa-
tional constraints at the level of tasks concerning multiple agents acting together
are dealt with by the (E) component. To solve certain task and resource depen-
dencies, we assume a relationship description at the task structure based on
co-ordination mechanisms from Decker’s GPGP approach [3]. Thus, methods to
execute on the planning level take into account some relationships like Enables,
Facilitates, Cancel and so on, which are represented into the task structure (local
or global dependence network at the Organisation level). Resource relationships
are taken as dependencies between plans as part of the action description that
require these resources. Thus, co-ordination actions such as synchronisation can
be triggered.

(I)nteraction Level Co-ordination: this level is concerned with relational
constraints, meaning multi-agent communication through message passing spec-
ification, protocol management, and negotiation requirements. In order to reach
the negotiation requirements, we describe a set of plan relations based on co-
ordination action taxonomy [11]. This leads us to the description of potential
communication needs through an intersection procedure between the task struc-
ture (E) and the dependence network (O). Additionally, some constraints de-
tected from these intersection operations may guide one in the choice of adequate
protocols.

(O)rganisation Level Co-ordination: the Organisation notion takes into
account roles, relations between them and social dependence among agents [16].
A role is an abstraction of an agent behaviour which interacts with other roles.
This behaviour is described through global goals and plans that play those roles
in a MAS by using the same external description structure used into the agent
model. At the social level, the roles interact with each other through relations
and dependencies between them. These relations determine the existence of a
link between two roles and the need for interaction between agents. Throughout
this external description of other’s skills and goals, we are able to cope with
plan/action/resource relationships that embark on an implicit co-ordination by
coalition formation through complementary needs between agents. Additionally,
these coalitions will influence the local control at each multi-agent component
in order to evaluate plan priorities and reschedule tasks.
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3 Distributed Agenda Management

The Distributed Agenda Management approach, which we present in this paper,
concerns temporal co-ordination and social dependence. We assume each Agenda
as an autonomous agent acting for the service of a particular user. Hence, the
main problem is to find out a local schedule as a result of a global consensus on
distributed constraints among the agents. Constraints are defined through user
preferences, internal task dependencies and external co-ordination requirements,
such as time/resource availability and plan relationships.

Agenda agents can manage calendar appointments and schedule meetings
on behalf of the user, according to its individual preferences and social depen-
dencies ruled by an organisational structure. The Agenda agent must respect
some privacy requirements of users and thus, reason with possibly incomplete
information, which can be required only to meet some joint constraint. In the
following section, we will specify the Distributed Agenda Management according
to our multi-agent co-ordination model.

3.1 Vowels Specification

The problem lays on the classical domain of distributed constraint satisfaction
and distributed resource allocation. Typically, the problem is the satisfaction
of a common goal in a physical and/or temporal context, taking into account
local constraints to meet a globally consistent solution. In this context, an agenda
represents an user and takes into account his/her personal preferences in order to
manage dependencies between local tasks and to satisfy distributed constraints
during a meeting scheduling. We want to avoid exchanging all of his/her agenda
information during the negotiation of an acceptable meeting for all the agents,
so that a certain degree or privacy for the users can be guaranteed. For this
matter, a decentralised approach is suitable because it allows a flexible local
control, even though with more interactions, which lead us to take into account
dependencies at the interaction level (negotiation and plan modification).

The agents (hosts) depend on one another (attendees) to accomplish their
plan (MeetingSchedule), specifically with regard to a consistent schedule. There
is a dependence between A-O, since the roles define some action/resource pri-
orities. Between A-I, message deadlines and type of protocol define schedule
optimisation. Dependencies between O-E are related to actions of certain roles,
since some roles can have a distinct relationship with the environment (different
action and perception patterns). For instance, a host can cancel meetings while
attendees cannot. A-E dependence is represented through what actions to do
and what about the resource status (calendar). An (O-I) dependence may re-
spect the privacy information concerning some roles and constrain certain slot
information in the message packet. A dependence between I-E assumes that
in case of fault, I can inform E for cancel a calendar blocking action when a
threshold to message confirmation has been reached.
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3.2 Agenda-Agent Component Design

Into the (A) component we embark on meeting schedule heuristics and constraint
management (personal user preferences and engagements already committed).
Co-ordination among agents for meeting scheduling is defined in terms of depen-
dencies computed through plan and resources modifications (time shifting and
unavailable resources changing).

When the Agenda receives a goal from its user, a plan is chosen to satisfy
this goal that relates plan dependencies and agent constraints to be satisfied.
For instance, in a task/sub-task dependency, the task ConfirmMeeting depends
on the environment relationship for the task VerifyCalendar in order to carry
out the plan ScheduleMeeting. The agent infers that a situational constraint
implements a co-ordination requirement and activates a distributed component
that carries out such task at the Environment level.

As we claim in [2], agent goals are reached by associated plans which are
composed by an ordered set of completed instantiated actions. Goals, such as
ScheduleMeeting are represented by an AND hierarchy. Figure 1(a) shows that
to achieve the ScheduleMeeting plan, the VerifyCalendar task must obtain a
suitable time slot; the ConfirmMeeting task has to find out an agreement, and
the AppendMeeting task may complete the schedule meeting requirements.

Desired appointments on user Agenda are described through a hierarchical
planning approach in such way that agents start by exchange more abstract plans
at a first negotiation level. If constraints are not solved, agents can proceed with
the negotiation by refining only those abstract plans that have to be detailed. For
instance, when an agent starts a negotiation cycle, it first blocks a time slot on
the calendar. In the following, an AppendMeeting plan is engaged by the agent
containing a VerifyCalendar task as showed at figure 1(a). The Calendar checks
for available time slots and, if a temporal conflict exists, the plan is refined and
the blockInterval action is expanded creating a dependency between the agent
and the environment (Calendar).

Constraints through user preferences. Constraints are defined in terms
of user preferences and committed engagements. For this matter, a meeting is
defined as a future joint appointment which must be agreed by all participants
concerning these constraints. Each user creates its own appointments according
to its agenda status for the chosen time slots. These appointments can be in-
dividual tasks or meetings, which describe a goal achievable by their agendas.
User preferences are categorised by temporal preferences which define priorities
over time slots and contextual preferences which refer to personal and profes-
sional activities. Priorities are defined in terms of urgency and importance over
activities. For instance, an “exam preparation” can be both highly urgent and
important while “exercising” is important (for user healthy) but not so much
urgent.

The user defines his/her own level of priority over appointments by assigning
a combination of urgency and importance level to each activity to be scheduled.
Temporal preferences can be setup by choosing work times for each day in the
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week, optional extended hours, weekends and holidays. Those last ones define
how temporal constraints will be considered to negotiate over additional work-
ing times. Contextual preferences are defined through task responsibility and
organisational structure.

3.3 Agenda-Environment Component Design

The environment is defined according to the group of agents and the calendar
definition. At this level, the calendar represents action/resource constraints be-
tween agents. These constraints are described through temporal availability from
calendar time slots as unavailable, occupied or free. An unavailable time slot is
an interval that possesses a private appointment allocated by the user and it can
not be considered to negotiation or relaxation. An occupied time slot is allocated
to a public appointment, which can be negotiable or can be relaxed according
to user preferences. Finally, a free slot time can accept a new appointment.

Append
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Contact
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Schedule
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Fig. 1. (a) ScheduleMeeting plan representation, (b) Resource partial task structure.

In our approach we assume a description over resources and its relationship
with the actions permitted by the environment through a task structure hier-
archy. The figure 1(b) illustrates a partial task structure to check for resource
availability (here, time slots, but also rooms and equipment). In this work, we
use a finite state automaton model to describe the resource status (pre- and post-
conditions of time slots) and a mutex relationship between tasks and resources.

3.4 Agenda-Interaction Component Design

The (I) component is in charge of managing protocols and priority interactions
in terms of message passing. Agents need to exchange relevant information to
achieve a globally consistent schedule. The (I) component deals with communi-
cation and protocol management. At the co-ordination level, we are concerned
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with how to choose adequate protocols according to dynamic situation and role
allocation. Additionally, this level of co-ordination must guarantee some consis-
tency during message passing. For instance, in a meeting scheduling task, if an
attendee can not receive the message, all the related messages have to be can-
celled. The protocol manager properly provides the atomicity of transactions.

According to dependence constraints, the interaction control may properly
manage with distinct protocols for different kinds of information exchange. In the
agent connection phase, for instance, the Interaction controller triggers an initial
co-ordination mechanism of information gathering, which updates the external
description (at agent level) of each one.

For our experiment, we have chosen to adapt Sian’s co-operative learning
protocol [15], because we only need to provide the agents with a simple con-
sensus protocol. The protocol that we need is a simple one, since that a part
of constraint management is taken in each component control. In this protocol,
an agent elaborates a hypothesis about a believed information, which is shared
with a group of associated agents. Each agent evaluates this hypothesis against
its own beliefs and then confirms, modifies or rejects it. When the group reaches
a consensus, they update their knowledge base with this new information. In our
case, the hypothesis stands for a meeting request, which has to be agreed by all
attendees or dropped in case of non-consensual result. Several meeting requests
can be involved with different agent groups, so the Interaction model has to deal
with concurrent scheduling.

At the Interaction level, we assume that relevant information must be ex-
changed to build local schedules. Here, we take a traditional meeting scheduling
specification to provide the (I) component with the content of the message. We
use the protocol management approach [10] which provides the (I) component
with a methodology to assemble protocols based on micro-protocol components.
In our approach, the Sian’s negotiation protocol is described as following:

negotiate (hi, Ai, mi) → propose (hi, Ai, mi)
Formally, we represent a meeting specification by the tuple: mi =

(Si, li, wi, Ti)
The goal of a set of agents (A) is to schedule a globally consistent meeting i

(mi). The meeting is proposed by a host (hi ∈ Ai) who will interact with a set
of attendees (Ai ⊆ A) in order to find out a consensual schedule. The meeting
is required to be schedule at the time interval (Si) and with a required length
in time unites (li). Time interval is defined by a couple 〈date, time〉 for start
and end intervals, so (Si = {〈dstart, tstart〉 , 〈dend, tend〉}). A priority is assigned
to the meeting (wi) that is directly related to local constraints to be evaluated
and solved during co-ordination. Optionally, a free time set (Ti) by which the
meeting can be scheduled is proposed by the host.

3.5 Agenda-Organisation Component Design

Co-ordination requirements, related to organisational constraints (cf. section
2.1), are concerned with role external description and the organisational struc-
ture.
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The (O) component takes into account social relations between the partici-
pants in order to represent the organisational hierarchy and responsibilities be-
tween activities according to the roles that agents play. The agent belongs to a
group, a set of roles, which defines the organisational structure of an institution
or agent society. We assume that the organisational hierarchy and the responsi-
bility influence the preferences during a negotiation to find a consensus. Hence,
the role that an agent plays in the society (organisational hierarchy) can bias
the search for a consistent schedule. For example, a meeting with the director
has a higher priority than that with a colleague, whereas responsibility on a task
such as PrepareLecture can be more important than an OrganizeDesktop task.

Each agent is accessible to the other participants by an external description,
social dependencies [16] can be detected with regard to their goals and plans. In
this way, the (O) component could manage a thematic group formation according
to the meeting joint action (ScheduleMeeting) given a range of priorities related
to the global importance for this scheduled meeting.

3.6 An Appointment Taking Example

A user decides to schedule a meeting for an important project and adds an ap-
pointment on his/her agenda, providing a time interval, a deadline to the meeting
and a set of attendees. His/her Agenda starts by selecting a new ScheduleMeeting
goal and calculating the constraints for this goal. The VerifyCalendar task is trig-
ger to search for free time slots in the given interval. After that, AppendMeeting
can be started by selecting ContactAttendees and Negotiate tasks. The Negoti-
ate task will detect a dependency with the (I) component through a distributed
component to trigger the negotiation protocol. The list of the each participant’s
id is selected by the ContactAttendees task while the protocol manager starts to
send a propose(hi, Ai, mi) to each a ∈ Ai. At this moment, a constraint is added
to the agent’s constraint set since the host (hi) depends on the attendees (Ai) to
achieve the AppendMeeting(mi) goal. The (I) component manages the protocol
termination taking into consideration the dependency (A-I) which provides the
host with the answers from the attendees.

When all attendees send agree(a, hi, mi) to the host without any other con-
straint, the AppendMeeting goal can be reached and the ScheduleMeeting task
is confirmed. If the host receives a modify(a, hi, m

′
i) message, a new cycle of

ScheduleMeeting is started in order to take into account the constraints under
the proposed meeting modification (m′

i). A confirmation is reached if everyone
agree with the new meeting. If a disagree(a, hi, mi) or noopinion(a, hi, mi) is
received, the meeting is dropped and a cancel(hi, Ai, mi) is sent, concluding with
the negotiation phase. The user is notify that his/her meeting was not possible.

To deal with constraints, the agent checks for free time slots into the meeting
interval systematically. If no free slots are found, the agent checks for temporal
constraints that could be relaxed, such as time preferences and weak commit-
ments. This last one stands for occupied time slots that are checked for temporal
and contextual constraints. That means, whether exists an individual event or
a meeting with low priority that can be moved. For instance, a meeting with a
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person who owns a lower importance than the actual hosting is a good candidate
to renegotiation.

4 Summary and Related Work

Distributed Agenda Management falls on classical Distributed Constraints Satis-
faction Problem and it is mainly related to scheduling problems and distributed
resource allocation. Some of these algorithms have claimed for an exchange of
partial knowledge from each agent in order to take all constrained variables into
account. In algorithms based on backtracking (synchronous/asynchronous back-
tracking, weak-commitment) agents have to communicate some tentative values
assignment to their neighbours in order to detect whether they have reached a
local-minimum. The Flexible Contracting Model approach [14] proposes several
search biases which allow to properly evaluate alternative choices. Persistent con-
flicts are dealt through a hierarchical representation of calendars that enable a
structured cancellation mechanism. However, these approaches neither assumes
the privacy of the user’s calendar information nor resource interdependencies
and social dependence through organisation structure.

In this paper, we have illustrated a decentralised multi-agent model applied
to a dynamic and over-constrained problem that addresses some of those points.
The general model is based on dependencies between multi-agent components
according to Vowels paradigm. This approach takes resource interdependencies
and social dependence into account in order to detect and apply co-ordination
mechanisms to achieve a globally consistent solution.

We have implemented this solution through Volcano platform [13], a JAVA
Vowels-oriented multi-agent platform designed to assist the multi-agent system
creation process. Up to now, we have implemented the (A) component and a
graphical user interface to provide all agenda functionalities to the user. Inter-
action features are provide through an Interaction Protocol Management tool
[10], which is placed on a basic inter-agent communication Router layer, from
JATLite [9], in order to deal with negotiation and information gathering. The
first version will be soon operational and we intend to validate it intensively into
the MAGMA research group to manage the complex meeting interactions among
the members. By the future, we intend to offer it as a free open source to the
research community in order to validate in a large-scale real-life environment.

Acknowledgments. The authors would like to thank J-F. Rolland for provid-
ing the graphical user interface and a part of agent component implementation.
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Abstract. The MESSAGE methodology has shown that the application of
meta-models in the development of Multi-Agent Systems (MAS) facilitates the
integration of current software engineering processes and the use of agent
technology concepts in analysis and design activities. This paper presents an
extension to the MESSAGE meta-models and how to conduct the modelling
(i.e., instantiation of the meta-models into a specific MAS) following the
Unified Software Development Process, especially considering the importance
of an incremental development and the role of the different meta-model entities
in this process. This process is illustrated by an example.

1 Introduction

Most of the existing agent development methodologies consider a development
process of a short number of steps for analysis and design of the MAS, which may
seem rather simplistic, especially when compared with standard development
processes, such as the Unified Software Development Process [9]. Developing a
Multi-Agent System (MAS) is more complex than a conventional object oriented
application, as it has to cope with distributed intelligent entities. It is true that in some
cases, like MaSE [4], the presence of a tool, such as an agentTool, simplifies the
development process. However, this means risking a loss of flexibility because of the
constraints of the underlying agent model. For instance, the idea of an agent in
agentTool is that of a conventional process, whose behavior is specified as state
machines (which is not convenient for deliberative agents). ZEUS [13] facilitates the
development process by providing implemented solutions for planning, ontologies
management, and communication between agents. When the MAS is a small one and
when the problem is restricted to the academic domain, and for rapid prototyping,
such tools are useful and a methodology of just a short number of steps sounds
reasonable. However, an industrial development, involving a team of several
engineers requires management of activities, a more detailed software development
process, and the control of the cost involved in making a MAS work under real world
workload.

A trend in current software methodologies is the provision of methods for
incremental development. Though the idea is present in the development processes of
existing agent methodologies, it is not clear how to achieve an incremental
development using existing formalisms. For instance, GAIA [16] propose iterations of
some development steps in order to comply with the specification of roles; however,
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the formalism that gathers the information from iteration to iteration is not well suited
for that task. GAIA uses card-like specifications that are textual descriptions of what
is being modelled. Changes to such specifications are not trivial and may involve high
costs. This lesson is well known in software engineering and that is why today
developers use other formalisms, such as UML.

From this perspective of industrial software engineering, and trying to avoid the
constraints of a specific agent model, the MESSAGE project [2] addresses the
definition of an agent development methodology by identifying the generic elements
required to build a MAS, organizing them in five views, and expressing them using a
meta-modelling language. The resulting meta-models (one for each view) can be
applied by integration into a well-proven software development process model, which
in the case of MESSAGE is the Unified Software Development Process [9], although
others could be considered.

The work presented in this paper is an extension to MESSAGE in several aspects.
First, by providing a more detailed definition of the agent, organization, interaction,
tasks and goal views of a MAS, and by adding the Environment view, which
substitutes the Domain view from MESSAGE. Meta-models have been described
using a meta-tool (METAEDIT+ [10]) to create specific editors for building MAS
models (illustrations in this paper are taken from the application of such a tool), which
allows the developer to work directly with agent concepts instead of specific
implementation entities such as classes or rules. Another improvement to MESSAGE
methodology is a more detailed definition of the activities required in the MAS
analysis and design phases in the context of the Unified Software Development
Process, and the provision of a path and supporting tools to obtain an implementation.

The next section discusses how meta-modeling supports the definition of a
language for the development of a MAS using agent technology concepts, and which
elements have to be considered in each view of the MAS. The third Section explains
how meta-models are integrated into the development process, and which kind of
activities are required for building a MAS. This is illustrated with a working example,
in order to provide a practical insight into the proposed methodology. Finally, we
present some conclusions. For further information and a detailed description of all the
meta-models and the activities of the methodology visit our web site at
http://grasia.fdi.ucm.es.

2 MAS Meta-models

The meta-models describe the entities that should be part of a MAS and their
relationships. As such, the task of the MAS developer is to define models with
specific instances of the entities from the meta-models. In the case of an object-
oriented application a model is defined by a set of classes (instances of meta-classes)
and their relationships. In the case of a MAS we are interested in the identification of
types of organization, groups, workflows, agents, perceptions, interactions, mental
state, goals, tasks, resources, etc., which are instances of the entities in the MAS
meta-models. In this sense, the MAS meta-models provide a high level language for
development MAS in terms of agent technology concepts (although in the end they
have to be translated into computational terms such as classes, rules, neural networks,
depending on the implementation technology).
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In order to structure the specification of the MAS, we can consider several views
(this separation of concerns is also applied in most of the existing MAS
methodologies, for instance, Vowel engineering [14] and MASCommonKADS [7]),
and therefore one meta-model for each one:
� Agent meta-model. Describes agent’s responsibilities with tasks and roles. It

also takes into account the control of the agent defining its goals and mental
states required during execution. With instances of this model, we can define
constraints in the freedom of action of the agent without it being restricted to a
specific control paradigm.

� Organization meta-model. Organization is the equivalent of a system
architecture. Following Ferber [5] and MESSAGE [6], there are structural
relationships that are not restricted to hierarchies between roles. These structures
are delegated to specialized entities, groups. In the organization model there are
also power relationships among groups, organizations, and agents. Functionality
of the organization is expressed using workflows which show consumer/producer
associations between tasks as well as assignment of responsibilities for their
execution, and resources associated to each.

� Environment meta-model. The environment defines the sensors and effectors of
the agents. It also identifies available resources as well as already existing agents
and applications.

� Tasks and Goals meta-model. As we base this on a BDI model and Newell’s
principle of rationality [12], it is important to justify the execution of tasks in
terms of the goals that are achieved. We provide decomposition of tasks and
goals. To relate both, there are specialised relationships that detail which
information is needed to consider a goal to be solved or failed. Finally, this meta-
model also provides low level detail of tasks in the system, describing which
resources are needed in the execution, which software modules are used
throughout the process, and which are the inputs and outputs in terms of entities
of these meta-models.

� Interaction meta-model. Describes how coordination among agents takes place.
It goes a step further than sequence diagrams (UML) in the sense that it reflects
the motivation of the interaction and its participants. It also includes information
about the mental state required in each agent throughout the interaction as well as
tasks executed in the process. In this way, we can justify at design level why an
agent engages in a interaction and why it should continue.

The generation of models from these meta-models is not trivial, since there are
dependencies between different views. For instance, tasks appearing in workflows in
an organization model should also appear in a Tasks and Goals model. That is why
meta-models need to be integrated into a consistent software development process, as
described in the next section.

The example in section 4 shows some of the concepts defined in the above meta-
models in some detail. Note that for each entity in the meta-model there is a graphical
representation that allows the developer to work at a higher level, i.e., with agent
concepts instead of implementing specific artefacts. This is supported by a visual tool
generated by a meta-tool from the meta-models specifications.
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3 Integration in the Unified Software Development Process

For each meta-model, we have defined a set of activities (around seventy) in the
software development process that lead to the final MAS specification. Initially,
activities are organised in UML activity diagrams showing dependencies between
them. Instead of showing these activities here, Fig. 1 summarises the results required
in each phase of the Unified Software Development Process. Meta-models are used as
specification language of the MAS the same way as UML does for object oriented
applications. We have used a meta-tool, METAEDIT+, that takes as input the meta-
models specifications and generates graphical tools that are used by the developer to
produce models using the concepts described in the meta-models (for which we have
also associated a graphical representation). Models developed using these graphical
tools consist of the agent concepts described in the meta-models. The example in the
next section shows some diagrams for a particular case study, and the iterative and
incremental nature of the development process.

PHASES
Inception Elaboration Construction

Analysis o Generate use cases and identify
actions of these use cases with
interaction models.
o Sketch a system architecture with an
organization model.
o Generate enviroment models to
represent results from requirement
gathering stage

o Refined use cases
o Agent models that detail elements of the
system architecture.
o Workflows and tasks in organization
models
o Models of tasks and goals to highlight
control constraints (main goals, goal
decomposition)
o Refinements of  environment model to
include new environment elements

o Refinements on
existing models to cover
use cases

W
O

R
K

F
L

O
W

S

Design o Generate prototypes perhaps with
rapid application development tool such
as ZEUS o Agent Tool.

o Refinements in workflows
o Interaction models that show how tasks
are executed.
o Models of tasks and goals that reflect
dependencies and needs identified in
workflows and how system goals are
achieved
o Agent models to show required mental
state patterns

o Generate new models

o Social relationships
that perfect organization
behaviour.

Fig. 1. Results to be obtained in each phase of the development process

In the analysis-inception phase, organization models are produced to sketch how
the MAS looks like. This result, equivalent to a MAS architecture, is refined late in
the analysis-elaboration phase to identify common goals of the agents and relevant
tasks to be performed by each agent. Task execution has to be justified in terms of
organizational or agent’s goals (with task-goal models). This leads to identify the
results that are needed to consider a goal as satisfied (or failed). In the design-
elaboration phase, more detail is added, by defining workflows among the different
agents (with organization models), completing workflow definition with agent
interactions (with interaction models), and refining agent’s mental state as a
consequence (with agent models). According to the Unified Software Development
Process, the goal of elaboration phase is to generate a stable architecture, so only of
the most significant use cases should be considered (the key functionality of the
system). Remaining use cases, which are supposed to deal with special situations but
that do not provide changes in the system architecture, are left to the construction
phase.



610         J.J. Gómez-Sanz and J. Pavón

According to Unified Software Development Process, the different iterations
would point to a certain level of detail. We perform activities with an increasing level
of detail in the products obtained so far. Testing and implementation phases have not
been included in this paper. Testing should not be different from conventional
software testing. We assume that use cases determine core functionality to be
developed. From these use cases, test suites can be generated. Regarding
implementation, we envision two choices: (1) consider generated models as a
specification of the system like those generated by UML and perform the
implementation manually; and (2) try to generate the code automatically from the
specification. The first approach was carried out in the MESSAGE project [3]. The
second option is oriented towards the encapsulation of the implementation so
designers of MAS are not that interested in the code. Work in this line has already
been done by ZEUS [13], AgentBuilder [8] and, recently, agentTool [15]. However,
in most cases the target platform cannot be changed. The only one that supports this
feature is agentTool.

To facilitate automated code generation, we use a complete MAS architecture
made of components implemented in different languages. Current target languages
include JAVA, Java Expert Ssystem Shell (JESS), April  or PROLOG. We have also
tried to generate a code for agent platforms, specifically JADE [1]. Our approach does
not embed the final code into the application. Instead, it assumes that the source code
of the architecture is marked up with tags. These tags are later substituted by data
from the models according to a process defined by the developer. With meta-models
and the supporting tool (METAEDIT+), it is easy to generate a representation of the
models in other languages. In our case, we use PROLOG as intermediate
representation of the meta-models. Later, and with another PROLOG program, we
run the parameterisation procedure to generate the final system.

4 A Structured Development Example

The example shows a model of an organisation of personal agents to hep the user in
managing the personal computer. The diagrams shown in this section have been
generated directly from meta-models. The tool that supports meta-modeling allows
work to be carried out in the same way as in a conventional software engineering
tools. Also, the tool checks that during the development, models are defined exactly
as conceived at the meta-model level.

4.1   Problem Statement

Managing a personal computer is a tiring task, as we know. Though operative systems
facilitate the management of the computer, there is not too much management support
for the tons of programs that today can be installed in a PC. Conventional support
only includes tools to install/uninstall the program and detect collisions in the access
to system resources (e.g. printers, files).

However, it is well known that there is also information overload in the PC. There
are many programs producing information (e-mail, chat-programs, internet monitors,
bookmarks, word-processors) without any more control than the user’s orders. This
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leads to an information overload which causes user’s desidia.  For instance, users tend
to spread their documents throughout the folders in one or many virtual (e.g. NFS) or
physical (e.g. current hard disk) storage media. E-mail messages are stored forever in
a forever growing in-box. Notifications of changes in some monitored URL are
ignored again and again. Agents have been applied to solve some of these problems,
especially those concerning email (Maxims [11]). However, what should be designed
is one or several organizations of agents able to collaborate among themselves to deal
with this information overload in the PC.

Fig. 2. Use case diagram that identifies relevant use cases in this case study

4.2   Analysis-Inception

We start identifying initial use cases oriented towards PC management (see Fig. 2).
With these use cases we want to cover email and document management, and more
specifically, organize information in the PC when the information is emails and files
on the hard disk.

Fig. 3. Organization model of agents in the PC. Rectangles with one circle denote agents,
rectangles with two circles, groups, and rectangles with three circles, organizations.

Organization is seen, in this case, as the allocation of files in different folders
(email folders or hard disk folders). As readers may imagine, there is a strong chance
that the system will grow, by adding new agents to deal with other PC management
tasks or improving agent functionality by adding some collaboration between agents
allocated in different PCs.
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According to the initial specification, initially, there should be two kinds of agents:
agents that organize user’s email (EmailOrganizer) and agents that organize user’s
documents on the hard disk (DocumentOrganizer). As the system is expected to grow
with different assistants for other PC management issues, it seems reasonable to start
grouping these agents into two organizational structures: Document Manager and
Email Manager.  This tentative system architecture is sketched in Fig. 3.

Fig. 4. Tentative environment model. Inverted triangles denote resource. Left number is the
lower usage threshold, center number denotes expected initial value, right number is higher
threshold. System applications are represented with the same symbol as UML objects.

The environment, the user’s PC in this case, is modelled focussing on the aspects
that are going to be modelled. These are files on the hard disk and an email
application. To handle these aspects (see Fig. 4), we define application entities
(HardDisk and EmailWrapper) and some expected methods. Among these, we
highlight newFileCreated and newEmailReceived operations since with them we are
able to define agent’s perception (perceives associations). To be able to organize
information, emails and files, we decided to apply a text mining tool that provides
clustering and classification capabilities. As a requisite, we established that the use of
CPU should not exceed 30 %, so that user’s work is not disturbed.

After this study, we should return to the organization model and include this new
information. Though it will not be shown here, changes include integrating
EmailWrapper in the EmailManager group, HardDisk in DocumentsManager, and
the Categorizer to both groups.

4.3   Design and Implementation–Inception

In this stage we make some prototypes to test the viability of the proposal using text-
mining tools to classify emails and other text documents. To facilitate experiments,
we assume that the user uses the Eudora email client, which stores emails and
attachments separately (this facilitates the work of the text mining tool since binary
files distort clustering results). To test user interaction, we develop an HTML
prototype. Since agent interaction is not considered at this point in the development,
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we do not see any need to use any rapid application development agent tool (like
ZEUS [13] or agentTool [15]).

4.4   Analysis-Elaboration

In this stage we continue adding details to each agent’s specification. As a refinement
of the email organization use case, we add a new scenario that considers relationships
between emails and other user’s documents. These related documents may improve
email organization by providing more documents whose allocation can serve as a
quality test.

Fig. 5. EmailOrganizer and DocumentOrganizer description. MSM means Mental State
Manager and MSP Mental State Processor. Ovals denote tasks. Circles denote goals.

Each agent is represented in Fig. 5. As one can seen, the functionality of both
agents is quite similar. However, the domain of application of each task is completely
different. Email structure includes mail headers and MIME types. Hard disk files,
however, can be word documents, HTML pages, or GIF files, among others. As the
categorizer tool performs final classification on ASCII documents, we need to process
the different sources of information accordingly, and this is the purpose of these tasks.

Fig. 6. Description of consumer-producer relationships between two tasks. Facts produced and
consumed belong to the mental state of the agent.

To begin considering agent control, we assume that it will be composed of a
mental state manager (to manage the knowledge of the agents) and a mental state
processor (in charge of taking decisions upon current knowledge). In this case, we
established that we would use facts as a unit of knowledge and that a task planner



614         J.J. Gómez-Sanz and J. Pavón

would decide what to do next. In order to justify this planner, a proper definition of
tasks should be provided.

What Fig. 6 shows is that there is a workflow that relates EmailOrganizer tasks
with DocumentOrganizer tasks. It also defines each task by the required inputs and
the outputs that are produced. Information is lacking here about how new facts
contribute to goal satisfaction, but this is part of the incremental specification. For the
moment, it may be enough to know that these two tasks are related and what the
nature of the relationship is. Note that during the specification of these tasks we
discover mental entities that should exist in the mental state of the agent, so in fact we
are defining control restrictions (ClassifyDocument cannot work until an
EmailToClassify fact is present in the mental state of its responsible agent).

The process would continue identifying new goals and tasks, and modifying
organization accordingly (indicating the existence of workflows and new resources,
for instance). During the process, key interactions, like the one added between the two
agents are associated with use cases and existing goals. These interactions are
expected to be fully detailed during their design. Of course, the environment model
may also change, since new applications may be required, for instance, to perform the
transformation from word processing documents to ASCII documents.

4.5   Other Stages

In the design stage, the detail of the interactions increases, specifying which tasks are
executed throughout the interaction and which mental states are required from each
agent in each stage. Again new tasks or mental entities can be discovered during the
design and so existing models should be modified to maintain consistence.

For reasons of brevity, other stages have been omitted. However, we would like to
point out that the specification continues incrementally and that, in parallel,
implementation starts from the construction stage.

5 Conclusions

The paper shows the generation of the specification of a MAS using meta-models.
Though the development of the example specification has been summarised, it shows
that it is possible to build MAS following an incremental and iterative software
development process. Though the example cannot be compared with more serious
problems, like coordination of robots in a factory, there has been  experiments with
problems of a similar degree of complexity, such as the coordination of hundreds of
agents distributed throughout several computers in order to perform information
personalization. Current application domains range from interface agents and
planning agents to collaborative filtering systems.

Our experiments show that there are key differences with existing approaches. The
most important is how the analysis and design are carried out in a similar way to
conventional software engineering without simply falling into an object oriented
trend.

From current specifications we have performed automated code generation of
specific parts, like the interaction model. In future work we intend to complete code
generation with different target MAS architectures, like ZEUS or JADE. Another goal
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is to include knowledge from experts in different agent fields in the methodology,
such as real time or mobility.
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Abstract. This paper presents an experiment of using a multi-agent system that
improves the efficiency in network management on Unix environments. This
system aims to decrease the financial damages occasioned by processing
interruptions of the computational environment. The multi-agent system is
based on a distributed and delegated management approach and it was
developed using the GAIA methodology for analysis and design of agent-based
systems. The agents architecture is based on activities and rule bases. The
agents have lists of activities and apply their rule bases to accomplish them.

Keywords. Multi-agent system, network management, unix, intelligent agent,
gaia methodology.

1   Introduction

Currently, the computational environment of many companies is composed by a great
variety of hardware components, software, operating systems, etc. Depending directly
on their computational environment, there are several applications (systems) that
companies use to support their main businesses. The stability and readiness of this
computational environment have become more important for increasing productivity
and efficiency of companies. Slowness or even unavailability of some of the company
most critical applications could be the result of any unstable or unavailable part of the
computational environment, and can generate large financial damages [10] [12].
This article presents a work on how the multi-agent system-based technology [1] [3]
can increase the readiness of computational environments. The multi-agent system
has been gradually developed to deal with the different parts of computer network
management. Initially, the experiments have only been performed on Unix
environments. On these environments, a common problem that often causes damages
to the stability of user applications is the file system full problem. We have chosen this
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problem to observe the multi-agent system performance. It happens when some disk
space shared by many applications is 100% used. Then, some applications become
unavailable and others have their response time significantly increased. The
traditional way of handling this problem depends on human experts. Monitoring tools
or complaining users notify the experts about the problem and they must identify the
problem causes and take the corrective actions. The main pitfalls associated to this
procedure are the possible unavailability of human experts (the problem may happen
at any time, including during the night, weekends and holidays) and delays on the
problem solving (the problem causes and their corrective actions may not be trivial).
It is important to re-emphasize that delays on the file system unavailability increase
the possibility of provoking a cascading effect over the overall network environment,
suspending and aborting many other applications.

The multi-agent system was developed using the GAIA Methodology [18] for
analysis and project of agent-based systems, and aiming the implementation of a
multi-agent system in the Companhia Siderúrgica de Tubarão
(CST)1. Due to the fact that it is a metallurgical company producing 24 hours a day,
the main businesses in CST are supported by applications which must be maintained
stable and available as long as possible. The multi-agent system is able to identify the
causes of the file system full problem and take actions such as canceling processes
and removing or reallocating files. As a result, new free disk spaces are generated and
the environment availability is improved. The multi-agent system is composed by
several specialized agents acting on different parts of the Unix environment. Each
agent may react to a list of hierarchically ordered activities and have a knowledge
base describing how to perform these activities.

Analysis of the log of our experiment has shown that the multi-agent system avoided
that important financial and production control systems were interrupted and provided
disk space for executing routine backup procedures (which, otherwise, would not be
performed).

This article has the following structure: section 2 introduces a general view of the area
of network management and services.  Section 3 presents a description of the multi-
agent system. Section 4 describes the experiment being performed. Finally, in section
5, the conclusions and some future work are presented.

2   Network Management Approaches

The main network management approach has been the IETF Management Structure
(SNMP). The SNMP structure is based on a small group of concepts: agents or
managed nodes (which represent elements of the network, as bridges, routers,
switches, etc.), manager or network management system (which provides a set of
operations to the network support team), managed information base – MIB (which
represents the information that can be manipulated by each agent), the management

1 http://www.cst.com.br
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protocol - SNMP (the standard way of extracting management information from the
systems) and the proxy (which allows the interaction of the SNMP structure with
components that don’t include this structure) [10] [12].

The SNMP structure is a  centralized approach that uses distributed agents to collect
manageable information. However, this approach has some problems when dealing
with extensive and complex network models. The central manager may have some
troubles for handling great amounts of manageable information and for managing a
large number of geographically distributed sites [12] [16].

An alternative approach uses the “divide and conquer” strategy for promoting
solutions based on distributed management and on delegation [12]. Several works use
this approach, such as proposed by BRITES [2], GOLDSZMIDT [7] and OLIVEIRA
[14]. In this approach, a  main manager delegates the control to several distributed
workstations and to more powerful agents. By promoting the collaboration among
these agents, we have several management “islands”. This procedure increases the
reliability and failure tolerance of the network environment [12].

Another approach, considered by many researchers as the ideal solution for the
complex network management, is the paradigm of mobile agents [4] [10]. The term
Mobile Agent refers to autonomous programs that can move through the network,
from node to node, and assume the knowledge of an agent, i.e., acting as users or
other entities [15]. Many research investigations have been made in distributed
network management and delegation [7], network services delivery [9], optimization
of network traffic and network failure tolerance [11].

Whichever approach is adopted, it should aim to promote the pro-active concept in
the network management. Several approaches have used this concept, such as, CHIU
[5], DE FRANCESCHI [6] and HOOD [8].

3 The Multi-agent System

The multi-agent approach is based on distributed management and on delegation. The
agents are permanently acting in specific parts of the computational environment,
being able to solve from simple routine problems (of their strict domain) to even more
complex problems that involve communications and activities among several agents.
Our approach was based on the characteristics of the problem to be solved (the need
of immediate actions instead of waiting for human intervention), as well as on the
intelligent agents characteristics (autonomy to take actions, being always active and
ready to take actions, capacity to act together with other agents, speed equivalent to
the computational processors in which they are installed, etc.) [17].

The multi-agent system was developed using the GAIA2 methodology [18] for
analysis and design of systems based on agents. The multi-agent system includes the

2 http://www.inf.ufes.br/~tavares/dsba



following roles: ADMINISTRATOR, MONITOR, COORDINATOR and CONTROLL-
ERS.

The computational environment represented in figure 1 is composed of several
hardware components that host multi-agent systems. Inside these hardware
components, there are software components and other components that the system
may control. The monitor role is also part of the computational environment and is
represented by the monitoring tools, as shown by the “black box” in figure 1.

Fig. 1. Global Architecture

Each multi-agent system has an agent that coordinates the other controlling agents.
These agents are responsible for the communications among the controlling agents
and also allow the interaction between the multi-agent system and the human experts.
In addition, they receive the information about the problems detected by the
monitoring tools and distribute them to the appropriate controlling agents.

The controlling agents are responsible for the specific control of services and parts of
the computational environment. For instance, we may have safety, database, response
time, disk space, cleaning and printing service controllers. Researches approaches
with similar architectures are found in the works of ABECK [1] and MARZO [13].

All agents have the same architecture. This feature allows the construction of a unique
agent programming structure. The agent architecture is based on activities and rule
bases. The agents should perform activities and apply their rule bases to accomplish
them. The distinction between agents is expressed in their rule bases. Figure 2 shows
that, if there is no longer any activity to be accomplished, the agents change their state
to “sleeping”. This state is disabled as soon as a new activity to be accomplished is
sent to the agent or the sleeping time ceases.

     Multi-agent Systems and Network Management            619
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Fig. 2. Agent Behavior

Every agent selects the highest priority activity to perform at first, as may be observed
in Figure 2. The fixed activities are executed after the “sleeping” state. The priorities
sequence guarantees the compliance with the proposed hierarchical structure because
an agent will always accomplish an activity generated by a human expert first, no
matter how many fixed or communications activities it must have to accomplish in a
given moment.

We developed a coordinator, a disk space controller, a process controller, and a
cleaning controller agent for solving this problem. The disk space controller controls
the allocation of the computer disk space in order to maintain the environment
stability. The process controller agent is responsible for controlling all the processes
executed in the computer, analyzing CPU consumption, looping states, process
ownership and the interdependencies among the processes. The cleaning controller
agent is responsible for controlling and optimizing the use of files inside the
computer. It controls where the main files are and who is responsible for them. It also
cleans the temporary files.

4   The Experiment

The experiment was divided into four steps: choosing an appropriate environment for
the multi-agent system operation, choosing a problem with appropriate complexity,
running the multi-agent system in the real environment during a period of three
months and finally analyzing the results.

4.1 The Environment’s Choice

We chose a part of the computational environment that was critical in terms of
availability, involving a high level of complexity and demanding non trivial solutions
and the participation of several controlling agents acting together to solve them. The
Unix environment was the one chosen. The main applications assisting the
metallurgical processes of CST use databases installed in Unix servers. The prototype



was initially installed on eight Unix servers: two of development, one of endorsement
and five of production (financial, supply, histories, control and supervision). The
language chosen for the development of the agents was the language Korn Shell
because it is native of the Unix environment (thus, computationally efficient) and
easily allows the complete environment control.

4.2   The Problem’s Choice

The file system problem usually happens when a Unix environment process saves (or
is still saving) large files or a large number of small files in the disk area. This
problem solution consists of canceling the process creating the files, whenever it is
still active, and then removing or moving those files to some free disk area in the
same computer or in another one. That problem allows a good observation of the
multi-agent system operation since it demands the constant communication among the
agents. Another important factor to the experiment is that the file system full problem
often happens many times and at any time during a week, making possible real
verification of the multi-agent system operation. Finally, the causes and solutions of
the problem are very well defined, as well as the flow of communications and
activities that the agents must execute.

4.3   Running the Multi-agent System

After being notified by the monitoring tools of some problem in some area of the
environment, the multi-agent system reproduces actions that specialists would take to
solve the problem. Basically, it identifies the files responsible for increasing the
occupation rate and the processes using those files. Identified the processes and files,
it cancels the processes and the area is cleaned by removing or moving the files.

Initially, the monitoring tool sends an activity for the coordinator agent informing the
problem area and the current rate of occupation. In the experiment, the monitoring
tool was configured to verify all the computer areas every 3 minutes and to send a
message to the multi-agent system whenever, if some rate is above 95% of
occupation.

The coordinator agent verifies the type of the activity to be executed and sends a
message to the appropriate agent. In this particular case, the space disk controller
agent is the responsible for coping with that activity. In the experiment, the
coordinator agent knowledge base was fulfilled with solutions of several types of
problems.

The space disk controller agent, after receiving the message, initially verifies if the
problem continues to happen. If so, it tries to identify the problem causes. Identifying
the causes, it sends messages to the coordinator agent for canceling processes and
cleaning of files. It is the role of the coordinator agent to distribute the new activities
to the appropriate agents. In the experiment, the problems reasons were precisely
identified. They differed from problem to problem. The system is able to solve
problems originated by one or more files. These files may also be generated by one or

Multi-agent Systems and Network Managemen 621



622 N. dos Santos, F.M. Varejão, and O. de Lira Tavares

more processes. Difficulties found in the identification were due to the current lack of
rights for investigation in certain directories or because the problem had already
finished when the agent began the identification. In that case, the agent concluded that
there was nothing to do.

The coordinator agent receives activities again, this time originated by the space disk
controller agent and identifies which agents should be responsible for these activities.

The processes controller agent and the cleaning controller agent had in you’re their
own knowledge bases, countermands for the cancellation of certain processes as well
as removal of certain files. In the experiment, when those countermands were
identified, the specific agent cannot solve the activity and returns this information for
the coordinator agent. The coordinator informs the space disk controller agent of the
impediment for solving the problem. In this case, the space disk controller agent
registers the impediment and informs the specialists about the found countermands. If
there is no countermands, the process controller agent would usually cancel the
requested processes and the cleaning controller agent would remove the appropriate
files. We adopt the strategy of making the agents inform the specialists what they
would have done to solve the problem, as well as informing the responsible for the
affected systems of those actions. This strategy will be maintained until we
consolidate the system acceptance. Up to now, the analysis of the actions taken by the
multi-agent system were very positive. There was no indication of harmful actions
taken over the environment.

At last, the controller agents send messages to the coordinator agent indicating the
end of their activities execution. The coordinator agent sends this information to the
space disk controller agent.

4.4 Analysis of Results

Table 1 shows a summary of the experiment current results.

Table 1. Current Results Obtained of the Experiment

Time of Operation of the
Experiment

90 days – Feb until May of  the 2002

Amount of Problems 78
Amount of Resolved
Problems

68

Percentile of Resolved
Problems

88%

Benefits reached by the
system

Avoided that important financial and production
control systems were interrupted;
Provided disk space for executing routine backup
procedures;
Avoided problems of response time for maintaining
critical file systems below 100% of occupation.



The results obtained by the experiment are very positive. Most of the problems and
their causes were correctly identified. The multi-agent system was not only able to
solve the problem where it does not have full rights for investigating directories and
where the problem had already been finished at the moment of analysis.

5   Conclusions and Future Work

We have shown how an Artificial Intelligence based technology, not frequently used
in the routine working environment of companies, can be of great value for keeping
available the company computational environment.

The multi-agent system may avoid the interruption of parts of the industrial
production, failures in financial operations that may provoke fines, spending human
expert time for solving complex problems that began simple, time losses of users,
failures on customers purchases, accidents with our without human losses, etc. The
good results obtained by the multi-agent system have motivated claims from the
human experts to include new and more complex problems to be solved by the
system. New knowledge is being included to the agent rule bases and new agents are
being constructed to attend these demands.

In the short term, we intend to add more controller agents to the Unix environment to
evaluate the growing difficulties of an increasingly complex agent structure acting
together. The next controllers will be the database ones (a type of omnipresent DBA),
the safety ones (to control the access to the computers, invasions attempts, password
control, etc.), the response time (to maintain the environment with suitable
performance rates) and other specific services controllers. It is also our intention to
develop in the medium term agents using a language compatible with other
environments that can be controlled (NT, Netware, WEB, etc.). In the long term, we
intend to endow the agents with a type of learning capacity, through the development
of “curious” or “questioning” agents that register situations in which the multi-agent
systems have failed. These agents will keep questioning the human experts about how
these problems were solved. Another type of learning happens when the agents
themselves inform the agents of the same type located in other hardware about
alterations in their knowledge base. With the growing complexity of the knowledge
bases, it would be ideal to have a way to make the agents themselves optimize these
bases in order to get better solutions than the ones previously used. In this context, the
agents will be able to teach the human experts.
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Abstract. Agents are often lead to make collective decision (reaching a
consensus about task or resource allocation, election, etc). This paper pro-
poses a distributed protocol based on iterative exchange of opinions among
strongly autonomous, weakly rational and heterogeneous agents. We prove
that the protocol converges to a consensus while respecting agents’ autonomy
and fairness. First, a formalism to model agents’ preferences, positions and
opinions is developed. Then several operators required by the protocol are
characterized (e.g. opinion cycle detector, aggregation operator, and consensus
detector). Finally, the main experimental results we obtained when the proto-
col has been applied to the coalition formation problem in the e-commerce context.

Keywords: intelligent agents, preference, consensus, coalition formation
Topics: Multi-Agent Systems, Knowledge Representation, Decision Support Sys-
tems

1 Introduction

In Multi-Agent Systems (MAS), agents often have to reach a consensus. In e-commerce
context, agents are strongly autonomous and weakly rational. Using this class of agents
has several consequences on the design of protocols (as discussed in [1]). It is not pos-
sible to design a protocol that permits agents to act in any possible way. One way to
restrict their behavior is to make assumptions about their internal state (e.g. a kind of
rationality, a utility function), but that is incompatible with autonomy. An other way is
to give a protocol to agents that agreed on it, and to control that they abide by it: agents
are autonomous because no hypothesis about their internal state is made.
In a consensus problem, agents’autonomy is conflicting with a solution computed using
an external operator basically because: 1) known operators cannot generally lead to a
solution that satisfies every agent (a good solution on average as in [2] is not agreed by
all agents, since some of them could prefer to try to earn more, even if they risk to lose
more); 2) generally (e.g. [3]) operators are based on internal informations about agents
(utility function, inmost preferences), which violates their autonomy and privacy.
To reach a consensus among agents who are motivated to satisfy their own preferences
first, we propose a protocol which may be summarized as follows: 1) agents may start
with different preferences; 2) agents exchange data to influence others’ opinions; 3) an
iterative process that incites agents to evolve their opinion at run-time and guarantees
the consensus will be reached; 4) stops when a consensus is reached.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 625–634, 2002.
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This protocol rises three questions. First: what is to be exchanged ? Using resources sup-
pose that all services are convertible into them. Argumentation is often used to convince
the other agents by giving new information as a rational way to reach a consensus; but
such a process assumes that agents have symbolic computation capabilities [4], time and
inference abilities [5,6]. Such capabilities are not available for heterogeneous agents,
and their normalization -as FIPA- is not practicable [1]. We choose to exchange agents’
opinions represented as application, because: 1)it can be understood and processed by
heterogeneous agents; 2)agents don’t need to reveal their internal informations (which
respects their autonomy). Over time, opinions should represent: 1)private preferences
of an agent; 2)his current position (voluntarily influenced by other opinions) even if
different from his private preferences; 3)a mean to influence other agents.
The second question is how to incite agents to modify their positions. Time cost could be
used (by decreasing the incomes), but that implies that agents estimate a possibility using
only money. Here, agents are allowed to change their preferences until all give the same
opinion twice (a cycle is detected, see section 4). To avoid infinite processing, agents
have then the possibility to form alliances. An alliance is a group of agents that decide
to behave as a super-agent; its opinion is computed using an aggregation operator on
opinions of its members (see section 5). If nobody decides to form an alliance, the MAS
chooses the two nearest agents w.r.t. their preferences (using an operator not presented
in this paper due to the lack of place and force them to ally. Autonomy is not violated,
because: i) this sanction is known and agreed by agents at the beginning of the protocol;
ii) constraints on agents’ behaviors are weak and can be checked.
The third question concerns the consensus legitimity. We could use a vote to decide about
a consensus, but that could make the process tedious and slow down the convergence
(since unsatisfied agents may vote against the reached consensus). So, we suggest to use
a criteria that is known and agreed initially by agents.
In this paper, we propose an approach based on the exchange of opinions and their evo-
lution among strongly autonomous and weakly rational agents (section 2). The protocol
we propose requires: i) a formalism to represent and handle agents’ opinions (section
3); ii) a cycle detector to recognize a cycle (section 4); iii) anaggregation operator that
computes the opinion of an alliance or more generally a group of agents (section 5); iv)
a chooser operator that computes the preferred possibility once a consensus is reached
(section 6); v) aconsensus detector able to decide that a consensus has been reached
(section 7). Section 8 presents experiments and results. Related work are presented in
section 9. Section 10 concludes our paper and outlines our future work.

2 Our Approach

Conceptually speaking, in our protocol, two roles are distinguished (even if the same
agent may play the two roles): the member who competes to perform tasks, and the
representative of an alliance who plays the role of interface between his alliance and
the other alliances,i.e. he receives opinions from his alliance’s members, computes the
aggregated opinion and send it to the others. Used symbols will be explained later.
The role of anAlliance’s Member (AM). (Hypothesis: to begin with, each agent creates
an alliance (cardinality1) and supports two roles: member and representative.)
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Main:
� positionω = private preference(AM)
� AM sends his positionω and in the same time receives the positions of other agents
� while a consensus is not reached do /*¬ ��*/
� if a cycle is detected then /*Θ = True*/ then AM callsalliance formation
� AM computes his new positionω
� AM sends his positionω to his representative

Alliance formation:
� process of proposition/acceptation of alliance formation
� if no alliance is formed
� then the two nearest alliances ally /*chosen using nearest alliances chooser. This

operator chooses the two alliances having the minimal distance between aggregated
opinions of alliances (not presented in this paper because of the lack of space).*/
The role of an Alliance’s Representative (AR).
� AR receives the positions from the members of his alliance
� AR computes the alliance’s position /*using aggregation operator �*/
� AR broadcasts the position of the alliance

3 Opinions

Notation: letA be a set of agents. Lower-case letters denote agents.S is a set of possi-
bilities,∆ a set of preference’s degrees,ς a set of conflict’s level,Ω a set of opinions.
The preference for a possibilityc1 over a possibilityc2 is the expression of the intensity
of its author’s will to havec1 chosen instead ofc2. Then an on opinion is a set of pref-
erences comparing every possibilities to every other one. To represent preferences, we
propose to usedegrees that range from−1 to 1: the closer to1 a degree is, the more the
first possibility is preferred to the second (and reciprocally). We don’t use an order even
partial as in the case of the most other approaches (see section 9), basically because the
transitivity is not an inherent property of preferences in rational context. For example, an
agent has the choice between three cars with two criteria, the price and the consumption
(c1 = ($10K, 8L), c2 = ($14K, 6L) andc3 = ($18K, 4L)) and has the following
rational rule: “If consumptions are close (less than3L), I choose the most expensive car
(because it is more luxuous); else I choose the one that consumme the less.”; the results
are:c1 � c2, c2 � c3, andc3 � c1, what is not transitive.
What happens at the group level ? The first idea is to compute the mean of the degrees
(ω{a,b}

i,j = (ωa
i,j +ωb

i,j)/2), but this formula leads to strange results: a preference of two
agents with opposite degrees equals zero (i.e. indifference), while incompatible prefer-
ence could be find. In fact, computing the average for a group leads to the the loss of too
much information. To solve this problem, we propose to use the standard deviation that
summarizes the dispersion of values.
In order to modelize finely these concepts about possibilities, we propose to distinguish
different levels. Our formalism of opinions should be used to represent a private opinion,
a computed position and an exchanged position (of agents and alliances).
Our formalism. A preference between two possibilitiesi andj is defined by a degree
of preferenceδi,j and a level of conflictσi,j (standard deviation).
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Fig. 1. Opinions and aggregation

Definition 1 (Opinion sets).
The set of possibilities is S, the set of degrees is ∆ = [−1, 1] and the set of levels of
conflict is ς = [0, 1].

Property 1 (Degree set). The set of degrees is: i) stable when computing the opposite;
ii) continuous; iii) contains a unique element0 that represents the indifference.

Interpretation:
−A degreeδi,j betweeni andj is interpreted as follows:
• 0 < δi,j ≤ 1 ⇐⇒ “I prefer i to j with a degreeδi,j”
• −1 ≤ δi,j < 0 ⇐⇒ “I prefer j to i with a degree−δi,j”
• δi,j = 0 ⇐⇒ “I have no preference betweeni andj”
−A level of conflictσi,j betweeni andj is interpreted as follows:
• σi,j = 0 ⇐⇒ “everybody agrees the degree of preference” (low level of conflict)
• σi,j = 1 ⇐⇒ “the maximum level of conflict is reached”
• σi,j < σ′

i,j ⇐⇒ “opinion with level of conflictσi,j is less conflicting than opinion
with levelσ′

i,j”

Definition 2 (Opinion). An opinion ω ∈ Ω is an application ω : S × S → ∆× ς with
the following properties:
− ∀i ∈ S, ωa

i,i = 〈0, 0〉: a is indifferent to i and i;
− ∀(i, j) ∈ S2, ωa

i,j = 〈δ, σ〉⇒ωa
j,i = 〈−δ, σ〉: the degree is antisymmetric.

4 Cycle Detector

In order to be sure that the process finishes, we have to detect when a situation happens
twice (i.e. a cycle).
Characterization. The idea is to save the history (process) of the exchanged opinions
and to detect similar situations called “views” (notation:u ≈v v) thanks to the operator
called “cycle detector” as follows.

Definitions 3 View: A view v is an application A→ Ω.
History: An history h ∈ H is a sequence (vt)1≤t≤T of views, where T is the length of
the history.
Partial order on opinions: A partial order on opinions�o is defined by: ∀(ωa, ωb) ∈
Ω2, ωa �o ω

b ⇐⇒ ∀(i, j) ∈ S2,δa
i,j ≥ δb

i,j ∧ σa
i,j ≤ σb

i,j .
Partial order on views: Let (ωa)a∈A the agents’ opinions. A partial order on views
�v is defined by: ∀(v, v′) ∈ V 2, v �v v

′ ⇐⇒ ∀(a, b) ∈ A2, ωa �o ω
b.
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Definition 4 (Cycle detector). A cycle detector Θ is an application H × R
∗ × R

∗ →
{False,True} characterized as:
i) ∀h ∈ H,h = (vt)1≤t≤T ,∃t ∈ [1, T [,∀a ∈ A, vt(a) = vT (a) ⇒ Θ(h) = True:
detects true cycles (i.e. when a situation happens twice);
ii) ∀(u, v) ∈ V 2, u ≈v v ⇒ ∀(u′, v′) ∈ V 2, u �v u′ �v v′ �v v, u′ ≈v v′: if u and
v correspond to a cycle, then all the couples of views (u′, v′) situated between u and v
must be detected as cycles too.

Example of Our Distance Cycle Detector.

Definitions 5 Opinion preference distance: An opinion preference distance |., .|po is
an application Ω ×Ω → R defined by: ∀(ω, ω′) ∈ Ω2, |ω, ω′|po = maxi,j |δi,j − δ′

i,j |.
Opinion conflict distance: An opinion conflict distance |., .|co is an application
Ω ×Ω → R defined by: ∀(ω, ω′) ∈ Ω2, |ω, ω′|co = maxi,j |σi,j − σ′

i,j |.
View preference distance: A view preference distance |., .|pv is an application
V × V → R defined by: ∀(v, v′) ∈ V 2, |v, v′|pv = maxa∈A |ωa

v , ω
a
v′ |po.

View conflict distance: A view conflict distance |., .|cv is an application V × V → R

defined by: ∀(v, v′) ∈ V 2, |v, v′|cv = maxa∈A |ωa
v , ω

a
v′ |co.

Definition 6 (Distance cycle detector). Let (εp, εc) ∈ R
∗2 be two thresholds.

Θ̆ is an application H × R
∗ × R

∗ → {False,True} defined by:
∀h ∈ H , h = (vt)1≤t≤T , Θ̆(h)=True ⇐⇒ ∃t ∈ [1, T − 1],
|vt, vT |pv ≤ εp ∧ |vt, vT |cv ≤ εc.

Θ̆ returns true if the two views are close enough considering both view preference
distance (εp) and view conflict distance (εc).

Proposition 1. Θ̆ is a cycle detector.

5 Aggregation Operator

The main interest of our opinion model is its ability to compute naturally the opinions of
a group contrary to other approaches. In fact, using a total order to modelize individual
preferences prevents from computing groups’ preferences with the same formalism. For
example, ifa1 prefers1 over2, anda2 prefers2 over1, what is the preference ofa1, a2 ?
In our framework and in MAS in general, opinions’ aggregation is usefull to: i) estimate
the opinion of a group, what may be used to choose which actions to be performed; ii)
compute the new position of an agent (others’ opinions are informations that an agent
should take into account in order to evolve his private opinion). A way to do that is to
aggregate the opinions of others with small weights (using a weighted aggregation, as
defined in section 9).
Characterization. According to the rationality of the aggregation, we propose axioms
necessarily respected by the aggregation operator.
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Definition 7 (Aggregation operator). Let n ∈ N
∗.

An aggregation operator �n is an application Ωp → Ω with the following properties:
i) [Independence]�n(ω1

i,j ,. . . ,ω
n
i,j) =f(ω1

i,j ,. . . ,ω
n
i,j): the aggregation of two opinions

on two possibilities doesn’t depend on opinions on other possibilities;
ii) [Everywhere defined] ∀(ω1,. . . ,ωn) ∈ Ωn, ∀(i, j) ∈ S,�n(ω1

i,j ,. . . ,ω
n
i,j) is defined:

all opinions could be aggregated;
iii) [Keep equality] �2(〈δ, σ〉,〈δ, σ′〉) =〈δ, σ′′〉;
iv) [Equity] ∀τ a permutation on [1, n], �n(〈δ1, σ1〉,. . . ,
〈δn, σn〉)=�(〈δτ(1), στ(1)〉,. . . ,
〈δτ(n), στ(n)〉): the result of the aggregation doesn’t depend on the order of opinions;
v) [Opposition] �2(〈δ, σ〉, 〈−δ, σ′〉) =〈0, σ′′〉: if two agents have opposite degrees, the
result of aggregation is a null degree (but not the level of conflict);
vi) [Associativity] �2(�2(ω, ω′), ω′′) =�2(ω,�2(ω′, ω′′)): an aggregated opinion
must not depend on how the group has been formed (e.g. when agents join the group)

Example of Our Aggregation Operator.
Definition 8 (Aggregation of groups’opinions). Let (ωi)1≤i≤n be a sequence of opin-
ions: ∀i, ωi = 〈δi, σi〉.
The quadratic mean is defined by: ∀i,mi = σ2

i − δ2i .
We define �̆((ωi)1≤i≤n)) =〈δ, σ〉 where: δ = 1

n

∑n
i=1 δi, m = 1

n

∑n
i=1 mi and

σ =
√
m− δ2

Remark 1. In statistic, given a standard deviationσ,m a mean andm a quadratic mean,
from the Huygens/König formula, we deduce:σ =

√
m−m2. In this paper,m = δ, so

σ =
√
m− δ2. The same formula are used to computemi = σ2

i − δ2i .

Proposition 2. �̆ is an aggregation operator.

An example of aggregation is given in figure 1. The opinions of the two agents at the left
are aggregated into one opinion (the right one). Let us remark that the levels of conflict
that vary from0 to 0.16, depend on the closeness of degrees of preferences.

Definition 9 (Weighted aggregation). Let p ∈ N
∗. A weighted aggregation operator

�̃ is an application (Ω ×R
+)p → Ω defined by: �̃((ω1, w1),. . . ,(ωp, wp)) aggregates

all opinions, replacing the degrees δi by wi × δi and the level of conflict σi by wi × σi.

6 Chooser Operator

When a consensus is reached (the agents have close opinions), we have to find the
preferred solution. This is why opinions will be aggregated using the chooser operator
defined below. When preferences are formalized by a total order, there is a unique pos-
sibility preferred to all others. In partial orders, several maximal possibilities may exist.
As we allow cycles (in the preference relation), generally there is no maximal preferred
possibility. The difficulty is that we have to find a compromise between maximizing the
degrees of preference and minimizing the level of conflict (w.r.t. other possibilities).
Characterization. The necessary axiom of a chooser operator is that if a best possibility
exists, then this possibility will be chosen.
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Definition 10 (Chooser operator). Let Emax = {i ∈ S/[∀j ∈ S, δi,j ≥ 0]∧[∀(k, l) ∈
S2, (δi,j ≥ δk,l)∧(σi,j ≤ σk,l)}.
A chooser operator © is an application ω → S with the property: if Emax �= ∅, then
©(ω) ∈ Emax

Example of Our Chooser. Generally,Emax is empty; so we defined several heuristics
to make this choice. In the following, we present one of them called “degrees first,
conflicts next”.It’s difficult to take into account the degree of preference and the conflict
level in the same time, because we don’t know which criteria must be used before the
other; in this heuristics, we favor degrees.

Definitions 11 Weight of a possibility: We call weight of a possibility i ∈ S for the
opinion ω the value wω(i) = 1

|S|−1

∑
j∈S\{i} δi,j .

Efficient opinion: An opinion 〈δ, σ〉 is efficient if � ∃〈δ′, σ′〉, δ ≥ δ′ ∧ σ ≤ σ′ ∧ (δ >
δ′ ∨ σ < σ′).
Degrees first, conflicts next:
− Step 1: Build the set of the best possibilities (I) as follows:

Let (wi)i∈S be the sequence of weights of possibilities of S computed using def.11.
Let wmax = maxi wi and let ε ∈ R

∗ be a threshold.
Let I = {i ∈ [1, n]/wi ≥ wmax − ε} be the set of possibilities that are close to the
maximum.
− Step 2: K is a restriction of I such that K is a total order

Let �P be the preference relation defined by δi,j ≥ 0 ⇐⇒ i �P j.
Let Q be the set of relations between possibilities of I ordered by σi.
Let apply the process:
1- Let K be an empty partial order.
2- while Q �= ∅ do
3- let (i �P j) = min(Q); Q← Q\{i �P j}. /* less conflict*/
4- If K ∪ (i �P j) doesn’t contain a cycle, then add the relation to K.
5- endwhile
We call “degrees first, conflicts next” the application ωS !→ max(K).

Proposition 3. The application “degrees first, conflicts next” is an opinion chooser.

Example: let us apply this operator to the aggregated opinion of the figure 1. Step 1: let us
compute the sequence of weights:w1 = (−.3+.3+.3)/3 = .1,w2 = (.3−.2+.2)/3 =
.1,w3 = (−.3+.2+.4)/3 = .1andw4 = (−.3−.2−.4)/3 = −.3; soI = {C1, C2, C3}.
Step 2 :Q = {C1 �P C3;C2 �P C1;C3 �P C2} (remark: the most important
relations form a cycle);K0 = ∅, K1 = {C1 �P C3}, K2 = {C1 �P C3;C2 �P C1}
andK3 = {C1 �P C3;C2 �P C1}. Finally,C2 is the preferred car.

7 Consensus Detector

A consensus operator has to answer the question: do all agents agree ? The vote is often
used: firstly, each agent chooses one possibility and the one that has the maximum of
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votes is elected. In some vote systems, agents may choose more than one possibility
(often two), but all possibilities have the same weight. We propose to extend this system
by aggregating all opinions into a lone one using an aggregation operator, and then by
choosing a possibility by applying a chooser operator on the aggregated opinion.
Two parameters are taken into account: the degree of preference and the conflict level.
Characterization.

Definition 12 (Consensus detector). A consensus detector �� is an application Ω →
{False,True} defined by: �� (ω) = True ⇐⇒ ∀(i, j) ∈ S2, σi,j = 0

It seems rational to impose that if one possibility is preferred by all agents, then this
possibility will be elected.
Example of consensus detector.

Definition 13 (Epsilon consensus detector). Let ε ∈ R
∗.

An epsilon consensus detector �̆ε is an application Ω → {False,True} defined by:
∀(i, j) ∈ S2, σi,j ≤ ε⇒�� (ω) = True

Proposition 4. For all ε ∈ R
∗, �̆ε is a consensus detector.

8 Experiments

We distinguish the coalition from alliance: some agents may ally because they are inter-
ested in the same solution, even if they don’t collaborate in a coalition to fulfill a task.
Protocol of Experiment. We have made several experiments, but we present here
only the most significant result. In a reaching consensus problem, it is difficult to find
an efficient strategy. In order to test our formalism and operators, we have built a family
of strategies and organized a tournament between these strategies.
The problem chosen to test our strategies is an allocation of tasks in an e-commerce con-
text (see [1,7]). Some sub-tasks have to be allocated to several agents who are not able
to fulfill all tasks because they have limited skills (no agent meets all the requirements
of a task). In our study,7 agents have to share8 sub-tasks among themselves, and32
possibilities are assumed available.
Each agent chooses to take the others’ opinions into account with a more or less great
weight. At the beginning, it is in their interest to be rigid (i.e. do not take others’opinions
into account) in order to influence the opinions of the others. At the end, they should
better be flexible in order to have chance to be assigned a task. The question is: at what
speed do I decrease my rigidity ? We define a strategy as a speed of decreasing. Formally,
the rigidity r is defined by:∀a ∈ A, ∀α ∈ [0, 1], ∀t ∈ [1, T ],r(t) = exp−αt. The agent
computes his new opinion as follows:
− first, he aggregates the opinions of other agents:ωm = �({ω′

b/b ∈ A\{a}});
− then he applies the weighted aggregation operator to aggregate his preferences

weigthed byr and other agents’ preferences weigthed by1 − r; as result, the strat-
egy is defined by:sa

α(t/10) = �̃(< ωa, r >,< ωm, 1− r >).
Each strategyα (used by one agent) is opposed to a strategyβ (used by all other agents,
i.e. uniform population). For each fightα againstβ, we compute the ratio of income (in
comparison with the agent’s maximal income) for the agent using the strategyα.
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The results are presented as follows (see figure 2): the strategyα takes place on the X-axis,
and the mean of percentages of income (for all agents that used the strategyα) onY-axis.
Each curve represents the set of results for a fixed value ofβ (β ∈ [0.0, 0.2, . . . , 1.0]
represents strategies of other agents).
Results. Figure 2 gives the results of our experiments. It shows that, whatever the value
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Fig. 2. Results of experiment

of β, the best strategyα remains aroundα = 0.7. This result is interesting as it em-
phasizes that our protocol doesn’t favor extremely rigid strategies. Such strategies don’t
lead to rational solutions, as when every agent is extremely rigid, the final solution is
given by the chooser applied to the aggregated opinions at the first step, what amounts to
use an external chooser operator. Symetrically, too flexible strategies, as one can expect,
are not interested.

9 Related Work

In [8], Kenneth Arrow formalized the concept of preference by a binary relation<
(antisymmetric, transitive and not reflexive) in order to find a function of aggregation of
preferences that respects the intuition. He proves that the only solution is a totalitarian
system (one agent decides). This very strict modelization is not rich enough to represent
some aspects of preferences: i) the indifference (no preference) is not modelized; ii)
there is no level of preference (no intermediate degree); iii) a rational preference relation
may be non-transitive (see section 3).
Many representations of preferences have been proposed in order to solve this
impossibility problem [9]: i)as a preference ordering of the possibilities what results to
a total order; ii)as a utility function: the result is a total order, but with a measure of
the difference of preference between two possibilities that is richer than preferred/not
preferred; iii)as a preferred relation with some degree of preference of any alternative
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over another: the degree is interpreted as a degree of credibility. The modelization of
users’ preferences [10] is based on several kinds of transitivities (more or less strict:
min- or weak-transitivity,etc.) and two symbols (indifference and incomparability). We
consider that the transitivity is not necessary for preference’s modelization: in fact, K.
Arrow’s modelization refers to an absolute judgment, while a preference is relative.
Our formalism may be viewed as a generalization of several others. If we limit values
of degrees to{−1, 0, 1} and don’t take the level of conflict into account, our formalism
is equivalent to a total order (strict if we remove the0). Incomparability when added
leads to a partial order; in our approach, the semantics of the incomparability is a
high level of conflict. To represent a valuation, we have to impose the constraint:
δi,j ≥ 0 ∧ δj,k ≥ 0 ⇒ δi,k = δi,j + δj,k.

10 Conclusion and Future Works

This paper introduces a new formalism of opinions and shows how use it in a con-
sensus protocol for tasks’ allocation among strongly autonomous, weakly rational and
heterogeneous agents. This formalism permits fine representations of an agent’s opinions
(several degrees of preference and uncertainty) and of a group’s one (several degrees of
preference and levels of conflict) thanks to the aggregation operator. In the future, we
will test other operators and more complex strategies in order to show the richness of
our formalism.
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Abstract. We consider a set of natural language processing techniques
based on finite-state technology that can be used to analyze huge
amounts of texts. These techniques include an advanced tokenizer, a
part-of-speech tagger that can manage ambiguous streams of words, a
system for conflating words by means of derivational mechanisms, and
a shallow parser to extract syntactic-dependency pairs. We propose to
use these techniques in order to improve the performance of standard
indexing engines.

1 Introduction

In recent years, there has been a considerable amount of interest in using Nat-
ural Language Processing (NLP) in Information Retrieval (IR) research, with
specific implementations varying from the word-level morphological analysis to
syntactic parsing to conceptual-level semantic analysis. In this paper we con-
sider the employment of a set of practical NLP techniques built on finite-state
technology that make them adequate for dealing with large amounts of texts.
Finite-state technology is sometimes characterized as ad-hoc. However, we pro-
pose a sequence of finite-state based processes, where each stage corresponds to
intuitive linguistic elements, reflecting important universals about language:

– The existence of individual words and idioms forming each sentence.
– The existence of different categories of word carrying the semantics of the

sentence: nouns, adjectives and verbs.
– The existence of semantic relations between words belonging to different

categories (e.g. the noun corresponding to the action of a verb).
– The existence of basic syntactic structures relating words within a sentence,

such as the noun-modifier, subject-verb or verb-object relations.

The scheme of the paper follows the processing stages shown in Fig. 1. Firstly,
in Sect. 2, we describe the preprocessor, an advanced tokenizer which accounts
for a number of complex linguistic phenomena, as well as for pre-tagging tasks.
Section 3 shows the tagger, which is based on Hidden Markov Models with
disambiguation and lemmatization capabilities. Next, in Sect. 4, we describe the
main morphological mechanisms of word formation, and their application to the
automatic generation of morphological families. Section 5 describes a shallow

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 635–644, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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parser working on syntactic and morpho-syntactic variants of noun phrases for
the extraction of syntactic dependency pairs. The evaluation of the proposed
techniques is performed in Sect. 6. Section 7 presents final conclusions.

2 The Preprocessor

Current taggers assume that input texts are correctly segmented in tokens or
high level information units that identify every individual component of the
texts. This working hypothesis is not realistic due to the heterogeneous nature
of the application texts and their sources. For this reason, we have developed a
preprocessor module [4,1], an advanced tokenizer which performs the following
tasks:

Filtering. Texts are converted from source format (e.g. HTML or XML) to
plain text, and delimiters are compacted (e.g. it removes multiple blanks or
blanks at beginning of sentences).

Tokenization. Every individual word as well as every punctuation mark will
be a different token, taking into account abbreviations, acronyms, numbers
with decimals and dates in numerical format. For this purpose, we use two
dictionaries, one of abbreviations and another one of acronyms, and a small
set of rules to detect numbers and dates.
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Sentence Segmentation. The general rule consists of separating a sentence
when there is a dot followed by a capital letter. However, it must be taken
into account certain abbreviations to avoid marking the end of a sentence at
their dots.

Morphological Pretagging. The preprocessor tags elements whose tag can
be deduced from the morphology of the word, and there is no more reliable
way to do it. In this step, for instance, numbers and dates are identified.

Contraction Splitting. Contractions are split into their different tokens, as-
signing a tag to every one of them, by using external information on how
contractions are decomposed. For instance, the Spanish contraction del (of
the) is decomposed into the preposition de (of ) and the article el (the).

Enclitic Pronouns. Verb stems are separated from their enclitic pronouns,
tagging every one of them correctly. To perform this function, we need to
consult a dictionary with as many verbal forms as possible, a dictionary
containing the greatest possible number of verbal stems capable of presenting
enclitic pronouns, a list with all the valid combinations of enclitic pronouns,
and a list with the whole set of enclitic pronouns, together with their tags and
lemmas. As an example, the Spanish word comerlo (to eat it) is decomposed
in comer (which is the infinitive to eat) and lo (which is the pronoun it).

Expression Identification. The different tokens that make up an expression
are joined together [2], using a dictionary with the expressions that are
uniquely expressions, e.g. a pesar de (in spite of ), and a dictionary of
phrases that may be expressions or not, e.g. sin embargo (however or with-
out seizure). The preprocessor simply generates the possible segmentations,
and then the tagger selects one of those alternatives later.

Numeral Identification. Consecutive numerals are joined together in order
to build a compound numeral and so obtain only one token. For instance,
every component of mil ciento veinticinco (one thousand one hundred
and twenty-five) is joined with the rest in the same way as the components
of an expression. Unlike the case of expressions, the tag assigned by the
preprocessor here is definitive.

Proper Noun Training. Given a sample of the texts that are going to be
indexed, the preprocessor identifies the words that begin with a capital letter
and appear in non-ambiguous positions, i.e. in positions where if a word
begins with a capital letter then it is a proper noun. For instance, words
appearing after a dot are not considered, and words in the middle of the
text are considered. It also identifies sequences of capitalized words connected
by some valid connectives like the preposition of and definite articles. The
proper nouns detected are added to a trained dictionary.

Proper Noun Identification. Using a specific dictionary of proper nouns and
the trained dictionary, we are able to detect proper nouns whether simple or
compound, and either appearing in positions ambiguous or not. This task is
explained in detail in [1].

The general structure of this first module is shown in Fig. 2. As we can
see, there are two processing modes. Firstly, there is an off-line process, during
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indexing time, where the documents to be indexed are tagged. This off-line
process consists of two steps. In the first step, a subset of the documents is used
for proper noun training, and in a second step, the data obtained are employed
to tag the entire document database. The other main processing mode is an on-
line process during querying time where the query is tagged. The data obtained
in the proper noun training phase during indexing process is also employed here
for tagging the query.

3 The Tagger

A second order Hidden Markov Model (HMM) is used to perform part-of-speech
tagging. The states of the model represent pairs of tags, and outputs represent
the words. Transition probabilities depend on the states, thus pairs of tags.
Output probabilities only depend on the most recent category. To be explicit,
we use the Viterbi algorithm to calculate:

arg max
t1...tn

n∏

i=1

[P (wi|ti) × P (ti|ti−2, ti−1)]



Practical NLP-Based Text Indexing 639

for a given sentence of words w1 . . . wn of length n, where t1 . . . tn are elements
of the tagset. Transition and output probabilities are estimated from a tagged
corpus. As a first step, we use the maximum likelihood probabilities derived from
relative frequencies. As a second step, contextual frequencies are smoothed and
lexical frequencies are completed by handling words that do not appear in the
training corpus but are present in external dictionaries.

Trigram probabilities generated from a corpus cannot be used directly be-
cause of the sparse-data problem, which means that there are insufficient in-
stances for each trigram to reliably estimate the probability. The smoothing
paradigm that delivers the best results is linear interpolation of unigrams, bi-
grams and trigrams. Therefore, we estimate a trigram probability as follows:

P (t3|t1, t2) = λ3 P̂ (t3|t1, t2) + λ2 P̂ (t3|t2) + λ1 P̂ (t3)

where λ1 + λ2 + λ3 = 1, so P again represents probability distributions. The
values of λ1, λ2 and λ3 are estimated by deleted interpolation.

Given an unknown word, its candidate tags and their probabilities are set
according to the ending of the word in question. The probability distribution of
a particular suffix is generated from all words in the training set that share the
same suffix of some predefined maximum length. Probabilities are then smoothed
by successive abstraction [9]. This method obtains a proper probability distri-
bution for each tag and for each suffix length, as needed by the HMM.

Sometimes we have to deal with languages with very few available linguistic
resources. Currently, the typical situation in Spanish processing is very short
training texts, but very large dictionaries, since the morphology of the language
is well-known and the effort made to formalize it has been much greater. The
most intuitive way to integrate a dictionary is the Adding One method, which
consists of using the dictionary as an additional tagged corpus where a frequency
of 1 is assigned to each word-tag pair. However, this integration does not produce
a coherent representation of the model we are estimating, and it can produce im-
portant alterations in the working parameters. This leads us to consider another
method based on the Good-Turing formulas [7]. Every word-tag pair present
only in the external dictionary can be seen as an event with null frequency in
the training corpus, and the Good-Turing formulas are themselves a method
able to assign probabilities greater than 0 to these rare but existing events. In
addition, this technique produces less distortion of the model and increases the
performance of the tagging process when the training corpus is small [5].

Due to the ambiguous segmentations obtained during preprocessing, as it
was described in Sect. 2, this tagger must be able to deal with streams of tokens
of different lengths: it not only has to decide the tag to be assigned to every
token, but also to decide whether some of them form or not the same term, and
assign the appropriate number of tags on the basis of the alternatives provided
by the preprocessor. To perform this process, we consider the evaluation of every
stream of tokens and their subsequent comparison, in order to select the most
probable one, as indicated in [3]. It is also necessary to define some objective
criterion for that comparison. When the tagging paradigm used is the framework
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of the hidden Markov models, as is our case, that criterion is the comparison
of the normalization of the cumulative probabilities. One reason to support the
use of hidden Markov models is that, in other tagging paradigms, the criteria
for comparison may not be so easy to identify.

Once a text has been tagged, content words (nouns, verbs, adjectives) are ex-
tracted to be indexed. In this way we solve the problems derived from inflection
in Spanish. Therefore, recall is remarkably increased. With regard to computa-
tional cost, the running cost of a lemmatizer-disambiguator is linear in relation
to the length of the word and cubic in relation to the size of the tagset, which
is a constant. As we only need to know the grammatical category of the word,
the tagset is small and therefore the increase in cost with respect to classical
approaches (stemmers) becomes negligible.

4 Morphological Families

Once inflectional variation has been solved, the next logical step is to solve the
problems derived from derivational morphology. Spanish has a great productiv-
ity and flexibility in its word formation mechanisms by using a rich and complex
productive morphology, preferring derivation to other mechanisms of word for-
mation. We define a morphological family as the set of words obtained from
the same morphological root through derivation mechanisms. It is expected that
a basic semantic relationship will remain between the words of a given fam-
ily, relations of the type process-result, e.g. producción (production) / producto
(product), process-agent, e.g. manipulación (manipulation) / manipulador (ma-
nipulator), etc. In Spanish, the basic derivational mechanisms are: prefixation,
preposing morphemes to the base; emotive suffixation, postposing morphemes
that alter the base in some sort of subjective emotional way; non-emotive suffixa-
tion, postposing morphemes that change the meaning of the base fundamentally
rather than marginally, often effecting a change of syntactic category; back for-
mation, a morphological procedure to derive nouns from verbs by truncation; and
parasynthesis, the simultaneous prefixation and suffixation of the base lexeme.

Many derivational morphemes have variable forms (allomorphs), some-
times phonologically determined, and others lexically imposed by convention
or etymology. It must also be taken into account that morphological operations
can also involve phonological alterations of the base [8].

Regular word formation patterns in Spanish can be obtained through
the ‘rules of word formation’ [8] defined by generative phonology and
transformational-generative grammars. Though this paradigm is not complete, it
has been used to implement an automatic system for generation of morphological
families with an acceptable degree of completeness and correction [11].

Given two words w and w′ in the lexicon, we denote by w � w′ the fact that
w′ is obtained from w by means of some of the derivational mechanisms shown
above. Given this, we compute the morphological family of w as its reflexive and
transitive closure through derivation, denoted closure(w) and defined recursively
as:
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– w ∈ closure(w).
– If w � w′ then w′ ∈ closure(w).
– If w′ � w then w′ ∈ closure(w).

The set of morphological families associated with a given lexicon is obtained
by means of applying closure(w) to each word w in the lexicon.

In order to use morphological families for document conflation, once we have
obtained the part of speech and the lemmas of the text to be indexed, we replace
each of the lemmas obtained by a fixed representative of its morphological family,
which is indexed [11]. In this way we are using the same index term to repre-
sent all words belonging to the same morphological family; therefore, semantic
relations that exist between these words remain in the index because related
terms are conflated to the same index term. With regard to computational cost,
morphological families and their representatives are computed a priori, so they
do not affect the final indexing and querying cost.

5 The Shallow Parser

Given a stream of tagged words, the parser module tries to obtain the head-
modifier pairs corresponding to the most relevant syntactic dependencies:noun-
modifier, relating the head of a noun phrase with the head of a modifier; subject-
verb, relating the head of the subject with the main verb of the clause; and verb-
complement, relating the main verb of the clause with the head of a complement.

It has to be noted that while the head-modifier relation may suggest semantic
dependence, what we obtain here is strictly syntactic, even though the semantic
relation is what we are really after.

The kernel of the grammar used by the parser is inferred from the basic
trees corresponding to noun phrases and their syntactic and morpho-syntactic
variants [6,10]:

Syntactic variants result from the inflection of individual words and from
modifying the syntactic structure of the original noun phrase. Given a noun
phrase, their syntactic variants are obtained by means of:
– synapsy, changing a preposition or adding or removing a determiner;
– substitution, employing modifiers to make a term more specific;
– permutation of words around a pivot element;
– employing coordinating constructions (copulative or disjunctive) with

the modifier or with the modified term.
Morpho-syntactic variants differ from syntactic variants in that at least one

of the content words of the original noun phrase is transformed into another
word derived from the same morphological stem. They can be classified ac-
cording to the nature of the morphological transformations applied to their
words:
– Iso-categorial: morphological derivation process does not change the cat-

egory of words, but only transforms one noun syntagma into another.
There are two possibilities: noun-to-noun and adjective-to-adjective.
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Fig. 3. Experimental results on a corpus of newspaper articles

– Hetero-categorial: morphological derivation does result in a change of
the category of a word. There are also two possibilities: noun-to-verb
and noun-to-adjective.

We must remark that syntactic variants involve inflectional morphology but
not derivational morphology, whereas morpho-syntactic variants involve both
inflectional and derivational morphology. In addition, syntactic variants have a
very restricted scope (the noun phrase) whereas morpho-syntactic variants can
span a whole sentence, including a verb and its complements.

Once the basic trees of noun phrases and their variants have been estab-
lished, they are compiled into a set of regular expressions, which are matched
against the tagged texts in order to extract the dependency pairs, which are used
as index terms, as is described in [10]. In this way, we can identify dependency
pairs through simple pattern matching over the output of the tagger/lemmatizer,
dealing with the problem by means of finite-state techniques, leading to a con-
siderable reduction of the running cost.

6 Evaluation

The lack of a standard evaluation corpus has been a great handicap for the
development of IR research in Spanish.1 This situation is changing due to the
1 The test collection used in the Spanish track of TREC-4 (1995) and TREC-5 (1996),
formed by news articles written in Mexican-Spanish, is no longer freely available.
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incorporation in CLEF-20012 of a Spanish corpus (composed of news provided by
a Spanish news agency) which is expected to become a standard. The techniques
proposed in this paper have been integrated recently, therefore, we could not
participate in CLEF-2001 edition, but we are prepared to join competition in
2002. Due to the unavailability of the CLEF corpus, we have chosen to test our
techniques over the corpus used in [12], formed by 21,899 newspaper articles
(national, international, economy, culture,. . . ) with an average length of 447
words. We have considered a set of 14 natural language queries with an average
length of 7.85 words per query, 4.36 of which were content words.

The techniques proposed in this article are independent of the indexing en-
gine we choose to use. This is because we first conflate the document to obtain its
index terms; then, the engine receives the conflated version of the document as
input. So, any standard text indexing engine may be employed, which is a great
advantage. Nevertheless, each engine will behave according to its own character-
istics (indexing model, ranking algorithm, etc.). We have compared the results
obtained, using SMART with the ltc-lnc weighting scheme as indexing engine,
by four different indexing methods: stemmed text after eliminating stopwords
(stm), lemmatized text (lem), text conflated by means of morphological families
(fam) and syntactic dependency pairs (sdp). Results are shown in Fig. 3. We can
observe that lem and fam slightly improve the precision of stm, with fam also
improving recall. With respect to sdp, we must remark it shows an improvement
in precision of 34.5% with respect to stm.

7 Conclusion

In this article we have proposed a set of practical natural language techniques
to improve the performance of text indexing when applied to Spanish texts.
These techniques include an advanced tokenizer for the right segmentation of
texts which accounts for a number of complex linguistic phenomena, a part-of-
speech tagger based on a stochastic model that can manage ambiguous streams of
words and integrate external dictionaries, a system for identifying words related
by derivational morphology, and a parser to extract head-modifier pairs. All of
them are built on finite-state technology, so they are very efficient and can be
applied to tasks in which huge amounts of text need to be analyzed, as is the case
of information retrieval. Albeit our scheme is oriented towards the indexing of
Spanish texts, it is also a proposal of a general architecture that can be applied
to other languages with very slight modifications.

Acknowledgements. Supported in part by Plan Nacional de Investi-
gación Cient́ıfica, Desarrollo e Innovación Tecnológica (TIC2000-0370-C02-
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Abstract. This paper presents a new method, based on semantic infor-
mation, to resolve Definite Descriptions in unrestricted Spanish text. The
method is performed in two consecutive steps. First, a lexical knowledge
word domain sense disambiguation (WDSD) process is made. The text
is tagged with a domain label instead of a sense label. Second, an algo-
rithm to identify and to resolve the Spanish definite description is applied
taking advantage of domain labels. In addition, this paper presents an
experimental work that shows the advantage of using a WSD method in
the Definite Description (DD) resolution process. Moreover, this experi-
mental work proves that using WordNet Domain in unsupervised WSD
method improves DD resolution.

1 Introduction

Coreference resolution consists of establishing a relation between an anaphoric
expression and an antecedent. Different kinds of anaphoric expressions can be
located in the text, such as pronouns, definite descriptions, adverbs, etc. In this
paper, we focus on the treatment and resolution of definite descriptions1.

Previos work such as [1,11,12] showed that most definite descriptions in the
text are non-anaphoric. The treatment of DD has been made up of two different
tasks. The first one, is focused on identifying the type of DD (anaphoric or
non-anaphoric). And, the second task is focused on providing the antecedent
of the anaphoric DD. Definite descriptions whose antecedents are full sentences
or full paragraphs are treated like non-anaphoric DDs. In this work, we only
establish the coreference of DDs whose antecedents are any kind of noun phrases
(indefinite, definite, entity). Previous identification of non-anaphoric DD is useful
only to apply the coreference resolution algorithm to anaphoric DDs. According
to Frege [4], the identification of DD type cannot be carried out using structural
information alone without comparison with previous candidates. Frege states
that the reference property of a DD depends on semantic characteristics. A DD
can only refer to a semantically compatible NP.
� This paper has been supported by the Spanish Government through the project
TIC2000-0664-C02-01/02

1 We only considered as DD the noun phrases headed by a definite article (el, la, los,
las → the) or a demonstrative (este, esta, estos, estas → this, these).

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 645–654, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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The use of semantic information is associated to Word Sense Disambiguation
(WSD). In relation to the WSD task several authors [14,7] have stated that for
many applications the fine-grained sense distinctions provided by WordNet are
not necessary. Therefore, we propose a way to deal with this problem starting
with the hypothesis that many sense distinctions are not relevant for a DD res-
olution. Moreover, we want to investigate how the polysemy reduction caused
by domain clustering can help to improve the DDs resolution. Because, a sin-
gle domain label may group together more than one word sense, resulting in a
reduction of the polysemy. Therefore, in this paper we propose to use a variant
of the Specification Marks Method (SMM) [8] where for each word in a text a
domain label is selected instead of a sense label.

2 Preprocessing and Resources

The Spanish text that is to be treated came from different files and is passed
through a preprocessing stage. The first step in preprocessing consists of using
a POS-tagger to automatically assign morphological information (POS tags).
Next, it also performs a surface syntactic parsing of the text using dependency
links that show the head-modifier relations between words. This kind of informa-
tion is used for extracting NP’s constituent parts, and these NP’s are the input
for a WSD module. This module returns all the head nouns with a domain sense
assigned from all the head nouns that appear in the context of a sentence. This
process is illustrate in Figure 1.

Spanish
WordNet 

          POS Tagger

WSD 
Module 

Parsing            

WordNet 
Domains 

Maped 
WordNet 
1.5 to 1.6 

Spanish Synset and Synset 1.5 

Synset 1.6
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Morphological, 
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Fig. 1. Process and resources used by WSD module

The Figure 1 shows that the WSD module used the following resources:

– Spanish WN is a generic database with 30,000 senses. The Spanish WN will
be linked through the English WN 1.5, so each English synonym will be
associated with its equivalent in Spanish.

– WN 1.5 mapped to WN 1.6 is a complete mapping of the nominal, verbal,
adjetival and adverbial parts of WN 1.5 onto WN 1.6 [3].
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– WordNet Domain [6] is an extension of WN 1.6 where synsets are clustered
by means of domain labels.

3 Domain Specification Marks Method

The WSD method used in this paper consists of a variant of the SMM, which
we named Domain Specification Marks Method (DSMM), where for each head
noun in a text a domain label is selected instead of a sense label. The SMM
is applied for the automatic resolution of lexical ambiguity of groups of words,
whose different possible senses are related. The disambiguation is resolved with
the use of the Spanish WordNet lexical knowledge base. This method requires the
we know how many of the words are grouped around a Specification Mark, which
is similar to a semantic class in the WordNet taxonomy. The word sense in the
subhierarchy that contains the greatest number of words for the corresponding
Specification Mark will be chosen for the sense disambiguation of a noun in a
given group of words. In this work [10] it has been shown that the SMM works
successfully with groups of words that are semantically related. Therefore, a
relevant consequence of the application of this method with domain labels is
the reduction of the word polysemy (i.e. the number of domains for a word is
generally lower than the number of senses for the word). That is, domain labels
(i.e. Health, Sport, etc) provide a way to establish semantic relations among
word senses, grouping then into clusters. Detailed explanation of the SMM can
be found in [9].

Next, we describe the way to obtain the domain label of WordNet Domain
from the word sense obtained by SMM. That is, SMM initially obtains the
Spanish word sense and from this information has to apply the three following
steps.

1. Starting from the Spanish word sense disambiguated by the SMM, we should
obtain the corresponding synset in WN 1.5. For this task, we use the Spanish
WN to disambiguate the Spanish word sense. It allows us to calculate the
intersections in the Spanish synsets and the English synsets version 1.5. For
example, the output of the SMM applied to the word “planta → plant” is the
Spanish Synset “08517914” (planta#2). As the two WordNets are linked (i.e.
they share synset offsets), therefore the intersection determines the synset
of WordNet 1.5, which is “00008894” (Plant#2).

2. WN 1.5 is mapped with the WN 1.6, therefore the synsets obtained in step
1 are searched in this resource. Then, the synset 1.6 corresponding to the
previous synset 1.5 is obtained. For example, the synset 1.5 “00008894”
belonging to the sense “plant#2” is mapped to the synset 1.6 “00008864”.

3. Finally, the synset 1.6 obtained in step 2 is searched for in the WordNet
Domain, where the synsets have been annotated with one or more do-
main labels. For example, the synset 1.6 “00008864” belonging to the sense
“plant#2” is searched for in the WN Domain giving the label “botany”.
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4 Coreference Resolution of Definite Description

Coreference resolution for DD presents different characteristics as pronouns.
Three main differences can be pointed out: accessibility space, previous iden-
tification of non-anaphoric and different kinds of coreference (identity, part-of,
set-member, set-subset). The accessibility space for pronouns is only a limited
number of sentences. However, the accessibility space for DD represents a much
greater number when encompassing the full text. For this reason, the number
of potential candidates can be high for larger texts. If the coreference algorithm
compares the DD to all candidates and the number is high then the algorithm
becomes slow. Unlike other authors that reduce the number of previous sentences
to be considered as the anaphoric accessibility space, our algorithm proposes the
use of domain labels to group the NPs. This grouping is used to identify some
non-anaphoric DD (remaining non-anaphoric will be classified by coreference al-
gorithm) and to built the lists of candidates for each DD. A DD looks for its
antecedent among the previous NPs with the same domain label. This fact makes
possible the use of a full anaphoric space made up of all previous sentences and
the reduction of comparisons. The coreference algorithm provides an antecedent
of DD or it classifies the DD as non-anaphoric, if no candidate is found. The
coreference algorithm is a system based on weighted heuristics. These heuris-
tics study the relationship between heads and modifiers of both NP (candidate
and DD). Moreover, DD can establish different kinds of relationships to their
antecedents. DD can refer to the full antecedent (identity coreference) or a part
of the antecedent (part-of, set-member, set-subset). Our algorithm resolves the
identity and part-of coreference. The following section shows the algorithm in
detail.

 DD 
Text 

DSMM
DD 

identification 
type module 

NP 
identification 

type 

NP clusters
Coreference 

module 

NP

Indefinite
NP

Anaphoric 
DD 

List of 
candidates

Coreference 
links

Fig. 2. Full system

4.1 Algorithm

The algorithm is focused on solving two tasks: non-anaphoric identification and
coreference resolution. The algorithm takes advantage of DSMM (domain spec-
ification mark method) to solve both tasks. Two different modules are distin-
guished in the algorithm. The first module, Identification module, establishes
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the type of DD (anaphoric or non-anaphoric DD). A process of clustering is
developed using the domain label proposed by DSMM. This module uses the
Frege’s idea of ‘a word can only refer to a semantically compatible word’. Be-
cause of, a cluster is used in order to classify a DD between anaphoric and
non-anaphoric. The second module, (Coreference resolution module), is only ap-
plied to anaphoric DD. This module is based on a weight-heuristic system to
choose the antecedent or to re-classify the DD as non-anaphoric if no antecedent
is found.

Identification module. The main goal of this module is to classify DDs be-
tween an anaphoric and non-anaphoric DD. For this reason, a prior task of
identification of the NP type is done. The NP identification type is made by
studying the first premodifier of NP. If the first modifier is a definite article or a
demonstrative then the NP is classified as a DD. Otherwise, the NP is classified
as an indefinite NP.

Every NP (DD and indefinite NP) is stored next to previous NPs with the
same domain label. In addition, a virtual cluster is linked (label as v link) to the
NP (indefinite and non-anaphoric) made up of synonym, hyperonym, hyponym,
meronym and holonym. All the words belonging to the virtual cluster do not
necessarily appear previously in the text.

Moreover, the following process is only applied for DDs. If the DD is the
first NP related to a domain label then the DD is classified as non-anaphoric.
Otherwise, the coreference resolution mechanism is applied.

Coreference resolution module. The goal of this module is to identify the
antecedent of a DD or re-classify the DD as non-anaphoric if no antecedent is
found. The algorithm needs as input the DD and a list of candidates. The list of
candidates used for this coreference resolution module is made up all NPs with
the same domain labels excluding words from the virtual clusters. This virtual
cluster is only used as a repository of words that are semantically related to the
head noun of NP. The following steps are carried out: 1) The algorithm selects
from the list of candidates those that have the same head noun as the anaphoric
expression (DD). 2) If no candidate is selected then it goes through the virtual
clusters that are related to the NP with the same domain label. The algorithm
looks for the head noun of the anaphoric expression (DD). If it is found then
the NP with the same domain label is selected as a candidate. 3) A weighting-
heuristic algorithm is applied to choose the antecedent from the list of candidates
or, if the candidate list is empty, then the DD is classified as non-anaphoric. The
following heuristics are used:

– Identity coreference. The algorithm looks for previous noun phrases with
the same head noun or a previous NP whose head noun is related using a
synonym, hyperonym or hyponym relation and no incompatible modifiers. If
one is found then both are linked using a identity coreference link (ic link).
Otherwise, the resolution process treats the anaphoric expression as a part-of
coreference.
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Hi1.- Same head. If a candidate has the same head noun as the DD then a
value of 50 is added to the salience value (the red car, the car).
Hi2.- Synonym head. If the head noun of a candidate is a synonym of the
head noun of the DD then a value of 45 is added to the salience value (the
red car, the auto).
Hi3.- Hyper/hyponym head. If the head noun of a candidate is a hyperonym
or hyponym of the head noun of the DD then a value of 35 is added to the
salience value (the red car, the taxi).
Hi4.- Same modifier. A value of 10 is added to the salience value for each
modifier that appears in both NP (candidate and DD) (the red car, the red
auto).
Hi5.- Synonym modifier. A value of 9 is added to the salience value for each
synonym modifier (the slow car, the lazy car)
Hi6.- Hyper/hyponym modifier. A value of 8 is added to the salience value for
each hyper/hyponym modifier (the wood furniture, the mahogany furniture)
Hi7.- Antonym modifier. A value of -1000 is added to the salience value for
each antonym modifier (the left ear, the right ear)

– Part-of coreference. Looking for a previous NP whose head noun is related
using a meronym or holonym. If one is founded both are linked using a part-
of coreference link (pc link). The algorithm looks for the head noun at the
virtual clusters linked by the same label.
Hp1.- Holo/meronym head. If the head noun of a candidate is a
holo/meronym of the DD head noun then a value of 25 is added to the
salience value (car, engine).
Hp2.- Head as modifier. If the head noun of DD is a modifier of candidate
then a value of 10 is added to the salience value (the car, the car engine).
Hp3.- Synonym as modifier. If the head noun of DD is a synonym of a
modifier of a candidate then a value of 9 is added to the salience value (the
car, the auto engine).
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Fig. 3. NP clustering using WN Domain tag

If no candidate is selected as antecedent in identity coreference and part-of
coreference then the DD is re-classified as non-anaphoric. And, if more than one
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candidate is proposed then the closest criteria is applied. Figure 3 shows the NP
grouping after processing the following sentences: La casa de la colina era de un
médico. Las ventanas eran de madera maciza. La casa estaba en plena naturaleza.
La cocina era muy amplia y el tejado era de color rojizo.

Table 1. DD distribution

Corpus Total n-anaph DD anaph DD
IC PC

Training 560 340 164 56
Test 742 451 217 74

Total 1302 791 381 130

5 Experimental Work and Results

The experimentation data was taken from different HTML pages. In table 1 a
distribution of DD in the corpora is shown. We distinguish anaphoric from non-
anaphoric DD (n-anaph DD). Moreover, anaphoric DDs (anaph DD) are also
divided into identity coreference (IC) and part-of coreference (PC). The test
corpus was used to evaluate the identification of non-anaphoric DD (previous
and full) and the coreference resolution (identity and part-of). Moreover, two
experiments have been carried out. Obviously, the goal of the experimentation
process is to evaluate the DD treatment. But, experiments were carried out
to establish the influence of WSD module. The first experiment evaluates the
full algorithm carrying on errors produced by WSD module. And, the second
experiment evaluates the algorithm supervising the errors from WSD module.

Table 2. Identification of non-anaphoric values using test corpus

Exp. Previous Full
C E S% C E S%

exp. 1 130 0 100 405 46 89.8
exp. 2 141 0 100 421 30 93.3

5.1 Experiments for Non-anaphoric Identification

Table 2 shows the values obtained in each experiment for the identification of
non-anaphoric DD. In the first experiment, 130 non-anaphoric DD were correctly
classified (C) obtaining a success rate (S) of 100%. This is due to the fact that the
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algorithm can only classify as non-anaphoric those DDs that cannot be compared
with any other because they have the first word as their domain label. The 321
remaining non-anaphoric DD were treated by the coreference algorithm. If this
coreference algorithm did not find an antecedent then the DD was re-classified
as non-anaphoric. The full task of non-anaphoric identification (adding previous
identification and coreference identification) obtained a success rate around 90%.
In the second experiment, the algorithm obtained a small improvement in both
stages (previous and full). For previous identification, 141 non-anaphoric DD
were identified. And, the 310 remaining were treated by coreference algorithm.
The full process achieved a success rate around 93%.

5.2 Experiments for Coreference Resolution

The evaluation of coreference algorithm involves the evaluation of two different
kinds of coreference: identity and part-of. Other kinds of coreference such as
set-member or set-subset are not solved by treating them as non-anaphoric DD.
Moreover, identity coreference can be divided into two types: direct anaphora
and bridging references2. According to this definition, part-of coreference is also a
type of bridging reference. Table 3 shows the values obtained in each experiment
for the coreference resolution. In the first experiment, the algorithm achieved a
success rate of 76% for identity coreference and a success rate of 58.1% for part-of
coreference. In the second experiment, both coreferences (identity and part-of)
increased their values. Identity coreference achieved a success rate of 80.1% and
part-of coreference achieved a success rate of 62.1%. The values achieved for
identity coreference can be divided into two different types: direct anaphora
and bridging reference. The algorithm achieved a 83% success rate for direct
anaphora and a 64% success rate for identity bridging reference3

5.3 Comparative Results

The comparison of different approaches should be carried out using the same
features. The main problem we found in this work was carrying out the compar-
ison between two different languages (Spanish and English), the use of specific
tools (partial or full parser, ontologies, lexical resources, etc). For this reason, we
decided to carry out an indirect comparison with approaches extensively cited
in the literature and a direct comparison with a baseline algorithm.

A baseline algorithm was developed for this experiment. A simple algorithm
for DD resolution is taken as a baseline algorithm. This algorithm looks for each
DD as the candidate, with the same head noun as the anaphoric expression
(DD) choosing the closest. If no candidate is selected then the DD is classified
as non-anaphoric. The values achieved for baseline algorithm are the same in
2 DD with different head noun as their antecedent were called bridging references by
Clark [2]

3 We use this term to refer to DD with different head noun as their antecedent and
establishing an identity coreference.
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Table 3. Coreference values using test corpus

Exp. Identity coref. Part-of coref.
C E S% C E S%

exp. 1 165 52 76 43 31 58.1
exp. 2 174 43 80.1 46 28 62.2

experiments 1 and 2 because this algorithm does not use semantic information.
The success rate calculated for non-anaphoric identification was around 63% for
baseline algorithm and around 90% for our algorithm without supervising the
errors produced by DSMM (exp. 1) and 93% when supervising the DSMM’ er-
rors (exp. 2). The comparison made for coreference resolution shows the values
achieved in two type of coreference: identity (IC) and part-of (PC) for both al-
gorithms. The success rate calculated for identity coreference was around 56%
for baseline algorithm and around 76% for our algorithm without supervising
the errors produced by DSMM (exp. 1) and 80% supervising the DSMM’s errors
(exp. 2). Moreover, identity coreference can be divided into two types: direct
anaphora and identity bridging reference. The identity bridging reference reso-
lution needs to use semantic information, for this reason the value achieved by
baseline algorithm is zero. The direct anaphora resolution is solved by both algo-
rithm (baseline and our algorithm) achieving a success rate of 70% for baseline
and 83% for our algorithm. The success rate calculated for part-of coreference
was 0% for baseline algorithm because it does not use semantic information
and around 58% for our algorithm without supervising the errors produced by
DSMM (exp. 1) and 62% when supervising the DSMM’s errors (exp. 2).

We selected for indirect comparative evaluation two approaches extensively
cited in the literature. For non-anaphoric identification, we used Vieira & Poesio
’algorithm [13] and Bean & Rillof [1]. And, for coreference resolution, we used
Vieira & Poesio ’algorithm [13] and Kameyama [5]. For non-anaphoric identifica-
tion, our algorithm achieved a better score (93%) than Bean & Rillof algorithm
(86%) and Vieira & Poesio (72%). For coreference resolution, our algorithm
achieved similar values for direct anaphora as Vieira & Poesio, around 83% and
for bridging reference our algorithm (65%) is better than Poesio & Vieira (28%).
The bridging reference values of our algorithm included identity bridging refer-
ence and part-of coreference due to Vieira & Poesio work does not separately
show these values. Moreover, Kameyama’s work shows an overall value for coref-
erence resolution task at 59%.

6 Conclusions

We have introduced a DD algorithm based on semantic information to identify
non-anaphoric DD and to solve anaphoric DD. In addition to typical semantic
information (synonym, hyperonym, etc.), domain labels are used to cluster NPs.
This clustering helps us to establish a mechanism for previous non-anaphoric



654 R. Muñoz and A. Montoyo

identification and to reduce the number of candidates. Experimental work shows
that the use of WSD improves the values of DD resolution tasks. Our algorithm
resolves two different types of coreference, identity and part-of, achieving better
values than others work developed for English.
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Abstract. In this work, we propose a supervised approach to Word
Sense Disambiguation which is based on Specialized Hidden Markov
Models and the use of WordNet. Our approach formulates the disam-
biguation process as a tagging problem. The specialization process al-
lows for the incorporation of additional knowledge into the models. We
evaluated our system on the English all-words task of the Senseval-2
competition. The performance of our system is in line with the best
approaches for this task.

1 Introduction

Word Sense Disambiguation (WSD) consists of selecting the semantic sense of a
word from all the possible senses given by a dictionary. It is well known that se-
mantic information can be useful to solve different tasks such as parsing, machine
translation, language understanding, information retrieval, etc. For example, a
term-based information retrieval system answers the query plants that live in
the sea with all the documents that contain the terms plant, live or sea regard-
less of their meaning. Some of these documents contain the term plant with the
meaning “life form” and others contain the term plant with the meaning “fac-
tory”. It would be interesting for the information retrieval system to give only
the documents in which the term plant appears with the meaning “life form”.
To do this, the system should use a WSD module in order to obtain the correct
sense of the ambiguous terms in the query.

WSD is a difficult task for various reasons. First, there is no consensus on the
concept of sense, and consequently, different semantic tag sets can be defined.
Second, the modeling of contextual dependencies is complicated because a large
context is generally needed and sometimes the dependencies among different
sentences must be known in order to determine the correct sense of a word (or
a set of words). Also, the lack of common evaluation criteria makes it very hard
to compare different approaches. In this respect, the knowledge base WordNet
[1] and the SemCor1 corpus [2] are the most frequently used resources.
1 The SemCor corpus and the knowledge base WordNet are freely available at
http://www.cogsci.princeton.edu/˜wn/

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 655–663, 2002.
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WordNet is a large-scale hand-crafted lexical knowledge base. English nouns,
verbs, adjectives and adverbs are organized into synonym sets, each representing
one underlying lexical concept. WordNet provides all the possible senses for a
certain word. These senses are sorted according to their frequency in the SemCor
corpus. This corpus, which consists of 676,546 words, has been semantically
annotated using the senses of WordNet and manually supervised.

There has been a wide range of approaches to the WSD problem (a de-
tailed study can be found in [3] and [4]). In general, you can categorize them
into knowledge-based and corpus-based approaches. Under the knowledge-based
approach the disambiguation process is carried out using information from an
explicit lexicon or knowledge base. The lexicon may be a machine-readable dic-
tionary, such as the Longman Dictionary of Contemporary English, a thesaurus,
such as Rodget’s Thesaurus, or large-scale hand-crafted knowledge bases, such
as WordNet [5,6,7,8,9,10].

Under the corpus-based approach, the disambiguation process is carried out
using information which is estimated from data, rather than taking it directly
from an explicit knowledge base. In general, disambiguated corpora are needed
to perform the training process, although there are a few approaches which
work with raw corpora. Machine learning algorithms have been applied to learn
classifiers from corpora in order to perform WSD. These algorithms extract
certain features from the annotated corpus and use them to form a representation
of each of the senses. This representation can then be applied to new instances
in order to disambiguate them [11,12,13].

In the framework of corpus-based approaches, successful corpus-based ap-
proaches to POS tagging which used Hidden Markov Models (HMM) have been
extended in order to be applied to WSD. In [14], they estimated a bigram model
of ambiguity classes from the SemCor corpus for the task of disambiguating a
small set of semantic tags. Bigram models were also used in [15]. The task of
sense disambiguating was carried out using the set of synsets of WordNet and
using the SemCor corpus to train and to evaluate the system.
Senseval2 competition can be viewed as the most important reference point

for WSD. The last edition of this competition has shown that corpus-based ap-
proaches achieve better results than knowledge-based ones. Around 20 different
systems participated in the English all-words task. The three best systems used
supervised methods and they achieved a precision which ranked between 61.8%
and 69.0%. The system SMUaw by Rada Mihalcea achieved the best precision
(69.0%). It used a hybrid method which combined different knowledge sources:
the WordNet, the SemCor corpus and a set of heuristics in order to obtain a set
of sense-tagged word-word pairs. The second system in the competition (CNTS-
Antwerp) by Veronique Hoste used a voting strategy in order to combine different
learning algorithms, such as memory-based learning and rule induction. It used
SemCor to train the different classifiers and obtained a precision of 63.6%. The
Sinequa-LIA-HMM system by E. Crestan, M. El-Beze and C. Loupy achieved a

2 Information about the latest edition of Senseval competition can be found at
http://www.sle.sharp.co.uk/senseval2/
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precision of 61.8%. It used a second-order HMM in a two-step strategy. First,
it determined the semantic category associated to a word. Then, it assigned the
most probable sense acording to the word and the semantic category. In addition,
it used an alternative approach based on classification trees for certain words.
The next two systems in the ranking by D. Fernández-Amorós (UNED-AW-U)
used an unsupervised approach obtaining a precision of 55.0% and 56.9%. They
constructed a relevance matrix from a large colecction of English books, which
was used to filter the context of the words to be disambiguated. The rest of the
systems, which are mainly based on unsupervised methods, gave a significantly
lower performance than the methods mentioned above. Only a few of them gave
a precision which was higher than 50%; however, they had a very low recall.

Some conclusions can be established from all these works. WSD is still an
open problem in Natural Language Processing because the performance of the
different systems is not satisfactory enough. In addition, the semantic resources
available are not sufficient, because the number of senses is very large and anno-
tated corpora do not have enough data to estimate appropriate models. Although
this aspect specially affects corpus-based approaches, these achieve better results
than knowledge-based ones.

In this paper we present a corpus-based approach to WSD based on Special-
ized HMM [16]. We chose this approach because it has been successfully applied
to solve other Natural Language Processing problems such as Part-of-speech
(POS) tagging [17] and chunking [18]. A preliminary evaluation of our WSD
system was conducted on the SemCor corpus [19]. In that case, the precision
results (70.39%) were not very satisfactory because our system performed much
like the Baseline (we considered a system that assigned the most frequent sense
in the SemCor corpus given a lemma and its POS as Baseline). In order to get a
more objective analysis of the performance of our system, we selected the English
all-words task of the Senseval-2 competition.

The paper is organized as follows: in Sections 2 and 3, we describe the WSD
system proposed and the learning process of the system. In Section 4, we present
the experimental work conducted on the Senseval-2 English all-words task. Fi-
nally, we present some concluding remarks.

Disambiguated sentence

WSD

HMM WORDNET

Input sentenceSelection

Selection
criterion

Original Input sentence
      of Relevant

Features

Fig. 1. System Description
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2 Description of the WSD System

We consider WSD to be a tagging problem which we propose to solve by using a
HMM formalism. Figure 1 shows a scheme of the WSD system developed. The
system has two components: WordNet and the HMM.
WordNet is used to know all the possible semantic tags associated to an input

word. If the input word is unknown for the model (the word has not been seen
in the training data set) the system takes the first sense provided by WordNet.

We can formulate the tagging process as a maximization problem. Let S be
the set of sense tags considered, and W, the vocabulary of the application. Given
an input sentence, W = w1, . . . , wT , where wi ∈ W, the tagging process consists
of finding the sequence of senses (S = s1, . . . , sT , where si ∈ S) of maximum
probability on the model, that is:

Ŝ = argmax
S

P (S|W )

= argmax
S

(
P (S) · P (W |S)

P (W )

)
; S ∈ ST (1)

Due to the fact that this maximization process is independent of the input se-
quence, and taking into account the Markov assumptions for a first-order HMM,
the problem is reduced to solving the following equation:

argmax
S

( ∏
i:1...T

P (si|si−1) · P (wi|si)

)
(2)

The parameters of equation 2 can be represented as a first-order HMM where
each state corresponds to a sense si, P (si|si−1) represent the transition prob-
abilities between states and P (wi|si) represent the probability of emission of
symbols, wi, in every state, si. The parameters of this model are estimated
by maximum likelihood from semantic annotated corpora using an appropriate
smoothing method.

Different kinds of available linguistic information can be useful to solve WSD.
In particular, the available annotated corpora provide the following input fea-
tures: words, lemmas and the corresponding part-of-speech tags. The first system
step (see Figure 1) consists of applying a selection criterion to the original input
sentence in order to choose the features which are relevant to the task. In our
system, the vocabulary of the input sentence to the WSD module consists of the
concatenation of its relevant features. The selection criterion is decided in the
learning phase as we will show in Section 3.

Therefore, the disambiguation process is as follows: first, the original input
sentence is processed in order to select its relevant features providing the input
sentence; then, the semantic tagging is carried out through the Viterbi algorithm
using the estimated HMM and WordNet.
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3 Description of the Learning Phase

The learning process of a Specialized HMM [16,18] is similar to the learning
of a basic HMM. The only difference is that Specialized HMM are based on
an appropriate definition of the input information to the learning process. This
information consists of the input features (words, lemmas and POS tags) and
the output tag set (senses) provided by the training corpus. A specialized HMM
is built according to the following steps (see Figure 2):

1. To define which available input information is relevant to the task (selection
criterion).

2. To define which input features are relevant to redefine or specialize the output
tag set (specialization criterion). This specialization allows the model to
better capture some restrictions relevant to the task.

3. To apply the chosen criteria to the original training data set to produce a
new one.

4. To learn a model from the new training data set.
5. To disambiguate a development data set using that model.
6. To evaluate the output of the WSD system in order to compare the behavior

of the selected criteria on the development set.

These steps are done using different combinations of the input information
in order to determine the best selection and specialization criteria. From our
experimental work, the best selection criterion consists of a concatenation of the
lemma (li) and the POS3 (pi) associated to the word (wi) as input vocabulary, if
wi has a sense inWordNet. For the words which do not have a sense inWordNet,
3 We mapped the POS tags to the following tags: 1 for nouns, 2 for verbs, 3 for
adjectives and 4 for adverbs.
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we only consider their lemma (li) as input. Therefore, in our HMM, li · pi or li
are the symbols emitted in the states. For example, for the input word interest
which has an entry in WordNet and whose lemma is interest and whose POS is
NN, the input considered in our system is interest·1. If the word does not have
a sense in WordNet, such as the article a, we consider its lemma a as input.

With respect to the specialization criterion we made the following decisions.
We defined the output semantic tag set by considering certain statistical infor-
mation which was extracted from the annotated training set. In the SemCor
corpus, each annotated word is tagged with a sense key which has the form
lemma%lex sense. In general, we considered the lex sense field of the sense key
associated to each lemma as the semantic tag in order to reduce the size of the
output tag set. This does not lead to any loss of information because we can
obtain the sense key by concatenating the lemma to the output tag. For certain
frequent lemmas, we considered a more fine-grained semantic tag: the sense key
or synset. These choices were made experimentally by taking into account a set
of frequent lemmas, Ls, which were extracted from the training set.

For instance, the input interest·1 is tagged with the semantic tag 1:09:00::
in the training data set. If we estimate that the lemma interest belongs to Ls,
then the semantic tag is redefined as interest·1:09:00::.

For the words without semantic information (tagged with the symbol notag),
we tested several transformations: to consider their POS in the states, to consider
their lemma or to consider only one state for all these words. The approach that
achieved the best results consisted of specializing the states with the lemma. For
example, for the word a the output tag associated is a·notag.

4 Experimental Results

We conducted some experiments on the English all-words task of the Senseval-2
competition. This competition did not provide any training corpora for this task,
so we used as training data the part of the SemCor corpus which is semantically
annotated and supervised for nouns, verbs, adjectives and adverbs (that is, the
files contained in the Brown1 and the Brown2 folders of SemCor corpus). The
semantic tag set consists of 2,193 different senses which are included inWordNet.
The corpus contains 414,228 tokens (359,732 word forms); 192,639 of these tokens
have a semantic tag associated to them in the corpus and 162,662 are polysemic.
We used 10% of the training corpus as a development data set. The test data
set provided by Senseval-2 consisted of three Penn TreeBank documents which
contained 2,473 sense-tagged words. POS information was extracted directly
from the corresponding Penn TreeBank documents.

In the experiments, we used WordNet 1.6 as a dictionary which supplies all
the possible semantic senses for a given word. Our system disambiguated all
the polysemic lemmas, that is, the coverage of our system was 100% (therefore,
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precision4 and recall5 were the same). For unknown words (words that did not
appear in the training data set), we assigned the first sense in WordNet.

We compared the following models. The unigram (UNI) and bigram (BIG)
models are basic HMMs which take into account an input vocabulary that only
consists of lemmas. UNIpos and BIGpos are models which were learnt using only
the best selection criterion. UNIesp and BIGesp are also learnt using this selec-
tion criterion and have been specialized using the best specialization criterion.

To build the specialized models, we selected the set of lemmas Ls beforehand.
The specialization criterion consisted of selecting the lemmas whose frequency
in the training data set was higher than a certain threshold (other specialization
criteria could have been chosen, but frequency criterion usually worked well
in other tasks as we reported in [18]). In order to determine which threshold
maximized the performance of the model, we conducted a tuning experiment on
the development set. For the BIGesp model, the best performance was obtained
using a threshold of 20 (|Ls| was about 1,600 lemmas).

Table 1. Precision results for the English all-words task in Senseval-2. 100% of the
words were tagged.

Model Precision
UNI 40.00%
UNIpos 52.30%
UNIesp 58.80%
BIG 50.10%
BIGpos 58.20%
BIGesp 60.20%

The results for the English all-words task are shown in Table 1. The UNIpos
and BIGpos models improved the performance of the basic models (UNI and
BIG), showing that the POS information is important in differentiating among
the different senses of a word. In addition, both Specialized models (UNIesp
and BIGesp) outperformed the non-specialized ones. The best performance was
achieved by the Specialized Bigram model (BIGesp) with a precision of 60.20%,
which was slightly higher than the Baseline precision (58.0%). This result is in
line with the results provided for the best systems in Senseval-2. This comfirms
that Specialized HMMs can be applied to WSD, as successfully as they have been
applied to other disambiguation tasks. The most similar approach to our system
(Sinequa-LIA-HMM) achieved a result which was slightly better (61.8%), but
it combined the HMM model with a classification tree method to disambiguate
some selected words.

4 precision = # of correctly disambiguated words / # of disambiguated words
5 recall = # of correctly disambiguated words / # of words to be disambiguated
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5 Conclusions

In this paper, we have proposed a Word Sense Disambiguation system which
is based on HMM and the use of WordNet. We made several versions of our
WSD system. Firstly, we applied classic unigram and bigram models and, as
we had expected, the bigram model outperformed the unigram model. This is
because the bigram model better captures the context of the word to be disam-
biguated. Secondly, we incorporated POS information to the input vocabulary
which improved the performance and showed the relevance of this information in
WSD. Finally, we specialized both the unigram and the bigram models in order
to incorporate some relevant knowledge to the system. Again, as we expected,
specialized models improved the results of the non-specialized ones.

From the above experimentation, we conclude that the BIGesp model is the
best model. This model gave a precision of 60.20% in the English all-words task
of the Senseval-2 competition, which was only outperformed by the three best
systems for the same task. This is a good result taking into account that our WSD
system is mainly an adaptation of our POS tagging and chunking systems. This
adaptation consists of an appropriate definition of the relevant input information
and the output tag set.

Finally, we think that we could improve our WSD system through a more
adequate definition of the selection and specialization criteria. To do this, a larger
training data set, which is close to the task, would be necessary. Moreover, this
definition could be done using linguistic knowledge as well.
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Abstract. A contribution to the understanding module of a domain-
specific dialogue system is presented in this work. The task consists of
answering telephone queries about train timetables, prices and services
for long distance trains in Spanish. In this system, the representation of
the meaning of the user utterances is made by means of frames, which
determine the type of communication of the user turn, and by their
associated cases, which supply the data of the utterance.
We focus on the classification of a user turn given in natural language
in a specific class of frame. We used multilayer perceptrons to classify a
user turn as belonging to a frame class. This classification can help in
the posterior processes of understanding and dialogue management.

1 Introduction

The construction of dialogue systems applied to limited domain information sys-
tems is an important objective in the area of human language technologies. The
advance in the design and analysis of the different knowledge sources involved
in a spoken dialogue system, such as speech processing, language modeling, lan-
guage understanding, or speech synthesis, has led to the development of dialogue
system prototypes. Some characteristics of these systems are telephone access,
limited semantic domains and mixed initiative [1,2,3].

A contribution to the understanding module of the basurde dialogue sys-
tem [4] is presented. The task consists of answering telephone queries about
timetables, prices and services for long distance trains in Spanish. In this sys-
tem, the representation of the meaning of the user utterances is made through
frames, which determine the type of communication of the user turn, and with
cases, which supply the data of the utterance. The understanding module gets
the output of the speech recognizer (sequences of words) as input and supplies
its output to the dialogue manager. In this work, we are restricted to dealing
with text data, that is, the correct transcription of each utterance. The semantic
representation is strongly related to the dialogue management. In our approach,
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the dialogue behavior is represented by means of a stochastic network of dialogue
acts. Each dialogue act has three levels of information: the first level represents
the general purpose of the turn, the second level represents the type of semantic
message (the frame or frames), and the third level takes into account the data
supplied in the turn.

In this work, we focus on the process of classification the user turn in terms
of the second level of the dialogue act, that is, the identification of the frame or
frames given in the turn. This classification will help us to determine the specific
data supplied in the sentence in a later process.

2 Artificial Neural Networks for Language Understanding

Language understanding tasks have usually been based on symbolic architec-
tures, which use explicit rules that operate on symbols [5]. In contrast, machine
learning techniques for inferring structural models have also been applied to this
field. Specifically, hidden Markov models and stochastic regular grammars have
been successfully used in the understanding module of dialogue systems [6,7].

Recently, artificial neural networks have been used in language understand-
ing, but most of the connectionist language models implemented until now have
had severe limitations. Understanding models have been limited to simple sen-
tences with small lexica (see [8] for a revision of understanding and production
neural network models).

We used multilayer perceptrons (MLPs) for simple language understanding.
The number of input units was fixed by the size of the input lexicon (natural
language of a restricted-semantic task). There was one output unit corresponding
to each class to classify the sentences by their meaning.

3 The Dialogue Task

The final objective of this dialogue system is to build a prototype for information
retrieval by telephone for Spanish nation-wide trains [9,4]. Queries are restricted
to timetables, prices and services for long distance trains. Several other European
dialogue projects [10,11,1] selected the same task.

A corpus of 200 person-to-person dialogues corresponding to a real infor-
mation system was recorded and analyzed. Then, four types of scenarios were
defined (departure/arrival time for a one-way trip, departure/arrival time for a
two-way trip, prices and services, and one free scenario). A total of 215 dialogues
were acquired using the Wizard of Oz technique. From these dialogues, a total
of 1,460 user turns (14,902 words) were obtained. An example of two user turns
is given in Figure 1 (see the Original sentence).

3.1 Labeling the Turns

The definition of dialogue acts is an important issue because they represent the
successive states of the dialogue. The labels must be specific enough to show
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the different intentions of the turns in order to cover all the situations, and they
must be general enough to be easily adapted to different tasks. If the number of
labels is too high the models will be underestimated because of the sparseness
of the training samples. On the other hand, if we define a set of just a few labels
only general purposes of the turn can be modeled.

The main feature of the proposed labeling is the division into three levels [12].
The first level, called speech act, is general for all the possible tasks. The second
and third level, called frames and cases, respectively, are specific to the working
task and give the semantic representation. With this structure, the labeling is
general enough to be applied to other tasks and specific enough to cover all the
possible situations in the dialogue.

First level: speech act
The first level takes into account the intention of the segment (i.e., the dialogue
behavior) and has a unique value. For this level, we define the following values,
which are common to every task:

Opening, Closing, Undefined, Not understood, Waiting, Consult, Accep-
tance, Rejection, Question, Confirmation, Answer.

Second level: frames
The second level is specific to each task and represents the type of message
supplied by the user. This information is organized in frames. A total of 16
different classes of frames were defined for this task:

Departure time, Return departure time, Arrival time, Return ar-
rival time, Price, Return price, Length of trip, Train type, Re-
turn train type, Services, Confirmation, Not understood, Affirmation,
Rejection, Closing, New data.

Third level: cases
The third level is also specific to the task and takes into account the data given
in the sentence. Each frame has a set of slots which have to be filled to make
a query or which are filled by the retrieved data after the query. The specific
data which fills the slots is known as cases. This level takes into account the
slots which are filled by the specific data present in the segment, or the slots
being used to generate the segment corresponding to an answer. To complete
this level, it is necessary to analyze the words in the turn and to identify the
case corresponding to each word. Examples of cases for this task are: Origen,
Destination, Departure time, Train type, Price . . .

An example of the three-level labeling for some user turns is given in Figure 1.
We will center our interest on the second level of the labeling, which is used to
guide the understanding process. Note that each user turn can be labeled with
more than one frame label (see the second example of Figure 1).
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Original sentence: Queŕıa saber los horarios del Euromed Barcelona–Valencia.
[I would like to know the timetables of the Euromed train from
Barcelona to Valencia.]

1st level (speech act): Question
2nd level (frames): Departure time
3rd level (cases): Departure time (Origen: barcelona, Destination: valencia,

Train type: euromed)

Original sentence: Hola, buenos d́ıas. Me gustaŕıa saber el precio y los horarios
que hay para un billete de tren de Barcelona a La Coruña el 22
de diciembre, por favor.
[Hello, good morning. I would like to know the price and timeta-
bles of a train from Barcelona to La Coruña for the 22nd of
December, please.]

1st level (speech act): Question
2nd level (frames): Price, Departure time
3rd level (cases): Price (Origen: barcelona, Destination: la coruña, Depar-

ture time: 12-22-2002)
Departure time (Origen: barcelona, Destination: la coruña, De-
parture time: 12-22-2002)

Fig. 1. Example of the three-level labeling for two user turns. The Spanish original
sentence and its English translation are given.

3.2 Lexicon and Codification of the Sentences

For classification purposes, we are concerned with the semantics of the words
present in the user turn of a dialogue, but not with the morphological forms of
the words themselves. Thus, in order to reduce the size of the input lexicon, we
decided to use categories and lemmas:

1. General categories: city names, cardinal and ordinal numbers, days of the
week, months.

2. Task-specific categories: departure and arrival city names, train types.
3. Lemmas: verbs in infinitive, nouns in singular and without articles, adjectives

in singular and without gender.

In this way, we reduced the size of the lexicon from 637 to 311 words. Finally,
we discarded those words with a frequency lower than five, obtaining a lexicon of
138 words. Note that sentences which contained those words are not eliminated
from the corpus, only those words from the sentence are deleted. An example of
the preprocessing of the original sentences is illustrated in Figure 2 (see Original
sentence and Preprocessed sentence).
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We think that for this task the sequential structure of the sentence is not
fundamental to classifying the type of frame.1 For that reason, the words of a
sentence were all encoded with a local coding: the input of the MLP is formed by
138 units, one for each word of the lexicon. When the word appears in the sen-
tence, its corresponding unit is set to 1, otherwise, its unit is set to 0. An example
is given in Figure 2 (see from Original sentence to Input local codification).

3.3 Extended Frames and Multiple Frames

A total of 16 different frames were defined for the task (see Section 3.1). Each user
turn can be labeled with more than one frame label (as in the second example of
Figures 1 and 2). We wanted to perform two types of classification experiments:
a maximum a posteriori approach and a multiple a posteriori approach.

For the strict maximum a posteriori approach to classification, only one class
was desired for each turn. To do so, we extended the frames classes, defining
a new class for each different combination of classes: if a given turn is la-
beled with the classes “Price” and “Departure time”, a new class is defined
as “Price&Departure time”. Finally, we discarded those turns labeled with a
class with a frequency lower than five (a total of 1,338 user turns were selected),
obtaining 28 frame classes (11 original frame classes and 17 extended frame
classes). For each training sample, the corresponding output unit to the frame
class is set to 1.

For the multiple a posteriori approach to classification, the desired outputs
for each training sample are set to 1 for those (one or more) frame classes that are
correct and 0 for the remainder. As we wanted to compare both approaches to
classification (extended and multiple frames), the same data (1,338 user turns)
which comprised only 11 original frame classes was used.

An example of codification of the frames as extended frames or multiple
frames is illustrated in Figure 2.

4 The Classification Problem

In this work, we focus on the classification of a user turn given in natural language
(categorized and leximized) in a specific class of frame. Multilayer perceptrons
are the most common artificial neural networks used for classification. For this
purpose, the number of output units is defined as the number of classes, C, and
the input layer must hold the input patterns. Each unit in the (first) hidden
layer forms a hyperplane in the pattern space; boundaries between classes can
be approximated by hyperplanes. If a sigmoid activation function is used, MLPs
can form smooth decision boundaries which are suitable to perform classifica-
tion tasks [13]. The activation level of an output unit can be interpreted as an
approximation of the a posteriori probability that the input pattern belongs to
1 Nevertheless, the sequential structure of the sentence is essential in order to segment
the sentence into slots to have a real understanding of the sentence.
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Fig. 2. Example of the codification of two user turns (codification of the preprocessed
sentence and codification of the type of frames) for both extended frames and multiple
frames. The Spanish original sentence and its English translation are given.

the corresponding class. Therefore, an input pattern can be classified in the class
i� with maximum a posteriori probability:

i� = argmax
i∈C

Pr(i|x) ≈ argmax
i∈C

gi(x, ω) , (1)

where gi(x, ω) is the i-th output of the MLP given the input pattern, x, and
the set of parameters of the MLP, ω. The set of classes C are the 28 extended
frames.
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On the other hand, we desired to test multiple outputs (if only the original
frames are used, a user turn can be labeled with more than one frame). To
perform this type of experiment, after training the MLP with multiple desired
classes, an input pattern can be classified in the classes I� with a posteriori
probability above a threshold T :

I� = {i ∈ C ′ | Pr(i|x) ≥ T } ≈ {i ∈ C ′ | gi(x, ω) ≥ T } , (2)

where, as before, gi(x, ω) is the i-th output of the MLP given the input pattern,
x, and the set of parameters of the MLP, ω. The set of classes C ′ are the 11
simple frame classes.

5 Experiments

We used multilayer perceptrons to classify a user turn (codified as explained
in 3.2) as belonging to a unique frame class (extended frames) or as belonging
to a set of classes (multiple frames). The number of input units was fixed by
the size of the lexicon of the sentences (138 words). There was one output unit
corresponding to each frame class (28 classes for the extended frame experiments
and 11 classes for the multiple frame experiments).

The dataset (1,338 user turns) was randomly splitted into training (80%)
and test (20%) sets.

5.1 Training the Artificial Neural Networks

The training of the MLPs was carried out using the neural net software package
“SNNS: Stuttgart Neural Network Simulator” [14]. In order to successfully use
neural networks, a number of considerations had to be taken into account, such
as the network topology, the training algorithm, and the selection of the param-
eters of the algorithm [13,14,15]. Tests were conducted using different network
topologies of increasing number of weights: a hidden layer with 2 units, two hid-
den layers of 2 units each, two hidden layers of 4 and 2 units, a hidden layer
with 4 units, etc. Several learning algorithms were also tested: the incremental
version of the backpropagation algorithm (with and without momentum term)
and the quickprop algorithm. The influence of their parameters was also studied.
Different combinations of learning rate (LR) and momentum term (MT), as well
as different values of the maximum growth parameter (MG) for the quickprop
algorithm, were proved. In every case, a validation criterion (20% of the training
data was randomly selected for validation) was used to stop the learning process
and to select the best configuration.

5.2 Selecting the Best Configuration of MLP

Extended Frame Experiments

We trained different MLPs of increasing number of weights using the standard
backpropagation algorithm (with a sigmoid activation function and a learning



A Simple Connectionist Approach to Language Understanding 671

0

0.2

0.4

0.6

0.8

1

0 10000 20000 30000 40000 50000 60000 70000 80000

M
SE

H = 32

|W |

Selection of topology

50

55

60

65

70

75

80

85

90

95

100

0 5 10 15 20 25 30 35 40 45 50

%
C

la
ss

ifi
ca

tio
n

ra
te

Selection of algorithm and parameters

Fig. 3. Extended frame experiment. a) Mean square error (MSE) of the validation data
with different MLPs of increasing number of weights. |W | is the number of weights of
each MLP. b) Percentage of validation user turns correctly classified with MLPs of one
hidden layer of 32 units trained with different algorithms and parameters. Results are
ordered from the best to the worst performance.

rate equal to 0.2), selecting the best topology according to the mean square
error (MSE) of the validation data (see Figure 3a). The minimum MSE of the
validation data was achieved with an MLP of one hidden layer of 32 units.

We followed our experimentation with MLPs of this topology, training MLPs
with several algorithms: the incremental version of the backpropagation algo-
rithm (with and without momentum term) and the quickprop algorithm. Dif-
ferent combinations of learning rate (LR = 0.05, 0.1, 0.2, 0.3, 0.4, 0.5) and
momentum term (MT = 0.1, 0.2, 0.3, 0.4, 0.5) as well as different values of the
maximum growth parameter (MG = 1.75, 2) for the quickprop algorithm were
proved. The performance on the validation data of each trained net is shown in
Figure 3b. The best result on the validation data was obtained with the MLP
trained with the standard backpropagation algorithm (LR = 0.3).2

Multiple Frame Experiments

The same scheme was followed to train MLPs with multiple outputs: different
MLPs of increasing number of weights using the standard backpropagation algo-
rithm (with a sigmoid activation function and a learning rate equal to 0.2) were
trained and the best topology according to the MSE of the validation data was
selected (see Figure 4a). As in the previous experiment, the minimum MSE of
the validation data was achieved with an MLP of one hidden layer of 32 units.

We followed our experimentation with MLPs of this topology, training MLPs
with several algorithms (same proofs as before). The performance on the val-
idation data of each trained MLP is shown in Figure 4b. The highest classi-

2 The same performance was achieved with six different configurations; we decided to
select the configuration with the lowest MSE.
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Fig. 4. Multiple frame experiment. a) Mean square error (MSE) of the validation data
with different MLPs of increasing number of weights. |W | is the number of weights of
each MLP. b) Percentage of validation user turns correctly classified with MLPs of one
hidden layer of 32 units trained with different algorithms and parameters. Results are
ordered from the best to the worst performance.

fication rate of the validation data was obtained with the MLP trained with
the backpropagation with momentum (LR=0.4 and MT=0.3).3 In this type of
experiment, the threshold T was also fixed using the validation data.

5.3 Final Experiment: Testing the Best MLPs

Once we had selected the best combination of topology, learning algorithm and
parameters for the MLPs of both types of experiments, according to the classifi-
cation rate of the validation data, we proved the trained MLP with the test data,
obtaining a percentage of classification equal to 83.96% for the extended frame
approach and a percentage equal to 92.54% for the multiple frame approach. We
think that the multiple frame experiment achieves better performance due to
the fact that the number of training samples is very low and the data is better
employed with this approach.

6 Conclusions

The results obtained show that, with the correct transcription of each utterance
(text data is used for the experiments), using a connectionist approach to lan-
guage understanding is effective for classifying the user turn according the type
of frames. This automatic process will be helpful to the understanding module
of the dialogue system: firstly, the user turn, in terms of natural language, is
classified into a frame class or several frame classes; secondly, a specific under-
standing model for each type of frame is used to segment and fill the cases of
3 The same performance was achieved with three different configurations; we decided
to select the configuration with the lowest MSE.
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each frame. This could be specially useful when we deal with speech data (with
errors from the speech recognition module) instead of written data.
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Abstract. This paper presents a proposal for wide-coverage Named En-
tity Extraction for Spanish. The extraction of named entities is treated
using robust Machine Learning techniques (AdaBoost) and simple at-
tributes requiring non-linguistically processed corpora, complemented
with external information sources (a list of trigger words and a gazetteer).
A thorough evaluation of the task on real corpora is presented in order to
validate the appropriateness of the approach. The non linguistic nature
of used features makes the approach easily portable to other languages.

1 Introduction

There is a wide consensus about that Named Entity Extraction is a Natural
Language Processing (NLP) task which provides important knowledge not only
for anaphora and correference resolution, but also to improve the performance
of many applications, such as Information Extraction, Information Retrieval,
Machine Translation, Query Answering, Topic detection and tracking, etc.

From 1987 to 1999, the Message Understanding Conferences (MUC), devoted
to Information Extraction, included a Named Entity Recognition task, which de
facto determined what we usually refer to with the term Named Entity, and
established standard measures for the accuracy of a system performing this task.

In MUC, the Named Entity Recognition task is divided into three subtasks:
the Name Extraction (ENAMEX), the Time Extraction (TIMEX), and the Num-
ber Extraction (NUMEX) tasks. The first consists of recognizing and classifying
the names for persons, locations and organizations. The second refers to the
extraction of temporal expressions (dates, times), and the last one deals with
monetary and percentage quantities.

The techniques used in systems addressing this task cover a wide spectrum
of approaches and algorithms traditionally used in NLP and AI. Some systems
rely on heavily data-driven approaches [3,1], while others use only hand–coded
� This research has been partially funded by the Spanish Research Department (HER-
MES TIC2000-0335-C03-02, PETRA TIC2000-1735-C02-02), by the European Co-
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knowledge, [4,2,15,9]. Finally, there are also hybrid systems combining corpus
evidence and hand-coded knowledge, or external information sources [16,5,10].

We approach the task excluding the equivalent to the NUMEX and TIMEX
tasks in MUC (i.e., we do not consider time or numerical expressions, which
being frequent and easy to detect and classify, have the effect of raising the
final accuracy figures). In addition, the task we approach is somewhat more
difficult than MUC ENAMEX since we consider not only person, location,
and organization classes, but also a fourth category other which includes
named entities such as documents, measures and taxes, titles of art works
—cinema, music, literature, painting, etc.— and others.

The system uses Machine Learning (ML) components for the recognition and
classification of simple entities. The ML modules use a large set of extremely sim-
ple contextual and orthographic information, which do not require any previous
linguistic processing. A thorough experimental evaluation is presented confirm-
ing the validity of the approach proposed. We also test whether the NE classifica-
tion performance significantly improves when using external knowledge sources
(such as gazetteers or lists of trigger words).

The system performance has been compared to other approaches and ported
to languages other than Spanish in the framework of the CoNLL’02 Shared Task
(see [12,8] for details). Results show that our approach ranks among the top
performing systems in the competition.

The overall organization of the paper is the following: Section 2 presents the
addressed task. Sections 3 and 4 are devoted to describe the algorithms and
sources of information used to recognize and classify NEs. Section 5 describes
the experimental evaluation of the model in a general Spanish corpus from a
news agency. Finally, section 6 presents the main conclusions of the work and
outlines some directions for future research.

2 Named Entity Extraction

In what respects to NE extraction, two sub-tasks must be approached: Named
Entity Recognition (NER) —consisting of detecting the boundaries for each
entity— and Named Entity Classification (NEC) —consisting of deciding whether
the NE refers to a person, a location, an organization, etc. See figure 1 for a real
example from the corpus described in section 5.1.

Según informó el (Departamento)org que dirige el consejero (Inaxio
Oliveri)per , los representantes de la (Consejeŕıa)org y de las universidades
del (Páıs Vasco)loc, (Deusto)org y (Mondragón)org estudiaron los nuevos
retos de estos centros educativos.

Fig. 1. Example of Spanish text including several Named Entities

We follow the approach of performing each task as soon as the necessary
information is available. In this way, NER is performed during morphological
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analysis, since it requires only context information on word forms, capitalization
patterns, etc. NEC is performed after the morphological analysis and before the
tagging since no significant improvement were obtained when adding lemma and
PoS information. Thus, NER and NEC tasks are performed sequentially.

Formally, NER can be seen as the task of segmenting a sequence of words
into non–overlapping and non–recursive chunks (i.e., the NEs). From this point
of view, a NE is defined by its starting and ending points. There are several
possible classification models for this task:

– OpenClose: Two classifiers are used: one classifier to decide if a certain word
in the sentence opens a new NE and another one to decide if it closes an
already opened NE.

– IOB: A single classifier decides whether each word is the beginning of a NE
(B tag), if it is a component of a NE, but not the first word (I tag), or if it
is outside a NE (O tag).

There are several ways of using these classifiers to perform the NER task. The
simplest and most efficient way consists in exploring the sequence of words in
a certain direction and applying the open and close classifiers (or, alternatively,
the IOB classifier) coherently. This greedy approach is linear in the number of
words of the sentence. Given that the classifiers are able to provide predictions,
which may be translated into probabilities, another possibility is to use dynamic
programming for assigning the sequence of tags that maximize a global score
over the sequence of words, taking into account the coherence of the solution
[11,7]. In this work, for simplicity and efficiency reasons, the greedy approach
has been followed. Initial experiments on applying global inference have provided
no significant improvements.

Finally, it is worth noting that NEC is simply a classification task, consisting
of assigning the NE type to each potential, and already recognized, NE. In this
case, all the decisions are taken independently, and the classification of a certain
NE cannot influence the classification of the following ones.

3 Learning the Decisions

The AdaBoost algorithm has been used to learn all the binary decisions involved
in the extraction of NEs. The general purpose of the AdaBoost algorithm is to
find a highly accurate classification rule by combining many base classifiers. In
this work we use the generalized AdaBoost algorithm presented in [14], which
has been applied, with significant success, to a number of problems in differ-
ent research areas, including NLP tasks [13]. In the following, the AdaBoost
algorithm will be briefly sketched —see [14] for details.

Let (x1, y1), . . . , (xm, ym) be the set of m training examples, where each xi

belongs to an input space X and yi ∈ Y = {+1,−1} is the class of xi to be
learned. AdaBoost learns a number T of base classifiers, each time presenting the
base learning algorithm a different weighting over the examples. A base classifier
is seen as a function h : X → R. The output of each ht is a real number whose
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sign is interpreted as the predicted class, and whose magnitude is a confidence
rate for the prediction. The AdaBoost classifier is a weighted vote of the base
classifiers, given by the expression f(x) =

∑T
t=1 αtht(x), where αt represents the

weight of ht inside the combined classifier. Again, the sign of f(x) is the class of
the prediction and the magnitude is the confidence rate.

The base classifiers we use are decision trees of fixed depth. The internal
nodes of a decision tree test the value of a boolean predicate (e.g. “the word
street appears to the right of the named entity to be classified”). The leaves of
a tree define a partition over the input space X , and each leave contains the
prediction of the tree for the corresponding part of X .

In [14] a criterion for greedily growing decision trees and computing the pre-
dictions in the leaves is given. Our base learning algorithm learns trees following
this criterion, having a maximum depth parameter as the stopping criterion.
These base classifiers allow the algorithm to work in a high dimensional feature
space that contains conjunctions of simple features.

4 Information Sources and Features

The features used to take the decisions in NER and NEC tasks can be obtained
from untagged text and may be divided into context features and external knowl-
edge features. For the latter, we used a 7,427 trigger-word list typically accom-
panying persons, organizations, locations, etc., and a 10,560 entry gazetteer con-
taining geographical and person names. These lists have been semi–automatically
extracted from lexical resources and corpora.

Due to the nature of AdaBoost, all features are binarized, that is, there is
a feature for each possible word form appearing at each position in the context
window. It is well-known that the AdaBoost algorithm is able to appropriately
deal (i.e., efficiently and preventing overfitting to the training examples) with
the large feature spaces created by this representation of examples.

4.1 NER Features

All features used for training the classifiers in the NER task, refer to context.
Contrary to the NEC task, it has been empirically observed that the addition of
knowledge from gazetteers and trigger words provides only very weak evidence
for deciding the correct segmentation of a NE.

Since the basic AdaBoost algorithm is designed for binary classification prob-
lems, we have binarized the 3–class IOB problem by creating one binary problem
for each tag. Therefore, each word in the training set —labelled as I, O, or B—
defines an example, which is taken as positive for its class and negative for the
rest. The following features are used to represent these examples:

– The form and the position of all the words in a window of ±3 words, and
including the focus word (e.g., word(-1)=“estadio”).
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– An orthographic feature and the position of all the words in the same ±3
window. These orthographic features are binary and not mutually exclu-
sive and consider whether the ±i th word is: initial-caps, all-caps contains-
digits, all-digits alphanumeric, roman-number, contains-dots, contains-
hyphen acronym, lonely-initial, punctuation-mark, single-char, function-
word, and URL.

– I, O, B tags of the three preceding words.

In the OpenClose scheme, the open classifier is trained with the words at the
beginning of the NEs as positive examples, and the words outside the NEs as
negative examples. The feature codification is the same as in the IOB case.

The close classifier is trained only with examples coming from words internal
to the NEs, taking the last word of each NE as a positive example, and the rest
as negative examples. In this case, the decision of whether a certain word should
close a NE strongly depends on the sequence of words between the word in which
the NE starts and the current word (i.e., the structure of the partial NE). For the
words in a [-2,+3] window outside this sequence, exactly the same features as in
the IOB case have been considered. The specific features for the inner sequence
are the following:

– Word form and orthographic features of the focus word and the word starting
the NE.

– Word form and orthographic features of the words inside the sequence taking
its position with respect to the current word.

– Length in words of the sequence.
– Pattern of the partial entity, with regard to capitalized or non-capitalized

words, functional words, punctuation marks, numbers, and quotations.

4.2 NEC Features

A binary classifier is trained for each NE class. Each training occurrence is used
as a positive example for its class and as a negative example for the others. All
classifiers use the following set of features:

– Context features: Form and position of each word in a ±3–word window (e.g.
word(-2)=“presidente”).

– Bag-of-words features: form of each word in a ±5–word window of five words
left and right of the entity being classified. (e.g., “banco” ∈ context).

– NE inner features: Length (in words) of the entity being classified, pattern of
the entity with regard to acronyms, numbers, capitalized words, prepositions,
determiners, and punctuation marks.

– Trigger word features: Class and position of trigger words in a ±3–word win-
dow. Pattern of the entity immediate left context, with regard to punctuation
marks, prepositions, determiners, trigger words denoting person, location, or-
ganization, or other entities, and trigger words denoting geographical origin,

– Gazetteer features: Class (geographical, first name, or surname) and posi-
tion of gazetteer words in a ±3 window. Class in gazetteer of the NE being
classified and class in the gazetteer of its components.
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5 Evaluation

5.1 The EFE Spanish Corpus

The EFE1 corpus used for the evaluation of the whole named entity processing
system is a large unrestricted collection of over 3,000 news agency articles issued
during year 2000. It contains 802,729 words, which contain over 86,000 hand
tagged named entities. A corpus subset containing 65,000 words (4,820 named
entities) is reserved for evaluation tests and the remaining is used as training
material.

For the NER task only a subset of 100,000 words of the training set has been
used2. Both in NER and NEC, features occurring less than 3 times in the training
corpus have been filtered out. The exact number of examples and features derived
from the training corpus for each binary decision is described in table 1.

Table 1. Sizes and proportions of positive examples and feature sets in the NER and
NEC binary decisions

NER #Exs. #Feat. #Pos.examples
open 91,625 19,215 8,126 (8.87%)
close 8,802 10,795 4,820 (54.76%)
I 97,333 20,526 5,708 (5.86%)
O 97,333 20,526 83,499 (85.79%)
B 97,333 20,526 8,126 (8.35%)

NEC #Exs. #Feat. #Pos.examples
person 61,266 22,465 12,976 (21.18%)
location 61,266 22,465 14,729 (24.04%)
organiz. 61,266 22,465 22,947 (34.46%)
other 61,266 22,465 10,614 (17.32%)

5.2 Experimental Methodology

We trained the system using different feature sets and number of learning rounds,
using base classifiers of different complexities, ranging from stumps (simple de-
cision trees of depth 1) to decision trees of depth 4.

The evaluation measures for NER are: number of NE beginnings correctly
identified (B), number of NE endings correctly identified (E), and number of
complete NEs correctly identified. In the last case, recall (R, number of entities
correctly identified over the number of expected entities), precision (P , number
of entities correctly identified over the number of identified entities), and F -
measure (F1 = 2 · P · R/(P + R)) are computed.

The evaluation for NEC task includes the accuracy of the binary classifiers for
each category, and the evaluation of the combined classifier, which proposes the
final decision based on the outcomes of all binary classifiers. The combination
performance is measured in terms of recall, precision, and F1. The accuracy
(Acc) of the system when forced to choose one class per entity is also evaluated.
1 Agencia EFE is the official Spanish news agency.
2 It has been empirically observed that using a bigger corpus does not result in a
better performance, while the number of examples and features greatly increase.
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5.3 NER Results

Figure 2 contains the performance plots (F1 measure) with respect to the number
of rounds of the AdaBoost algorithm in the I, O, B binary decisions of the NER
task. Note that decision trees perform significantly better than stumps and that
a further increasing of the depth of the trees provides a small gain. Also, it can be
noticed that all NER binary classifiers are quite accurate, with F1 measure over
96%. The learning curves present a satisfactory behaviour, with no significant
overfitting with larger number of rounds, and achieving maximum performance
after a quite reduced number of rounds. Exactly the same properties hold for
the curves (not included) corresponding to the open and close classifiers.

I tag O tag B tag
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Fig. 2. F1 measure w.r.t. the number of rounds of the I, O, B classifiers of NER task

Table 2 contains the results of the OpenClose and IOB approaches on the
whole NER task, using depth–3 base classifiers. It can be observed that both
variants perform significantly better than the baseline Maco+ [6]. The Maco+
NE module is a heuristic rule based NE recognizer, which takes into account
capitalization patterns, functional words and dictionary lookup.

The performance of the OpenClose scheme is slightly worse than the IOB.
This can be explained by the fact that when the close classifier wrongly decides
not to end a NE then its output for the following words becomes unpredictable,
since it enters into a situation not seen in the training phase.

This is confirmed by an additional experiment with a modified scheme con-
sisting of applying the OpenClose scheme but after each negative prediction of
the close, the I classifier is asked to confirm whether the following word is still
inside the NE. If the I classifier gives a positive answer then the process contin-
ues normally, otherwise it is assumed that the close classifier was wrong. The
positive answers of the close classifier are never questioned, since it is very accu-
rate in its predictions. As it can be seen in table 2, this scheme (OpenClose&I)
achieves the best results on the task.

Finally, table 3 presents the NER results depending on the length of the NE
to recognize, as well as depending on whether the entity begins with uppercase
or lowercase letter. As it could be expected, the performance degrades with the
length of the sequence to be detected (specially on recall). However, a reasonable
high accuracy can be expected for NEs of length up to six words. The set of
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Table 2. Results of all methods in the NER task

Method B E P R F1

Maco+ 90.83% 87.51% 89.94% 87.51% 88.71%
OpenClose 94.61% 91.54% 92.42% 91.54% 91.97%
IOB 95.20% 91.99% 92.66% 91.99% 92.33%
OpenClose&I 95.31% 92.14% 92.60% 92.14% 92.37%

NEs that begin with a lowercase word poses a very challenging problem for
the NER module, specially due to the very shallow semantic treatment of the
training examples (captured only through the word forms, without any kind of
generalization). We find very remarkable the precision achieved by the system on
this subset of words (85.40%). The recall is significantly lower (63.93%), basically
because in many occasions the open classifier does not have enough evidence to
start a NE in a lowercase word.

Table 3. Results of OpenClose&I on different subsets of the NER task

Subset #NE B E P R F1

length=1 2,807 97.04% 95.80% 94.64% 95.65% 95.15%
length=2 1,005 99.30% 93.73% 94.01% 93.73% 93.87%
length=3 495 93.74% 88.69% 91.65% 88.69% 90.14%
length=4 237 89.45% 84.81% 84.81% 84.81% 84.81%
length=5 89 87.64% 76.40% 77.27% 76.40% 76.84%
length=6 74 93.24% 79.73% 81.94% 79.73% 80.82%
length=7 22 59.09% 54.55% 60.00% 54.55% 57.14%
length=8 22 77.27% 68.18% 88.24% 68.18% 76.92%
length=9 11 90.91% 72.73% 80.00% 72.73% 76.19%
length=10 3 66.67% 33.33% 50.00% 33.33% 40.00%
uppercase 4,637 96.42% 93.25% 92.81% 93.25% 93.03%
lowercase 183 67.21% 63.93% 85.40% 63.93% 73.13%
TOTAL 4,820 95.31% 92.14% 92.60% 92.14% 92.37%

5.4 NEC Results

The binarization of the NEC problem used in this work consists of a binary
classifier for each class (one-vs-all scheme). All NEC binary classifiers achieve
an accuracy between 91% and 97% and show very similar learning curves (not
included) in terms of number of rounds. As in the NER task, decision trees
significantly outperform stumps.

With respect to the complete NEC system, the combination of binary de-
cisions is performed selecting the classes to which binary predictors assigned a
positive confidence degree. The system can be forced to give exactly one predic-
tion per NE by selecting the class with higher confidence degree.

The results of all NEC systems are presented in table 4 (left part). The basic
row refers to the model using context word, bag-of-words, and NE features as
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described in section 4.1. Results when the models include features obtained from
lists of trigger words (tw) and gazetteers (gaz) are also presented. As a baseline
we include the results that a dumb most-frequent-class classifier would achieve.

In all cases, the use of extra information improves the performance of the
system, both in the binary decisions and in the final combination. The best
result is achieved when both external resources are used, pointing out that each
of them provides information not included in the other. Although the individual
performance of the binary classifiers is over 91%, the combined classifier achieves
an accuracy of about 88%.

Table 4. Results of all feature sets in the NEC task assuming perfect NE segmentation
(left part), and using the real output of the NER module (right part)

Method P R F1 Acc P R F1 Acc

Most frequent 39.78% 39.78% 39.78% 39.78% 37.47% 37.47% 37.47% 37.47%
basic 90.19% 84.44% 87.22% 87.51% 83.84% 79.39% 81.55% 81.85%
basic+tw 90.11% 84.77% 87.36% 88.17% 85.08% 79.30% 82.09% 82.15%
basic+gaz 90.25% 85.31% 87.71% 88.60% 85.05% 79.57% 82.22% 82.15%
basic+tw+gaz 90.61% 85.23% 87.84% 88.73% 85.32% 79.80% 82.47% 82.31%

Finally, the complete system is evaluated by testing the performance of the
NEC classifier on the output of the NER module. Again, table 4 (right part)
presents the results obtained. Performance is rather lower due to the error prop-
agation of the NER module and to the worst-case evaluation, which counts as
misclassifications the entities incorrectly recognized.

6 Conclusions and Further Work

We have presented a Named Entity Extraction system for Spanish based on ro-
bust Machine Learning techniques. The system relies on the usage of a large set
of simple features requiring no complex linguistic processing. The performance
of the learning algorithms is fairly good, providing accurate and robust NE rec-
ognizers and classifiers, which have been tested on a large corpus of running text.
By adding extra–features from a gazetteer and a list of trigger words the perfor-
mance has been further improved. The validity of the presented approach and
its portability to other languages have been tested in the CoNLL competition
framework [12,8] with very good results.

Some lines of improvement currently under research include:

– Classification algorithms other than AdaBoost must be tested at NE extrac-
tion. Although this task fits well AdaBoost capabilities, other algorithm such
as Support Vector Machines may offer similar or better performances.

– Although the initial experiments have not reported good results, we think
that the use of global inference schemes (instead of the one-pass greedy
approach used in this paper) for assigning the sequence of tags deserves
further investigation.
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– NEC: The combination of the four binary classifiers obtains lower perfor-
mance than any of them. Further combination schemes must be explored, as
well as the use of multi-label AdaBoost algorithms.
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Abstract. Multilingual Information Retrieval usually forces a choice between
free text indexing or indexing by means of multilingual thesaurus. However,
since they share the same objectives, synergy between both approaches is
possible. This paper shows a retrieval framework that make use of
terminological information in free-text indexing. The Automatic Terminology
Extraction task, which is used for thesauri construction, shifts to a searching of
terminology and becomes an information retrieval task: Terminology Retrieval.
Terminology Retrieval, then, allows cross-language information retrieval
through the browsing of morpho-syntactic, semantic and translingual variations
of the query. Although terminology retrieval doesn’t make use of them,
controlled vocabularies become an appropriate framework for terminology
retrieval evaluation.

1 Introduction

The organization of information for later retrieval is a fundamental area of research in
Library/Information Sciences. It concerns to understand the nature of information,
how humans process it and how best to organize it to facilitate use. A number of tools
to organize information have been developed,  one of them is the information retrieval
thesaurus. A thesaurus is a tool for vocabulary control. Usually it is designed for
indexing and searching in a specific subject area. By guiding indexers and searchers
about which terms to use, it can help to improve the quality of retrieval. Thus, the
primary purposes of a thesaurus are identified as promotion of consistency in the
indexing of documents and facilitating searching. Most thesauri have been designed
to facilitate access to the information contained within one database or group of
specific databases. An example is the ERIC1 thesaurus, a gateway to the ERIC
documents database containing more than 1.000.000 abstracts of documents and
journal articles on education research and practice. Via the ERIC interface, one can
navigate the thesaurus and use the controlled vocabulary for more accurate and
fruitful search results. Thesaurus were a resource used primarily by trained librarians
obtaining good performance. However nowadays on-line database searching is carried
out by a wider and less specialized audience of Internet users and recent studies [4]

                                                          
1 http://www.ericfacility.net/extra/pub/thessearch.cfm
* This work has been partially supported by European Schools Treasury Browser project

(ETB, http://www.eun.org/etb) and HERMES project (TIC2000-0335-C03-01).
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claim that most end-users obtained poor results, missing highly relevant documents.
Nevertheless there is a strong feeling in the documentalist field that the use of a
thesaurus is a central issue for raising the quality of end-users results [7] specially in a
multilingual context where natural language ambiguity increases, producing
additional problems for translingual retrieval. A multilingual thesaurus guarantees the
control of the indexing vocabulary, covering each selected concept with a preferred
term, a descriptor, in each language, and ensuring a very high degree of equivalence
among those terms in different languages. However, multilingual thesauri
construction and maintenance is a task with a very high cost, which motivates the
exploration of alternative approaches based on free text indexing and retrieval.

In this paper, on one hand, we show how NLP techniques have a part to play both
in thesaurus construction and in free text searching in specialized collections; on the
other hand, we describe an evaluation framework for an NLP-based full-text
multilingual search system where a thesaurus resource is used as a baseline. The
structure of the paper is the following: Section 2 reports the developed methodology
implying NLP techniques to support the construction of the European Schools
Treasury Browser (ETB) multilingual thesaurus in the field of education. This
methodology easily shifts to a new strategy with IR shared objectives: terminology
retrieval. Section 3 introduces Website Term Browser (WTB) [5], a browsing system
that implements this strategy for searching information in a multilingual collection of
documents. The system helps users to cross language barriers including terminology
variations in different languages. In order to assess the performance of WTB we have
designed an evaluation framework for the terminology retrieval task, that takes profit
of the ETB multilingual thesaurus. Section 4 presents this evaluation framework and
shows the results obtained. The conclusion points out a direction in which NLP
techniques can be a complement or an alternative to thesaurus based retrieval.

2 From Terminology Extraction to Terminology Retrieval

Thesaurus construction requires collecting a set of salient terms. For this purpose,
relevant sources including texts or existing term lists have to be identified or
extracted. This is a task combining deductive and inductive approaches. Deductive
procedures are those analyzing already existing vocabularies, thesauri and indexes in
order to design the new thesaurus according to the desired scope, structure and level
of specificity; inductive approaches analyze the real-world vocabularies in the
document repositories in order to identify terms and update the terminologies. Both
approaches can be supported by automatic linguistic techniques. Our work followed
the inductive approach to provide new terminology for the ETB thesaurus, starting
with an automatic Terminology Extraction (TE) procedure [6]. Typically, TE (or
ATR, Automatic Terminology Recognition) is divided in three steps [2], [3]:

1. Term extraction via morphological analysis, part of speech tagging and
shallow parsing. We distinguish between one word terms (mono-lexical
terms) and multi-word terms (poly-lexical terms), extracted with different
techniques detailed in  [6].

2. Term weighting with statistical information, measuring the term relevance in
the domain.

3. Term selection. Term ranking and truncation of lists by thresholds of weight.
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These steps require a previous one in which relevant corpora is identified,
automatically collected and prepared for the TE task. After collecting terms,
documentalists need to decide which ones are equivalent, which are finally selected
and which other terms should be introduced to represent broad concepts or to clarify
the structure of semantic relations between terms. The main semantic relations are
hierarchical (represented as BT and NT) and RT to express an associative
relationship. To support documentalists decisions, a web-based interface making use
of hyperlinks was provided. Through this interface, access to candidate terms contexts
as well as their frequency statistics were provided.

This was the methodology employed to term extraction task and thesaurus
construction. However, while the goal in the Terminology Extraction is to decide
which terms are relevant in a particular domain, in a full text search users decide
which are the relevant terms according to their information needs, i.e. the user query
gives the relevant terms. In this case, the automatic terminology extraction task
oriented to text indexing should favor recall rather than precision of the extracted
terms. This implies:

1. Terminology list truncation is not convenient.
2. Relaxing of poly-lexical term patterns is possible.

And also suggests a change of strategy. From a thesaurus construction point of
view, TE procedure shifts to term searching becoming a new task: terminology
retrieval. From a text retrieval perspective, retrieved terminology becomes an
intermediate information level which provides document access bridging the gap
between query and collection vocabularies even in different languages. This
framework, shared for both tasks, needs:

1. A previous indexing to permit phrase retrieval from query words.
2. Expansion and translation of query words in order to retrieve terminology

variations (morpho-syntactic, semantic and translingual).
This strategy has been implemented in the WTB described in the next section.

3 Website Term Browser

The system, Website Term Browser (WTB) [5], applies NLP techniques to perform
automatically the following tasks:

1. Terminology Extraction and indexing of a multilingual text collection.
2. Interactive NL-query processing and retrieval.
3. Browsing by phrases considering morpho-syntactic, semantic and

translingual variations of the query.
Terminology Extraction and Indexing. The collection of documents is

automatically processed to obtain a large list of terminological phrases.  Detection of
phrases in the collection is based on syntactic patterns. Selection of phrases is based
on document frequency and phrase subsumption. Such processing is performed
separately for each language (currently Spanish, English, French, Italian and Catalan).
We reused, in a relaxed way, the terminology extraction procedure originally meant to
produce a terminological list to feed a thesaurus construction process[6].

Query processing and retrieval. Cross-language retrieval is performed by
translating the query to the other languages in the collection. Word translation
ambiguity can be drastically mitigated by restricting the translation of the components
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of a phrase into words that are highly associated as phrases in the target language [1].
This process is generalized in the Website Term Browser as follows:

1. Lemmatized query words are expanded with semantically related words in the
query language and all target languages using the EuroWordNet lexical
database [8] and some bilingual dictionaries.

2. Phrases containing some of the expanded words are retrieved. The number of
expansion words is usually high, and the use of semantically related words
(such as synonyms) produce a lot of noise. However, the retrieval and ranking
of terms via phrasal information discards most inappropriate word
combinations, both in the source and in the target languages.

3. Unlike batch cross-language retrieval, where phrasal information is used only
to select the best translation for words according to their context, in this
process all salient phrases are retained for the interactive selection process.

4. Documents are also ranked according to the frequency and salience of the
relevant phrases they contain.

Browsing by phrases. Figure 1 shows the WTB interface. Results of the querying
and retrieval process are shown in two separate areas: a ranking of phrases that are
salient in the collection and relevant to the user’s query (on the left part) and a ranking
of documents (on the right part). Both kinds of information are presented to the user,
who may browse the ranking of phrases or directly click on a document.

Phrases in different languages are shown to users ranked and organized in a
hierarchy according to:

1. Number of expanded terms contained in the phrase. The higher the number of
terms within the phrase, the higher the ranking. In the monolingual case,
original query terms are ranked higher than expanded terms.

2. Salience of the phrase according to their weight as terminological expressions.
This weight is reduced to within-collection document frequency if there is no
cross-domain corpus to compare with.

3. Subsumption of phrases. For presentation purposes, a group of phrases
containing a sub-phrase are presented as subsumed by the most frequent sub-
phrase in the collection. That helps browsing the space of phrases similarly to
a topic hierarchy.

Figure 1 shows an example of searching. The user has written the English query
”adult education” in the text box. Then, the system has retrieved and ranked related
terminology in several languages (Spanish, English, French, Italian and Catalan). This
terminology was extracted automatically during indexing, and now has been retrieved
from the query words and their translations. In the example, the user has selected the
Spanish tab as target language where there are three different top terms (folders):
”formación de adultos”, ”adultos implicados en el proceso de enseñanza” and
”educación de adultos”. The second one (”adultos implicados en el proceso de
enseñanza”) is not related to the concept in the query, but the term browsing facility
permits to discard it without effort. Top term folders contain morpho-syntactic and
semantic variations of terms. For example, the preferred Spanish term in the ETB
thesaurus is “educación de adultos”. However, in this case, besides the preferred
term, WTB has been able to offer some variations:

•  Morpho-syntactic variation: ”educación permanente de adultos”, “educación
de personas adultas”.

•  Semantic variation: ”formación de adultos”,”formación de personas adultas”
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In the example, the user has expanded the folder “educación de adultos” and has
selected the term ”educación de las personas adultas”, obtaining (on the right
handside) the list of documents containing that term.

Fig. 1. Website Term Browser interface

4 Evaluation

The usefulness of term browsing versus document ranking was already evaluated in
[5] from the users perspective. Now the evaluation is aimed to establish the system
coverage for translingual terminology retrieval compared with the use of a
multilingual handcrafted thesaurus for searching purposes. The second main point of
this evaluation aims to study the dependence between the quality of our results, the
quality of used linguistic resources and the quality of WTB processing. While NLP
techniques feed Terminology Extraction and thesaurus construction, now a thesaurus
becomes a very useful resource to give feedback and evaluate the linguistic processes
in a retrieval task.

The evaluation has been performed comparing the WTB terminology retrieval over
a multilingual web pages collection, with the European Schools Treasury Browser
(ETB) thesaurus. The multilingual collection comprises 42,406 pages of several
European repositories in the educational domain (200 Mb) with the following
distribution: Spanish 6,271 docs.; English 12,631 docs.; French 12,534 docs.; Italian
10,970 docs.
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Fig. 2. Interface for qualitative evaluation of terminology retrieval (mono-lexical terms)

The ETB thesaurus alpha version used in the evaluation has 1051 descriptors with
its translations to each of the five considered languages (English, Spanish, French,
Italian and German). German hasn’t been considered in the evaluation because no
linguistic tools were available to us for that language. Each ETB thesaurus descriptor
has been used as a WTB query. The thesaurus preferred translations have been
compared with the WTB retrieved terms in each language. In such a way, precision
and recall measures can be provided. Approximately half of the thesaurus descriptors
are phrases (poly-lexical terms) which can be used to evaluate the WTB terminology
retrieval. Thesaurus mono-lexical terms permit the coverage evaluation of linguistic
resources used in the expansion and translation of query words.

Qualitative evaluation. Figure 2 shows the interface for the qualitative evaluation.
This interface is aimed to facilitate inspection on the system behavior, in order to
detect errors and suggest improvements on WTB system. The first column contains
the thesaurus terms in each language (in the example, therapy, terapia, thérapie and
terapia). Each of them are the preferred terms, or descriptors, in the thesaurus and
have been used as WTB queries. The retrieved terms in each target language are
shown in the same row. For example, when searching WTB with therapy (English
term), in the first column, the system retrieves terapeutico, terapia y terapéutica, in
Spanish (same row, second column); it also retrieves therapy and treatment in English
(same row, third column).

Quantitative evaluation. If the preferred term in the thesaurus has been retrieved
by WTB, then it is counted as a correctly retrieved term. Then, precision and recall
measures can be defined in the following way:

•  Recall: number of retrieved descriptors divided by the number of descriptors
in the thesaurus.

•  Precision: number of retrieved descriptors divided by the number of
retrieved terms.

Figure 2 shows that there are correct terms retrieved by WTB different from the
preferred terms (descriptors) in the thesaurus. Hence, the proposed recall and
precision measures are lower bounds to the real performance. For example, among the
retrieved terms by the English query “adult education”, only the Spanish term
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“educación de adultos” adjusts to the preferred term in the thesaurus. However, there
are some morpho-syntactic variations (“educación de adultas”, “educación de los
adultos”), semantic variations (“formación de adultos”), and related terms
(“formación básica de las personas adultas”) which are correctly retrieved terms but
not counted as such.

WTB retrieved terms have been directly extracted from texts and, for that reason,
recall will depend on the coverage of thesaurus descriptors in the test collection.
Although the test collection is very close to the thesaurus domain, it’s not possible to
guarantee the presence of all thesaurus terms in all languages in the collection.
Indeed, thesaurus descriptors are indexes to abstract concepts, which are not
necessarily contained in the texts being indexed. Table 1 shows the coverage of
thesaurus descriptors in the test collection where exact matches have been considered
(including accents).

Table 1. Thesaurus descriptors in the test collection

Coverage Spanish English French Italian

Mono-lexical descriptors found in the collection 84.3% 81.9% 82.3% 81.1%

Poly-lexical descriptors found in the collection 56.5% 57.5% 54.2% 42.6%

Mono-lexical term retrieval. Since mono-lexical term expansion and translation
only depend of lexical resources, potential retrieval capabilities can be evaluated
independently of  the collection, just counting the mono-lexical thesaurus descriptors
present in the lexical resources used (EuroWordNet lexical database and bilingual
dictionaries). This comparison gives and idea of the domain coverage by the lexical
resources. Table 2 shows presence of thesaurus descriptors in the lexical resources
(monolingual case, in diagonal) and their capability to go cross-language. The first
column corresponds to the source languages and the first row corresponds to the
target languages. The cell values correspond to the percentage of mono-lexical
thesaurus descriptors recovered in the target language from the source language
descriptor. Table 2 shows that recall for the Spanish/ English pairs is significantly
higher than the rest. The reason is that Spanish and English languages have been
complemented with bilingual dictionaries while French and Italian only use
EuroWordNet relations. Since monolingual cases show a good coverage, numbers
point out that there is a lack of connections between different language hierarchies in
EuroWordNet. In conclusion, with the currently used resources, we can expect a
poorer behavior of WTB translingual retrieval implying French and Italian.

Table 2. Potential recall of mono-lexical descriptors with WTB lexical resources

Recall Spanish English French Italian
Spanish 91.6% 83.7% 60.9% 64.3%
English 80.4% 97.2% 63.9% 63.9%
French 66.3% 61.8% 85.5% 55.9%
Italian 67.9% 62.2% 53.9% 96.7%

Poly-lexical term retrieval. WTB poly-lexical term retrieval depends of the
previously extracted phrases from the document collection and therefore, depends on
the coverage of thesaurus descriptors in the test collection. Coverage of thesaurus
descriptors in the test collection in the monolingual case (Table 1, last row), gives an
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upper bound for recall in the translingual cases. Table 3 show WTB recall for each
pair of languages in percentage over this upper bound for the target language.

Table 3. WTB recall in % respect collection coverage (poly-lexical terms)

Recall Spanish English French Italian
Spanish 63.1% 45.8% 19.9% 16.3%
English 40.2% 66.5% 14.7% 7.4%
French 12.5% 15.6% 40.3% 7.8%
Italian 17.1% 17.2% 8.9% 39.3%

As shown in Table 3 English/ Spanish pairs show better behavior than other pairs
of languages. The reason for this relies in that poly-lexical term retrieval is based in
the combination of mono-lexical terms, and this depends on the lexical resources
used. Again, just in the case of English/ Spanish pairs, EuroWordNet has been
complemented with bilingual dictionaries and, for that reason, these pairs of
languages present the best behavior in both mono and poly-lexical term retrieval.
However, differences between mono and poly-lexical terms recall need further
consideration. While mono-lexical terms correspond to nouns, which are well covered
by EuroWordNet hierarchies, most poly-lexical terms include adjective components
which aren’t covered so well by EuroWordNet. This lack has been also corrected only
for English/ Spanish pairs using bilingual dictionaries and this is an additional factor
for a better recall.

The best recall is obtained for Spanish as source language. The reason relies in
that, for this language, WTB uses a morphological analyzer which gives all possible
lemmas for the query words. All these lemmas are considered in expansion,
translation and retrieval. In this way, possible lemmatization errors are avoided both
in query and texts, and increases the number of possible combinations for poly-lexical
term retrieval. However, the recall values are quite low even in monolingual cases and
thus, a broader study explaining loss of recall is needed. As said, WTB poly-lexical
term retrieval depends on the previous extracted phrases and thus, not only depends
on the test collection, but also on  phrase extraction, indexing and retrieval
procedures. Table 4 shows the loss of recall due to phrase extraction and indexing
procedures. There are several factors which lead to a loss of recall:
1. Phrase extraction procedure. Loss of recall due to not exhaustive syntactic

patterns and wrong part-of-speech tagging. The loss of recall due to a wrong
phrase extraction procedure is represented by the differences between first and
second rows and oscillates between 2.8% for Spanish and 17.3% for French.

2. Phrase indexing. Loss of recall due to wrong phrase components lemmatization.
The loss of recall due to wrong indexing (mainly wrong lemmatization of phrases
components in texts) oscillates between 2% for English and 34% for French.

3. Phrase retrieval. Loss of recall due to wrong lemmatization, expansion and
translation of query words, and wrong discarding in phrase selection and ranking
of terms. WTB discards retrieved terms with document frequency equal to 1 in
order to improve precision in the terms shown to users. This fact produces a loss
of recall between 12.9% for Spanish and 36.7% for Italian.

4. Mismatching caused by accents and case folding. WTB doesn’t need to separate
documents in different languages. For this reason the loss of recall due to accents
mismatching is difficult to quantify here because it produces a big confusion
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between languages. For example, there are lots of terms in English equal to the
French ones without accents. Similar occurs between Italian and Spanish.

All this factors show that not only lexical resources must be improved, but also
linguistic processing tools as lemmatizers and part-of-speech taggers.

Table 4. Loss of recall in WTB poly-lexical term retrieval by steps in the processing

Poly-lexical descriptors Spanish English French Italian

found in the collection 56.5% 57.5% 54.2% 42.6%

found among extracted phrases
(loss of recall due to phrase extraction)

54.9%
(-2.8%)

50.1%
(-12.9%)

44.8%
(-17.3%)

40.0%
(-6.1%)

retrieved with WTB
(loss of recall)
(loss of recall due to phrase indexing)

40.9%
(-27.6%)
(-25.5%)

49.1%
(-14.6%)

(-2%)

29.2%
(-46.1%)
(-34.8%)

26.4%
(-38%)
(-34%)

retrieved with WTB discarding df=1
(loss of recall)
(loss of recall due to phrase selection)

35.6%
(-36.9%)
(-12.9%)

38.2%
(-33.5%)
(-22.1%)

21.8%
(-59.7%)
(-25.3%)

16.7%
(-60.7%)
(-36.7%)

Regarding precision, in the worst case, there is one preferred descriptor in average
among ten retrieved terms, and three in the best case. Term discrimination is an easy
and very fast task which is helped in the WTB interface through the term organization
into hierarchies. In fact, about 70% of the retrieved relevant descriptors are retrieved
in the top level of the hierarchies. This is a good percentage to ensure fast
discrimination of retrieved terms.

5 Conclusions

Terminology Retrieval gives a shared perspective between terminology extraction and
cross-language information retrieval. From thesaurus construction point of view, the
Automatic Terminology Extraction procedures shift to term searching. From text
retrieval perspective, retrieved terminology becomes an intermediate information
level which provides document access crossing the gap between query and collection
vocabularies even in different languages. This strategy has been implemented in the
Website Term Browser. The evaluation framework for terminology retrieval has been
established in this paper, being able to detect where processing and resources can be
improved. While NLP techniques feed Automatic Terminology Extraction for
thesaurus construction, now, in a retrieval framework, a thesaurus provides a baseline
for terminology retrieval evaluation and gives feedback on the quality, coverage and
use of the linguistic tools and resources.

The qualitative evaluation shows that WTB is able to retrieve a considerable
amount of appropriate term variations not considered in the thesaurus. Thus,
terminology retrieval becomes a very good complement to thesauri in the multilingual
retrieval task. The quantitative evaluation results are a lower bound of the real recall
and precision values because correct term variations, different from the preferred
thesaurus descriptors, are not taken into account. Results show a high dependence of
WTB terminology retrieval with respect to the used linguistic resources showing that
EuroWordNet relations between different languages must be improved. Results also
show the loss of recall due to phrase extraction, indexing and retrieval processes.
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Future work must study the loss of recall due to accent mismatching. We conclude
that, when appropriate resources and linguistic tools are available, WTB show a
reasonable good behavior, although there is place for improvement.

Future work will refine the evaluation framework and include the study of
infrequent thesaurus descriptors (especially those not found in the collection). For
these purposes, the construction of a new test collection is planned querying Internet
search engines with the thesaurus descriptors. The crawling of the listed documents
will ensure a collection with a thesaurus coverage of 100% and will permit separate
processing and results for each language including accent mismatching evaluation.
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Abstract. Adjunction is a powerful operation that makes Tree Adjoin-
ing Grammar (TAG) useful for describing the syntactic structure of natu-
ral languages. In practice, a large part of wide coverage grammars written
following the TAG formalism is formed by trees that can be combined
by means of the simpler kind of adjunction defined for Tree Insertion
Grammar. In this paper, we describe a parsing algorithm that makes use
of this characteristic to reduce the practical complexity of TAG parsing:
the expensive standard adjunction operation is only considered in those
cases in which the simpler cubic-time adjunction cannot be applied.

1 Introduction

Tree Adjoining Grammar (TAG) [4] and Tree Insertion Grammar (TIG) [6] are
grammatical formalisms that make use of a tree-based operation called adjunc-
tion. However, adjunctions are more restricted in the case of TIG than in the case
of TAG, which has important consequences with respect to the set of languages
generated and the worst-case complexity of parsing algorithms:

– TAG generates tree adjoining languages, a strict superset of context-free
languages, and the complexity of parsing algorithms is in O(n6) for time
and in O(n4) for space with respect to the length n of the input string.

– TIG generates context-free languages and can be parsed in O(n3) for time
and in O(n2) for space.

Albeit the powerful adjunction provided by TAG makes it useful for describ-
ing the syntax of natural languages, most of the trees involved in wide coverage
grammars like XTAG [3] do not make use of such operation, and so a large por-
tion of XTAG is in fact a TIG [6]. As the full power of a TAG parser is only put
into practice in adjunctions involving a given set of trees, to apply a parser work-
ing in O(n6) time complexity when most of the work can be done by a O(n3)
parser seems to be a waste of computing resources. In this paper, we propose a
mixed parser that takes the best of both worlds: those parts of the grammar that

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 694–703, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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correspond to a TIG are managed in O(n3) time and O(n2) space complexity,
and only those parts of the grammar involving the full kind of adjunction present
in TAG are managed in O(n6) time and O(n4) space complexity.

1.1 Tree Adjoining Grammars

Formally, a TAG is a 5-tuple G = (VN , VT , S, I,A), where VN is a finite set of
non-terminal symbols, VT a finite set of terminal symbols, S the axiom of the
grammar, I a finite set of initial trees and A a finite set of auxiliary trees. I∪A is
the set of elementary trees. Internal nodes are labeled by non-terminals and leaf
nodes by terminals or the empty string ε, except for just one leaf per auxiliary
tree (the foot) which is labeled by the same non-terminal used as the label of its
root node. The path in an elementary tree from the root node to the foot node
is called the spine of the tree.

 S

 S

AdvNP VP

VP

VP

runs slowlyJohn

NP VP

John VP Adv

slowlyruns

spine

Inital tree Auxiliary tree

Derived tree

Fig. 1. Adjunction operation

New trees are derived by adjunction: let γ be a tree containing a node Nγ

labeled by A and let β be an auxiliary tree whose root and foot nodes are also
labeled by A. Then, the adjunction of β at the adjunction node Nγ is obtained
by excising the subtree of γ with root Nγ , attaching β to Nγ and attaching the
excised subtree to the foot of β. We illustrate the adjunction operation in Fig. 1,
where we show a simple TAG with two elementary trees: an initial tree rooted S
and an auxiliary tree rooted VP. The derived tree obtained after adjoining the
VP auxiliary tree on the node labeled by VP located in the initial tree is also
shown.

We use β ∈ adj(Nγ) to denote that a tree β may be adjoined at node Nγ of
the elementary tree γ. If adjunction is not mandatory at Nγ then nil ∈ adj(Nγ)
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where nil /∈ I ∪ A is a dummy symbol. If adjunction is not allowed at Nγ then
{nil} = adj(Nγ).

1.2 Tree Insertion Grammars

We can consider the set A as formed by the union of the sets AL, containing
left auxiliary trees in which every nonempty frontier node is to the left of the
foot node, AR, containing right auxiliary trees in which every nonempty frontier
node is to the right of the foot node, and AW , containing wrapping auxiliary
trees in which nonempty frontier nodes are placed both to the left and to the
right of the foot node. Given an auxiliary tree, we call spine nodes to those nodes
placed on the spine and left nodes (resp. right nodes) to those nodes placed to
the left (resp. right) of the spine. The set ASL ⊆ AL (resp. ASR ⊆ AR) of
strongly left (resp. strongly right) auxiliary trees is formed by trees in which no
adjunction is permitted on right (resp. left) nodes and only strongly left (resp.
right) auxiliary trees are allowed to adjoin on spine nodes. Figure 2 shows three
derived trees resulting from the adjunction of a wrapping, left and right auxiliary
tree, respectively.

In essence, a TIG is a restricted TAG where auxiliary trees must be either
strongly left or strongly right and adjunctions are not allowed in root and foot
nodes of auxiliary trees.

Wrapping
auxiliary tree

Left
auxiliary tree

Right
auxiliary tree

Fig. 2. TAG vs. TIG adjunction operation

1.3 Notation for Parsing Algorithms

We will describe parsing algorithms using Parsing Schemata, a framework for
high-level descriptions of parsing algorithms [8]. A parsing system for a grammar
G and string a1 . . . an is a triple 〈I,H,D〉, with I a set of items which repre-
sent intermediate parse results, H an initial set of items called hypothesis that
encodes the sentence to be parsed, and D a set of deduction steps that allow
new items to be derived from already known items. Deduction steps are of the
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form η1,...,ηk

ξ cond, meaning that if all antecedents ηi of a deduction step are
present and the conditions cond are satisfied, then the consequent ξ should be
generated by the parser. A set F ⊆ I of final items represent the recognition of
a sentence. A parsing schema is a parsing system parameterized by a grammar
and a sentence.

In order to describe the parsing algorithms for tree-based formalisms, we
must be able to represent the partial recognition of elementary trees. Parsing
algorithms for context-free grammars usually denote partial recognition of pro-
ductions by dotted productions. We can extend this approach to the case of
tree-based grammars by considering each elementary tree γ as formed by a set
of context-free productions P(γ): a node Nγ and its children Nγ

1 . . . Nγ
g are rep-

resented by a production Nγ → Nγ
1 . . . Nγ

g . Thus, the position of the dot in the
tree is indicated by the position of the dot in a production in P(γ). The elements
of the productions are the nodes of the tree.

To simplify the description of parsing algorithms we consider an additional
production � → Rα for each α ∈ I and the two additional productions � → Rβ

and Fβ → ⊥ for each β ∈ A, where Rβ and Fβ correspond to the root node and
the foot node of β, respectively. After disabling � and ⊥ as adjunction nodes
the generative capability of the grammars remains intact. We introduce also the
following notation: given two pairs (p, q) and (i, j) of integers, (p, q) ≤ (i, j) is
satisfied if i ≤ p and q ≤ j and given two integers p and q we define p ∪ q as p if
q is undefined and as q if p is undefined, being undefined in other case.

2 A Mixed Parser for TIG and TAG

In this section we define a parsing system PMix = 〈IMix,HMix,DMix〉 correspond-
ing to a mixed parsing algorithm for TAG and TIG in which the adjunction of
strongly left and strongly right auxiliary trees1 will be managed by specialized
deduction steps, the rest of adjunctions will be managed with the classical de-
duction steps included in most of TAG parsers [1].

For PMix, we consider a set of items IMix = I(a)
Mix ∪I(b)

Mix ∪I(c)
Mix formed by the

union of the following subsets:

– A subset I(a)
Mix with items of the form [Nγ → δ • ν, i, j | p, q | adj] such that

Nγ → δν ∈ P(γ), γ ∈ I ∪ A, 0 ≤ i ≤ j, (p, q) = (−,−) or (p, q) ≤ (i, j),
and adj ∈ {true, false}. The two indices with respect to the input string i
and j indicate the portion of the input string that has been spanned from
δ (see figure 3). If γ ∈ A, p and q are two indices with respect to the input
string that indicate that part of the input string recognized by the foot

1 Given the set A of a TAG, we can determine the set ASL as follows: firstly, we
determine the set AL examining the frontier of the trees in A and we set ASL := AL;
secondly, we eliminate from ASL those trees that permit adjunctions on nodes to
the right of their spine; and thirdly, we iteratively eliminate from ASL those trees
that allow adjoining trees in A − ASL on nodes of their spine. ASR is determined
in an analogous way.
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γ
N

δ

R
γ

ν

i jqp

γ
F

Fig. 3. Graphical representation of items

node of γ if it is a descendant of δ. In other case p = q = − representing
they are undefined. Therefore, this kind of items satisfy one of the following
conditions:
1. γ ∈ A − (ASL ∪ ASR), δ �= ε, (p, q) �= (−,−) and δ spans the string

ai+1 . . . ap Fγ aq+1 . . . aj

2. δ �= ε, (p, q) = (−,−) and δ spans the string ai+1 . . . aj .
The last boolean component of items is used to avoid several adjunctions on
a node. A value of true indicates that an adjunction has taken place on the
node Nγ and therefore further adjunctions on the same node are forbidden. If
adj = true and ν �= ε, it means that a strongly left auxiliary tree β ∈ AL has
been adjoined at Nγ . If adj = true and ν = ε, it means that an auxiliary tree
has been adjoined at Nγ . A value of false indicates that no adjunction was
performed on that node. In this case, during future processing this item can
play the role of the item recognizing the excised part of an elementary tree
to be attached to the foot node of a right auxiliary tree. As a consequence,
only one adjunction can take place on a node, as is prescribed by the tree
adjoining grammar formalism.

– A subset I(b)
Mix with items of the form [Nγ → •υ, j, j | −,− | false] such that

Mγ → δν ∈ P(γ), γ ∈ I ∪ A and 0 ≤ i ≤ j. The last boolean component
indicates any tree has been adjoined at Nγ .

– A subset I(b)
Mix with items of the form [Nγ → •υ, i, j | −,− | true] such that

Mγ → δν ∈ P(γ), γ ∈ I ∪ A, 0 ≤ i ≤ j and there exists a β ∈ ASL such
that β ∈ adj(Nγ) and Rβ spans ai+1 . . . aj (i.e. β has been adjoined at Nγ).
In this case, i and j indicate the portion of the input string spanned by the
left auxiliary tree adjoined at Nγ .

The hypotheses defined for this parsing system encode the input string in
the standard way: HMix =

{
[a, i − 1, i] | a = ai, 1 ≤ i ≤ n

}
.
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The set of deduction steps is formed by the following subsets:

DMix = DInit
Mix ∪ DScan

Mix ∪ Dε
Mix ∪ DPred

Mix ∪ DComp
Mix ∪

DAdjPred
Mix ∪ DFootPred

Mix ∪ DFootComp
Mix ∪ DAdjComp

Mix ∪
DLAdjPred

Mix ∪ DLAdjComp
Mix ∪ DRAdjPred

Mix ∪ DRAdjComp
Mix ∪ DLRFoot

Mix

The parsing process starts by creating the items corresponding to productions
having the root of an initial tree as left-hand side and the dot in the leftmost
position of the right-hand side:

DInit
Mix =

[� → •Rα, 0, 0 | −,− | false] α ∈ I ∧ S = label(Rα)

Then, a set of deductive steps in DPred
Mix and DComp

Mix traverse each elementary
tree while steps in DScan

Mix and Dε
Mix scan input symbols and the empty symbol,

respectively:

DPred
Mix =

[Nγ → δ • Mγν, i, j | p, q | adj]
[Mγ → •υ, j, j | −,− | false]

nil ∈ adj(Mγ) ∨
(∃β ∈ ASL ∪ ASR, β ∈ adj(Mγ))

DComp
Mix =

[Nγ → δ • Mγν, i, j | p, q | adj],
[Mγ → υ•, j, k | p′, q′ | adj′]

[Nγ → δMγ • ν, i, k | p ∪ p′, q ∪ q′ | adj]

with (nil ∈ adj(Mγ) ∧ adj′ = false) ∨
(∃β ∈ A, β ∈ adj(Mγ) ∧ adj′ = true)

DScan
Mix =

[Nγ → δ • Mγν, i, j | p, q | adj],
[a, j, j + 1]

[Nγ → δMγ • ν, i, j + 1 | p, q | adj]
a = label(Mγ)

Dε
Mix =

[Nγ → δ • Mγν, i, j | p, q | adj]
[Nγ → δMγ • ν, i, j | p, q | adj]

ε = label(Mγ)

The rest of steps are in charge of managing adjunction operations. If a strongly
left auxiliary tree β ∈ ASL can be adjoined at a given node Mγ , a step in
DLAdjPred

Mix starts the traversal of β. When β has been completely traversed, a
step in DLAdjComp

Mix starts the traversal of the subtree corresponding to Mγ and
sets the last element of the item to true in order to forbid further adjunctions
on this node.

DLAdjPred
Mix =

[Mγ → •υ, i, i | −,− | false]
[� → •Rβ , i, i | −,− | false] β ∈ adj(Mγ) ∧ β ∈ ASL

DLAdjComp
Mix =

[Mγ → •υ, i, i | −,− | false],
[� → Rβ•, i, j | −,− | false]
[Mγ → •υ, i, j | −,− | true] β ∈ ASL ∧ β ∈ adj(Mγ)
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If a strongly right auxiliary tree β ∈ ASR can be adjoined at a given node Mγ ,
when the subtree corresponding to this node has been completely traversed, a
step in DRAdjPred

Mix starts the traversal of the tree β. When β has been completely
traversed, a step in DRAdjComp

Mix updates the input positions spanned by Mγ

taking into account the part of the input string spanned by β, and sets the last
element of the item to true in order to forbid further adjunctions on this node.

DRAdjPred
Mix =

[Mγ → υ•, i, j | p, q | false]
[� → •Rβ , j, j | −,− | false] β ∈ ASR ∧ β ∈ adj(Mγ)

DRAdjComp
Mix =

[Mγ → υ•, i, j | p, q | false],
[� → Rβ•, j, k | −,− | false]
[Mγ → υ•, i, k | p, q | true] β ∈ ASR ∧ β ∈ adj(Mγ)

No special treatment is given to the foot node of strongly left and right auxiliary
trees and so, it is simply skipped by a step in the set DLRFoot

Mix .

DLRFoot
Mix =

[Fβ → •⊥, j, j, false]
[Fβ → ⊥•, j, j, false]

β ∈ ASL ∪ ASR

A step in DAdjPred
Mix predicts the adjunction of an auxiliary tree β ∈ A − (ASL ∪

ASR) in a node of an elementary tree γ and starts the traversal of β. Once the
foot of β has been reached, the traversal of β is momentary suspended by a step
in DFootPred

Mix , which re-takes the subtree of γ which must be attached to the foot
of β. At this moment, there is no information available about the node in which
the adjunction of β has been performed, so all possible nodes are predicted.
When the traversal of a predicted subtree has finished, a step in DFootComp

Mix re-
takes the traversal of β continuing at the foot node. When the traversal of β is
completely finished, a deduction step in DAdjComp

Mix checks if the subtree attached
to the foot of β corresponds with the adjunction node. The adjunction if finished
by a step in DComp

Mix , taking into account that p′ and q′ are instantiated if and
only if the adjunction node is on the spine of γ. It is interesting to remark that
we follow the approach of [5], splitting the completion of adjunction between
DAdjComp

Mix and DComp
Mix .

DAdjPred
Mix =

[Nγ → δ • Mγν, i, j | p, q | adj]
[� → •Rβ , j, j | −, − | false] β ∈ A − (ASL ∪ ASR) ∧ β ∈ adj(Mγ)

DFootPred
Mix =

[Fβ → •⊥, k, k | −, − | false]
[Mγ → •υ, k, k | −, − | false] β ∈ A − (ASL ∪ ASR) ∧ β ∈ adj(Mγ)

DFootComp
Mix =

[Fβ → •⊥, k, k | −, − | false],
[Mγ → υ•, k, l | p′, q′ | false]
[Fβ → ⊥•, k, l | k, l | false] β ∈ A − (ASL ∪ ASR) ∧ β ∈ adj(Mγ)

DAdjComp
Mix =

[� → Rβ•, j, m | k, l | false],
[Mγ → υ•, k, l | p′, q′ | false]
[Mγ → υ•, j, m | p′, q′ | true] β ∈ A − (ASL ∪ ASR) ∧ β ∈ adj(Mγ)
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The input string belongs to the language defined by the grammar if a final
item in the set F =

{
[� → Rα•, 0, n | −,− | false] | α ∈ I ∧ S = label(Rα)

}

is generated.

3 Complexity

The worst-case space complexity of the algorithm is O(n4), as at most four input
positions are stored into items corresponding to auxiliary trees belonging to A−
(ASL ∪ ASR). Initial trees and strongly left and right auxiliary trees contribute
O(n2) to the final result. With respect to the worst-case time complexity:

– TIG adjunction, the adjunction of a strongly left or right auxiliary tree on
a node of a tree belonging to I ∪ ASL ∪ ASR, is managed in O(n3) by steps
in DRAdjComp

Mix and DComp
Mix .

– Full TAG adjunction is managed in O(n6) by deduction steps in DAdjComp
Mix ,

which are in charge of dealing with auxiliary trees belonging to A − (ASL ∪
ASR). In fact, O(n6) is only attained when a wrapping auxiliary tree is
adjoined on a spine node of a wrapping auxiliary tree. The adjunction of
a wrapping auxiliary tree on a right node of a wrapping auxiliary tree is
managed in O(n5) due to deduction steps in DComp

Mix . The same complexity
is attained by the adjunction of a strongly right auxiliary tree on a spine or
right node of a wrapping auxiliary tree, due to deduction steps in DRAdjComp

Mix .
– Other cases of adjunction, e.g. the adjunction of a strongly left or right

auxiliary tree on a spine node of a tree belonging to (AL−ASL)∪(AR−ASR),
are managed in O(n4).

4 Experimental Results

We have incorporated the parsing algorithms described in this paper into a naive
implementation in Prolog of the deductive parsing machine presented in [7].

As a first experiment, we have compared the performance of the Earley-
like parsing algorithms for TIG [6] and TAG [1] with respect to TIGs. For this
purpose, we have designed two artificial TIGs Gl (with ASR = ∅) and Gr (with
ASL = ∅). For a TIG, the time complexity of the adjunction completion step of
a TAG parser is O(n4), in contrast with the O(n2) and O(n3) complexities of
left and right adjunction completion for a TIG parser, respectively. Therefore,
we expected the TIG parser to be considerably faster than the TAG parser. In
effect, for Gl we have observed that the TIG parser is up to 18 times faster than
the TAG parser, but in the case of Gr the difference becomes irrelevant.

These results have been corroborated by a second experiment performed on
artificial TAGs with the Mixed (PMix) and the TAG parser: the performance of
the Mixed parser improves when strongly left auxiliary trees are involved in the
analysis of the input string.

In a third experiment, we have taken a subset of the XTAG grammar [3],
consisting of 27 elementary trees that cover a variety of English constructions:
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Table 1. XTAG results, in seconds, for the TAG and Mixed parsers

Sentence TAG Mixed Reduction

Srini bought a book 0.61 0.49 19.67%
Srini bought Beth a book 0.77 0.71 7.79%

Srini bought a book at the bookstore 0.94 0.93 1.06%
he put the book on the table 0.83 0.71 14.46%

the sun melted the ice 0.71 0.66 7.04%
the ice melted 0.44 0.38 13.64%

Elmo borrowed a book 0.55 0.49 10.91%
a book borrowed 0.39 0.33 15.38%

he hopes Muriel wins 0.93 0.77 17.20%
he hopes that Muriel wins 1.26 1.16 7.94%

the man who Muriel likes bought a book 2.14 1.48 30.84%
the man that Muriel likes bought a book 1.21 1.04 14.05%

the music should have been being played for the president 1.27 1.26 0.79%
Clove caught a frisbee 0.55 0.49 10.91%
who caught a frisbee 0.55 0.44 20.00%
what did Clove catch 0.60 0.55 8.33%

the aardvark smells terrible 0.44 0.38 13.64%
the emu thinks that the aardvark smells terrible 1.48 1.32 10.81%

who does the emu think smells terrible 0.99 0.77 22.22%
who did the elephant think the panda heard the emu said smells terrible

3.13 2.36 24.60%
Herbert is more livid than angry 0.50 0.44 12.00%

Herbert is more livid and furious than angry 0.50 0.50 0.00%

relative clauses, auxiliary verbs, unbounded dependencies, extraction, etc. In
order to eliminate the time spent by unification, we have not considered the
feature structures of elementary trees. Instead, we have simulated the features
using local constraints. Every sentence has been parsed without previous filtering
of elementary trees. Table 1 shows the results of this experiment. The application
of the Mixed parser results in a reduction in time that varies in percentage from
31% to 0%, depending on the kind of trees involved in the analysis of each
sentence.

5 Conclusion

We have defined a parsing algorithm which reduces the practical complexity of
TAG parsing by taking into account that a large part of actual TAG grammars
can be managed as a TIG.

This parsing algorithm does not preserve the correct prefix property [5]. It is
possible to obtain a variant satisfying this property by means of the introduction
of an additional element h into items, which is used to indicate the position of
the input string in which the traversal of the elementary tree involved in each
item was started. The worst-case space complexity increases to O(n5) but the
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worst-case time complexity remains O(n6) if we modify steps AdjComp0 and
Comp as indicated in [5].

The performance of the algorithm could be improved by means of the appli-
cation of practical optimizations, such as the replacement of the components p

and q of items [Nγ → δ • ν, i, j | p, q | adj] ∈ I(a)
Mix by the list of all adjunctions

that are still under completion on Nγ [2], albeit this modification can increase
the worst-case complexity of the algorithm.

Acknowledgements. Supported in part by Plan Nacional de Investi-
gación Cient́ıfica, Desarrollo e Innovación Tecnológica (TIC2000-0370-C02-
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Abstract. This paper describes a multiagent system for natural lan-
guage processing that deals with task oriented dialogue processing in
Portuguese. The system is based on Discourse Structure Theory, on
Centering Theory and on Lochbaum’s work on modeling the Intentional
Structure of the discourse. The dialogue takes place between the user
and the system in such a way that the user plays the role of one partici-
pant and the system plays the other. Together, both the system and the
user collaborate to achieve the goal the user had in mind when he/she
initiated the dialogue.

1 Introduction

This paper describes a multiagent system for natural language processing based
on Discourse Structure Theory [2], on Centering Theory ([1], [4], [6], [7], [9])
and on Lochbaum’s work on modeling the Intentional Structure of the discourse
([10], [11]).

The system deals with task oriented dialogue processing in Portuguese in
which the user plays the role of one participant in the dialogue and the system
plays the other. Together, both the system and the user collaborate to achieve
the goal the user had in mind when he/she initiated the dialogue. The goal is
something the system must identify by itself while the dialogue develops, and,
possibly, which cannot be completely determined until the dialogue is finished.

The scenario is a simple home security system that records the status of the
house’s windows and doors, that is, if they have been opened and, if so, when
that happened. The user can ask the system either about what happened when
he/she was absent, or simply for monitoring the house’s possible entrances.

The interaction between the system and the user happens through utterances
in natural language typed by the user. The system tries to evaluate the user’s
utterance in order to determine its logical content and, after doing so, it responds
to the user with either an action or another utterance.

Also, the system is responsible for generating subdialogues, in case it needs
extra information to more accurately determine the logical content of the user’s
� This work has been sponsored by FAPESP (Fundação de Amparo à Pesquisa do
Estado de São Paulo)
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utterance, or when it is necessary for the system and the user to solve some
problem that may arise in the communication.

The system is composed of four independent but interactive main structures,
as shown in Fig. 1: the Linguistic Structure, which is responsible for the linguis-
tic analysis of the utterance, and that generates the corresponding logical form
of the utterance [12]; the Attentional Structure, responsible for keeping track
of the system’s and user’s focus of attention [2]; the Intentional Structure, re-
sponsible for determining the intentions that lie behind each utterance and how
these intentions fit into the context formed by the previous utterances; and the
Task Structure, which is a repository for the syntactic and semantic information
needed to build the corresponding logical form of the utterance [12]. In Sect. 3 it
will be presented an example showing how these four structures act and interact
to analyse an user’s utterance.

Fig. 1. System’s general architecture

Although Grosz and Sidner have already defined the structures that would
be necessary for dialogue processing [2], they have only modeled part of the At-
tentional and Intentional Structures. The Attentional Structure modeling deals
only with the global focus of the dialogue, which is the set of the entities relevant
to the overall discourse [7]. The Intentional Structure was completely modeled
by Lochbaum in her PhD Thesis [11], using Shared Plans Theory, proposed by
Grosz [5],

The work presented here added to the original Attentional Structure pro-
posed by Grosz and Sidner [2] a new element - the Centering Theory [9] - which
deals with the immediate focus, that is the entities with which an individual
utterance is most centrally concerned [7]. Therefore, the Attentional Structure
is not only responsible for the global focus of the dialogue, but also for the
immediate one.

As well as completely modeling the Linguistic Structure for Portuguese, this
work added a fourth structure to the three original ones – the Task Structure –
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which is responsible for keeping all the information necessary for the system to
work at first place, for example the dictionary.

The addition of this structure brought to the system the interesting feature
that, in order to change the scenario completely, it would be only necessary to
change or update this structure, since the interaction between the user and the
system happens through a task oriented dialogue [12].

Finally, the main contribution of this work was to integrate the four struc-
tures – the Linguistic Structure, modeled in this work; the Attentional Structure,
modeled by Grosz and Sidner [2] and augmented in this work; the Task Structure,
created in this work, and the Intentional Structure, modeled by Lochbaum [11]
– into a multiagent system, so that the structures could be seen and evaluated
while working together.

The remaining of this paper is organized as follows. Section 2 describes at
a higher level the behavior of the system’s structures and shows the interaction
among them; Section 3 presents an example showing how the four structures
carry an utterance’s processing; Section 4 shows two dialogues between the user
and the system; and, finally, in Section 5 a conclusion is presented.

2 System’s Description

As already mentioned, the system is composed of four independent but inter-
active main structures: the Linguistic Structure, the Attentional Structure, the
Intentional Structure and the Task Structure. In this section these structures
will be better explained, emphasizing their roles in the dialogue’s processing so
that the system can achieve the desirable results.

2.1 Task Structure

The Task Structure is a repository for the syntactic and semantic information
carried out by the words in the utterance and needed to build the corresponding
logical form of that utterance. So, this structure acts as a system’s database,
providing information to the other three structures [12].

The information is kept in two basic inner structures: the dictionary, which
contains the words the system recognizes, together with syntactic and semantic
information about them; and the recipe book, which contains the recipes – sets of
sub-actions and constraints for an action such that the doing of those sub-actions
under those constraints constitute the doing of the action itself ([8],[11])). All
this information is managed by an agent responsible for answering the requests
made by other structures. These requests, as well as any other communication
among the agents, are made through speech acts.

2.2 Attentional Structure

The main function of the Attentional Structure is to keep track of the focus
of attention of the discourse participants, recording the entities and intentions
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that are more salient in the discourse, as it develops. These factors make this
structure a very important one in a search for a pronoun referent and ellipsis
reconstruction [12].

The Attentional Structure represents two distinct foci in the discourse: the
global focus, which carries the information and intentions relevant to the overall
discourse, and the immediate focus, which deals with the identification of the
entity that an individual utterance is most centrally concerned [4].

The modeling and representation of the global focus in this structure is made
by means of a Focus Space Stack, whose behavior and modeling can be found in
([2], [12]). The immediate focus is modeled using a stack, which keeps track of the
three last utterances in the dialogue. The information kept in the stack is con-
cerned with the entities these three utterances brought to the focus of attention
of the discourse participants. More information about the kind of information
the stack records and how it deals which such information can be found in [12].

The Attentional Structure is passive in the sense that it only reacts to orders
and requests coming from other structures. When it receives a request for the en-
tities currently in focus, it searches in the immediate focus stack and, if a match
is not found, it searches in the Focus Space Stack, returning the entity found
to the requesting structure (in this case, the Linguistic Structure). In fact, that
is the way this structure provides referents for pronouns and for ellipsis recon-
struction. This request may also come from the Intentional Structure, wanting
to know the intention which is currently in focus. So, the Attentional Structure
searches for a match in the Focus Space Stack, returning the intention found to
the requesting structure.

But the Attentional Structure does not deal with requests only; it also re-
ceives information from the Linguistic Structure about new entities that should
be part of the current focus, as well as information from the Intentional Struc-
ture about new intentions carried on by the dialogue’s utterances. In this case,
the Attentional Structure is responsible for updating the information kept in
both stacks to reflect the new information brought to the dialogue.

2.3 Intentional Structure

The Intentional Structure is responsible for the effective “comprehension” and
manipulation of the intentions that lie behind each utterance in the dialogue. As
each utterance is analyzed, the Intentional Structure has to determine the way
it contributes to the overall dialogue purpose ([12], [2], [11]).

The modeling of the Intentional Structure was made by Lochbaum [11], using
Shared Plans Theory developed by Grosz and Sidner [3]. So, the system presented
here uses Lochbaum’s system to implement this structure, with some adaptations
in order to fit the other structures.

Lochbaum’s modeling deals with recipes represented as a graph and, for each
utterance in the dialogue, it determines how this utterance contributes to the
previous ones, according to the model presented by Grosz and Sidner in [2]. For
more details on Lochbaum’s work see ([10], [11]).
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When the Intentional Structure receives the currently focused intention, it
asks the Task Structure to send a recipe for this intention and, then, tries to fit
the user’s utterance into this recipe, determining how this utterance contributes
to the intention currently in focus.

After determining the role the user’s utterance has in the previous discourse,
the Intentional Structure sends this new scenario back to the Attentional Struc-
ture, so that it can make the proper arrangements to reflect it, and, then, the
Intentional Structure gives the user an appropriate feedback, either executing
some action, or sending to the user a natural language message, according to the
actions not yet executed in the recipe it has for the currently focused intention.

So, when the system executes an action, it is actually executing the sub-
actions that compose that action, in a pre-established order. If the executed
action is a sub-action of some other action’s recipe, when the system executes
this sub-action, it verifies, also, whether the action which the sub-action is part
of was completely executed, or if there are still sub-actions to be executed.

This verification is crucial for determining the next utterance’s role in the
dialogue context, because if there are still sub-actions to be executed, the next
utterances in the dialogue must be concerned with this subject; otherwise, the
dialogue would not have satisfied all intentions that it conveys.

2.4 Linguistic Structure

The Linguistic Structure is responsible for generating the corresponding logical
form of the utterance.

When the user types an utterance, the Linguistic Structure consults the Task
Structure to obtain the syntactic category and the semantic meaning of every
word in the utterance. It may obtain various possible meanings for the utterance,
depending on the ambiguity of the words.

After that, the Linguistic Structure chooses one of the different meanings
which were generated and searches for possible occurrences of pronouns and
ellipsis (the way it chooses among the possible meanings and the searching al-
gorithm are beyond the scope of this paper, and are fully described in [12]).

When the Linguistic Structure finds a pronoun or an ellipsis, it asks the
Attentional Structure for entities that could serve as referents and, after receiving
these referents, it completes the generation of the logical form of the utterance.

Therefore, the Linguistic Structure is responsible for doing the parsing, which
happens through the interaction among the agents that compose this structure.

Before sending the utterance’s logical form to the Intentional Structure, the
Linguistic Structure sends to the Attentional Structure the entities that were
more salient in the utterance, either because they were explicitly mentioned,
or because they were implicitly referred to (as, for example, when an ellipsis is
found), so that the Attentional Structure can update its internal representation
of the discourse’s focus of attention.
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3 A Simple Example

The system’s general architecture is shown in Fig. 2. In order to “understand”
an user’s utterance, the system does as follows. Suppose the utterance is “Was
it opened at anytime at all?”.

Fig. 2. System’s general architecture

The utterance is read by the Linguistic Structure (1) which, then, tries to
build the logical form of that utterance, solving the pronoun references and
detecting and reconstructing the elliptical phrases. In the example, the Linguistic
Structure identifies that the type of request made by the user is a question and,
then, in (2) it asks the Task Structure for the syntactic category and the semantic
representation of every word in “Was it opened at anytime at all?”

When the Task Structure finds an answer, it sends it back to the Linguistic
Structure. If it cannot find a representation of some word in the database, it
sends an error message to the Linguistic Structure, which in turn transmits it to
the user (11). It is worth noticing that the words that compose the utterance are
ambiguous. For instance, “opened” could be either a verb or an adjective. Both
meanings and the syntactic classification for “opened” are sent to the Linguistic
Structure.

Having the syntactic classification for every word in the utterance, the Lin-
guistic Structure detects a pronoun, “it”, and contacts the Attentional Structure
(3) to solve the reference. The Attentional Structure, with the help of the Task
Structure (4), finds a referent (“back door”) and sends it back to the Linguis-
tic Structure. If such a referent was not found, the Attentional Structure would
send an error message to the Linguistic Structure, which, in turn, would send
an error message to the user (11). At the moment the system is only capable of
dealing with simple elliptical nouns and with a subset of the pronouns found in
Portuguese.

Now, since the Linguistic Structure has all the elements needed to build the
utterance’s logical form, it does it. If a logical form could not be built, possibly
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because the syntactic structure of the utterance was not accepted by the system,
the Linguistic Structure would send the user an error message. In the example,
the Linguistic Structure understands the utterance as meaning “the user wants
to know whether or not the entity ‘back door’ was opened at the time ‘anytime’ ”.

After the logical form of the user’s utterance has been built, the Linguis-
tic Structure sends the entities that were more salient in the utterance to the
Attentional Structure (5) (in this case, “back door”), which updates its inter-
nal structures to reflect the addition of this entity to the current focus of the
dialogue. Then, the Linguistic Structure sends the logical form of the user’s
utterance to the Intentional Structure (6).

The Intentional Structure, in turn, tries to situate the logical form in the
overall discourse context. To do so, it consults the Attentional Structure to find
out which intention is currently in focus (7). When it receives this intention, it
asks the Task Structure for a recipe for that intention (8), so that the Intentional
Structure can determine how the user’s utterance contributes to the intention
that is currently in focus. Having the recipe for the intention currently in focus
(9), the Intentional Structure tries to fit the user’s intention, that is “the user
wants to know whether or not the entity ‘back door’ was opened at the time
‘anytime’ ”, in that recipe and, then, tries to execute it.

Depending on the action currently in focus, the execution of this recipe can
either lead to the execution of some action or to send the user a reply. The an-
swers produced by the system are actually actions or utterances to communicate
some information, and are part of the intention’s recipe.

So, for instance, if the system’s intention is to communicate the user some
fact, in the intention’s recipe there will be an act for the system to perform
such as “write X on the screen”, where X is the information the system needs
to present to the user in the form of a predefined natural language sentence.

Therefore, the system is incapable of generating sentences containing pro-
nouns and ellipsis and, when it does use them, it is because the recipe for the
information the system wants to convey has a pre-built natural language sentence
that contains a pronoun or an ellipsis.

In the given example, the recipe tells the Intentional Structure to search a
database for all the entries matching the entity “back door” and to show the
user the entities found, or to reply “no” if none were found.

Since there is such an entity in the database, the system executes the action,
giving the user an appropriated answer (10).

4 Sample Dialogues

In order to test the system described here, two dialogues were generated (Figs.
3 and 4). These dialogues show some interesting features about the system. It is
worth mentioning that the dialogues were generated in Portuguese. Figs. 3 and
4 actually show English translations of those dialogues; so, there can be some
differences in the dialogue’s processing.
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(1) User – What happened after 14:00?
(2) System – The back door was opened at 14:30.
(3) User – Show it.
(4) System – <action>
(5) User – Show me the front door now.
(6) System – <action>
(7) User – Was it opened at anytime at all?
(8) System – No.
(9) User – OK. Go on.
(10) System – At 15:00 the back window was opened

Fig. 3. First dialogue between the user and the system.

(1) User – Show me the door.
(2) System – Which one?
(3) User – The frontal one.
(4) System – I can’t. The camera is off. You’ll have to turn it on.
(5) User – How?
(6) System – Go to the main room, the camera is on the table. Push

the “on” button.
(7) User – Done.
(8) System – <action>

Fig. 4. Second dialogue between the user and the system.

The first dialogue (Fig. 3) is very simple and shows a single basic intention
(the user asking about the facts that happened after 2 o’clock) and interrup-
tions made by the user to obtain extra information about the focus of attention
(utterance 3) or to change the focus (utterance 5). After the user has satisfied
his/her curiosity, he/she asks the system to go on in the interrupted segment
(utterance 9), which the system does immediately (utterance 10).

The second dialogue (Fig. 4) shows what happens when something goes
wrong. In the first utterance, the user asks the system to show him/her a door.
The system, then, tries to identify the object “door”. As it finds more than one
object that could fit that entity, the system asks the user to identify the object
among the ones it already knows (utterance 2).

After the object has been identified, the system detects a hardware prob-
lem that it cannot solve. So, the system transmits this information to the user
(utterance 4).

The user, then, asks the system for a recipe on how to solve the problem
(utterance 5), which the system gives in utterance 6. After solving the problem,
the user communicates that fact to the system (utterance 7), so that the system
can execute the user’s order.
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5 Conclusion and Future Work

This work showed a multiagent natural language processing system whose objec-
tive was to verify the practical use of Grosz and Sidner’s Discourse Theory [2],
and the Shared Plans modeling for the Intentional Structure made by Lochbaum
[11], verifying the integration and interaction among these structures.

It is argued that the Attentional Structure, as described in [2], proved to
be insufficient for carrying discourse processing since it only deals with global
focus. Therefore, Centering Theory [9] was added to the Attentional Structure
so that it could supply the system’s need for some mechanism to deal with the
immediate focus.

Besides, as an extension to Grosz and Sidner work, it was introduced a fourth
structure – the Task Structure – which is claimed to bring to the system some
flexibility since, in order to change the system’s scenario, it would only be nec-
essary to change or update this structure. Also, a Linguistic Structure for Por-
tuguese language was developed and implemented.

The dialogues in Sect. 4 give an example of the system’s behavior. Particu-
larly, the results obtained with pronoun reference resolution and ellipsis recon-
struction were very promising.

Another interesting feature of the system is that it was devised and imple-
mented under a multiagents point of view. Following Lochbaum’s [11] and Grosz
and Sidner’s [3] ideas, the system as a whole is considered an agent, being the user
the other one. The system, in turn, is composed of smaller agents, responsible for
the system’s correct functioning. So, each structure is composed of other agents
that are responsible for performing a subset of the actions that the structure as a
whole needs to perform, allowing each structure’s tasks to be distributed among
its composing agents. Such a view has simplified the planning task as well as the
system’s design enormously. For example, parsing is done as a consequence of
the interaction among some agents in the Linguistic Structure. The parser itself
does not physically exist in the system, although its functionalities still remain.

As future research, the Linguistic Structure must be improved, so that it can
deal with other difficult linguistic phenomena. At the moment, ellipsis recon-
struction is very simple; the system can only deal with simple elliptical nouns.
Also, pronoun resolution must be improved so that the system can deal with
cataphora resolution.

An automatic generator must be designed and implemented in order for the
system to communicate with the user in a more natural way. Also, the system
must be augmented so that it can recognize cue phrases in the dialogue.

Finally, the system must be tested in different scenarios, in order to better
evaluate the claimed flexibility of the Task Structure.
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Abstract. This paper shows an application of four neural networks
architectures for the automatic adaptation of the voice interface to a
robotic system. These architectures are flexible enough to allow a non-
specialist user to train the interface to recognize the syntax of new com-
mands to the teleoperated environment. The system has been tested in
a real experimental robotic system applied to perform simple assembly
tasks, and the experiments have shown that the networks are robust and
efficient for the trained tasks.

1 Introduction

Learning of natural language can be divided in two different tasks: (1) learn-
ing of the syntax and (2) learning of the semantics. In the case of learning the
syntax, the objective is to extract a set of grammatical rules, starting from a
sequence of examples of sentences grammatically correct (and possibly of sen-
tences grammatically incorrect). In the case of the semantics, the objective is
to obtain an association between the emitted commands and the corresponding
internal representation of those commands (intermediate language to a robot in
the experiments presented in this paper).

The automatic learning of the syntax, also known as grammatical inference,
has been studied from the theoretical point of view in numerous works [1], [2].
There exists two sets of learning techniques: symbolic and connectionist. The
symbolic techniques try to obtain the grammatical rules directly from each learn-
ing example, while the connectionist technique obtains the grammar’s model as
a neural network. Most works that learn the semantics try to learn the meanings
of new words from examples, in the symbolic paradigm [3], but some authors
have also developed neural networks solutions [4]. In this paper, we show how
neural networks architectures can be used to adapt the grammar of a natural
language interface to a robotic system.

2 The System

As in all teleoperated robotic applications, the experimental system considered
here consist of a remote environment, as well as a local environment that control
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Fig. 1. Teleoperated system used for the experiments on natural language.

and supervise the remote environment. The devices that interact with the task
have been located in the remote area (figure 1). The elements of the remote
environment are the following: A robotic arm (Mitsubishi PA-10) of 7 degrees of
freedom, that executes the commands emitted by the operator; a computer that
acts as the robot controller; a computer for image processing; wide range area
cameras; and a camera located at the end of the robotic arm, to obtain more
precise visual information in the manipulation of the objects on the part of the
robot.

In the local environment all the elements such that the operator can interact
to send and to receive the commands to the remote environment can be found.
These elements are the following: graphic computation system, by means of
which the operator knows in real time the state of the task and can control
in a complete way the remote system; a master device; and a computer for
speech recognition that make the speech recognition together with the natural
language processing so that the operator can command the teleoperated system
using voice commands [5].

2.1 Formal Grammars and Grammatical Inference

We give in this section a short introduction to formal grammars, grammatical
inference and natural language. For a more detailed description we recommend,
for example, [6]. A grammar G is a four-tuple (N, T, P, S) where N and P are sets
of terminals and nonterminals symbols comprising the alphabet of the grammar,
P is a set of production rules, and S is the start symbol of the grammar. The
language L(G) associated to this grammar is the set of strings of the terminal
symbols that the grammar recognizes. We define grammatical inference as the
procedures that can be used to obtain the production rules of an unknown gram-
mar G (the syntax) based on a finite set of strings of L(G) (and possibly also a
finite subset of the complement of L(G)). In this paper we apply grammatical
inference using neural networks in order to learn the syntax of new commands
in a natural language interface to a teleoperated robot.
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Natural language processing has traditionally been handled using symbolic
methods and recursive processes. The most used of these symbolic methods are
based on finite-state descriptions such as n-grams or hidden Markov models.
However, finite-state models cannot represent hierarchical structures as found in
natural language commands to a robot. Recurrent and feedforward neural net-
works have been used for several small natural language problems [7], [8]. Also,
in speech recognition some neural network models have been used to account
for a variety of phenomena in phonology, morphology and role assignment [8],
[9]. The main motivation for the work presented in this paper was the fact that
a natural interface to a robot needs to be flexible enough to allow the users to
adapt the underlying system grammar.

Some authors have addressed the problem of induction of simple grammars -
e.g. [10] - and there has been some interest in learning more than regular gram-
mars with recurrent neural networks, such as recursive auto-associative memories
(RAAMs) [11] or recurrent neural networks tied to external trainable stacks [12].
In all these works the grammars learned were not large, while other authors such
as [13] tried to learn considerably more complex grammars. However, in the last
case the obtained grammars where not intuitively interpretable from a logical
point of view. In the practical applications presented in this paper, the phrases
to be analyzed are not too large so we expected that a connectionist architec-
ture can learn the syntax of new commands not included initially in the designed
interface.

In the next sections the results obtained in the training of two categories
of recurrent neural architectures for grammatical inference in the robotic appli-
cation will be described. Section 3 describes the first category of experiments,
performed using simple recurrent networks. In the second category of experi-
ments, described in section 4, a combination of recurrent nets will be used in
order to obtain a “neural” interpretation of the presented command.

3 Simple Recurrent Networks

This section describes the application of three recurrent neural network architec-
tures : (1) totally connected recurrent network [14]; (2) Elman recurrent network
[15]; and (3) Back-Tsoi network [16].

3.1 Network Architectures

Totally Connected Network. The architecture of this network consists of
three layers, shown in Figure 2 (left): One input layer in which the code of the
input sentence is introduced; one hidden layer that represents the internal state
of the network; and one output layer where the network stores the result, which
is the feedback toward the nodes in the hidden layer. The output of node k in
the output layer is given by the following expression:

yk = f

(
Nl−1∑
y=0

wkihi

)
(1)
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Fig. 2. Totally connected and Elman networks.

where f is a sigmoid function, Nl is the number of nodes of the hidden layer, wki

is the weight of the connection between the node i of the hidden layer and the
node k in the output layer, and hi is the activation of the node i of the hidden
layer which in turn is computed according to the following expression:

hk = f

(
Ne−1∑
i=0

wkiei +
Ns−1∑
i=0

vkisi

)
(2)

where ei is the input corresponding to node i in the input layer, si is the activa-
tion of node i in the output layer, wki is the value of the connection between the
node i in the input layer to the node k in the hidden layer, and vki is the value
of the connection between node i in the output layer to node k in the hidden
layer.

Elman Recurrent Network. The second network architecture considered for
the learning of the syntax is an Elman recurrent network, also known as simple
recurrent net (SRN) [15]. This network has feedback from each node in the
hidden layer toward all the nodes of the same layer. In Figure 2 an scheme of
this architecture is shown.

The dynamics of this net is given by the following expression:

sk = f

(
D∑

l=1

wklel +
H∑

l=0

vklsl(t − 1)

)
(3)

where sk is the activation of the node k in the hidden layer, vkl is the value
of the connection between the node l of the input layer and the node k in the
hidden layer, vkl is the value of the recursive connection between the node 4 of
the hidden layer and the node k of the hidden layer, and sl(t − 1) is the value
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of the node l of the hidden layer at the previous discrete time step. Starting
from sk at time t, the output of the net is obtained according to the following
expression:

yp = f

(
H∑

l=0

v
(2)
lp sl(t)

)
(4)

where vlp is the value of the connection between the node l of the hidden layer
and the node p of the output layer, and sp(t) is the value of the node p of the
hidden layer at the current time step t. The error measure used is the quadratic
error, given by the expression

E(t1, t2) =
t=t2∑
t=t1

E(t) =
t=t2∑
t=t1

1
2

M∑
p=1

(dp(t) − yp(t))
2 (5)

Back-Tsoi Network. The third architecture used in the experiments is the FIR
net of Back-Tsoi [16] (FIR, Finite-duration Impulse Response). The basic idea
of this architecture is the inclusion of a FIR and a gain term in each synapsis.
The net has L processing layers, excluding the input layer, without feedback. In
the layer l there exists Nl nodes. The output of the node k in layer l at the time
step t, k = 1, 2, · · · , Nl, l = 0, 1, · · · , L, is given by the following expression:

yl
k(t) = f

(
xl

k(t)
)

(6)

where f is a sigmoid function, computed according to the expression:

xl
k(t) =

Nl−1∑
i=0

cl
ki(t)

Nb∑
j=0

wl
kij(t)y

l−1
i (t − j) (7)

3.2 Training and Experiments

The experiments with these three architectures used sets of 124 training com-
mands, positives and negatives. All these commands have been or imperative
sentences or declarative sentences describing situations of the robot’s environ-
ment. The training commands are shown to each one of the nets one to one,
applying the two learning algorithms that are described next for each time of
training. The learning is considered successful when one of the following condi-
tions is completed:

1. The quadratic error is less than an established value.
2. A maximum number of steps is reached, considering in this case that the

net has failed in the learning of the grammar corresponding to the training
samples.

The number of units in the output layer of each net was set to 2. One of these
two units is called the acceptance unit, while the other one is called the rejection
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unit. The network is trained in such a way that the desired value of the output
units for a grammatically correct sentence (a positive example) is a value close
to 1 in the case of the acceptance unit and a value close to 0 in the case of the
rejection unit.

For the input to each net pattern, the data are encoded in a window of
fixed size constituted by segments included in c possible clusters, where c is
the number of different grammatical categories (noun, verb, adverb, etc.). The
training samples are labelled using thesse categories. For the training of the nets
two types of algorithms have been used: Backpropagation through time (BPTT)
[18] for the recurrent nets and the classic backpropagation for the non-recurrent
network.

The results obtained for these three networkss are described next. In Table
1 the rates of correct recognition cases are shown on the group of commands
used for training the networks, and in Table 2 the same rates are shown for
commands not presented in the training samples. The experiments corresponding
to Table 2 have been carried out generating 500 commands syntactically correct
or incorrect. The maximum number of iterations in the learning algorithms has
been set to 3500 in all the cases.

Table 1. Successful rates for training commands

Large input window Small input window

Totally connected network 90 95
Elman network 100 100
BT FIR network 100 70

Table 2. Sucessful rates for generalization commands

Large input window Small input window

Totally connected network 50 60
Elman network 70 85
BT FIR network 65 55

The results have been obtained for a window size of 2 words in the case of
the small window, and a size of 8 words for the case of the large window. In
all the cases 10 nodes have been used in the hidden layer. What is interesting
in these experiments is that for the natural language processing task in the
robot’s teleoperation is feasible the use of one of these three nets to extract
new grammatical rules which are added to the rules initially considered in the
teleoperation interface. This property is very useful to make the interface easily
adaptive for the operator.
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4 Compound Recurrent Network

Another possibility of using recurrent neural nets for grammatical learning con-
sists on applying the capacity that these systems have to learn distributed codes
of input sequences. Some authors called this approach of obtaining an internal
“neural” code of a data structure holistic computation [1].

4.1 Network Architecture

The general idea of the use of autoassociative nets for syntactic analysis is sum-
marized in Figure 3. Connectionist or neural representations are obtained for the
input sentence and for its syntactic tree. The analysis is then made by a corre-
spondence between the representation of the sentence with the representation of
its syntactic structure (holistic transformation). The input sentence is encoded

RECURSIVE
ENCODING

HOLISTIC
TRANSFORMATION

RECURSIVE
DECODING

Symbolic
representation

of the input
sentence

Symbolic
representation
of the syntactic

structure

Connectionist
representation of
the input sentencde

Connectionist
representation of the
syntactic structure

Fig. 3. Autoassociative nets for syntactic analysis.

using RAAM networks (Recusive Autoassociative Memories) [17]. The encoder
is, therefore, a recursive function that takes as input a vector of [0, 1]N × [0, 1]K .
The implementation of the encoder is carried out as a simple perceptron:

ri(t) = g


 N∑

j=1

W rr
ij rj(t − 1) +

N∑
j=1

W ru
ik uk(t) + W r

i


 (8)

where W rr
ij are the recursive weights, W ru

ik are the weights connecting the input
and hidden units, W r

i is the bias corresponding to the i-th hidden unit, and g is
a sigmoid function.

The net has, therefore, N + K input units, and N output units. With this
formulation of the encoder, an input sentence i with length Li can be encoded
placing a binary representation of the first terminal symbol in the K first input
units, and a representation of the empty string in the N remaining units. Then,
the encoder produces an internal representation for the first symbol in its N
hidden units. The activations of the hidden units are copied recursively in the
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last N input units, placing the representation of the second terminal symbol
of the sentence in the K first input units. This process is repeated until the
encoder has processed all the terminal symbols of the input sentence, obtaining
a representation for the sentence in the N hidden units of the net. The encoder
of the syntactic tree operates in a similar way.

4.2 Training and Experiments

This architecture has been trained with sentences used in the natural language
interface to the robot. A total number of 80 sentences have been used together
with their corresponding syntactic analysis trees. A random subset of 60 sen-
tences has been chosen for training, while the 20 remaining sentences have been
used to check the generalization capacity. The length of the longest sentence has
been of 15 words, and the more complex tree analysis had 5 levels. The net-
work has been trained using the BPTT algorithm [18] for the encoders, and the
standard backpropagation algorithm the net that performs the transformation
between the representation of the input sentence and the representation of the
syntactic analysis tree. The generalization obtained in the experiments has been
of 100 % in all the cases.

Experiments to show the error recovery capability of the network have also
been made. The types of errors that have been introduced in the sentences for
the recovery capacity experiments are the following:

1. Substitution of a input terminal for another terminal that does not make
sense in the sentence. This substitution simulates the situation in which the
voice recognizer fails to recognize a word in the sentence.

2. Insertion of a new terminal symbol in the sentence. This simulates the in-
clusion of some incorrect sound, emitted by the user, and that the voice
recognizer has recognized as the nearest word to the signal received by the
microphone.

3. Deletion of a terminal symbol of the sentence. The recovery of this error
depends on the importance of the terminal eliminated in the semantics of
the sentence.

With these modifications types on the 60 original training sentences, a test set
of 40 sentences has been obtained for each type of errors. These input sentences
are entered to the network that has been trained. In the experiments a sentence
is considered correctly recovered if the two following conditions are completed:
[1]:

1. The generated tree corresponds to a correct sentence from the syntactic point
of view.

2. The sentence corresponding to the tree doesn’t differ much from the erro-
neous sentence.

The second condition is justified since if a small recognition error had taken
place in the sentence, the analysis tree should not differ much from the analysis
tree corresponding to the original sentence without errors. In the experiments,
the condition 2 is considered satisfied if two (sub)conditions are completed:
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1. The length of the sentence corresponding to the generated tree is correct or
differs in one symbol from the correct sentence.

2. The maximum number of terminal symbols with errors is 2.

The percentages of recovery errors following the previous conditions is shown in
the Table 3. The best generalization results have been obtained for a total of
N = 9 input neurons.

Table 3. Error recovery rates

Substitution Insertion Deletion

91% 71% 76 %

5 Conclusions

The experiments presented in this paper have shown that the use of autoassocia-
tive networks is useful to obtain additional grammatical rules to those that exist
originally in the grammar, with the objective that the voice interface can adapt
its syntactic structure to new environments or new users. This method is not
considered appropriate to obtaining the initial grammar (and, therefore an ini-
tial grammar design is needed). The experiments also have shown that sentence
encoding using RAAM networks is a quite robust technique for the experienced
task.

In general, the connectionist analyzers can learn the grammatical regularity
that exists in the training sentences in a inductive way. As a consequence, the
application of any explicit analysis algorithm is not assumed. This characteristic
is relevant in natural language phenomena which are difficult to capture with
formal grammars or with transition nets and difficult to analyze with symbolic
algorithms.

The main problem in the applicability of these nets is its lack of scalability to
adapt to complex problems. In spite of this important disadvantage, these tech-
niques are still very useful in the adaptation of the grammars initially designed
in the system. Also, in the teleoperation application, the problem of scalability
lack is more limited because the natural language expressions (commands to the
robot) are not too long.

Acknowledgements. This work has been supported by the Spanish Govern-
ment inside the Plan Nacional de Investigacion Cientifica, Desarrollo e Innova-
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Abstract. This paper presents a method for comparing a student essay
and the text of a course. We first show that the comparison of complex
semantic representations is better done with sub-symbolic formalisms
than symbolic ones. Then we present a method which rely on Latent
Semantic Analysis for representing the meaning of texts. We describe
the implementation of an algorithm for partitionning the student essay
into coherent segments before comparing it with the text of a course. We
show that this pre-processing enhances the semantic comparison. An ex-
periment was performed on 30 student essays. An interesting correlation
between the teacher grades and our data was found. This method aims
at being included in distance learning environments.

1 Introduction

There is a huge demand nowadays for intelligent systems being able to assess
student texts produced in distance learning environments. Students at a distance
want assessments on the course they just work on. Multiple-choice questions can
be found in most of the existing learning environments but their design is very
time-consuming and they are quite rigid. Free text assessment is much more
precise but require sophisticated AI techniques.

The specificity of the problem is that the student texts need to be assessed
with respect to a domain, corresponding to a course. For instance, a student
text about “the financial crash of 1929” need to be assessed with respect to
a correct representation of that domain in order to detect missing information
or, inversely, parts with too much details. One could imagine to assess student
texts with respect to an ontology or any symbolic description of the domain
but very few domains are represented in such formalisms. Most of the courses
being taught are represented as... texts. Therefore, the challenge is to compare
a text to another text. Since the phrasing will not be the same in both texts,
the comparison need to be performed at the semantic level.

One way to achieve that goal is to automatically transform each text, the
student text and the reference text, into a semantic representation and to com-
pare both representations. The question is: which knowledge representation for-
malisms to rely on? And which comparison method to use?
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After describing various approaches of that problem, we briefly present a
statistical model of semantic knowledge representation, called Latent Semantic
Analysis (LSA). We relied on this model to partition a text into paragraphs. We
then used this segmentation to design a method for assessing a student text. For
each method, we performed an experiment with real student texts.

2 Knowledge Representation

2.1 Symbolic Approaches

Artificial intelligence has produced many expressive languages for representing
the meaning of words. Some of them are symbolic approaches, other can be called
sub-symbolic. All the symbolic formalisms have basically the same structure:
each concept is associated with a node which is linked to other nodes, thus
describing the relations between nodes. Semantic networks [14] are a well-known
example of such formalism. Description logics [2] rely also on this formalism while
being more formal and rigourous. The main advantage of these approaches is that
the representation is explicit: it is possible, even for a non-computer scientist, to
understand the meaning of a node as well as its relations with other nodes. The
drawback, however, is that the main part of the knowledge needs to be coded
(or at least verified) by a human, even if a system can assist that task.

2.2 Latent Semantic Analysis

LSA is more a sub-symbolic approach since the knowledge representation is not
so explicit. LSA represents the knowledge by assigning high-dimensional vectors
to words and pieces of texts. To do so, LSA analyses huge corpus of texts divided
into paragraphs. The underlying idea is that:

– two words are semantically similar if they appear in similar paragraphs;
– two paragraphs are semantically similar if they contain similar words.

This kind of mutual recursion is implemented by a singular value decom-
position algorithm applied to a word-paragraph matrix. This huge matrix is
then reduced to 300 dimensions. The aim of this paper is not to describe this
algorithm which is presented in details elsewhere [3].

Once the whole corpus has been analyzed and all vectors created, it is
straightforward to compare two words or two pieces of texts or a word and a
piece of text at the semantic level. The measure of similarity is just the cosine of
the angle between the corresponding vectors. Therefore, the similarity between
two words or two set of words is a number between -1 (lowest similarity) and
1 (highest similarity). In spite of a lack of syntactical analysis, this measure of
semantic similarity has been proven successful in various experiments [4,5,10].
Basically, if the corpus is big enough, LSA has performances on semantic judge-
ment between pairs of words that compare with human ones. It is worth noting
that the number of dimensions plays an important role. Experiments show that
performances are maximal for dimensions around 300 [4].
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We believe that such a representation of the meaning of words can be used
for representing knowledge, provided that a knowledge source can be represented
by a piece of text, that is a set of words. Therefore, a knowledge source can be
represented by a vector in the high-dimensional space defined by LSA.

2.3 Comparison of Both Approaches

As we mentioned above, symbolic approaches of knowledge representation have
the great advantage of being explicit. Therefore, various reasoning methods can
rely on these representations. However, knowing whether one representation is
semantically similar to another one is not obvious because this formalism is
not intended for comparison but rather for description. Therefore, most of the
methods used for comparing representations are based on surface features : num-
ber of common nodes, subsumption relations, etc. This is often the case in the
field of machine learning or case-based reasoning. The representation is rich but
the comparison is poor. In the other way, LSA representations are not suited
for drawing inferences since they are not explicit. However, they are better at
making semantic comparisons between entities. In other words, the symbolic
approach make absolute representations while LSA provides relative represen-
tations. Our goal being to compare representations and not drawing inferences,
LSA seemed to us an interesting model of knowledge representation.

Another advantage of LSA is that any new text can be given quickly a new
representation, provided that the words are part of the initial corpus with a
sufficient frequency. This is not exactly the case with symbolic representations:
building a representation from a novel text might be difficult.

LSA is a fully automatic method: there is no need to code knowledge by hand.
As we will show, our system can therefore be used in any domain, provided that
there exists texts describing that domain.

3 Assessing a Student Essay with LSA

Assessing a student essay with LSA implies that a high-dimensional space is
computed from a text describing the domain. Usually, this text is a course.
Additionnal texts in the same domain might be required to ensure the accurracy.
Each word of the domain will then be represented by a vector.

Several environments rely on LSA to assess a student essay. The essay is
usually represented as a 300-dimensions vector. It is compared with other vectors
representing several reference texts or parts of reference texts. The feedback to
the student is usually composed of (1) a global assessment score; (2) an indication
of the topic that are (or not) well covered by the essay;

Intelligent Essay Assessor (IEA) [7,8] is a system which is based on reference
texts that are pre-graded essays. Two kinds of assessments are proposed:

– an holistic score corresponding to the score of the closest pre-graded essay;
– a gold standard score which relies on an expert essay.
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An experiment with 188 student essays led to a correlation of 0.80 between
IEA grades and human grades. However, this system provides no advice on the
student essay, which is important for the student to improve the text.

Apex [11] performs a semantic comparison between the essay and the parts of
the course previously marked as relevant by the teacher. The whole student essay
is successively compared with each of these parts. For instance, if the student has
to write a text from the question “What were the consequences of the financial
crash of 1929?”, the essay will be compared with the following sections of the
course: The political consequences, Unemployment and poverty, The economical
effects, etc. An experiment with 31 student essays in the domain of Sociology of
Education led to a correlation of 0.51 between Apex grades and teacher grades.

Select-a-Kibitzer [15] automatically assesses a student essay and provides
feedback on the text. The system is not intended to assess whether the student
knows a domain, like in the previous approach. Its goal is rather to assess the task
of text composition. Therefore, students are required to write a text on a topic
like: “if you could change something about school, what would you change?”.
Select-A-Kibitzer is based on reference texts that are prototypical sentences of
what students usually say about school (food, teachers, school hours, etc.).

Despite interesting correlations with human scoring, these approaches suffer
from not taking into account the semantic structure of the essay. Two essays
that would have the same sentences but organized differently would get the
exact same score. This is not acceptable since it is known that the way the essay
is structured is an important predictor of the student comprehension of the
domain. Moreover, relying on the essay structure would enhance the feedback to
the student by providing a more precise assessment. In particular, the student
would be advised if one part of the essay seems to cover several topics.

The goal is therefore to go from a n-to-1 comparison to a n-to-m comparison
(cf. Fig 1). We need to segment the essay into coherent parts. One way would
be to identify each carriage return indicating the end of a paragraph. However,
this approach is not fully reliable since students do not usually segment properly
their essays, especially if they have trouble to organize what they know about
the domain. Therefore, we need to segment student paragraphs from the content.

4 Partitioning a Text

4.1 Related Work

Several methods were designed for partitioning texts into coherent units. A first
set of approaches is based on the identification of term repetitions. The idea is
that there is a lexical cohesion within a unit. A new unit implies the use of new
words. Therefore, term repetition should be an indicator of the lexical cohesion.
Hearst [9] implemented such an algorithm and found interesting correlations with
human judgements. Reynar [12] relied on a dotplotting algorithm for detecting
lexical cohesion. Beefmann [1] also worked at the lexical level but implemented a
feature selection algorithm, a method often used in machine learning, to detect
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Fig. 1. Two ways of comparing a course and a student essay.

topic boundaries. Salton and Allan [13] relied on a statistical method for rep-
resenting the similarities and the relations between paragraphs on a map. This
technique allows the visualization of groups of similar paragraphs.

All of these approaches suffer from not being explicit. In particular, it is hard
to explain to the student why topic breaks have been defined at positions X or
Y. Moreover, these methods do not really work at the semantic level, which is
what is required for student texts.

Another method was proposed by Foltz et al. [6]. It is based on the semantic
comparison of adjacent sentences. The idea is that segment boundaries can be
defined each time a low similarity is found between adjacent sentences since it
should be an indication of a topic shift. Foltz et al. realized an experiment from
a psychology textbook to determine whether LSA can detect automatically the
ends of chapters. They found that LSA identified half of the ends of chapters.

4.2 Our Method

This last method was applied to textbooks but we did not know whether it would
work for student essays. So, we decided to implement and test this method. A
high-dimensional space was then computed by LSA from the text of the course.

The first step to partition a text is therefore to make a comparison between all
pairs of adjacent sentences. Each sentence needs to be represented by a vector. It
is worth noting that this vector does not exist beforehand since the sentence did
not usually appear in the corpus. LSA computes a new vector for each sentence
by just adding the vectors of each word of the sentence. Given the vectors of two
sentences, it is therefore possible to compute a semantic similarity between them.
This measure returns a coefficient of similarity between -1 and 1. At the end,
we have a sequence of coefficients that we use in a second step to identify local
minima. Instead of just looking for a low coefficient, we compare each sequence
of 3 consecutive coefficients to determine whether the second is lower than the
previous and the next ones. A local minimum is an indication of a topic shift in
the text. To test this method, we realized an experiment.



Semantic Comparison of Texts for Learning Environments 729

4.3 Experiment 1

The goal of this experiment is to compare the topic breaks found by our method
with those defined by the students by means of the paragraph structure.

Procedure. This first experiment is not concerned with comparing student
essays with the course. Inputs are just student essays. However, we need to
process the text of the course for computing the high-dimensional semantic space.
We submitted LSA with 30 student essays in the same domain in which all
paragraph ends were deleted.

Results. The goal of this test was to determine how LSA would partition a
text. Although we know that the way students segment essays into paragraphs
is far from being optimal, we decided to compare both information sources. We
wanted to know whether LSA would find the same breaks as the student. The
results concern in particular the number of correct and supplementary cuts. The
percentage of error made by LSA was 60%. This means that LSA made several
breaks that were not in the initial text. The score of correct breaks was thus
40%. We decided to analyse more precisely these results. Information retrieval
researchers make use of several measures to determine the precision of a query:
precision and recall. They are based on the following values, for each essay:

1. REL is the number of breaks determined by the student;
2. RET is the number of breaks determined by LSA;
3. RETREL is the number of correct breaks, which is defined here by the

number of breaks found by both LSA and the student.

Precision corresponds to the number of common breaks in relation to the number
of breaks determined by LSA:

precision =
RETREL

RET

Recall corresponds to the number of common breaks in comparison with the
number of breaks determined by the student:

recall =
RETREL

REL

We found a recall of 41% as well as a precision of 34%. These results bring
us to put several questions that we develop in the following section.

Comments. The goal of this experiment was to determine whether LSA can
retrieve the initial structure of a text. Results indicated that, although they are
far better than random, they do not correspond well with the student breaks. The
main reason is that the student texts were not expert texts: they were written
by people who were in the process of learning a domain. We could not expect
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them to provide ideal text. Since all student texts were real exam essays, it is
also possible that some factors like stress or time pressure might have interfered.

It should be possible to enhance the method by using a local minimum thresh-
old to increase the accurracy of the partitioning. When we compare three consec-
utive coefficients, the difference between two coefficients can be quite small. In
that case, it is probably not a real topic shift. Therefore, another solution would
be to indicate a coefficient of certitude for each paragraph after partitioning a
text. It can be a coefficient indicating the degree of certitude of each paragraph.
More work will be done in that direction in the near future.

5 Comparing Texts

The previous section presented a method for partitioning a text based on the
LSA model. Now, the question is: how to take into account the structure of the
essay that the previous method identified? In other words, how to assess an essay
composed of several paragraphs?

5.1 How to Assess a Student Essay Composed of Several
Paragraphs?

To assess a student essay, we relied on the text of the course. This text con-
tained seven chapters and 56 units in the domain of Sociology of Education.
We also used an exam question concerning 14 units of this course marked as
relevant by the teacher. Contrary to other approaches that we presented above,
the assessment is not realized with pre-graded essays.

The first question is: how to evaluate each unit of course? To do that, we
compared each paragraph of the essay with each unit of the course. So, we
obtained, for each paragraph, several coefficients of semantic similarities between
-1 and 1. In the example described in Figure 2, the first paragraph of the essay
was compared with each one of the 6 relevant units of the course. This first
paragraph was given the following values: 0.02, 0.09, 0.45, 0.08, 0.01, 0.09.

The second question is: how to grade the essays based on these different
coefficients? For each unit, we look for the paragraph which covered it the best.
In the figure, each best similarity coefficient is marked with a circle. For instance,
the unit 1 is best described by the third paragraph. For each paragraph, we have
several possibilities:

– only one unit is covered (paragraph 1 in the example). It means that the
paragraph is probably coherent. Its grade is the semantic similarity provided
by LSA between the paragraph and the course unit (0.45 in the example).
In addition, the student is informed that this paragraph is OK.

– several units were developed in the paragraph (paragraphs 3 et 4 in the
example). This indicate a paragraph which is not very coherent since it covers
several topics. In that case, the grade for that paragraph is the average of
the semantic similarity between the essay and the relevant units (0.31 and
0.19 for paragraphs 3 and 4 of the example). The student is warned that
these paragraphs need to be revised since they cover several topics.
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Fig. 2. Example of comparison between student essay and course

– no units were found (paragraph 2 of the example). It means that the para-
graph does no seem to cover any relevant topic. A message is then provided
to the student for requiring a modification of the paragraph.

The grade of the essay is the average of the grades of its paragraphs. This
measure between -1 and 1 is converted into a letter from A to E.

Concerning the feedback, more information is given to the student concerning
the assessment of the essay :

– the way LSA structured the essay by highlighting the breaks in the text;
– for each of these paragraphs, the course units that seem to have been covered;
– for each of these paragraphs, a grade between A and E;
– a global grade between A and E;
– an indication of the rank of this global grade with respect to the grade of

other students. For instance: “You are in the first 25%”. This measure is
probably more reliable than the absolute global grade. In fact, it is possible
that the absolute global grade does not correspond well with the grades given
by teachers.

These methods were implemented in an interface written in PHP. The LSA
procedures, written in C, were kindly provided by Telcordia Technologies. To test
this method, we realized an experiment only concerned with the global grade.

5.2 Experiment 2

The goal of this experiment was to compare the grades given by our system with
those given earlier by the teacher.

Procedure. We used the text of the course mentioned before, composed of
seven chapters and 56 units and the same exam question, corresponding to 14
units of the course. The same 30 student essays were involved.
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Results and comments. A correlation of 0.62 (p < .001) between the system
grades and the teacher grades was found. This result is coherent with other
researches comparing human and computer grades or even grades produced by
two human judges on literary domains.

We compared this result with a test performed with the Apex system de-
scribed earlier. This test concerned the same exam question and the same stu-
dent essays. A correlation of 0.51 (p < .001) between Apex grades and teacher
grades was found [11]. It means that it was useful to structure the student essay
before computing the similarity with the text of the course.

It is worth noting that we are not interested in the grade per se. It is an
objective value that can be easily compared with human data, but the student
could be much more interested in the overall feedback which indicates the parts of
the essay where the student should work on to enhance the text. In the previous
systems, the student was informed about the topics that were not well covered
but the student did not know where to make the modification in the text. Our
system provides this indication.

6 Conclusion

We presented in this paper a method for partitioning a text into coherent seg-
ments which allows the comparison of a student essay and the text of a course.
This segmentation gives better results than usual approaches in which the stu-
dent essay is considered as a whole. This method has been implemented in a
Web-based environment. Students at a distance can connect to the system and
learn a domain by writing and revising their essay. This method can be used
in any literary domain, provided that there exists texts describing that domain.
Figures, tables or even mathematical formulas are obviously not taken into ac-
count.

We relied on the LSA model to represent the knowledge contained in both the
text of a course and a student essay. Results are in the same vein as those found in
the literature: LSA seems to be an interesting model of semantic representation
of textual knowledge.

Improvements can be done at various levels. First, the method for parti-
tioning the essay and comparing it with the course could be improved by using
thresholds for rejecting low similarities. It would also be interesting to test the
system with different domains and different teachers. An experiment with real
students working on-line would also be very informative, especially for the design
of the interface. One more improvement would consist in asking the student to
validate the segmentation of the essay. The student would agree or not on the
breaks defined by the system. The assessment part would then be based on this
segmentation. The result of this step would possibly be more accurate.

It is worth noting that our goal is not just to provide grades but rather
to help students at a distance to learn a domain by writing and revising free
texts. A grade is a general information which can be useful but it cannot help
the student to revise the essay. For this reason, the other kinds of feedback are
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highly valuable. These feedbacks were possible because of the segmentation of the
essay. This way of learning a domain by writing and revising a text is intended
to be included in Web-based learning environments, which are currently mainly
based on multiple-choice questions, a method which is domain-dependent and,
moreover, quite time-consuming.

Acknowledgments. We would like to thank V. Barré, C. Choquet, A. Corbière,
P. Dessus and P. Tchounikine for their comments on an earlier version of this
paper.
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Abstract. In this paper the underlying knowledge model and architecture of I-
PETER (Intelligent Personalised English Tutoring EnviRonment) are presented.
This system has been designed for the on-line distance learning of English
where too many students restrict the teacher’s possibilities to provide individu-
alised guidance. I-PETER is made up of four domain models that represent lin-
guistic and didactic knowledge: the conceptual framework related to linguistic
levels and knowledge stages, and the educational content and study strategies.
The student model represents the knowledge that the student has learnt, the
study strategies, and his/her profile. A student’s command of English is evalu-
ated by interpreting his/her performance on specific linguistic units in terms of
three related criteria, rather than by a general linguistic competence ranking.
Evaluation consists of a diagnostic task model which assesses student perform-
ance, taking the form of a Bayesian network, and a selection mechanism that
proposes appropriate materials and study strategies.

1 Introduction

As in other educational areas, interactive on-line environments for learning English
enable students to work without having the teacher present. In a distance learning
context they represent an advance over their book-based counterpart, since as well as
their inherently interactive nature, they enable both the teacher to add new content as
the course progresses according to the students’ general needs (e.g., summaries, extra
exercises, and mock exams to help them prepare for the final exam), and the students
to make use of the communication facilities (e.g., e-mail, net-news) to contact the
teacher or peers for help. For reasons like these, courses based upon interactive on-line
environments are being adopted in a wide range of distance learning institutions.

A problem present with all taught courses is that, as the number of students grows,
it becomes progressively harder for the teacher to maintain control of the overall
learning process of the group: follow the progress of individual students, identify their
difficulties, provide help and guidance accordingly, and introduce modifications in the
way in which the material is being studied to adapt to individual needs. Due to the
typically large number of students in on-line distance learning courses (in the case of
the UNED, the various English courses can have between 350 and 15,000 students),
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and the additional communication difficulties (e.g., there is no face-to-face contact or
non-verbal feedback), the teacher becomes more of an administrator, being able to
deal with only a small number of problems that certain students present via e-mail or
telephone calls (not always the ones that really require the help!). A related problem
present in all courses is that they do not take into account the profile, learning goals,
and other features and needs of individual students.

The research presented in this paper has three objectives. Firstly, the structural de-
composition of both the linguistic domain knowledge and student linguistic compe-
tence in such a way as to capture and represent the underlying conceptual content and
student model. This is necessary in order to design an intelligent personalised English
tutoring environment for use in a distance learning context where, as mentioned
above, a very high number of students limits teacher interaction drastically. Secondly,
the analysis of the results of student interactions with the system, in order to encounter
study strategies (considered in terms of conceptual units and materials) which are
particularly effective or ineffective, and that can be used appropriately by the system
to improve student progress and learning. Thirdly, based partly on the previous objec-
tive, the automatic detection (or prediction) of students who are having (or may have)
difficulties with the material in order to help the teacher know who needs help. This
last objective is still work in progress and, as such, is not discussed here.

Throughout the three decades of CALL1 research, different approaches have been
developed, from the earliest vocabulary and grammar trainers to multimedia and Web-
based workbenches that reflect the current interest in communicative intent and func-
tions within Linguistics and eclectic pedagogic frameworks. Combined with these are
research strategies taken from different areas, including Computational Linguistics
(e.g., parsing student input and/or generating natural language), Artificial Intelligence
(e.g., knowledge-based systems, student modeling), Cognitive Psychology, Psycholin-
guistics, Human-Computer Interaction, etc. [2], [9]. While progress has been made in
the area of interactive on-line learning, the authors’ experience is that it is currently
unfeasible to design the perfect tutoring system. It is possible however, to solve a
subset of problems present in a particular educational domain. In this paper a system
called I-PETER2, based to some extent upon the previously mentioned disciplines, is
presented as a proposal for representing and organizing the domain knowledge and
student model necessary for personalized English distance learning.

This paper starts with a description of the different pedagogic parameters that have
been taken into account for the design of I-PETER. Secondly, the linguistic and di-
dactic domain modelling undertaken for this system is presented together with details
of the student model and the tasks of diagnosis and selection. Thirdly, the functionality
of the system and its underlying architecture are briefly presented. Fourthly and fi-
nally, some conclusions are offered together with plans for future work.

                                                          
1 CALL: Computer Assisted Language Learning
2 I-PETER: Intelligent Personalised English Tutoring EnviRonment



736         T. Read et al.

2 The Pedagogic Foundations of I-PETER

The design of I-PETER takes into consideration such pedagogic issues as: the influ-
ence of mother tongue in second language acquisition, the need to treat the tuition of
sublanguages separately, the existence of personal preferences for language learning
vs. acquisition, and the relevance of error analysis. However, there is one particular
pedagogic issue that is crucial for the overall design of this system: student knowledge
modelling.

On-line language courses are typically organised according to an idealised degree
of quasi-native ‘linguistic competence’ that a student must reach at the end of his/her
studies. To achieve this, the ‘mass of knowledge’ that the student needs to command is
typically categorized into stages such as: stage 1… stage n, beginners’, intermediate,
advanced, etc. These classifications reflect attempts to group together students with
roughly the same level of English knowledge, and they are deeply engrained into the
educational system, as well as being a motivational factor for students. However,
while it is relatively easy to organize students into, for example, three, four, or even
ten stages of linguistic knowledge, the reality is that the subset of English known by
students that have been assigned a given stage can vary greatly within the different
linguistic levels (some may have a considerable vocabulary due to extensive reading in
English; others may be fluent in their production for having been immersed in the
speaking community although with a poor knowledge of grammar, etc.). Inevitably,
the potential progress of some students within a given group can be slowed (e.g., there
are some topics that they will not need to practice), while others will fail to fully ac-
quire certain language items due to insufficient underlying knowledge. Furthermore,
the decision to move students up to a higher stage is typically based upon some sort of
average mark made up from the results of test questions which measure a few linguis-
tic skills. This practice inevitably leads to ‘holes’ in the students’ knowledge. In the
authors’ experience, a more useful approach for the classification of student knowl-
edge and progress relates three dimensions, rather than the general notion of ‘degree
of linguistic competence’. These interacting dimensions are defined to be: ‘linguistic
level’, ‘knowledge stage’, and ‘learning phase’, as shown in figure 1.

 Grammatical Lexical Textual Linguistic levels 

Beginners 

Lower- 
intermediate 

Upper- 
intermediate 

Advanced 

K
no

w
le

dg
e 

st
ag

es
 

Mechanical reproduction 

Non-attentive application 
Learning phases 

Fig. 1. Relationship between the three dimensions that make up the problem domain

Firstly, knowledge stage is the term used to classify the students’ linguistic knowl-
edge (as above). The difference lies in the scope of application, because it is applied to
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the narrower fields of discrete linguistic conceptual units, and only from there can it
be generalised to a linguistic level and the student’s general competence. In this sys-
tem the stages are: beginners’, lower intermediate, upper intermediate, and advanced.
The number of stages chosen could have been larger to reflect more subtle divisions,
but such fine granularity is unnecessary in this multidimensional knowledge classifi-
cation.

Secondly, the linguistic level corresponds approximately to the generally accepted
distinction (with some variance) amongst linguists regarding the structural composi-
tion of language. These levels are: lexicon (the level of words, their orthography and
meaning, either in isolation, in locutions, and in the context of other elements), gram-
mar (the level of morphology and syntax at phrasal, clausal and sentential level) and
discourse (the level of text and composition; a supra-sentential level). I-PETER does
not currently consider the oral aspect of the language (phonetics and phonology).
      Thirdly, the learning phase corresponds to the extent to which the knowledge has
been internalised by the student. This knowledge is made up of a set of concepts (e.g.,
verbs, simple sentences; see figure 3), and sub-concepts (e.g., for verbs: conjugation,
internal composition, collocations, complementation), where each sub-concept is in
itself a set of items (e.g., for verbal conjugation: simple present, simple past; see fig-
ure 4), and sub-items (e.g., for simple past: regular and irregular verbs). Conventional
single topic-based exercises are typically used to help the student learn a particular
linguistic item, and its subsequent evaluation, to check that it has been understood
(learnt). However, they can be misleading because mechanical attentive practice of a
particular item does not ensure that it has been really interiorised (acquired), so that
the student is ready to use it correctly (and creatively) in other (non-attentive) contexts
[8]. Furthermore, even though an item appears to have been acquired, it may be the
case that this is a temporal phenomenon, and that it is subsequently forgotten due to
lack of sufficient usage immediately after its acquisition. I-PETER attempts to avoid
the dangers of monitorised practice and short-term memory learning by distinguishing
two learning phases: mechanical reproduction and non-attentive application, and using
multiple topic-based exercises that provide extra practice and ‘secretly’ test previously
learnt items as well as the current item under study.

3 Knowledge Models Used in the System

I-PETER is made up of a set of knowledge models that include domain and student
knowledge, the interactions between which can be seen in figure 2. The domain
model of the problem is made up of two linguistic models (M1 and M2) together with
two didactic models (M3 and M4):

M1: The concepts that make up the knowledge domain for learning English and
their relation to the linguistic levels. In this model, as can be seen in figure 3, the
‘mass of knowledge’ to be learnt has been organized into a set of concepts. These have
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Fig. 2. Interaction of the knowledge models within I-PETER

been established together with their percentage correspondences at each linguistic
level, to reflect the type of knowledge that the student is progressively gaining within
the field of Linguistics as s/he works on a given topic (for example: learning a list of
the irregular verbs is both a vocabulary and grammar task; certain conjunctions are
used both to join clauses [grammar level in this system] and sentences [text level]).
Furthermore, by having concepts linked to the linguistic levels, more precise informa-
tion will be available regarding the knowledge and progress of each student.

M2: The linguistic knowledge that relates each sub-concept to a set of items and
sub-items for each stage at which they are typically taught3. In this system, a concept
represents a general category of linguistic knowledge which, in turn, is made up of
sub-categories of actual study elements or units (items). In figure 4 part of this knowl-
edge model is shown for the concept verb and its sub-concept verb conjugation (in-
cluding mood, tense, aspect, person, and number). The items and sub-items of this
sub-concept are mapped to the four knowledge stages represented in this system. It is
recommended, for example, that a typical advanced student studies such verb tenses as
future perfect continuous and conditional continuous.

M3: The native language sequence model. This model represents instructional
strategies in the form of the set of sequences of conceptual units, materials, and exer-
cises most appropriate depending upon the speaker’s own native language which, in
the authors’ experience, should be a determining factor in syllabus design.
M4: The educational content: theoretical explanations, examples, and exercises for
this domain. Different types of content are stored to offer students a wide range of
learning options and practice depending, among other things, upon previous interac-
tions and results. The content of this model is classified in terms of these criteria to

                                                          
3 This is the general structure of linguistic content found in the majority of language courses

and text books prepared without taking into account native language effects and interferences
or learning preferences and restrictions.
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Fig. 3. Principal concepts for learning               Fig. 4. The linguistic knowledge of this domain
English and their relation to the                          for the sub-concept verb conjugation,
linguistic levels (M1)                                          relating items and sub-items to the

             student’s knowledge stage (part of M2)

enable correct selection and ensure efficient retrieval. The templates used to declare
the structure and content of the didactic material in this system are shown in figure 5.
The material in the knowledge model M4 is made up of two types of elements: firstly,
a set of conceptual units (concepts, sub-concepts, items, and sub-items), together with

Fig. 5. The frame for the content model (M4)
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their theoretical explanations and illustrative examples; and secondly, a set of related
exercises. As can be seen in figure 5, these include information about the types of
units they test, either mechanically or non-attentively. Since open production exercises
(where the student is free to write) are currently beyond the scope of tutoring systems
(due to the inherent intractability of natural language) [5], this system uses three gen-
erally acknowledged types of closed exercises: ‘multiple-choice’, ‘filling in the gaps’,
and ‘modifying the form and/or order of a word or sequence of words’ [7]. The system
is not only capable of interpreting the correct answers but also the erroneous ones. It
distinguishes between three types of error: formal (surface mistakes in the construc-
tion of a word or a larger linguistic unit, including spelling mistakes), semantic (mis-
takes with the meaning of a word or a larger linguistic unit), and usage (mistakes of
adequacy related to communicative context), and establishes a relation between each
of these and the most likely knowledge stage at which they occur.

The student model, the structure of which can be seen in figure 6, stores the in-
formation that pertains to each student, such as his/her preferences and restrictions
(e.g., native language, learning goals) and the knowledge that the student has learnt.
This profile is another determining factor for the selection of the materials within the
didactic model that are most appropriate for him/her. It can be accessed and partially
modified by the student at any time. There is also a log (or record) of the student ac-
tivities and interactions with the system that represents the way in which the different
materials within the system have been studied (e.g., sequence, time, results).

Fig. 6. The frame for the student profile

The diagnostic task model represents how the teacher evaluates the student, and it
is implemented as a Bayesian network [11]. This approach has been selected since it
appears that this probabilistic mechanism, that combines evidence to form an overall
probability, is closest to the way a real teacher heuristically assesses a student [1], [3],
[10] both through correct performance and error identification and analysis.

This network is used to diagnose the presence of holes in the linguistic knowledge
of the student in terms of the degree of membership of a particular knowledge stage
and linguistic level. The domain models M1 and M2 (see figure 2) are implicitly rep-
resented in the structure of the network. As figure 7 shows, for the sub-concept verb

PERSONAL INFORMATION

LOGIN PASSWORD NATIVE LANGUAGE: Romance / Germanic / Slavic

TYPE OF ENGLISH: General / Scientific / Technical / Business / Legal / Formal INITIATIVE: Student / System / Mixed

OBJECTIVE: Fill knowledge gap / Improve knowledge stage / Improve linguistic level / Practise conceptual unit

DEGREE OF THEORETICAL EXPLANATION: Standard / Minimum OTHER PREFERENCES / RESTRICTIONS

KNOWLEDGE STAGE: LINGUISTIC LEVELS: CONCEPTUAL UNITS: LEARNING PHASE:

Beginners’
Lower-intermediate
Upper-intermediate
Advanced

Lexical
Grammatical
Textual

Concept
Sub-concept
Item
Sub-item

Mechanical reproduction
Non-attentive application
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Fig. 7. Bayesian network for the diagnosis of student errors

conjugation4, this network is made up of four distinct types of nodes. The items that
make up the sub-concept are represented as the row of nodes marked as � in the fig-
ure and, as can be seen, influence the nodes marked as � (knowledge stages) and �
(linguistic levels). Furthermore, there is another row of nodes (marked as � in the
figure), which represent the types of errors committed and influence the nodes marked
as �. In this part of the overall network, the node that corresponds to the textual level
is not connected to any of the sub-concept nodes since the concept verb has no direct
relation to it, as reflected in figure 3.

The student profile is created at the beginning of the course by preference selection
together with an optional stage test, based upon the results generated by the diagnostic
task model. Each time the student works in the environment, his/her actions and re-
sults are added to the log, and the diagnostic task model updates the student profile
accordingly. Subsequently, the selection of appropriate material is undertaken in terms
of the information contained in the profile. Firstly, a selection criterion is established
by combining this information with the M3 sequence model. Secondly, a subset of the
most appropriate material is proposed for the student by the application of this crite-
rion to the M4 content model. This selection criterion also takes into account heuristic
information such as the time that has gone past since the student last worked with this
type of material and any other didactic criteria specified by the teacher.

4 System Functionality and Architecture

The main client interface to I-PETER can be seen on the right hand side of figure 8
(marked as �). The student uses this interface to express and review his/her prefer-
ences and restrictions, choose the type of material that s/he wants to study, or simply
inspect the information that the system has about his/her progress (presented visually

                                                          
4 Only the nodes that correspond to the sub-concept verb conjugation are included in this figure

for the sake of legibility. It should be noted that all the concepts represented in figure 3 would
be included in the complete network.
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as a set of points within the cube of figure 1 for each concept, sub-concept, etc., as
selected), a feature aimed at involving and motivating the student [4].

As can be seen in figure 8 (marked as �), the learning process can be undertaken in
three ways: trying to improve or fill holes in existing knowledge stages, improve a
particular knowledge stage or linguistic level, or practice specific items and sub-items,
although it is also possible to let the system take the initiative. In the example in this
figure, once the student selects that s/he wants to practice conditional verbs, the win-
dow shown on the left side of the figure opens, presenting the student with the theo-
retical explanation of the linguistic item together with a set of selected exercises
(marked as � in the figure) that the student can use to test his/her understanding. Once
the student answers a question, by selecting the answer thought to be correct, feedback
can be requested, where the system presents information about the correct answer
together with an explanation for each erroneous case. It should be noted, as an exam-
ple of what has been discussed previously in this paper regarding the learning phases,
that exercise 1 shown in the figure is interpreted by the system as a mechanical repro-
duction test for conditional verbs and also a non-attentive test for simple past verbs,
thereby assessing also how well the student has acquired the latter.

The architecture of the system is presented below5 in figure 9. As can be seen, it
has been developed using a JNLP-based (Java Network Loading Protocol) client-
server model for three reasons. Firstly, to limit potential server load problems given
the large number of students, and to make use of the processing power that is typically
wasted on a standard client PC used as a Web browser platform. Secondly, to permit a
more sophisticated user environment than that which is possible in a standard HTML-
based Web interface (without the use of a Java applet interface, which in itself has
problems – see the third reason). Thirdly and finally, JNLP enables Java applications
to be downloaded (the first time they are used) and run locally from a client computer.
The advantage of JNLP over applets is that, once downloaded to the client, the next
time that the user wants to run the application it is not necessary to download it again,
and if there are any differences between the version on the client machine and the
server, only those parts of the application that have been changed are downloaded,
thereby maintaining the user version up to date.

5 Conclusions and Future Work

In this paper I-PETER has been presented, a proposal for organizing and representing
the knowledge necessary for English distance learning in a personalized tutoring sys-
tem. The traditional division of linguistic knowledge into simple levels has been ex-
tended to distinguish between three learning dimensions: the knowledge stage, the
linguistic level, and the learning phase of the student. The domain knowledge has been

                                                          
5 The sequence Bayesian network is included in the architecture diagram for the sake of com-

pleteness, even though, as noted in the following section, it is still under development and, as
such, not detailed in this paper.
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Fig. 8. Two parts of the user interface of I-PETER

structured into two parts: a linguistic model which relates units of knowledge to lin-
guistic levels and knowledge stages, and a didactic model that contains course materi-
als and a set of appropriate study sequences according to the student’s native language.
The diagnostic task model used here is a Bayesian network, which was selected be-
cause it enables the real-world heuristic evaluation of student ability to be modelled in
an explicit and plausible manner. This work represents an original contribution with
respect to other previous systems [7], since the three dimensional classification model
provides a fine-grained representation of the knowledge levels and needs of a student
beyond the general and vague concept of linguistic competence typically used. The
system uses this diagnostic model to interpret student performance and subsequently
selects and organises the material for him/her.

Fig. 9. The architecture of I-PETER

In the ongoing development of this system, work is being undertaken to explore the
way in which a second Bayesian network could be used to detect particular domain
features, such as effective learning sequences (to be incorporated in M3) and potential
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problems that students might encounter with the system. This work looks promising,
but no conclusions can be drawn yet because more student data is required.
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Abstract. A main issue in collaborative learning is providing support and
monitoring both the individual learners and the group activities. In this sense,
there is a variety of functions that might be accomplished by a collaborative
learning support system. Some examples are: knowledge diagnosis and
evaluation, group and individual feedback, student and group modelling, and so
on. LeCS (Learning from Case Studies) is a collaborative case study system that
provides a set of tools and accomplishes some functions that together support
learners during the development of a case study solution. This paper gives an
overview of LeCS, focusing on the system design and architecture. The LeCS
design is based on our model of supporting the learning from case studies
method in a computer-based environment and in a distance learning context.
The LeCS architecture is agent-based and includes three kinds of agents.

1   Introduction

A main issue in collaborative learning is providing support and monitoring both the
individual learners and the group activities. In this sense, there is a variety of
functions that might be accomplished by a collaborative learning support system.
Some examples are: knowledge diagnosis and evaluation, group and individual
feedback, student and group modelling, and so on. The usual problem in most
Intelligent Tutoring Systems (ITS) of generating appropriate feedback and
determining the contents of this feedback is also present in this kind of systems. This
is specially critical in a distance learning context.

LeCS (Learning from Case Studies) [1] is a collaborative case study system for
distance learning that provides a set of tools and accomplishes some functions that
together support learners during the development of a case study solution. This paper
gives an overview of LeCS, focusing on the system design and architecture. The
design of LeCS is based on our model [1] of supporting the learning from case studies
method in a computer-based environment and in a distance learning context. The
LeCS architecture is agent-based and includes three kinds of agents.
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The paper is organised as follows. In the next section we outline some related
work. In the section thereafter, we present LeCS: first, we give an overview about the
learning from case studies method and a methodology to develop the case study
solution; then, we describe LeCS and its graphical user interface with the student;
next, the LeCS architecture and functions accomplished by each kind of agent are
detailed. Finally, we present the conclusions and directions for future work.

2   Related Work

The work presented in this paper introduces the case study element, which is
particularly novel in ITS research. Learning from case studies is well established as
an educational method in the traditional classroom [2]. However, the characteristics of
case studies activities have led to their relative neglect in the ITS and Artificial
Intelligence in Education areas. On the other hand, this work shares characteristics
with other approaches used in these areas: agent-based ITS (e.g., [3]), work on
collaboration (e.g., [4]), and work on supporting the problem solving process at a
distance (e.g., [5]).

Particularly concerning collaborative and intelligent distance learning, LeCS has
features that are quite similar to COLER’s [6, 7]. COLER is a web-based
collaborative learning environment in the domain of database design that uses the
Entity-Relationship modelling formalism. Like LeCS, it focuses on both individual
and collaborative learning, and on an agreement by the group on a joint solution for a
collaborative task, it monitors the students’ participation and encourages them to
discuss their differences, and it generates advice to the students concerning issues
such as group participation, group discussion, feedback, and reflection.

Furthermore, LeCS also shares similarities with systems that use pedagogical
agents. In particular we may cite TEATRIX [8], which is a learning environment
designed to help children, and their teachers, in the process of collaborative story
creation. In TEATRIX the characters represented does not play the role of a tutor or a
learning companion but rather they are actors in a play. Likewise, in LeCS the
character represented plays the role of the case instructor.

3   LeCS: Learning from Case Studies

3.1   The Learning from Case Studies Method

Learning from case studies [2] is typically used in the business schools to train the
students in disciplines that contain open-ended problems. Such kind of problems
usually present complex, realistic situations, and demand cognitive flexibility to cope
with them. The case method is used when the situated nature of cognition in the
learning process and/or learning in ill-structured domains is required [9].
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The case method has been widely used for years in a variety of disciplines, e.g.,
law, engineering, business, and management. The common characteristic between
such disciplines is that they introduce the kinds of problem that no analytical
technique or approach is suitable to solve, with no „correct“ or clear-cut solution.

A central issue in the case method is the case discussion. It is so important that the
case method is often referred to as the process of teaching by holding discussions, as
opposed to lectures or labs. The case discussion process is described as fluid and
collaborative and is intrinsically related to the instructor’s role in the case method.
The case study text will basically furnish raw material for the case discussion.

The case instructor role - different from the teacher in the traditional classroom - is
to lead the process by which the individual students and the group explore the
complexity of a case study and develop the case solution. He or she maximises the
opportunities for learning by asking the appropriate questions during the discussion,
rather than having a substantive knowledge of the field or case problem.

The case method application in the traditional classroom consists roughly of
presenting a case study that introduces a problem situation to a group of learners who
are supposed to discuss the case and find a solution to it.

The Seven Steps approach [10] is a methodology used to carry out the case
solution development. It proposes that the case study solution be developed step-by-
step. Thus, it guides the case solution development splitting it into parts. Each step of
the approach has its own goal and suggests an activity to be carried out by the learners
in order to achieve such goal. The steps, goals, and related activities are listed below:
� Step 1. Understanding the situation: to relate important information.
� Step 2. Diagnosing problem areas: to list problems.
� Step 3. Generating alternative solutions: to list solutions.
� Step 4. Predicting outcomes: to list outcomes.
� Step 5. Evaluating alternatives: to list pros and cons.
� Step 6. Rounding out the analysis: to choose.
� Step 7. Communicating the results: to present the case solution.

3.2   LeCS Description

LeCS provides a set of tools and accomplishes some functions that together support
the learners during the development of the case solution. The tools are a browser, a
chat, a text editor, and a representational tool. The support LeCS provides consists of
representing the solution path taken by the learners and making interventions
concerning the following aspects of the case solution development:
� the time that the learners spend on each step of the Seven Steps approach [10];
� the learners’ degree of participation in the case discussion;
� the misunderstandings that the learners might have about the case study, and
� the coordination of the group work.

LeCS was implemented in the Delphi language and has a client-server architecture.
The server hosts sessions and the client interacts with sessions. A session is associated
with a group of students working collaboratively on the solution of a case study. The
clients run on the students’ machines. The server can run on one of the student’s
machine or alternatively on a different machine.
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Graphical User Interface: Student. The LeCS graphical user interface with the
student displays the following components shown in Fig. 1: a pull down menu, a
participants list, a browser, a solution graphical representation, a text editor, a chat,
and a system intervention area.

The pull-down menu includes among others: (1) a case studies library containing
the set of case studies available; and (2) the forms, where the learners fill out the
agreed group answer to each step question. There is a form to each step. The forms
are numbered and each entry corresponds to a component sentence of the step answer.

The participants list shows all the group participants that are working on a case
study. The participants who are on-line at a particular moment - logged on a certain
session - have their names annotated with the green colour whereas the ones that are
logged off are annotated in red. The participants can carry out tasks directly with
another participant (send a message or see the information available about him or her)
just by clicking on the button corresponding to his or her name (cf. Fig. 1). Also, a
timer is included in this area.

Fig. 1. The LeCS graphical user interface.

The browser is used to access the web pages that display the teaching and learning
materials and that guide the learners through the system use. The browser window is
the only one that can be drag and dropped and customised by the user.

The solution graphical representation area shows the tree that is generated by the
system during the case solution development. The representation is displayed



An Agent-Based System for Supporting Learning from Case Studies         749

graphically as a directory tree. The nodes of the tree are numbered with the forms
correspondent numbers, which are followed by the correspondent textual answer.

The text editor is an individual space where the learners can edit their individual
answers. It is used to answer individually the questions posed by the system, i.e.,
during the part of the solution process when individual learning takes place. The
individual answers edited with this tool are supposed to be used when the learners
participate in the case discussion (when collaborative learning takes place).

The chat tool is quite similar to the traditional programs of this kind and is where
the case study discussion takes place. The participant can, besides writing free text,
(1) express his or her emotional state; (2) direct his or her message to the whole group
or to a particular participant (although this message is visible by all the group); and
(3) make use of sentence openers [11, 12] to scaffold conversation and facilitate the
process of reaching an agreement in the case discussion.

The intervention area includes an interface agent (a Microsoft-based agent) that can
be characterised as an animated pedagogical agent [13]. All the interventions that
LeCS makes are presented through this agent.

3.3   Architecture

The LeCS agent-based [14] architecture (Fig. 2) is organised in a federated system. Its
agents can be classified either as interface, reactive, and/or hybrid [15]. The agents
communication is based on an Agent Communication Language [16]. The messages
exchanged between the agents use the KQML (Knowledge Query and Manipulation
Language) format [17]. The communications structure establishes that the
communication does not happen directly between agents, but rather through a
facilitator. The facilitator is a special program – implemented as an agent – that keeps
the information about each agent in the system, and is responsible for routing the
messages, working as a broker. In addition, two databases were implemented: in the
first one, the facilitator stores all the necessary information in order to route the
messages; in the second one, it logs all the exchanged messages. The LeCS
architecture includes three classes of agents: interface agent, information agent, and
advising agent. There is one information agent and one advising agent running during
a session, but as many interface agents as there are participants logged on.

Interface Agent. The interface agent (cf. Fig. 1) can be characterised as an animated
pedagogical agent [13]. It resides on the participant machine and all the system
interventions are presented through it. A resources database contains the agent
address, the name by which it is known, and its network mapping. A history database
is implemented to log everything the interface agent does, including the
communications with the user and the other agents. The information agent and the
advising agent also have these same kinds of databases.

In addition, the interface agent stores information about the individual users: what
is typed in the text editor, the number of contributions in the chat, the current step he
or she is working on, the answer to each step question, and the time spent on each step
(these last two functions are accomplished just by the interface agent of the group
coordinator). Based on this information, the interface agent generates the
interventions about timing and participation.
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Fig. 2. The LeCS agent-based architecture.

Timing Intervention. The timing intervention consists of warning the learners when
they exceed the time limit established for on-line collaborative work, which is a
function of both the total time estimated for the solution of the case study and the time
to respond to the particular step they are working on. The interface agent stores this
information and monitors the time spent by the learners in each step. An example of a
timing intervention is „You are taking too long to complete this step“.

Participation Intervention. The interface agent is responsible for identifying and
intervening regarding a low degree of participation of the individual learners in the
case solution development. This is denoted by a small percentage of contributions
during the case discussion. To accomplish this, the interface agent monitors the
learners’ contributions in the chat per step. If a learner remains silent for more than
50% of the estimated time for working on a particular step, the interface agent
generates an intervention inviting the learner to participate. An example of a
participation intervention is „Would you like to contribute to the discussion?“.

Information agent. This agent stores information that is divided into two different
categories: didactic material and knowledge bases. Didactic material consists of
HTML pages, images, and text. The knowledge bases refer to the domain and the
pedagogical knowledge: the interventions about case-specific utterances and the
representation of the case solution developed by the group of students. The
information agent also stores the chat interactions. Both the interface and the advising
agents access the information agent.
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Case-Specific Intervention. The interventions that LeCS makes about the learners’
case-specific utterances are based on what is modelled in the domain knowledge base
concerning the case study. In order to represent this knowledge we have adapted the
idea of constraint-based modelling (CBM) [18]. CBM proposes that a domain be
represented as constraints on correct solutions. As such, it is appropriate to the
identification of case-specific utterance patterns that characterise a learner
misunderstanding the case study contents.

In CBM [18] the unit of knowledge is called a state constraint and is defined as an
ordered pair <Cr, Cs>, where (1) Cr is the relevance condition that identifies the class
of problem states for which the constraint is relevant, and (2) Cs is the satisfaction
condition that identifies the class of relevant states in which the constraint is satisfied.
For our purposes, Cr is a pattern that indicates that a particular sentence is a case-
specific utterance and Cs is the correct case-specific utterance. The semantics of a
constraint is: if the properties Cr hold, then the properties Cs have to hold also (or else
something is wrong). In LeCS, when „something is wrong“ it means that there is a
learners’ misunderstanding of this sentence and hence the system should initiate an
intervention.

In order to initiate the intervention LeCS checks for any violations of what is
modelled. If the satisfaction pattern of a relevant constraint is not satisfied, then that
state violates the constraint. The problem states are the input sentences, i.e., the
sentences that compose the group answers to each step question entered by the group
coordinator in the forms. The intervention consists of stating the correct sentence.

Graphical User Interface: Case Instructor. The LeCS graphical user interface for the
case instructor allows modelling a case study to be worked on with the system. The
case editor is used to edit the case study text. The constraints editor is used to edit the
set of constraints for the case study. Thus, prior to run time, besides editing the case
study text, the case instructor edits the constraints regarding each particular case study
using the forms provided by the constraints editor (see Fig. 3). The system
interventions concerning case-specific utterance patterns are generated based on these
constraints. It is important to note that in the current implementation the order in
which the words are used by the learners does not make any difference to the system
response. Also, the constraints editor allows the case instructor to edit as many
constraints as he or she deems necessary or appropriate for a given case study. In
addition, it allows the modelling of more than one word to each constraint, through
the use of the logic operators and and or, when the case instructor intends to
contemplate different words that the students might use.

Advising Agent. The advising agent has engines to reason about the user actions, and
to recognise situations in which some support is needed. With the information
provided by the interface agent it executes an algorithm to generate the solution tree
representation, and identifies the case-specific utterance patterns that denotes a
learners’ misunderstanding of the case study. When applicable, it generates an
intervention about the misunderstanding, and sends the request of an intervention to
the interface agent. It also generates and requests interventions to the interface agent
concerning the coordination of the group work and the jumping of a step.
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Fig. 3. The LeCS graphical user interface for the case instructor.

Solution Development Representation. LeCS dynamically generates a knowledge
representation, a tree data structure [19] that represents the case solution development
according to the Seven Steps approach [10]. The solution tree represents the solution
path taken by the group to solve the case study and is presented to the learners on the
user interface. Thus, at each step, what is displayed represents the case solution
developed so far by the group (cf. Fig. 1). The objective is to help the learners choose
the best envisaged solution. All the group participants see the same representation.

In order to generate this representation the connections between the tree nodes (the
arcs) have to be obtained, i.e., the system has to link a node in a given level to its
parent node in the previous level through some kind of reasoning. A set of if-then
rules define our heuristics to make these connections [20]. Such rules, which were
derived from an empirical study [21], are implemented by an algorithm.

In this algorithm the tree nodes are labelled by the sentences and the arcs are
labelled by the rules. Inputs are the outcomes of each step, namely the sentences that
compose the group’s joint answers to each step question, which are entered in the
forms. The root of the tree corresponds to the question posed by the case study and
the levels represent the Seven Steps [10]. Each node refers to a component sentence
of the group’s answer to that step question. The algorithm has a procedure to compare
the answers of two subsequent levels (steps), which aims to find out which sentence
in the previous level is related to the sentence that is being analysed in the current
level.

The procedure to compare the sentences verifies if a set of keywords in a sentence
of a given level is also included in a sentence of the previous level. This set of
keywords is defined in every step when the group coordinator fills out the form with
the group’s joint answer to the step question. Thus, the set of keywords of a level n
sentence is compared with the words of a level n-1 sentence, word by word, until
either one of the keywords is found, or the set of keywords is finished. In the former
case (i.e., if a keyword is found) the nodes are linked. The expansion of a node is then
represented precisely when it is linked with its parent node in the previous level.

Next, provided that the interface agent informs the advising agent about which step
the learners are currently working on, one level is added to the tree, and the procedure
to compare the sentences is executed again. The final state of the tree represents all
(ideally) alternative solutions that can be generated through the Seven Steps approach.
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Group Coordination Intervention. LeCS coordinates the group through the Seven
Steps [10]. To accomplish this, when starting a session the group should define a
coordinator: a group member who is responsible for filling out the forms with the
group’s joint answers to the step questions. In this way, the contributions gleaned
from the various participants regarding the step answers are integrated into the joint
answers. This means that the forms are disabled to all the other group members except
the coordinator, and LeCS coordination function is accomplished based on the group
coordinator actions. He or she, in a certain sense, defines to the system the pace in
which the group proceeds in the solution development. Thus, once the coordinator
fills out the forms of a particular step question and moves on to the next step, the
system „knows“ which step the group should be working on. For instance, if any of
the learners access a web page different from the one referring to that step, the system
will prompt him or her a notification, warning that the group is working on a different
step. An example of this kind of intervention is „The group is working on step x“. At
any time during the solution process the group can decide to change its coordinator.

Missing Step Intervention. LeCS does not constrain the learners by requiring them to
complete all the Seven Steps [10]. We believe this behaviour is avoided by the
solution tree representation and the answers that the group is supposed to enter in
every step. However, if the learners still jump a step, LeCS intervenes notifying the
group. An example of this kind of intervention is „You have just jumped step x“.

4   Conclusion and Future Work

In this paper we have presented LeCS, an agent-based system for supporting learning
from case studies. We provided a theoretical background about the learning from case
studies method and gave an overview of the system, describing its graphical user
interface, agent-based architecture, and agents’ functions.

As future work we plan to test LeCS with pairs of subjects in an experiment along
the same lines as the empirical study described in [21]. In LeCS next version we
intend to make the adjustments indicated by these experimental results and to tackle
issues such as the recognition of many solution paths and student modelling.
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Abstract. This paper presents a mechanism of coalition formation where agents
solve a problem of diagnosis. Our approach considers that a diagnosis may be
seen as the result of an emergent process where findings (at a microscopic level)
are interpreted by entities (at a macroscopic level). At the micro-level agents
interact and form coalitions. At the macro-level specialized agents are able to
interpret coalition formation and infer a diagnosis. Our domain of application is
student modelling and in this framework we conceive it as a diagnosis task
where a ‘state of conceptions’ is ascribed to a student based on his/her problem-
solving activities.

1   Introduction

According to Maxion, diagnosis is a form of high-level pattern recognition of symp-
toms or symbols and it may be one emergent property of certain complex systems [6].
Usually diagnosis is defined as a process of identifying a situation or a system condi-
tion from its intrinsic characteristics. Additionally, a diagnosis may allow a system to
adapt itself to the immediate constraints of the environment, to resources reallocation,
and to the different categories of users.

Essentially, we assume that a diagnosis is a process where microscopic observable
findings are recognised by macroscopic entities and they may determine global sys-
tem’s behaviour. For instance, in the case of user-adapted applications, a limited set of
elements observed from user interactions may permit a system to diagnose the user’s
level of expertise and adjust its behaviour according to it. In this case, the level of
expertise ascribed to a user could be the result of a diagnosis process.

Systems having multiple interacting components and a behaviour that cannot be
simply inferred from the behaviour of the components are qualified as complex [9].
Diagnosis, as a product, may be an emergent property of some complex systems.
Multi-agent approach brings some advantages for modelling complex systems since:
(1) its application is not dependent on the number of agents (contrarily to certain ap-
proaches where a large number of elements is necessary); (2) agents can have hetero-
geneous behaviours; (3) interactions of different levels of complexity are allowed; (4)
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it is applicable to several domains (social sciences simulations, computational econ-
omy, ecology, physics, and so on).

The idea that systems constituted of several agents having simple behaviour (a be-
haviour described by a few rules, for instance) can show a dynamic global behaviour
having properties not easily predictable (even if the external condition are known) is
exploited in this paper. A few examples have demonstrated such emergent and unpre-
dictable behaviour. For instance, simulations in the domain of voting theory have
shown how parties emerge from voters’ choices [8,11]. Also, experiments in compu-
tational economics have illustrated the emergence of markets based on the behaviour
of agents representing costumers and vendors [12] as well as the emergence of social
classes and social norms [1]. In a similar fashion, the two domains apply coalition
formation mechanisms to simulate and study social behaviours. But beyond simulation
purposes, coalitions are as well applied to problem solving. Task allocation has been
one of the most applicable examples of coalition formation [10]. Most recently, elec-
tronic marketplace has shown to enclose enough dynamic aspects to constitute an
excellent testbed for mechanisms of coalition formation.

The work we describe here considers diagnosis as a problem-solving task and we
propose to solve it by coalition formation. In addition, we assume that user modelling,
more specifically student modelling, is a process of diagnosing the ‘state of concep-
tions’ hold by an student in interaction with a learning environment [13]. The diag-
nosed conceptions are ascribed to the student and kept in his/her student model to
guide pedagogical decisions (the choice of problems, advices, etc.) of Baghera, a dis-
tance learning environment [13]. The framework we propose for student modelling is
based on the model of conceptions [2], developed in mathematics education. 

This paper is organised as follows. Next section briefly describes the theoretical
framework of our approach. Third section introduces the multi-agent systems for di-
agnosing conceptions. Fourth section describes the elements composing the system
and mechanisms for coalition formation. Finally, some experiments realised are de-
scribed.

2   Theoretical Framework

2.1   Emergence

An emergent system is characterised by having a behaviour that cannot be predicted
from a centralised and complete description of the component units of the system [5].
In emergent systems, the overall behaviour is the result of a great number of interac-
tions of agents obeying very simple laws. The overall behaviour cannot be anticipated
by simple reduction to individual behaviours, following a logico-deductive model, but
it is rather conditioned by the immediate surroundings, like other agents and objects in
the environment.

Very often the definition of emergence is attached to the notion of levels and de-
tection [3]. For this reason diagnosis can be effectively seen as an emergent property
of certain complex systems, since in a diagnosis process lower-level symptoms or
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symbols are recognised by higher-level entities [6]. Note that emergent objects have a
representation distributed over many different elements. Each of these elements may
take part of many different objects simultaneously. This may be observed in the classi-
fier systems proposed by Forrest [5], in the system for diagnosis of communication
networks [6], and in the emergence of conceptions discussed in this paper.

2.2   Conception Theory

Conception theory was developed in mathematics education with a cognitive and di-
dactical foundation [2]. In this model a conception is characterised by a quadruplet C
(P, R, L, �) where:

-P represents a set of problems;
-R represents a set of operators involved in the solutions of problems from P;
-L is a representation system allowing the representation of P and R;
-� is a control structure (details are given at section 3.1).

An element from any set can contribute to the characterisation of several different
conceptions; for example two conceptions may share problems in their domain of
validity or may have common operators. For the sake of brevity it is not possible to
give in this paper more details about this theory. However, we propose the examples
presented in figures 1 and 2.

Figure 1 presents a construc-
tion made by a student holding
a misconception stating that “if
two line segments are symmet-
rical then they are parallel”.
Figure 2 was constructed by a
student holding the correct

Fig. 1. Parallelism Fig. 2. Reflection conception of reflection.

 In order to illustrate how diagnoses occur, we examine the problem described on
figure 3.

Problem statement: Let ABC be an equilateral trian-
gle. A’ is symmetrical to A with respect to line d. L is
the middle point of [AB], M is the middle point of
[BC], and N is the middle point of [AC]. P is the
intersection point of lines (LM) and (CA'). O is the
intersection point of lines (NM) and (BA'). What is the
symmetrical line segment of [NM] with respect to line
d? Construct your proof.

Fig. 3. A problem in the domain of reflection
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In this problem students are asked to prove, using geometrical properties of reflec-
tion, that the line segment [NM] has a symmetrical object with respect to the axis d.
Let’s consider one strategy to solve it, which consists on proving each step from table
1. In the case of step 6, we consider four alternatives (6.a, 6.b, 6.c and 6.d) in order to
exemplify how students holding different conceptions would express the solution.
First, consider the proof composed by steps 1-2-3-4-5-6.a where the student has
proven that [OM] is the symmetrical line segment of [NM]. This solution, by the op-
erators used to construct it (6.a1-6.a7), characterizes the so-called misconception of
‘central symmetry’.

Table 1. Possible strategies to solve the problem

1 A’BC is an equilateral triangle
2 ABA’C is a lozenge ([AB]//[CA’] and [BA’]//[AC])
3 [AB]//[CA’]; [AB]//[NO]; [NO]//[CA’]
4 O is the middle point of [A’B]
5 P is the middle point of [A’C]

6.a 1 M is its own symmetrical point with respect to d
2 As [AC]//[BA’] and
3 N is the middle point of [AC] and
4 O is the middle point of [A’B] and
5 Line segments [NM] and [OM] have the same size
6 O is the symmetrical point of N
7 So, [OM] is the symmetrical line segment of [NM] with respect to point M

6.b 1 M is its own symmetrical point with respect to d
2 Line segments [NM] and [PM] have the same size
3 [NP] is perpendicular to axis d
4 P is the symmetrical point of N
5 So, [PM] is the symmetrical line segment of [NM] with respect to d

6.c 1 As [NO] // [CA’] and [NM]//[PA’]
2 As [NM] and [PA’] are parallels and have the same size, they are symmetrical.
3 P is the symmetrical point of N
4 A’ is the symmetrical point of M
5 So, [PA’] is the symmetrical line segment of [NM] with respect to d

6.d 1 As [NO] // [CA’] and [NM]//[CP]
2 As [NM] and [CP] are parallels and have the same size, they are symmetrical.
3 P is the symmetrical point of N
4 A’ is the symmetrical point of M
5 So, [CP] is the symmetrical line segment of [NM] with respect to d

The second alternative (1-2-3-4-5-6.b) gives the correct answer ([PM] is the sym-
metrical segment of [NM]) and its attached to the conception of reflection. Third (1-2-
3-4-5-6.c) and forth (1-2-3-4-5-6.d) alternatives, even though they give different an-
swers, they characterize the same misconception of ‘parallelism’. In these cases (6.c
and 6.d), students state that two line segments are symmetrical if they are parallel and
have the same size and it is possibly an inversion of the correct operator, which states
that two parallel line segments having the same size are symmetrical with respect to a
parallel axis.

It is important to note that a diagnosis is based on a sequence of problems solved by
the student. Different problems in a well-oriented sequence permit the construction of
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a student model having enough information to characterize student’s conceptions in a
specific domain of knowledge [13].

2.3   Voting Theory

Voting models are widely used in social sciences and have their roots in Game The-
ory. Social sciences research about voting has been investigating new approaches to
studying voting schemes, voter behaviour, and the influences of manipulation of votes
and insincere voting. Studies based on simulation of elections have led to models
providing explanations to voter behaviour, so as explanations to group decisions and
coalition formation.

In the domain of multi-agent systems, voting theory has been used as a technique
for reaching consensus in a negotiation process and group-decision making [7]. In the
simulation of coalitions formation, agents have been used to demonstrate how it oc-
curs from individual voter preferences [8].

Furthermore, it has been shown that emergent structures can be resultant of a voting
process. Schreiber [8] has demonstrated through multi-agent simulations that elites
and parties are emergent consequences of the behaviour and preferences of voters.

In essence our interest in voting theory relies on the possibility of capturing group
decision as well as modelling the influence of an agent preference over the preferences
of the rest of agents.

Our approach is based on spatial models of simulation of voting behaviour. Spatial
voting theory has its origins in the field of Political Science [11]. This model assumes
that political issues can be quantified and therefore voters and candidates can be repre-
sented by points in a so-called issue space. Similarly, each candidate is described by a
platform position in the issue space.

Usually this space is viewed as the Euclidian vector space RI having I dimensions.
Each voter is represented by a vector in the issue space, called ideal point that repre-
sents its opinion on each issue. In these models, voters form coalitions with other
voters close to them in the issue space. Coalitions start with a small number of voters
and possibly form coalitions with other coalitions to increase their potential. A hierar-
chy of coalitions is built until a coalition is created with the majority of voters. The
coalition with the majority rules and the competing coalitions adapt platforms to gain
greater support. Each voter may represent a single voter or a team of voting people.
Agents may be voters or coalitions and, in the last case, they may represent an aggre-
gation of voters but having no votes by themselves. The action in this model takes
place only in the issue space.

3   Multi-agent Architecture

We have employed the AEIO methodology [4] for the multi-agent-oriented analysis
and design of our diagnosis system. This methodology considers the problem to be
modelled as composed by four elements: Agents, Environment, Interactions and Or-
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ganization. The first step of the methodology consists in defining the four elements
and then they can be formalised.

We propose a multi-agent system where, at a microscopic level, agents behave and
interact and, at a macroscopic level, coalitions emerge. The emergence of coalitions is
interpreted as the emergence of a diagnosis of student’s conceptions.

The conception theory allows to model student’s conceptions. However, concep-
tions are not elements possible to be directly observed. Observable elements are op-
erators used by student, the problem solved, the language used to express them, and
theoretical control structures. For this reason, the micro-level is composed by elements
(from the quadruplet) defining a conception. At the macro-level, conceptions can be
seen as sets of agents of four categories: problems, operators, language and control.
Each element from the quadruplet is the core of one particular agent.

3.1   Agents

An agent, in a given time slot, can be either active or inactive.  This state can vary
according to changes it perceives in its environment. The first action of any agent is to
check whether the element it represents is present in the environment. In the presence
of the element, the agent becomes satisfied. Once satisfied, the agent takes part in the
issue space and it is able to form coalitions. Notice that an agent knows previously to
which conceptions the element it represents belongs. A description of the role of each
category of agents is given below.

Problem Agents. A problem agent becomes satisfied when the category of prob-
lems it represents is present in the environment. In the domain of reflection, a category
of problems is described by four didactical variables named: line of symmetry orien-
tation, segment orientation, angle formed between line of symmetry and line segment
and intersection formed between the line of symmetry and line segment. The combi-
nation of the different values that these didactical variables could take, leads to prob-
lems of different complexity, allowing to focus on different aspects of the learning of
reflection and most important, allowing the expression of different conceptions.

Operator Agents. An operator agent becomes satisfied when the element r of R it
represents, is present in the solution constructed by the student. An operator trans-
forms a problem in a new problem. A sequence of operators leads to the problem
solution. An example of an operator is as follows: if two symmetrical objects have one
point in common, then this point belongs to the axis of symmetry.

Language Agents. A language agent becomes satisfied when the element l of L it
represents, is present in the solution constructed by the student. It can be a grammar, a
graphical representation, or an alternative way of expression allowing the description
of the problem and the solution. Given that our problems ask for the construction of a
proof, the language is based on a grammar (for reasons of brevity it is not presented
here).

Control Agents. A control agent becomes satisfied when the element s of � it rep-
resents, is present in the solution constructed by the student. During problem solving,
learners choose operators, validate actions and validate the final result. Each of these
three decisions is guided by control structures. Control elements are perceptive when
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attached to the fact that the learner makes assertions based on something "seen" on the
screen and uses this information to take and validate decisions. On the other hand,
control structures are theoretical when a learner bases decisions and validations on
knowledge previously acquired. Reflection involves many visual elements of control;
for instance, a learner holding the conception of parallelism may accept that a problem
is correctly solved when the image line segment "looks" parallel to the original line
segment. In the case of our system, we consider only theoretical controls and some
perceptive controls that can be expressed by means of a proof.

3.2   Environment

The environment represents the external world that agents have to deal with and it co-
evolves with the agents. In the environment there is a representation of the problem
solved by the student, the proof corresponding to the student’s solution and the issue
space where coalition formation takes place.

3.3   Interactions

Agents interact with the environment and through these interactions they transform the
environment (issue space). Such transformation generates changes in agents’ behav-
iours. The cycle of interactions continues indefinitely until no more coalitions can be
formed or merged.

3.4   Organisations

We apply a dynamic approach to conceive organisations. We consider that agents
form dynamically coalitions when they are needed to solve a problem. Our approach
of coalitions formation is based on emergent approach. Moreover, it is considered that
once the problem is solved, coalitions are not applicable anymore for a later process-
ing.

In the next section we proceed with the formalisation of the most relevant compo-
nents of the model.

4   Formal Description

4.1   Environment

The environment is described by a set ��� = {PR, SP, IS} where PR represents the
problem that the student has solved, SP represents the proof constructed by the student
as a solution to the problem PR and IS is the issue space. The space of votes IRI is the
Euclidian space having I dimensions. The number of conceptions to be diagnosed
determines the number of space dimensions. Voters are represented by a position in
the space corresponding to their ‘opinions’ about candidate conceptions. A position is
represented by a vector v � IRI.
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4.2   Diagnosis Problem

Given a set of conceptions � = {������L}, a set of n agents � = {	����	Q} and a set
representing the state of the environment ��� = {
�, �
, 
�}, the problem we propose
to solve consists in assigning one or more (possibly concurrent) groups G of agents (�

� �) representing the state of student’s conceptions reflected in the environment.

4.3   Agent

Let � be a set of conceptions {�1,�2,…,�n}. Consider that any conception �i in � is
defined by a quadruplet (
i,�i,�i,� i) where :

  - 
i is a set of problems {�1, �2,…,�n} of �i ;
  - �i is a set of operators {�1,�2,…,�n} of �i ;
  - �i is a grammar for the expression of 
i and �i of �i ;
  - �i is a set of control structures { 1,�  2,…,�  n} of ci.

Let A be a set of agents {	����	Q}. Let �i be a set of n candidate conceptions {�i1,

�i2,…,�in} for an agent 	i where �i � �. Let E be a set of elements {��, …,��Q} from the
conceptions formalisation and assume that �L is the element in the core of an agent 	L�.
About any element �L  it is known that �L � Pi | �L � Ri | �L � Li | �L � �i . Let Qi  be the
set of acquaintances of an agent 	i (acquaintances are detailed later in this paper).
Finally, � is the set of votes {�1k,…,�ik} given by the agent to preferred candidate con-
ception from �i .An agent 	i is defined by : an identifier Ni , an internal state Si �
{satisfied, unsatisfied}, a set of acquaintances Qi , a set of candidates conceptions �i ,
an element �i , a satisfaction function �i (�i, ���) and a vector �i representing its start-
ing position in the Euclidian space IRI.

4.3.1   Agent Behaviour
Agents are created in an unsatisfied state and the satisfaction function may change its
state to a satisfied one. When an agent becomes satisfied, it creates its vector to be
added to the issue space. Since it is situated in the issue space, its acquaintances are set
(section 4.3.2). Agents start forming coalitions with each member of its acquaintances
list. Any agent may take part in any number of coalitions. Once an agent takes part in
proposed coalitions, it can accept or refuse it. Besides, an agent tries to merge coali-
tions in which it takes part into. And finally, agents are free to enter and leave coali-
tions at any time. When it is not possible anymore for an agent to execute any of these
actions, the agent stops. The major steps of the algorithm defining the behaviour of an
agent are as follows: (1) initialise the data structure; (2) calculate agent’s power of
voting; (3) set agent’s acquaintances; (4) while (list of proposed coalitions is not
empty): (4.1) propose coalitions; (4.2) accept coalitions; (4.3) refuse coalitions; (4.4)
calculate coalition’s utility; (4.5) merge coalitions; and (4.6) abandon a coalition.

4.3.2   Finding Acquaintances
The most important feature of an agent is its voting vector, representing its choice of
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candidate conceptions. Its acquaintances represent a list of agents that are spatially
located close to it in the issue space.

Let 	
a
 and 	

b
 be two different agents. Let V

a
 and V

b
 be vectors representing re-

spectively the positions of 	
a
 and 	

b
 in the space IRI. Let Q

a
 and Q

b
 be the set of ac-

quaintances (initially empty) of respectively 	
a
 and 	

b
. We assume that 	

a
 and 	

b
 are

acquaintances if they satisfy the neighbourhood condition.
Neighbourhood condition is calculated by the formula of Euclidian distance be-

tween the two vectors V
a
 and V

b
. The two agents satisfy the condition if the distance is

a value under a specific threshold and in this case, 	
b
 � Q

a
 and 	

a
 � Q

b
. Otherwise, 	

a

and 	
b
 are not acquaintances to each other.

4.4   Coalition Formation

A coalition is a nonempty subset �� of � and it has as utility value the sum of utilities
of all agents belonging to it. We follow the traditional approach of coalition formation
in the domain of multi-agent systems [7].

The initial number of coalitions is reduced since the initial coalitions are formed
between any two agents situated spatially close in the issue space. When agents form a
coalition it has a status of proposed coalition and when it is accepted by all of its
members it becomes an accepted coalition.

5   Experiment and Final Considerations

We have run a diagnosis considering the proof presented at section 2.2 (steps 1-2-3-4-
5-6c). The multi-agent system is composed of 101 agents, distributed as follows: 60
operator agents, 30 problem agents and 11 control agents. As explained before, agents
become active if the element represented is found in the proof. For this experiment, 13
agents (1 problem agent, 10 operator agents and 2 control agents) have become active.
The issue space has 4 dimensions, representing 4 conceptions on reflection (central
symmetry, oblique symmetry, parallelism and reflection). Vectors of agents’ opinions
have 1 in each dimension representing a good candidate and 0 otherwise. The thresh-
old for calculating acquaintances was 1.

In the end of this experiment two coalitions have emerged. The greatest number of
coalitions, reached at interaction number 150, was of 134 coalitions. Coalition forma-
tion was stopped when this number was reduced to 2 coalitions and no relevant
changes in the system were observed. The coalition having the greatest utility is con-
sidered the winner. Among the 13 agents involved in the diagnosis process, 10 of them
took part of the winner coalition. In this experiment, the winner represents the mis-
conception of parallelism; the second coalition represents the conception of reflection
(the correct one). The result is satisfactory and it indicates that the student possibly
holds the misconception of parallelism. We interpret the fact that a weak coalition
(representing reflection) has appeared as a result of correct operators and properties
present in the student’s proof; they certainly must have a weight in the diagnosis proc-
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ess. However, incorrect operators have appeared as well and they have induced the
diagnosis of parallelism by forming the strongest coalition.

As long as the diagnosis process is over, macro-agents (belonging to Baghera main
multi-agent system) take pedagogical decisions based on it. For instance, tutor agents
may propose new problems to confirm a diagnosis or propose a problem where incor-
rect procedures of resolution fail, according to pedagogical strategies.

The main challenge of this work has been to define and implement a computational
framework to model student’s conception supported by a theory developed in the do-
main of mathematics education. We start assuming that a diagnosis is a kind of prob-
lem-solving task. We have proposed in this paper to solve it by coalition formation.
However, other approaches, such as those based on probabilistic models (Bayesian
networks, for instance) have been studied and will be the object of new implementa-
tions.
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Abstract. Several researchers have studied the application of Machine
Learning techniques to the task of user modeling. As most of them
pointed out, this task requires learning algorithms that should work
on-line, incorporate new information incrementality, and should exhibit
the capacity to deal with concept-drift. In this paper we present
Adaptive Bayes, an extension to the well-known naive-Bayes, one of the
most common used learning algorithms for the task of user modeling.
Adaptive Bayes is an incremental learning algorithm that could work
on-line. We have evaluated Adaptive Bayes on both frameworks.
Using a set of benchmark problems from the UCI repository [2],
and using several evaluation statistics, all the adaptive systems show
significant advantages in comparison against their non-adaptive versions.

Keywords: User Modeling, Machine Learning, Adaptive Bayes, Incre-
mental Systems

1 Introduction

The task of user modeling is a challenging one for machine learning. Observing
the user behavior is a source of information that machine learning systems can
use to build a predictive model of user future actions. This is a challenging task
because it requires incremental techniques that should work on-line. Moreover,
as pointed out in [14]:

User modeling is known to be a very dynamic modeling task - attributes
that characterize a user are likely to change over time. Therefore, it
is important that learning algorithms be capable of adjusting to these
changes quickly.

Nowadays, with the explosion of the World Wide Web, has increased the need of
tools for automatic acquisition of user profiles, retrieval of relevant information,
personalized recommendation, etc. All these tasks could use learning techniques.
One of the machine learning algorithms most used in these tasks is naive Bayes
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[13,11,10]. Naive Bayes has been studied both on pattern recognition literature
[5] and in machine learning [9]. Suppose that P (Cli|x) denotes the probability
that example x belongs to class i. The zero-one loss is minimized if, and only if,
x is assigned to the class Clk for which P (Clk|x) is maximum [5]. Formally, the
class attached to example x is given by the expression:

argmaxiP (Cli|x) (1)

Any function that computes the conditional probabilities P (Cli|x) is referred
to as discriminant function. Given an example x, the Bayes theorem provides a
method to compute P (Cli|x): P (Cli|x) = P (Cli)P (x|Cli)/P (x)

P (x) can be ignored, since it is the same for all the classes, and does not
affect the relative values of their probabilities. Although this rule is optimal, its
applicability is reduced due to the large number of examples required to compute
P (x|Cli). To overcome this problem several assumptions are usually made. De-
pending on the assumptions made we get different discriminant functions leading
to different classifiers. In this work we study one type of discriminant function
that leads to the naive Bayes classifier.

1.1 The Naive Bayes Classifier

Assuming that the attributes are independent given the class, P (x|Cli) can be
decomposed into the product P (x1|Cli) ∗ ... ∗ P (xa|Cli). Then, the probability
that an example belongs to class i is given by:

P (Ci|x) ∝ P (Cli)
∏

j

P (xj |Cli) (2)

which can be written as:

P (Cli|x) ∝ log(P (Cli)) +
∑

j

log(P (xj |Cli)) (3)

The classifier obtained by using the discriminant function 2 and the decision
rule 1 is known as the naive Bayes Classifier. The term naive comes from the
assumption that the attributes are independent given the class.

1.2 Implementation Details

All the required probabilities are computed from the training data. To com-
pute the prior probability of observing class i, P (Cli), a counter, for each class
is required. To compute the conditional probability of observing a particular
attribute-value given that the example belongs to class i, P (xj |Cli), we need
to distinguish between nominal attributes, and continuous ones. In the case of
nominal attributes, the set of possible values is a enumerable set. To compute the
conditional probability we only need to maintain a counter for each attribute-
value and for each class. In the case of continuous attributes, the number of pos-
sible values is infinite. There are two possibilities. We can assume a particular
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distribution for the values of the attribute and usually the normal distribution
is assumed. As alternative we can discretize the attribute in a pre-processing
phase. The former has been proved to yield worse results than the latter [3].
Several methods for discretization appear in the literature. A good discussion
about discretization is presented in [4]. In [3] the number of intervals is fixed to
k = min(10;nr. of different values) equal width intervals. Once the attribute
has been discretized, a counter for each class and for each interval is used to
compute the conditional probability.
All the probabilities required by equation 3 can be computed from the train-

ing set in one step. The process of building the probabilistic description of the
dataset is very fast. Another interesting aspect of the algorithm is that it is easy
to implement in an incremental fashion because only counters are used.
Domingos and Pazzani [3] show that this procedure has a surprisingly good

performance in a wide variety of domains, including many where there are clear
dependencies between attributes. They argue that the naive Bayes classifier can
approximate optimality when the independence assumption is violated as long as
the ranks of the conditional probabilities of classes given an example are correct.
Some authors[7,8] suggest that this classifier is robust to noise and irrelevant
attributes. They also note that the learned theories are easy to understand by
domain experts, most due to the fact that the naive Bayes summarizes the
variability of the dataset in a single probabilistic description, and assumes that
these are sufficient to distinguish between classes.

2 Iterative Bayes

In a previous article [6] we have presented an extension to näıve Bayes. The
main idea behind Iterative Bayes is to improve the probability associated with
predictions. The naive Bayes classifier builds for each attribute a two-contingency
table that reflects the distribution on the training set of the attribute-values over
the classes. Iterative Bayes iterates over the training set trying to improve the
probability associated with predictions on the training examples.

2.1 An Illustrative Example

Consider the Balance-scale dataset. This is an artificial problem available at the
UCI repository [2]. This data set was generated to model psychological exper-
imental results. This is a three-class problem, with four continuous attributes.
The attributes are the left weight, the left distance, the right weight, and the
right distance. Each example is classified as having the balance scale tip to the
right, tip to the left, or to be balanced. The correct way to find the class is the
greater of left distance×left weight and right distance×right weight. If they
are equal, it is balanced. There is no noise in the dataset.
Because the attributes are continuous the discretization procedure of naive

Bayes applies. In this case each attribute is mapped to 5 intervals. In an exper-
iment using 565 examples in the training set, we obtain the contingency table
for the attribute left W that is shown in Table 1.
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Table 1. A naive Bayes contingency table

Attribute: left W (Discretized)
Class I1 I2 I3 I4 I5
Left 14.0 42.0 61.0 71.0 72.0
Balanced 10.0 8.0 8.0 10.0 9.0
Right 86.0 66.0 49.0 34.0 25.0

After building the contingency tables from the training examples, suppose
that we want to classify the following example:

left_W:1, left_D: 5, right_W: 4, right_D: 2, Class: Right

The output of the naive Bayes classifier will be something like:

Observed Right Classified Right [ 0.277796 0.135227 0.586978 ]

It says that a test example that it is observed to belong to class Right is classified
correctly. The following numbers are the probabilities that the example belongs
to each one of the classes. Because the probability p(Right|x) is greater, the
example is classified as class Right. Although the classification is correct, the
confidence on this prediction is low (59%). Moreover, taking into account that
the example belongs to the training set, the answer, although correct, does not
seems to fully exploit the information in the training set.
The method that we propose begins with the contingency tables built by the

standard naive Bayes scheme. This is followed by an iterative procedure that
updates the contingency tables. The algorithm iteratively cycle through all the
training examples. For each example, the corresponding entries in the contin-
gency tables are updated in order to increase the confidence on the correct class.
Consider again the previous training example. The value of the attribute left W
is 1. This means that the values in column I1 in table 1 are used to compute the
probabilities of equation 2. The desirable update will increase the probability
P (Right|x) and consequently decreasing both P (Left|x) and P (Balanced|x).
This could be done by increasing the contents of the cell (I1;Right) and decreas-
ing the other entries in the column I1. The same occurs for all the attribute-
values of an example. This is the intuition behind the update schema that we
follow. Also the amount of correction should be proportional to the difference
1− P (Cpredict|x). The contingency table for the attribute left W after the iter-
ative procedure is given in figure 21. Now, the same previous example, classified
using the contingency tables after the iteration procedure gives:

Observed Right Classified Right [ 0.210816 0.000175 0.789009 ]

1 The update rules tries to maintain constant the number of examples, that is the
total sum of entries in each contingency table. Nevertheless we avoid zero or negative
entries. In this case the total sum of entries could exceed the number of examples.
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Table 2. A naive Bayes contingency table after the iteration procedure

Attribute: left W (Discretized)
Class I1 I2 I3 I4 I5
Left 7.06 42.51 75.98 92.26 96.70
Balanced 1.06 1.0 1.0 1.0 1.08
Right 105.64 92.29 62.63 37.01 20.89

The classification is the same, but the confidence level of the predict class in-
creases while the confidence level on the other classes decreases. This is the
desirable behavior.
The iterative procedure uses a hill-climbing algorithm. At each iteration, all

the examples in the training set are classified using the current contingency ta-
bles. The evaluation of the actual set of contingency tables is done using equation
4:

1
n

n∑

i=1

(1.0− maxjp(Cj |xi)) (4)

where n represents the number of examples and j the number of classes. The
iterative procedure proceeds while the evaluation function decreases. To escape
from local minimum we allow some more iterations till the maximum of a user-
defined look-ahead parameter.
The pseudo-code for the adaptation process is shown in Figure 1. To update

the contingency tables, we use the following heuristics:

1. If an example is correctly classified then the increment is positive, otherwise
it is negative. To compute the value of the increment we use the follow-
ing heuristic: (1.0 − p(Predict|x)) if the example is correctly classified and
−P (Predict|x) if the example is misclassified.

2. For all attribute-values observed in the given example, the increment is added
to all the entries for the predict class and increment/#Classes is subtracted
to the entries of all the other classes. That is, the increment is a function of
the confidence on predicting class Predict and of the number of classes.

The contingency tables are updated each time a training example is seen. This
implies that the order of the training examples could influence the final results.
This update schema guarantees that after one example is seen, the probability of
the prediction in the correct class will increase. Nevertheless, there is no guaranty
of improvement for a set of examples.
The starting point for Iterative Bayes is the set of contingency tables built

by näıve Bayes. In these work we study Adaptive Bayes, an algorithm that use
the update schema of Iterative Bayes in an incremental mode.
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Function AdaptModel (Model, Example, Observed, Predicted)
//Compute the increment
If(Predicted<>Observed) Then delta = (1-P(Predicted|Example))
Else delta = - (P(Predicted|Example))

// the increment is used to update the contingency tables
For each Attribute
For each Class
If (Class == Predicted) Then

Model(Attribute,Class,AttributeValue) += delta
Else

Model(Attribute,Class,AttributeValue) -= delta/#Classes
Endif

Next Class
Next Attribute
return: Model
End

Fig. 1. Pseudo-code for the Adaptation Model function.

3 Adaptive Bayes

Given a decision model and new classified data not used to built the model what
should we do? Most of the time a new decision model is built from the scratch.
Few systems are able to adapt the decision model given new data. The näıve
Bayes classifier is naturally incremental. Nevertheless most interesting problems
are not stationary, that is the concepts to learn could change over time. In these
scenarios forget old data to incorporate concept drift is a desirable property. An
important characteristic of Iterative Bayes is the ability to adapt a given decision
model to new data. This property can be explored in the context of concept-drift.
The update schema of Iterative Bayes could be used to an incremental adaptive
Bayes able to deal with concept drift.
We consider two adaptive versions of näıve Bayes: incremental adaptive Bayes

and on-line adaptive Bayes. The former built a model from the training set
updating the model (the set of contingency tables) once after seeing each example
(there is no iterative cycling over the training set). The latter works on an on-line
framework: for each example the actual model makes a prediction. Only after
the prediction the true decision (the class of the example) is known.
The base algorithm for the incremental adaptive Bayes is presented in figure

2. The base algorithm for the on-line adaptive Bayes is presented on figure 32.

2 In the initialization step the contingency tables are initialized randomly with the
constrain that for all attributes the sum of the entries for each class is constant.
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Function IncrementalBayes(Training Set, Adaptive)
inputs: The training set, Adaptive Mode

Initialization: Model = initialise all counters to zero
For each Example in the Training Set

IncrementCounters(Model, Example, Observed)
If Adaptive=TRUE Then AdaptModel(Model, Example, Observed, Predicted)

Next Example
Return Model
End

Fig. 2. Pseudo-code for the Incremental Adaptive Bayes.

3.1 Discussion

The adaptive step of our algorithm has clear similarities with the gradient de-
scent method used to train a perceptron. For example, both use an additive
update schema. The perceptron learning procedure uses the gradient vector of
partial derivatives of the parameters. Adaptive Bayes don’t use derivatives, but
uses a likelihood function that increases at each step. Under this perspective,
the method could be related with the generalized Expectation-Maximization
approach[12] that only requires an improvement of the likelihood function. As
pointed out in [1] “the gradient-based approach is closely related to a GEM al-
gorithm, but this relation remains unclear.”.

4 Experimental Evaluation

We have evaluated all variants of Adaptive Bayes in a set of benchmark prob-
lems from the UCI repository [2]. The design of experiments for the incremental

Initialisation: Model = Randomly initialise all counters

Function OnLineBayes(Example, Model, Adaptive)
Predicted <- PredictClass(Model, Example)
Observed <- Class of Example
IncrementCounters(Model, Example, Observed)
If Adaptive = TRUE Then AdaptModel(Model, Example, Observed, Predicted)
Return Model

End

Fig. 3. Pseudo-code for the On-Line Adaptive Bayes.
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versions of the algorithms is the standard 10-fold cross validation. All the algo-
rithms incrementally built a model from the training set and the model is used to
classify the test set. The evaluation statistics is the average of the 10 error rates.
While the incremental naive Bayes should generate exactly the same model as
its batch version, the adaptive Bayes could generate a different model. For the
on-line versions, the experimental set-up was designed as follows. All the avail-
able data is presented to the algorithm in sequence. Each example is classified
with the actual model. After the prediction the algorithm modifies its decision
model. The evaluation statistic is the percentage of misclassified examples. This
process is repeated ten times using different permutations of the dataset.
For each dataset the algorithm has access to some information about the

problem domain. This information is similar to the information existing in the
file .names used in C4.5. For each attribute it is known the name, the type, and
the set of possible values for each nominal variable. Moreover, for each continuous
variable the algorithm also knows the range of possible values.
The results are presented on table 3. The best accuracy achieved on each

dataset is shown in bold. A summary of evaluation statistics is presented on
table 4. The first and second lines present the average and geometric mean of
the error across all datasets. The third line shows the average rank of incremental
and on-line models, computed for each dataset by assigning rank 1 to the best
algorithm and 2 to the second best. The fourth line shows the average ratio of
the error rate. This is computed for each dataset as the ratio between the error
of the adaptive model and the non-adaptive model. The sixth line shows the
number of significant differences using the Wilcoxon Matched-Pairs signed-rank
test with p-value less than 0.99. The Wilcoxon Test is also used to compare the
error rate of pairs of algorithms across datasets3. The last line shows the p values
associated with this test for the results on all datasets.
All evaluation statistics shows the advantage of using the proposed adapta-

tion process. The adaptive process seems to be more advantageous in the on-line
framework. The reader should take into account that we cannot compare the
results between the incremental and on-line versions: the performance statistics
are very different.
We should note that the computational complexity of all the algorithms is

the same: O(n) where n represents the number of examples4.

5 Conclusions and Future Work

Several researchers have studied the application of Machine Learning techniques
to the task of user modeling. Learning algorithms for user modeling should work
on-line, incorporate new information in an incremental way, and with the capac-
ity to deal with concept-drift.
3 Each pair of data points consists of the estimate error on one dataset and for the
two learning algorithms being compared.

4 Assuming that the number of examples is much greater than the number of at-
tributes.



Adaptive Bayes 773

Table 3. Comparison between adaptive versus non-adaptive naive Bayes on incremen-
tal and on-line frameworks.

Incremental On-Line
Dataset Naive Bayes Adaptive Naive Bayes Adaptive
Adult 17.671 ±0.6 + 14.748 ±0.5 17.818 ±0.1 + 14.870 ±0.1
Australian 13.750 ±0.4 13.839 ±0.5 14.899 ±0.5 14.841 ±0.6
Balance 8.539 ±0.3 8.747 ±0.4 14.560 ±0.8 14.160 ±0.7
Banding 22.822 ±1.1 21.542 ±1.1 23.740 ±1.6 23.529 ±1.1
Breast 2.659 ±0.1 2.774 ±0.1 3.119 ±0.3 3.176 ±0.2
Cleveland 18.035 ±0.6 18.134 ±1.0 18.581 ±1.1 18.977 ±1.1
Credit 14.060 ±0.3 13.869 ±0.3 15.652 ±0.8 15.449 ±0.4
Diabetes 23.763 ±0.6 23.203 ±0.7 25.547 ±0.7 24.674 ±0.8
German 24.400 ±0.5 − 25.510 ±0.6 26.710 ±0.5 27.620 ±0.4
Glass 36.900 ±1.5 35.710 ±1.8 42.570 ±2.1 41.916 ±1.4
Heart 17.407 ±0.7 + 16.370 ±0.8 18.556 ±1.7 18.370 ±2.2
Hepatitis 19.308 ±1.1 + 16.348 ±0.9 21.097 ±1.9 + 19.226 ±1.7
Ionosphere 11.158 ±0.6 10.437 ±0.5 13.903 ±1.2 + 12.108 ±0.9
Iris 6.133 ±0.5 6.133 ±0.5 10.133 ±1.6 9.867 ±1.3
Letter 29.989 ±1.2 + 28.262 ±1.3 33.075 ±0.2 + 31.907 ±0.3
Mushroom 4.766 ±0.0 + 1.307 ±0.0 5.695 ±0.1 + 2.008 ±0.1
Satimage 18.943 ±0.1 + 15.942 ±0.2 19.133 ±0.2 + 16.306 ±0.2
Segment 10.948 ±0.2 + 8.965 ±0.3 13.312 ±0.7 + 11.416 ±0.5
Shuttle 3.052 ±0.6 2.704 ±0.3 3.173 ±0.2 + 2.897 ±0.1
Sonar 24.505 ±1.8 + 22.759 ±2.3 27.500 ±2.9 26.635 ±2.3
Vehicle 40.191 ±0.8 + 37.866 ±1.2 42.411 ±1.1 + 39.870 ±0.7
Votes 9.820 ±0.2 + 8.760 ±0.4 10.207 ±0.5 + 9.149 ±0.7
Waveform 19.076 ±0.2 + 15.615 ±0.3 19.961 ±0.6 + 16.904 ±0.4
Wine 4.258 ±0.6 + 3.176 ±1.0 8.258 ±1.9 7.303 ±2.0

Table 4. Summary of Results.

Incremental On-Line
Dataset Naive Bayes Adaptive Naive Bayes Adaptive
Arithmetic Mean 16.76 15.53 18.73 17.63
Geometric Mean 13.40 11.79 15.55 14.03
Average Rank 1.75 1.25 1.88 1.12
Error Ratio 1 0.91 1 0.92
Nr. Wins 6 18 3 21
Nr. Significant Wins 1 12 0 11
Wilcoxon Test – 0.0002 – 0.0006

In this paper we have studied the behavior of adaptive Bayes, a new incre-
mental algorithm based on naive Bayes that could work on-line. Adaptive Bayes
uses the same adaptation strategy used in Iterative Bayes - a batch classifier.
The main idea behind Iterative Bayes is to improve the probability associated
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with predictions. This strategy is used on Adaptive Bayes to guide the adapta-
tion process. In a set of benchmark datasets, the adaptation process shows clear
advantages over the non-adaptive naive-Bayes both on incremental and on-line
frameworks.
The next step of this work is to incorporate the on-line adaptive Bayes in a

WEB based teaching system.
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Abstract. Computational characteristics of real-time expert systems have been
the subject of research for more than a decade. The computation time required
to complete inferences carried out by expert systems present high variability,
which usually leads to severe under-utilization of resources when the design of
the schedule of inferences is based on their worst computation times. Moreover,
the event-based aperiodic activation of inferences increases the risk of transient
overloads, as during critical conditions of the controlled or monitored
environment the arrival rate of events increases. The dynamic scheduling
algorithm presented in this article obtains statistical bounds of the time required
to complete inferences on-line, and uses these bounds to schedule inferences
achieving highly effective utilization of resources. In addition, this algorithm
handles transient overloads using a robust approach. During overloads our
algorithm completes nearly as many inferences as other dynamic scheduling
algorithms, but shows significantly better effective utilization of resources.

1 Introduction

The potential benefits of using expert systems in real-time environments has sparked
research on algorithms and techniques to fulfill the temporal requirements and
overcome the limitations of using expert systems in these environments. Various
research projects have addressed the high variability of time required to complete
inference processes, and the inexistence of tight bounds for inference time [1], [2],
[3]. In addition to this formal research, the demand by industry for adequate software
development tools has motivated the appearance of fast inference engines and
complete development environments, such as G2 (by Gensym Corp.), Cogsys KBS
(by Cogsys Ltd.) or Rtie (by Talarian Corp.). Some of these tools are suitable for
building expert systems for on-line continuous operation or soft real-time expert
systems.

The applicability of some of these tools for building real-time expert systems for
automating or monitoring complex industrial processes has been evaluated. Although
some of the tools claim to be the definitive solution for developing real-time expert
systems, most of them do not recognize the concept of a real-time task as a
computation that must satisfy a time restriction. So, management of temporal
requirements in design decisions is complicated. Furthermore, the scheduling policy
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is a key element of the design to fulfill the temporal requirements in real-time
systems. Few of the commercial tools provide the system designer with any
scheduling mechanisms. Some of them only allow the application of static priorities
to the rules, which does not provide sufficient predictability of the system. In
addition, when a real-time expert application developed with commercial tools must
co-exist with other applications in the same computer, there is no a clear way of
knowing how the expert application is using computer resources. This makes it
impossible to control CPU assignment among all running applications. Clearly, there
is a need for a specific real-time expert system based on a compact (embeddable) and
easily connectable architecture, which is perfectly integrated in the operating system,
and allows scheduling inferences following a well-defined policy.

The solution presented in this work involves serializing the use of a single
inference engine by all the tasks in the system. This approach allows the use of a fast,
general-purpose inference engine without truth maintenance support, because the
working memory content will not be corrupted by the preemption of one running
inference by another. In real-time expert systems, data input/output duration can
usually be considered negligible when compared to inference duration. Thus, the
behavior of our real-time expert system can be analyzed as the problem of scheduling
a set of inference tasks, whose main characteristic is a highly variable computation
time, in a non-preemptive way. The arrival of tasks, associated to changes in the
environment, is aperiodic. This characteristic, added to the highly variable
computation time of tasks, makes dynamic scheduling necessary. In addition, event-
based aperiodic arrival of tasks can easily lead to transient overload conditions,
related to critical conditions of the environment to be monitored or controlled. During
these transient overloads the performance of a real-time expert system must be
predictable. In summary, a dynamic, non-preemptive scheduling algorithm for tasks
with aperiodic arrival and highly variable computation times, with graceful
degradation during transient overloads, has been developed and evaluated.

The rest of the paper is structured as follows. In the next section the system model
is presented. Section 3 presents the scheduling algorithm. The final sections describe
the load and performance metrics used and include the results obtained.

2 System Model

The real-time expert system is composed of a set of n  tasks, called intelligent tasks,
},,,{ 21 nτττ � . Intelligent tasks are invoked aperiodically by events (stimulus)

received from the environment, and produce a corrective reaction to this environment
through the adequate interface. Arrival times, ia , of events are not known in advance
(the system is non-clairvoyant), and there is no lower bound on the duration between
occurrences of the same event. Worst-case computation times, ic , of the intelligent

tasks are not known in advance (the high variability of execution time makes bounds
obtained by static analysis very pessimistic), but an on-line estimation of the
worst-case computation time, iĉ , will be calculated, as is described later. Each

intelligent task must meet a time restriction defined by its relative deadline, id . If a

task does not meet this requirement, the task is said to have failed. Missing a deadline
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would not jeopardize the behavior of the system, although the benefit of executing a
task that misses its deadline is zero (firm tasks). In this first approach, the benefit (the
utility) of executing a task before its deadline has been considered constant for each
task. Thus, an intelligent task, iτ , is defined by the 4-tuple  ),,ˆ,( iiii udca , where ia

is the arrival time of the event that invokes the task, iĉ  is a estimation of the

worst-case computation time, id  is the relative deadline of the task and iu  is the

benefit obtained if the task execution finishes prior to its deadline.
Intelligent tasks are broken down into three activities: data acquisition, inference

and actuation. During data acquisition, data from the environment are obtained and
pre-processed. During inference, conclusions about the environment are obtained
sharing a single unit resource in exclusive mode, the inference kernel. Only the
inference activity of one task can be executed by the system at a time. Actuation
applies corrective actions over the environment if necessary. In general, the resources
used by acquisition and actuation activities of tasks do not require exclusive access.
So two or more of these activities of different tasks can use resources concurrently.
The usage of resources by both data acquisition activities and actuation activities are
negligible compared with the consumption of resources of the inference activity (in
particular, the highest consumption of resources, up to 90%, takes place during the
pattern-matching phase [4] of the inference activity).

In summary, at a given moment, t , the expert control system can be modeled as a
set of n  firm aperiodic tasks },,,{ 11 nτττ � , defined by 4-tuples ),,ˆ,( iiii udca ,
which compete for the use of an exclusively usable single unit resource, the inference
kernel.

The sum of the utilities of all the tasks in the set is the total value of the task set.
The task set is said to be feasible when all the tasks of the set can be completed before
their deadlines. If one or more tasks fail, the system is said to be overloaded.

3 Scheduling Algorithm

The goal of an algorithm that schedules the execution of intelligent tasks is to find a
schedule for a given task set which obtains as high a value as possible, while fulfilling
the restrictions imposed by the environment and the internal architecture of the expert
system itself. In this paper we assume that the expert system runs in a uniprocessor
machine.

Exclusive access imposed by the inference kernel makes the problem of finding a
feasible schedule NP-Hard [5]. It is well known that optimal pre-emptive scheduling
algorithms for uniprocessor systems are not optimal when preemption is not allowed,
as with Lowest Laxity First algorithm [6], or remain optimal but under more
restrictive conditions, as with Earliest Deadline First (EDF) algorithm. EDF was
proven to be optimal in a non-preemptive task model if the processor does not remain
idle while there are tasks waiting to be executed [7][8]. As the expert system is
non-clairvoyant, there is no reason to remain idle while there are tasks waiting in the
system, so the EDF algorithm is optimal in the sense of feasibility. In addition,
deadline scheduling means that it is not necessary to know computation times of tasks
in advance, ratifying the EDF selection. Unfortunately, the performance of EDF is
dramatically reduced in overload conditions, so the effect of a transient overload can
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be catastrophic [9]. This risk is unacceptable for most real-time applications, and in
particular for real-time expert systems, as overload conditions are normally related to
critical conditions in the environment

Overloads can be handled using two basic techniques [10]. The first technique,
guarantee, handles overloads by using acceptance tests, and rejecting tasks that makes
the task set unfeasible. The second technique, robust, is an extension of the first
technique, in which rejected tasks enter a reject queue from where they can be rescued
for execution or finally discarded.

The best effort technique is not adequate for real time expert systems with
non-preemptive restrictions, as it does not predict overloads. If EDF is used running
without overload prediction, catastrophic situations will result. Nor are guarantee
techniques adequate because of the high variability of the execution time of intelligent
tasks. Consequently, using guarantee techniques there is a risk of under-utilization of
resources. So, only robust-like approaches are able to achieve adequate scheduling for
this kind of system.

Our algorithm uses statistical information, obtained on-line, about the intelligent
tasks in order to detect a system overload. If the system is not overloaded, the
intelligent task to run is selected following EDF policy. If, on the contrary, an
overload is detected, the task to execute is selected as a function of the probability of
success and the expected utility. Tasks remain in the system until they have missed
their deadlines.

3.1   Overload Detection

The high variability of the computation time of intelligent tasks reduces the validity of
the feasibility analysis of the complete set of tasks in the expert system. It is quite
normal to have time after executing one intelligent task or to miss a deadline due to an
unexpectedly long computation, so feasibility analysis loses validity as the number of
executed tasks of the analyzed set increases. Also, as intelligent tasks can share data
stored in the working memory of the real-time expert system, the computation time of
intelligent tasks can be influenced by the computation of previous tasks. The
aperiodic arrival of new intelligent tasks can also make long feasibility analysis
invalid. Thus, this work predicts overloads after the execution of every task using all
the tasks in the system, but considering only one-task-ahead execution, as is explained
below.

Let 10, <≤ℜ∈ αα  be the maximum admissible probability of missing a

deadline, chosen at design time. If iĉ  is an estimator of the worst-case computation

time of task iτ  with a confidence level of α−1  (that is

101)ˆ( <≤−≥≤ ααii ccP ), the laxity, iL , of the task iτ , defined in (1), can be
obtained at any instant, t .

tcdaL iiii −−+= ˆ (1)

If the laxity of the task is negative, the probability that task iτ  will fail is given by

(2).

ατ >⇒< )(0 failsPL ii (2)
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Before executing a task, the laxities of all the tasks in the system are calculated. If
the laxity of even one task, i.e. iτ , is negative, the expert system is considered

overloaded because the probability of failing when executing iτ  is inadmissible.

Tchebychef’s inequality [11] allows us to estimate the worst-case execution time
of intelligent tasks using the sample mean and the sample variance of the past
execution times of the tasks.

Let iµ̂  and 2ˆ iσ  be the sample mean and the sample variance of task iτ  after 1+n

samples of ic , obtained recursively using (3) and (4).
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If both iµ̂  and 2ˆ iσ  are finites, given 1, ≥ℜ∈ kk  Tchebychef’s inequality gives a

lower bound of the probability that ic  belongs to an interval centered in iµ̂  and with

radius ikσ̂ , as holds (5).

2

1
1)ˆˆˆˆ(

k
kckP iiiii −≥+≤≤− σµσµ

(5)

From (5), (6) and (7) immediately follow.

2

1
1)ˆˆ()ˆˆ(

k
ckPkcP iiiiii −≥≤−−+≤ σµσµ

(6)

)ˆˆ(
1

1)ˆˆ(
2 iiiiii ckP

k
kcP ≤−+−≥+≤ σµσµ

(7)

As 0)ˆˆ( ≥≤− iii ckP σµ , (8) can be obtained from (7).

2

1
1)ˆˆ(

k
kcP iii −≥+≤ σµ

(8)

That is, for each value of 1, ≥ℜ∈ kk , computation time ic  of task iτ  is known to

be lower than ii kσµ ˆˆ +  with a probability of 2/11 k− . From (8) we also get (9),

where the value α−1  is the confidence level of the bound.

10,11
1

1)ˆˆ(
2

<≤≥−=−≥+≤ αασµ k
k

kcP iii

(9)

So, the worst-case computation time, iĉ , of task iτ  can be estimated using (10)

with a confidence level of α−1 .
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iiiii kc σαµσµ ˆˆˆˆˆ 2/1−+=+= (10)

Tchebychef’s inequality makes no suppositions about probability distribution of
computation time, so bounds obtained are usually pessimistic. As (8) also neglects the
value of )ˆˆ( iii ckP ≤− σµ , bounds are even more pessimistic. Thus, it is not

necessary to choose high values of k  to obtain bounds of adequate confidence. We
have determined empirically that a value of 2=k  or, what is the same, a confidence
level of 75.01 =−α  are adequate for most cases.

3.2   Scheduling Policy during Overloads

If the system is overloaded, EDF must be replaced by a more adequate scheduling
policy. We have observed that during overloads the result of executing a task with
low probability of success is even worse for non-preemptive than for preemptive
systems. If a task cannot be preempted once scheduled, all the tasks of the system
may miss their deadlines if their laxity is small. For this reason, during overloads
tasks are run taking their probability of success into account.

The benefit of executing tasks must also be taken into account, as it can not be the
same for all tasks. Thus, in some situations it is preferable to execute a task with a
lower probability of success but which will provide greater benefit if it succeeds.
Locke [12] observed experimentally that running the tasks with the greatest values of
the ratio ii cu /  allows the system to achieve a utility at least as high as with any other

policy.
The dynamic priority of the tasks, ip , obtained using (11) summarizes both

factors, and so was chosen as the policy to select tasks to be run during overloads.

i

i

i

ii
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u

c

cL
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ˆ
⋅

+
=

(11)

Tasks with high utility and high (positive) laxity have high values of ip . Tasks

with low utility and low (negative) laxity have values of ip  near zero: a task remains

in the system until its deadline is missed, and at that moment
0ˆˆˆ =+⇒−=−−+= iiiiiii cLctcdaL .

4 Results

The results achieved using the scheduling policy presented in this work are measured
using two performance metrics, the completed task ratio CTR (the count of tasks
completed before their deadlines divided by the total number of task arrivals) and the
effective processor utilization EPU (the time consumed executing tasks completed
before their deadlines, divided by the total time consumed). Only these two
measurements have been included as in most cases the number of tasks completed and
the value of the effective processor utilization is enough to analyze the behavior of a
system during overloads [16]. The results presented are obtained by assigning the
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same constant utility of 1 to all the tasks in the system. So another broadly used
metric, the hit value ratio [10], is not included as it coincides with the completed task
ratio.

Results are obtained for various sets of tasks, composed of a number of tasks, n ,
of 10, 25 or 50 intelligent tasks. Only results for the case of 10=n  are presented (see
Fig. 2), as they can be safely extrapolated to the cases of 25 and 50 tasks.
Computation time of tasks are random variables distributed following an Erlang
distribution [17], whose probability density function is shown in (12), with 2=k  and
variable mean value ii kc λ/= .

0
)!1(

)(
1

≥
−

=
−−

i

xk

i

k

i
i c

k

ec
cf

λλ (12)

Mean computation time of tasks, ic , varies uniformly from a value of 1 to a value

of maxc , where maxc  takes the values 1, 10, 25 or 50. Relative deadlines of tasks, id ,

are defined by (13).

iii ccd ⋅+= 4 (13)

The mean load of the system, L , (see (14)), ranges from a value of 0.5 to a value
of 1.5, where if  is the arrival rate of each intelligent task.

i
i

i fcL ∑= (14)

For each value of n , ic  and L  arrival rates of tasks, if , are obtained using (15).

nc

L
f

i

i ⋅
=

(15)

Each intelligent tasks contributes equally to the load of the system with a demand
value of nL / .
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Fig. 2. Performance comparison of the new scheduling algorithm (continuous lines), EDF
(dotted lines) and MVD (dashed lines) for 10=n  tasks.
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The results are obtained from simulations of 180000 time units in length, divided
in 30 batches of 6000 time units each, which assures a significance level of the
measurements presented greater than 90%. Figures include results obtained by
scheduling tasks following our scheduling policy, EDF policy and maximum expected

ii cu ˆ/  policy (or maximum value density, MVD). EDF has been included for

reference, and it is very important to take into account the fact that tasks are removed
from the system when they miss their deadline, which dramatically improves EDF
performance during overloads.

Comparing the behavior of the new algorithm with the behavior of the EDF
algorithm, the validity of overload detection can be affirmed, as the new algorithm
behaves as well as EDF when the mean load is low, and degrades gracefully when the
mean load increases. It can also be observed that the new algorithm achieves nearly
the same value of CTR as the MVD algorithm, while the EPU is always better.

The better behavior of the MVD can be explained by analyzing the CTR of tasks
individually for high values of the mean load, shown in Fig. 1. With 10=n ,

10=maxc , and values of mean load 25.1=L  and 5.1=L , MVD shows preference for

tasks with short computation time (dashed lines), which improves the count on
completed tasks with respect to the new algorithm (continuous lines), which improves
the balance between the number of tasks with long and short computation time
scheduled.

5   Conclusions

This work presents a new scheduling algorithm designed to be coupled with a specific
real-time expert system architecture, whose main characteristic is the serialization of
inferences. The algorithm exploits the observation that in non-preemptive systems
deadline misses cause high performance degradation and the well-known properties
of the MVD scheduling. As its performance analysis shows, the algorithm achieves
highly effective utilization of resources, and nearly as high a task completion ratio as
the MVD algorithm.
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Abstract. This paper is concerned with the formulation of a process knowledge
based controller (PKBC) for maneuverability improvement of non-linear proc-
esses operation. The capacity for empirical knowledge acquisition from artificial
intelligence systems was utilized in the development of the strategy. The PKBC
is a neuro-fuzzy system obtained from process data. The GT 5001 type is the
selected nonlinear process, for speed control during startup operation, where the
GT has to follow a specific speed path that imposes tight regulation require-
ments for the control system, including fast response and precision. The pro-
posed control strategy is a feedforward-feedback one. In the feedback path a
PID controller is used. In the feedforward path a PKBC provides most of the
control signal for wide-range operation, diminishing the control effort on the
PID controller. Simulation tests were carried on a dynamic mathematical model
of the GT, and demonstrate the maneuverability improvement concerning the
startup speed response.

1   Introduction

Industrial processes are dominated by nonlinear and time-varying behavior presented
during changes in operating conditions and operation modes. Throughout the process
behavior, startup, normal operation and shutdown, the conventional controllers have to
lead the process to the desired target. These controllers belong to the PID class and
have been widely used in various industrial control applications. Their almost univer-
sal use is mainly attributed to their simple structure and robust performance in a wide
range of operating conditions. However, real industrial processes may have character-
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istics such as high-order, dead-time, nonlinearity, etc. which make the PID controller
inaccurate because they are designed only to regulate the process for an operating
point. Additionally, these processes may also be affected by parameter variations,
noise and load disturbances.

Although operators are able to control complicated nonlinear and time varying
systems after a long acquired experience, PID controllers are not good at coping with
non-linearity, operational constraints and interaction between process variables [1]. In
these cases the operator, based on his experience on the process, has to tune-up the
controller parameters to reject the disturbances. This can lead to a good controller for
disturbances rejection, but a malfunctioning controller for regulation purposes. To
overcome the regulation problem, a reference feedforward control is proposed to free
the PID controller of set-point tracking chores to almost exclusively deal with these
events, in a more effective way.

Successful implementation of the fuzzy logic technology has become an even
greater interest in the field and currently new applications, as reported in this paper,
are emerging every day [8, 9]. Benefits in using fuzzy logic for control in place or
besides of conventional methods in that they are easy to design, easy to implement,
and generally more robust than conventional controllers [10].

The feedforward fuzzy controller is a wide range nonlinear static mapping of the
reference signal and the control signal, which approximates a process steady state
inverse model. The mathematical formulation of the process model is a complex and
difficult task, so we take advantage of the fuzzy systems universal approximation
property, to obtain a good process representation. The feedforward fuzzy controller is
designed off-line from input-output data measurements using a neural network learn-
ing method, resulting in a neurofuzzy feedforward controller

Previous approaches on real applications for power control [2], considered a con-
stant feedforward action, which is only valuable for an operating point. In this paper a
wide-range feedforward controller implemented as a fuzzy system. Thus, main differ-
ence with previous approaches is the variable reference feedforward action, providing
a variable gain based on the operating point throughout the unit operating range.

This paper is organized in four sections; Section 2 describes the PKBC formulation,
which is based on input-output process data along the whole operating range of the
process, Section 3 presents the knowledge acquisition process for the PKBC design,
Section 4 shows a case study based on the gas turbine operation. Simulation tests were
carried out with a dynamic mathematical model of a GE-5001 Turbogas unit. Speed
control over the whole operating range shows a better performance overcoming the
change on the operating point during startup. Finally, Section 5 summarizes and con-
cludes this work.

2   PKBC Formulation

The PKBC is a fuzzy controller with a TSK (Takagi-Sugeno-Kan) inference fuzzy
system where the consequents of the inference rules are a linear combination of the
system inputs. The design problem is based on the constant consequent values deter-
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mination and the membership functions parameters in the antecedent part of each rule.
This problem is resolved by using a neural supervised learning procedure from a col-
lection of process input-output data. The convenience of this design procedure resides
on the obtained fuzzy inference systems that can be directly implanted, without addi-
tional adjustment and may be utilized as a base design to improve the process per-
formance.

Several methods may be used to design the PKBC from input-output data. The
combination of neural networks and fuzzy systems in a homogenous structure, synthe-
sizes both techniques advantages in a complementary way. Neural network learning
characteristics make easy the fuzzy system tuning. We can find several methods to
synthesize fuzzy systems, including GARIC, NEFCON, FuNe, ANFIS, etc [3]. The
method known as adaptive neuro-fuzzy inference system (ANFIS) was used here [4].
This technique allows the implementation of multi-input single output first order TSK-
type model with weighted average defuzzification.

The PKBC is based on the TSK [5] model that is the best suited for implementation
purposes, since it significantly reduces complexity at the output defuzzyfication layer,
using input-related output hyper planes instead of output membership functions. The
ANFIS method allows first order TSK controller design with the following IF-THEN
rules:
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where An represent the input fuzzy sets, ai,n are the constants and j=1,2,…n is the rule
number in the fuzzy processor. For the functional fuzzy system the crisp output is
obtained by the discrete center-of-mass defuzzyfier:
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where �i represent the membership values of the inputs.
Given an arbitrary set of inference rules, the ANFIS method adjust the membership

functions An, and the ai,n constants of the consequent part by a neural learning standard
process until the desired input-output pattern set is reproduced. To accomplish this, the
TSK fuzzy system is represented as a feedforward neural network with n inputs, N
rules, with five layers with N neural processing units in layers L1 to L4, and a single
neural unit in layer five, L5. Layer 0 with n distribution units is not considered as a
neural processing layer (Figure 1).

The implementation of the controller is based on the structure depicted in figure 2,
which consists of a feedforward and feedback control processors. The feedback con-
trol processor is a PID based controller that provides the control signal ufb, and it is
designed for disturbances rejection. The feedforward control processor provides the
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control signal uff, and it is designed to provide the maneuverability needed during the
startup operation.
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Fig. 1. TSK fuzzy-system structure as a feedforward neural-network

The initial idea of the control structure comes from the two degrees of freedom lin-
ear control system [6]. For the feedforward path the PKBC proposed is based on the
inverse steady state behavior is approximated, as a fuzzy system, using input-output
process data along the whole operating range of the nonlinear industrial process. This
configuration permits to maneuver the process to follow the reference, while the feed-
back controller reduces disturbances.

3   Knowledge Acquisition

Fuzzy systems theory proposes a systematic method for mapping human knowledge
into an input-output nonlinear relation. The operator’s process knowledge can be rep-
resented by a PKBC integrated to the existing control strategy. The implementation of
the PKBC is based on the steady-state data along the operation range of the nonlinear
process.
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Fig. 2. Feedforward/feedback control configuration.

The inverse model is obtained by measuring the steady state process behavior. The
input to the PKBC is given by the current output of the nonlinear process, and the
output of the PKBC is given by the current demand to the process (control valve).
Once the PKBC is designed, and included in the control system, its input is supplied
by the reference (setpoint) to obtain the feedforward contribution to the final control
element demand (control valve).

A classical feedback control loop, one input one output, is shown in figure 3, where
r, u, and y are the reference, the control and the output signals respectively. w is the
disturbance effect on the control loop, G(s) and Gc(s) are the process and controller
transfer functions, and s is the Laplace operator. The closed loop transfer function is:

1( ) [1 ( ) ( )] [ ( ) ( ) ( ) ( )]c cY s G s G s G s G s R s W s−= + + (3)

where R(s), W(s), and Y(s) are the Laplace transfer functions of r, w, and y, respec-
tively.

Clearly, only by Gc(s) design is difficult to achieve a precise reference pursuit
(speed regulation), Y(s)=R(s). In order to accomplish this, a feed forward control path
may extend the control loop from the reference, as shown in figure 4. The closed loop
function would be:

[ ] ( ) ( )1
1 c r c cY GG GG GG R GG W

−= + + +   (4)

where, Gr is the feed forward control transfer function, omitting for brevity the
Laplace operator dependency.

In theory, Gr can be designed as:
1

rG G−= (5)

to accomplish a perfect following for reference changes, and Gc can be designed to
compensate for disturbances effects.

Feedforward and feedback controllers can be complementary. Feedforward control
actions allows fast following on reference signal changes. Feedback control actions
give a corrective action over a lower time scale to compensate for model inaccuracies
presented by the feedforward control, measurements errors and non-measured distur-
bances.
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Fig. 3. Typical closed control loop.
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Fig. 4. Loop with feedforward control trajectory.

4   Case Study: Gas Turbine Operation

4.1   Combustion Turbine System Description

Figure 5 shows the main components of the GT system: a starting device, the air com-
pressor, the gas turbine and the generator. All are on a common shaft. The starting
device is an induction motor which accelerates the turbine from initial start, through
fuel ignition and light off, and continue to aid acceleration to about 25% of rated
speed; at this point the fuel combustion process maintains acceleration and the starting
motor is turned off. The compressor accepts filtered inlet air from the environment
and passes it through 17 stages to produce a compression ratio, which yields a dis-
charge pressure of combustion airflow. Three bleed valves bypass portion of the com-
pressor air during startup to produce stabilizing turbine acceleration and avoid the
surge phenomenon. An Inlet Guide Vane (IGV) at the front of the compressor is
modulated to improve GT performance.

The combustion chamber burns natural gas in the proper air mixture to provide hot
gases for the two-stage power turbine. The fuel throttle valve is controlled to develop
speed turbine following the speed profile first, and megawatt generation later, within
appropriate turbine exhaust gasses temperature limits.

As driving force of the electric generator, safety, availability, and efficiency are
important factors to be searched with an effective control system to:

� Restore stability of turbine operation after a disturbance and to obtain precision
response in normal operation

� Follow the acceleration startup curve to minimize fuel consumption before
synchronization and minimize the high vibration periods
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� Keep the main variables of the unit, temperature and pressure, close to the op-
erating limits without exceeding them to preserve the unit
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Fig. 5. Combustion Turbine System

The operation procedures of the GT generate important process disturbances, fig. 6:
Starting motor outage: when the speed path follows the desired acceleration pattern

and reaches the 25% of rated speed, the starting motor goes out. Then the GT experi-
ences a speed disturbance that the control system has to overcome. This is shown by
an exhaust temperature variation that may cause thermal shock in the gas turbine me-
chanical parts

Bleed valves closing and IGVs opening: When the GT reaches the 95% of rated
speed the bleed valves close and the IGVs open. The combined effect increases the
combustion chamber’s pressure, decreases the exhaust gases temperature and conse-
quently the GT experiences another speed disturbance, over-speed transient, which
needs to be corrected by the control system.

4.2   Simulation Results

The simulation platform was the Matlab/Simulink programming environment, where
the GT dynamic mathematical model was developed [7]. The design data was ob-
tained by GT simulation under feedback control. This PID feedback controller was
tuned to get the best process response. Once the tuning process was finished, the
simulation established the training data.

The inverse model of the GT was obtained by measuring the steady state process
behavior. The input to the PKBC is given by the output speed of the GT, and the de-
sired output of the PKBC is given by the current demand to the control valve.

After several essays with different membership partitions and forms, the resulting
system is a one-input one-output fuzzy system, composed of seven rules, seven trian-
gular membership functions and seven crisp values. Performance of the FF path to
reproduce the inverse static behavior of the process was verified by reproducing the
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Fig. 6. Process disturbances.

steady state data of figure 7. The universal approximation property of fuzzy systems is
confirmed.

Once the PKBC is designed, and included in the control system, its input is sup-
plied by the acceleration startup reference curve to obtain the feedforward contribution
to the control valve. A typical startup operation is shown in figure 8, where the turning
speed and the speed reference are shown.

The speed response with the PKBC follows the speed reference without distur-
bances effects over the operation. Almost all the control effort over the process is
given by the PKBC, and the FB control signal (PID controller) realizes disturbance
compensation, as shown in figure 9. The main component of the final control signal is
the feedforward contribution, while the feedback controller contributes the regulation
of the controlled variable about the commanded trajectory.

Fig. 7. Inference curve and membership functions.
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Fig. 8. GT startup operation. Fig. 9. Control signals behavior.

5   Summary and Conclusions

In this paper, a PKBC for maneuverability improvement of a non-linear industrial
process, such as a gas turbine for power generation, was presented.

Training data for feedforward fuzzy controller design was obtained from the proc-
ess controlled by a conventional PID, with no process model requirement at all. A
neural network learning technique, available in Matlab, was used for controller’s pa-
rameters tuning, resulting in a neurofuzzy feedforward controller.

The results show that the PKBC (feedforward control) signal successfully drives
the process close to the desired state through wide-range operating maneuvers. On the
other side, the feedback controller (FB) signal compensates for disturbances about the
reference speed. This is due to the PKBC nature, which maps the steady-state behavior
over the operating range.

After simulation tests have been realized the following phase of this work are: the
extension of this strategy for load control, an analysis of performance robustness and,
the real-time platform tests. The real-time platform test will be composed of an indus-
trial controller, an operator interface and a dynamical simulator, which will emulate
the real process.

Acknowledgement. The authors thank Dr. Salvador Gonzalez C. and Ing. Rafael
Chavez T. at IIE for their support to develop neurofuzzy controls; research in this
paper was conducted under project 11983.
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Abstract. Diagnosis systems are becoming an important requirement
in these days given the complexity of industrial systems. This article
presents an architecture for online diagnosis based on probabilistic rea-
soning. Probabilistic reasoning utilizes a model of the system that ex-
presses the probabilistic relationship between the main variables. Thus,
the values of some variables are utilized as evidence and the propaga-
tion provides an inferred value of other variables. Comparing the inferred
value with the real one, an abnormal condition can be detected. Next, an
isolation phase is executed in order to find the root cause of the abnormal
behavior.
This article presents the design of an architecture that performs online di-
agnosis of gas turbines of combined cycle power plants. The architecture
was designed utilizing some of the classes of the Spanish elvira project as
a double experiment: (i) to test a general purpose, probabilistic reason-
ing package elvira in a real application in a real time environment and
(ii) to test a previously developed theory for diagnosis in a gas turbine.

1 Introduction

Given the high costs and the difficulties for building new electric generation
plants, the current trend consists in increasing the performance, availability and
reliability of the actual installations. The performance refers to the amount of
mega watts that can be generated with a unit of fuel. The availability refers
to the hours that the central stops generating, and the reliability refers to the
probability of counting with the different equipment in the plant.

Diagnosis is the technique utilized in several fields devoted to find faults, to
explain abnormal behavior or to detect a faulty component in a system. Some-
times, engineers acquire data from a working process in order to analyze it off
line, and detect the faulty component or the cause of the abnormal behavior.
Other diagnosis systems run in line, i.e., they collect data and reason about the
responses of the system. Some diagnosis systems predict the occurrence of a fail-
ure while others only explain the causes once that the fault has been propagated.

The diagnosis architecture presented in this paper is part of a larger sys-
tem formed by a monitor, an optimizer, a diagnoser and an intelligent planning

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 795–804, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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module. When the monitor detects that the process works normally, it runs the
optimizer in order to increase the performance of the process, e.g., the gener-
ation of more mega watts with less fuel. On the opposite, when the diagnoser
detects an abnormal behavior, it identifies the faulty component and starts the
intelligent planning that generates advices to the operator in order to return the
plant to its normal state. This optimizer and diagnosis system are devoted to
enhance the performance and availability indices.

The diagnosis system utilizes probabilistic reasoning for the detection and
isolation of faults. It is based on the reasoning that an experimented operator
carries out when some sensors of the plant present abnormal readings given the
rest of signals. The operator may infer a fault in a sensor given the readings of
the related variables. The first step is to acquire a probabilistic model of the
process that relates the variables, i.e., a Bayesian network. Then one by one, the
variables are predicted through probabilistic propagation and compared with
the real value. If significant deviation is presented, then an apparent fault is
detected. The isolation of the fault is carried out using a special property of the
Bayesian networks called the Markov blanket.

The diagnosis architecture is based on the elvira project1. The input for the
system is a sample with data of one execution of the process without any fail-
ure. With the data, the learning module of elvira generates a Bayesian network
representing the probabilistic relationship between all the variables considered.
Once a model is established, the system runs in real time, i.e., it reads data
from the process and detects faulty components. The output of the diagnosis is
a vector with the probability of failure of all the variables considered.

The next section explains a previously developed theory for probabilistic
validation of important variables.

2 Probabilistic Diagnosis Model

The probabilistic diagnosis model requires the construction of a Bayesian net-
work relating all the variables in the system being diagnosed. For example, Fig. 1
shows a probabilistic model of a process where variables g and a cause variable
t, and this variable together with p affect the behavior of variable m.

The diagnosis consists of two operations: (i) basic validation and (ii) isolation.
The former operation detects the presence of a fault while the later isolates the
faulty element. This corresponds to the FDI (Fault Detection and Isolation)
technique utilized in industry. These operations are made cyclically with all the
variables in a model. Both, the detection and isolation modules utilize a Bayesian
network. The detection is made using the Bayesian network representing the
probabilistic relations between the variables as in the example of Fig. 1. This is
called the detection network. The isolation network is explained below.

The basic validation consists in the estimation of the value of a variable ac-
cording to the values of other related variables. A particular variable is taken as

1 information about this project can be consulted in http://www.ia.uned.es/ẽlvira.
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Fig. 1. A Bayesian network of certain process.

the hypothesis while the related variables act as the evidence. Thus, the propa-
gation in the Bayesian network provides the posterior probability distribution of
the variable’s estimated value, given other variables. This distribution can then
be used to infer if the variable has a proper value or if it shows an abnormal
behavior.

For example, for the validation of variablem in Fig. 1, a posterior probability
distribution P (m | t, p) is calculated2. The real value of m is compared with the
probability distribution and a conclusion is obtained. However, if the validation
of a variable is accomplished utilizing a faulty variable then a false conclusion
is expected. A basic validation algorithm then, can only tell if a variable has
a potential fault, but (without considering other validations) it can not tell if
the fault is real or apparent. The fault isolation module distinguishes between
apparent and real faults, isolating the faulty variable.

The isolation module functions as follows. When a faulty variable exists, the
fault will be manifested in all the related variables. The most closely related vari-
ables for each variable in a Bayesian network are those in its Markov blanket.
A Markov blanket (MB) is defined as the set of variables that makes a variable
independent from the others. In a Bayesian network, the following three sets of
neighbors are sufficient for forming a MB of a node: the set of direct predeces-
sors, direct successors, and the direct predecessors of the successors (i.e. parents,
children, and spouses) [4]. For example, consider the Bayesian model of Fig. 1.
The MB of t consists of the set {g, a, p, m}, while MB of p consists only of {m, t}.

The set of variables that constitutes the MB of a variable can be seen as
a protection of this variable against changes of variables outside the blanket.
Additionally, the extended Markov blanket of a variable vi written EMB(vi),
is formed by its MB plus the variable itself. Utilizing these concepts, if a fault
exists in one of the variables, it will be revealed in all the variables in its EMB.
On the contrary, if a fault exists outside a variable’s EMB, it will not affect
the estimation of that variable. It can be said then, that the EMB of a variable
acts as its protection against other faults, and also protects others from its own

2 Notice that the value of a and g are not required since they are conditionally inde-
pendent of m given t.
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failure. This assumes that all the variables in the MB are instantiated. The fault
isolation module utilizes this property to update a probability of failure vector
(one for each variable) and hence, to distinguish the real faulty variable [2].

The isolation utilizes a probabilistic causal model relating the real and ap-
parent faults [4]. Fig. 2 shows the causal network corresponding to the example
of Fig. 1. This is called the isolation network.

Rm Rt Rp Rg Ra

Am At Ap Ag Aa

cmt
cmm

Fig. 2. Probabilistic causal model for fault isolation. Ri represents the real fault in
sensor i while Aj represents the apparent fault in sensor j.

The node Rm represents the real fault in variable m while Ap represents
the apparent fault in variable p. The arcs denote causality, i.e., an apparent
failure in variable m (node Am) is caused by the existence of a real fault in
one of the nodes m, t or p3. This set happens to be the EMB(m). Thus, given
more evidence about the state of apparent faults in the variables, the posterior
probability value of real fault nodes will tend either to zero or one.

The probabilistic diagnosis theory developed in [2,3] can be summarized as
follows. After a cycle of basic validation of all variables is completed, a set S of
apparent faulty variables is obtained. Thus, based on the comparison between S
and the EMB of all variables, the following situations arise:

1. If S = φ there are no faults.
2. If S is equal to the EMB of a variable X, and there is no other EMB which
is a subset of S, then there is a single real fault in X.

3. If S is equal to the EMB of a variable X, and there are one or more EMBs
which are subsets of S, then there is a real fault in X, and possibly, real
faults in the variables whose EMBs are subsets of S. In this case, there are
possibly multiple undistinguishable real faults.

4. If S is equal to the union of several EMBs and the combination is unique,
then there are multiple distinguishable real faults in all the variables whose
EMB are in S.

5. If none of the above cases is satisfied, then there are multiple faults but they
can not be distinguished. All the variables whose EMBs are subsets of S
could have a real fault.

For example, consider the network shown in Fig. 1 and its corresponding
probabilistic causal model shown in Fig. 2. Suppose a failure in the value of
3 The parameter cij correspond to the noisy–or condition [4,3].
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variable p. The basic validation of m will produce an apparent fault given that
its estimation was made using an erroneous value. This imply the instantiation
of node Am in Fig. 2 as true. At this point, the probability of failure will show
an estimation of the most suspicious real faulty nodes. Following the procedure
for all nodes, will result in the detection of apparent faults in nodes m, p, and t.
Thus, instantiating those apparent fault nodes in Fig. 2 will provide the posterior
probability of all real fault nodes Rvariable. In this example, a high probability
value in node Rp will be obtained.

This theory assumes that all the variables in the MB are insaniated when
a variable is validated. This is not always feasible in model–based diagnosis.
However, the influence of an instantiation of a variable outside its MB is not
too strong. So it is considered that a faulty variable only affects the variables in
its MB and the previous theory can be applied.

3 The Diagnosis Architecture

At the highest level, the architecture is a typical intelligent system, i.e., it con-
tains a knowledge base, an inference mechanism and the output. The knowledge
base is a Bayesian network representing the probabilistic model that relates all
the variables. The network is constructed from a data set and using an auto-
matic learning program. The inference mechanism is the propagation methods
of elvira, and the output is a vector with the probability of failure of all the
variables. From a functional point of view, the diagnosis has two tasks: fault
detection and fault isolation.

Figure 3 shows the most general architecture. The learning module receives
a data set and produces a Bayesian network to be utilized by the detection
module. This module is the inference mechanism mentioned above. The detection
module reads data from the plant through the real time data acquisition module.
Real time data is utilized as evidence in the propagation, so apparent faults are
detected as explained in section 2. The list of apparent faults is the input to
the isolation module. The isolation module utilizes a causal model and produces
the final output of the diagnosis system, namely, a vector with the probability
of failure of all the variables in the system. This vector is transmitted to the
graphical user interface (GUI) for indication to the operator of the plant. Notice
that the diagnosis is carried out in a cycle between the detection and isolation
modules until all the variables have been diagnosed. The proposed architecture
described in this paper includes only the modules inside the dashed square. They
are described in the following sections.

3.1 Learning Module

The learning process starts with the acquisition of historical data from the pro-
cess without faults. Normally, the variables monitored in industrial processes
are continuous, i.e., discretization is required. When the sampled information
has been discretized, the K2Learning class from elvira is utilized. The elvira’s
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Fig. 3. High level architecture of the diagnosis system.

learning module produces a file with the resulting Bayesian network in elvira’s
format (detection.elv). Figure 4 shows the steps needed in the learning process. 
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Fig. 4. Learning the probabilistic model for diagnosis.

Creating a Bayesian network object in elvira requires a network description
in elvira’s format. This format is an ascii description of the nodes and arcs, their
characteristics and the parametric information. For the detection module, the
network is obtained with the learning module mentioned above. The isolation
network is formed with the detection network and the Markov blanket property
of Bayesian networks as explained in section 2. Figure 5 shows that, once the
elvira format has been defined, a syntactic and semantic validation is required.
The syntactic analysis is made with the parser class, indicating if an error
is found. Next, the network class reads the network description in memory
and generates a Bnet object. The Bnet object is the basis for the probabilistic
inference described next.
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Fig. 5. Acquisition of the Bayesian networks for diagnosis.
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3.2 Detection Module

The detection module compiles a Bnet object it with the bnet class and loads
the network in memory. The validation consists in the prediction of a variable’s
value given all the related variables. Thus, the value of the related variables
are read and compared with the ranks of values generated in the discretization
step of the variable. This discrete value forms the evidence for the evidence
class. Next, the propagation class is called to obtain the posterior probability
of the validated variable given all the evidence. The real value of the variable is
compared with the probability distribution and if the deviation is higher than a
specific threshold, then an apparent failure is detected. This process is repeated
with all the evidence for each variable and for all variables. Figure 6 shows this
process.
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Fig. 6. Fault detection module.

3.3 Isolation Module

The isolation module also utilizes a Bnet object, an evidence information and
generates a posterior probability distribution. The Bnet object is obtained from
the isolation causal network deduced as indicated in Fig. 5. The evidence is the
occurrence of an apparent fault obtained in the detection module. The propa-
gation of probabilities in the isolation module provides the final output of the
diagnosis system, namely, the probability of being faulty of all the variables
in the system. The next section presents an experiment of a diagnosis of gas
turbines utilizing the proposed architecture.

4 Diagnosis of Gas Turbines

A gas turbine consists fundamentally of four main parts: the compressor, the
combustion chamber, the turbine itself and the generator. Combustion is pro-
duced in the combustion chamber producing high pressure gases at high tem-
perature. The expansion of these gases produces the turbine rotation with a
torque that is transmitted to the generator in order to produce electric power
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output. The control valve regulates the gas fuel in the combustion chamber and
is commanded by the control system, and its aperture can be read by a position
sensor. The temperature at the blade path, is taken along the circumference of
the turbine. Other important variables, measured directly through sensors are
the mega watts generated and the turbine speed in revolutions per minute.

The architecture has been utilized in diagnosis experiments in a gas turbine
simulator at the laboratory. The simulation executed for this experiment consists
in a load increasing from 2 MW to 23 MW. Six analog signals were sampled every
half second so a number of 2111 records were obtained during the 20 minutes
that this procedure took.

The learning module of elvira with the K2 algorithm [1] were executed utiliz-
ing the data table with the seven variables. Figure7 shows the resulting Bayesian
network involving the six variables.
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Fig. 7. Bayesian network learned from the experiment.

The speed variable represents the measure of the velocity of the turbine in
revolutions per second (RPS). The power variable is the measure of the mega
watts generated, temp is the exhaust gas temperature in the turbine, variable
gas press is the gas fuel pressure, gas valv is the position of gas control valve,
and variable gas demd is the gas valve demand.

According to the experts, the model can be interpreted as follows. The veloc-
ity or mechanical work produces mega watts and this generation is related with
heat. The temperature is related with the demand of gas, the aperture of the
valve and the pressure of the fuel. Notice that the direction of the arcs represents
probabilistic relationship between any pair of nodes and not necessarily a causal
relation. Several tests were made with different discretization values in order to
see the best result in the learning process.

Figure 8 shows the isolation network that corresponds to the probabilistic
network of Fig. 7.
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Fig. 8. Isolation network for the example of the gas turbine.

Consider the following scenario. The plant is generating and incrementing the
demanded load. The demand of gas (gas demd) is at 57.11 units, corresponding
to state s3, the gas pressure (gas press) is at 152.26, and the gas fuel position
(gas valv) is at 56.85 units or s3 state. The exhaust gas temperature (temp) is at
its 337.46 degrees and the gas turbine speed (speed) is at its 5085 rpm or the s5
state. Thus, instantiating those nodes in the network of Fig. 7, and propagating
probabilities, the following results are obtained in the power variable: P (power =
s2) = 100 %, and 0 in the rest of the power value intervals. In this case, the
propagation enforces the value of power variable to the interval corresponding
to the state s2.

Now, consider a failure in the electric generator or a failure in the power
generation sensor, in the above scenario. Table 1 shows the diagnosis process. The
second column indicates the result of the basic validation step, i.e., it provides the
probability of finding an apparent fault. The third column indicates the result of
the detection module according to the value of second column. This result is the
value of ok or failure indicated in Fig. 6. The following 6 columns indicate the
posterior probability of the Real fault nodes in the isolation network (Fig. 8).
They are in fact, the ultimate output of the diagnosis system: the probability of
failure of each variable. First, variables gas demd, gas press and gas valv are
validated. The propagation of probabilities indicates a flat distribution in these
variables, and the real value coincide in an interval with a real probability to be
correct, i.e., P (gas demd = correct) = 88 %, P (gas press = correct) = 54 %,
and P (gas valv = correct) = 75 %,. This implies the instantiation of nodes
Agasdemd, Agaspress and Agasvalv with no apparent faults in the isolation
network of Fig. 8.

Notice the first row in the table. With the propagation after Agasdemd was
instantiated as ok, the probability of failure vector shows that the variables temp
and gas demd have a 9 % probability of failure, i.e., they are free of faults while
the rest of the variables are completely uncertain (50 %). After the three first
variables have been validated, the results indicate that the temperature reading
is securely correct, the gas variables are very low suspicious, the speed is still
uncertain and the power starts to be the faulty variable. As expected from the
theory, the last step in the validation cycle confirms that the faulty variable is
indeed the power.
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Table 1. Diagnosis experiment simulating a failure in the power generation.

variable P (app.failure) state
validated (%) assigned Rspeed Rpower Rtemp Rgasdemd Rgaspress Rgasvalve

gas demd 88 ok 50 50 9 9 50 50
gas press 54 ok 50 50 1 9 9 50
gas valv 75 ok 50 50 0 9 9 9

temp 86 nok 50 80 0 15 15 15
power 20 nok 57 90 0 13 13 13
speed 1 ok 26 81 1 15 15 15

5 Conclusions and Future Work

This paper has presented a proposed architecture for the diagnosis of indus-
trial processes. The architecture is formed by a detection module and a isolation
module. Both modules utilize probabilistic reasoning. The first, requires a prob-
abilistic model that represents the conditional dependence and independence of
all the variables in the process. The isolation module utilizes a special property of
the Bayesian networks, namely the Markov blanket. A causal network is formed
utilizing the first model and the Markov blanket of every variable.

The architecture was implemented utilizing the elvira software. It is a soft-
ware package devoted to the probabilistic reasoning and decision support. The
main classes of elvira were integrated to the diagnosis architecture and were ini-
tially tested with the diagnosis of six variables model in a gas turbine of a power
plant.

The next step in this project is the fully utilization of this architecture in
the diagnosis and optimization of a complete power plant. First, the selection
of the most common failures reported in power plants is required. Next, the
specification of all the variables involved and the probabilistic model is obtained
with the learning tools Finally, with the installation of the architecture and the
acquisition of the process data, faults can be detected and isolated inline.
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Abstract. In the last few years, AI planning techniques have experi-
mented a great advance. One of the reasons for this big expansion is the
International Planning Competition (IPC), which enforces the definition
of language standards as PDDL+ and new benchmarks. In this paper,
we present the new features of STeLLa, a planner that participated in the
last IPC, held in Toulouse last April. STeLLa is a forward search plan-
ner that builds intermediate goals to ease the resolution of the planning
problem.

1 Introduction

The field of planning in AI has experimented great advances over the last few
years. Problems that seemed unsolvable, can be solved now in a few seconds.
Obviously, this motivates the researchers to increase the complexity of the prob-
lems to be solved by their planners. This way, some of the domains tested in
the last International Planning Competition 2002 (IPC2002) came out as a com-
bination of the domains used in the previous planning competition (AIPS’00),
like blocksworld, logistics, etc. thus increasing the difficulty of the problems1.
Moreover, other domains exhibiting new features such as the use of numerical
values or durative actions were also defined.

In this paper, we present STeLLa v2.0, a planner which participated in the
STRIPS track at the IPC2002. This version uses a new problem-solving approach
that consists of computing the set of subgoals to be achieved at each time step.
Solving a planning problem can be stated as successively decomposing the prob-
lem into a set of intermediate goals. STeLLa’s goal is then to find the (parallel)
actions to reach those intermediate goals. That is, STeLLa obtains parallel plans
and tries to minimize the overall number of actions in the plan.

Under this new approach, efforts are simply concentrated in obtaining the
literals in the next intermediate goal set and then finding the set of actions to
reach those literals from the previous state. The issue of how to build these
intermediate goals is fully detailed in Section 3, but we can anticipate that
STeLLa uses landmarks graphs (LG) to create those intermediate goals. The
idea of using LGs was firstly introduced in [5] and was extended in [6]. In both
1 The definition of these new domains and the results obtained by the participating
planners in the IPC2002 can be found in www.dur.ac.uk/d.p.long/competition.html.
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papers, a landmark is defined as a literal that must be true in every solution
plan. The process extracts a set of landmarks which are later ordered under the
concept of “reasonable order”, obtaining a LG.

This paper is organized as follows. Section 2 summarizes some basic concepts
about landmarks and LGs. Our technique to build intermediate goals is explained
in Section 3 and how STeLLa uses the obtained intermediate goals in order to
find the solution is shown in Section 4. Section 5 gives the results obtained in the
IPC2002 and Section 6 concludes by summarizing the strong and weak points
of this framework and the future work.

2 Concepts about Landmarks and Orders

Definition 1. A STRIPS action o is a triple o = 〈Pre(o),Add(o),Del(o)〉
where Pre(o) are the preconditions of o, Add(o) is the Add list of o and Del(o) is
the Delete list of the action, each being a set of atoms. The result of applying a
single STRIPS action to a state S when Pre(o) ⊆ S is defined as follows:

Result(S, 〈o〉) = (S ∪ Add(o)) \ Del(o)

The result of applying a sequence of actions to a state is recursively defined as:

Result(S, 〈o1, . . . , on〉) = Result(Result(S, 〈o1, . . . , on−1〉), 〈on〉).

Definition 2. A planning task P = (O, I,G) is a triple where O is the set of
actions, and I (the initial state) and G (the goals) are sets of atoms.

The process to build a LG consists of two steps [6]: (1) extracting the set of
landmarks and (2) ordering the obtained set of landmarks.

Definition 3. Given a planning task P = (O, I,G), a fact li is a land-
mark in P iff li is true at some point in all solution plans, i.e., iff for all
P = 〈o1, . . . , on〉,G ⊆ Result(I, P ) : li ∈ Result(I, 〈o1, . . . , oi〉) for some
0 ≤ i ≤ n.

Definition 4. The side-effects of a landmark li are defined as:
side effects(li) = {Add(o)− {li} | o ∈ O, li ∈ Add(o)}

The extraction process is straightforward. First, a Relaxed Planning Graph2

(RPG) is built. Then, all top level goals are added to the LG and posted as
goals in the first level at which they were added in the RPG. Each goal is solved
in the RPG starting from the last level. For each goal g in a level, all actions
achieving g are grouped into a set and the intersection I of their preconditions is
computed. We also compute a set U formed by the union of these preconditions
2 A RPG is a Graphplan Planning Graph [1] where the Delete list of the actions is
ignored.
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which do not belong to I. This set is called disjunctive set. For all facts p in
I we post p as a goal in the first RPG level where p is achieved. When all goals
in a level are achieved, we move on to the next lower level. The process stops
when the first (initial) level is reached.

Definition 5. Let li, lj be two landmarks. li and lj are consistent if there exists
a possible state S/li ∈ S ∧ lj ∈ S.

We use the TIMinconsistent function [3], which returns whether two literals
are consistent or not. Once the set of landmarks has been extracted, they are
ordered according to the following orders, which in turn define an LG:

Definition 6. A natural order is established between two landmarks li, lj
(li <n lj) when in every solution plan it is necessary to solve li to achieve lj,
that is, li is a precondition of all the actions that satisfy lj.

Definition 7. A weakly reasonable order is established between two land-
marks li, lj (li <wr lj) in the following cases:

– if li and lj are naturally ordered before the same node lk and ∃ landmark x :
x <n li ∧ TIMinconsistent(x, lj) = TRUE

– if there exists some other landmark x, and x and lj are ordered before the
same node; and there is an ordered sequence of <n orders that post li before
x; and ∃ landmark y : y <n li ∧ TIMinconsistent(y, lj) = TRUE

– if ∃ landmark x : li <n x ∧ lj <wr x ∧ TIMinconsistent(side effects(lj), li) =
TRUE

A weakly reasonable order between two landmarks li <wr lj states that it is
better to satisfy li before lj because if lj is achieved first it might be eventually
deleted by li.

Definition 8. A LG is a graph (N, E) with three types of nodes:

– simple node: li ∈ N as a simple node if li is a landmark.
– disjunctive node: li ∈ N as a disjunctive node if li is a disjunctive set.
– conjunctive node: [li, lj ] ∈ N as a conjunctive node if li is a side-effect of lj

and viceversa

The set of edges E for a LG is built as follows. Let li, lj be simple or disjunctive
nodes and [ln, lm] be a conjunctive node:

– If li <n lj ∨ li <wr lj → E = E ∪ (li, lj)
– ∀lk/(lk, ln) ∈ E ∨ (lk, lm) ∈ E → E = E ∪ (lk, [ln, lm])

We consider that a landmark is any of the elements in N and we will use the
notation li < lj throughout the rest of the paper to refer an edge (li, lj) in the
LG.

It is important to remark the fact that, both the process for extracting land-
marks and calculating the orders are approximate computations, that is, not
every landmark in a problem or all the orders between the obtained landmarks
are extracted. For this reason the information in the LG may not be complete.
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3 Building Intermediate Goals

This section explains how to build the intermediate goals.

Definition 9. An intermediate goal IG is the set of literals that should be
achieved next from the current state.

Definition 10. A fringe F is an IG whose literals can be reached by applying
only one action for each literal.

Currently, STeLLa v2.0 focuses on building fringes instead of intermediate
goals. The reason is that it is easier to build subplans to reach the corresponding
fringe than the IG, although some more reasoning is required for building a fringe
than for building an IG, as we will explain later on.

The first step for obtaining a fringe is creating the LG between the current
state and the top level goals. Then, all the landmarks whose predecessors nodes
in the LG belong to the current state are included in F . More formally, let
LG(N, E) be the current LG and li ∈ N , li ∈ F if ∀lj ∈ N/lj < li, lj ∈ current
state. Due to the incompleteness of the LG it might be the case that it is not
possible to achieve all the landmarks in F . This happens in any of the two
following cases:

1. One or more literals have to be postponed due to inconsistency or
optimality criteria. A literal li ∈ F can be delayed in the following cases:
a) ∃lj ∈ F / TIMinconsistent(li, lj) = TRUE
b) ∃lj ∈ F / TIMinconsistent(li, lj) = FALSE but the producer actions for

each literal are mutually exclusive, that is, they cannot be executed at
the same time from the current state

c) Even though li is consistent with all the other literals and its producer
actions would not cause any conflict, it may be the case that the achieve-
ment of this literal at this moment would lead to a non-optimal plan.

2. One or more literals need more than one action to be reached. In
this case, a regression process is performed to compute the new fringe.

3.1 Postponing Literals

In this section, we focus on case 1. In order to avoid inconsistency or to reduce
the addition of redundant actions in the plan, the solution is to add new orders
between the literals in F :

Inconsistency Orders (Cases 1a and 1b)

By inconsistency orders we refer to those orders that must be established
between two landmarks to solve cases 1a and 1b.

Definition 11. A literal li can be delayed if for every landmark following li
there is at least a precedessor landmark lk which is neither in the fringe nor in
the current state: ∀lj/li < lj ,∃lk/lk < lj ∧ lk /∈ F ∧ lk /∈ currentstate.
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Fig. 1. Example of the order type 1 in the logistics problem

Fig. 2. Example of the order type 2 in the logistics problem

We now define three types of inconsistency orders. The first two types are
aimed at solving case 1a and type 3 covers case 1b.

Type 1: If TIMinconsistent(li, lj) = TRUE ∧ can-be-delayed(lj)∧
¬can-be-delayed(li) then li < lj .

Figure 1 shows an example where this order can be applied3. In this example,
F={(at package1 pgh-airport), (at airplane1 la-airport), (at airplane1 bos-airport)}.
Let’s take li=(at airplane1 la-airport) and lj=(at airplane1 bos-airport), as a pair
of inconsistent literals. li can be delayed because (at package1 la-airport) has a
predecessor landmark, (in package1 airplane1), which is neither in F nor in the
current state. However, lj cannot be delayed since the only previous landmark
for (in package2 airplane1) belongs to the current state. Therefore, (at airplane1
bos-airport) should be achieved before (at airplane1 la-airport).

Type 2: If TIMinconsistent(li, lj) = TRUE ∧ ∃lk/li <wr lk ∧ lj <n lk then
li < lj .

The intuition behind this type of order is as follows. A natural order lj <n lk
states that lj is a precondition for lk, that is, lj must be true immediately before
lk. Therefore, if li is inconsistent with lj , it seems reasonable to achieve li before
so that lj does not have to be reachieved after li.

Figure 2 shows an example of the order type 2. In this case, li={at airplane1
la-airport}, lj={at airplane1 bos-airport} and lk={at package1 bos-airport}, then
li should be achieved in first place so that lj is true just before satisfying lk.

Type 3: If TIMinconsistent(li, lj) = FALSE ∧ ∃lk/lk < li ∧ lk < lj∧
TIMinconsistent(lj , lk) = TRUE ∧ TIMinconsistent(li, lk) = FALSE then li < lj .

3 The nodes in diamond indicate the landmarks that belong to F .
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Fig. 3. Example of the order type 3 in the logistics problem

Figure 3 shows an example where this order is applied. In this example,
F={(in package1 airplane1), (at airplane1 la-airport), (at airplane1 bos-airport)}.
If we take li=(in package1 airplane1), lj=(at airplane1 la-airport) and lk=(at air-
plane1 pgh-airport), since lj and lk are inconsistent and li and lk are not, then
lj should be delayed. Otherwise, we could not achieve (in package1 airplane1)
without reachieving (at airplane1 pgh-airport).

Optimality Orders (Case 1c)

The reasonable orders discovered when building the LG are aimed to reduce the
number of actions in the final plan. Since not all these reasonable orders are
found, we define some additional orders so as to improve the quality of the final
plan. It is remarkable the fact that, while the inconsistency orders are defined
between pairs of literals in F , the optimality orders refer to a single literal.

Type 4: If the producer action of a landmark removes a literal which is
required later on in the planning process, this landmark should be delayed. More
formally, let li be a landmark in F and P = {lj/lj < li ∧TIMinconsistent(li, lj) =
TRUE}. If ∃p ∈ P/out−degree(p) > 1∧∃lk /∈ F/p < lk∧TIMinconsistent(p, lk) =
FALSE then li is delayed.

Figure 4 shows an example where this optimality order should be applied.
Let’s consider the node (at airplane1 la-airport) as li. Then, P ={(at airplane1
pgh-airport)}, and so is p. The out-degree of p is 2, setting lk to (in package1
airplane1). lk and p are consistent, so li has to be delayed. If we analyse this
problem, we realise that if the literal (at airplane1 la-airport) is satisfied before
(in package1 airplane1), we would have to achieve (at airplane1 pgh-airport) again
for (in package1 airplane1), thus adding one more action.

Type 5: Let li be a landmark in F . If ∃lj/li <n lj ∧ ∃lk < lj∧
TIMinconsistent(li, lk) = TRUE ∧ lk /∈ current state then li is delayed.

In the example shown in Figure 5, if we consider (at airplane1 la-airport) as li,
(at package2 la-airport) as lj and (at airplane1 bos-airport) as lk, the conditions
above hold and, therefore, (at airplane1 la-airport) should be delayed. In this case,
it is better going first to Boston to collect package2 and then transport both
packages to la-airport, their final destination. Otherwise, if airplane1 headed la-
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Fig. 4. Example of the order type 4 in the logistics problem

Fig. 5. Example of the order type 5 in the logistics problem

airport before bos-airport, then the plan would have one more action as it would
be necessary to go to Boston from LA and then back again.

3.2 More-Than-One-Action Literals

As we said above, it might be the case that a literal in F cannot be reached
by applying only one action from the current state. In this case, we perform a
regression process that approaches the current fringe F to the current state. If
we were working with IG, we would not need to perform this regression process.
This is done by finding the set of literals F ′ that should be reached before F .
This intermediate fringe is computed as follows:

G′ = ∅
Forall the literals li ∈ F

1. Select an action A that achieves li
2. G′ = G′ ∪ Pre(A)

Build a new fringe F ′ from I to G′

If F ′ is a correct fringe, then return F ′

Else Regression (I,F ′)

The selection of the action A is very important because a wrong selection
may not lead to the best fringe. This can have a high impact in the final solution
since it can cause the planner to add redundant actions, as the results in Section
5 will show.
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4 Using the Intermediate Goals

In this section, we present the complete algorithm implemented in STeLLa .

Algorithm STeLLa (I,G) → plan P organized in time steps

C = I; time = 0
While G �⊂ C

1. Compute fringe F
2. Compute the set of actions A that solve F
3. If A = ∅ return P = ∅
4. Execute A, obtaining the new C
5. Ptime = A
6. time = time + 1

return P
While the planner has not reached the goals, it computes the next fringe

F . Then, the set of actions A, necessary to solve the fringe, is computed. If A
is empty the planner returns an empty plan. Otherwise, this set of actions is
executed over C, obtaining the new current state.

The most important difference between the current version and STeLLa v1.0
[7] is that in the latter the fringe after step 1 in the algorithm above, could
contain inconsistent literals whereas in STeLLa v2.0 F is totally consistent. So,
in the previous version it was necessary to create consistent subsets of goals
from F . Moreover, as no regression process was used the planner could reach a
dead-end when the literals in the fringe could not be achieved in only one action.

5 Experiments

In this section, we summarize the experiments performed with STeLLa v2.0 for
the IPC2002. We compare these results with the planners that were awarded a
prize in this competition:

– The quality version of LPG planner [4] which exhibited a distinguished per-
formance of the first order in the fully-automated track.

– MIPS [2] which exhibited a distinguished performance in the fully-automated
track.

– VHPOP [8] which was awarded the best newcomer prize.

Table 1 shows only the results for the problems STeLLa was able to solve in
the Depots and Driverlog domains out of 20 problems. For the Zeno and Satellite
domains (Table 2), STeLLa was able to solve almost all of the problems.

We can see that in all domains the results obtained by STeLLa are comparable
in terms of time steps and number of actions with the other planners. In terms of
time4, the performance of STeLLa varies along the domains. Although our main
4 In the Driverlog we have considered only those problems solved by STeLLa, whereas
in the Zeno and Satellite domains the time in average is computed over the problems
solved by each planner.
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Table 1. Depots and Driverlog problems (time steps / number of actions).

Depots Driverlog
LPG VHPOP MIPS STeLLa LPG VHPOP MIPS STeLLa

pfile1 8/10 8/10 12/13 6/11 pfile1 7/7 7/7 7/7 7/7
pfile2 12/15 12/15 9/16 9/16 pfile2 14/20 11/21 18/22 20/28
pfile3 21/27 / 21/34 17/33 pfile3 7/12 8/13 12/18 8/13
pfile8 21/35 / 27/48 30/56 pfile4 11/16 11/16 9/19 17/30
pfile10 13/24 / 22/34 25/30 pfile5 11/18 8/18 17/25 10/22
pfile13 19/25 / 18/25 11/30 pfile6 10/17 5/11 7/13 9/16

pfile7 7/13 8/15 9/15 10/21
pfile8 11/22 13/25 15/27 18/38
pfile9 13/23 14/22 14/24 13/26
pfile10 11/17 9/21 11/21 27/35

Time in avg. 6986 1966 135 3426

Table 2. Zeno and Satellite problems (time steps / number of actions).

Zeno Satellite
Problem LPG VHPOP MIPS STeLLa LPG VHPOP MIPS STeLLa
pfile1 1/1 1/1 1/1 1/1 8/9 8/9 8/9 8/9
pfile2 5/6 6/6 5/6 7/9 12/13 12/13 12/13 12/13
pfile3 5/6 5/6 7/9 5/6 10/11 10/11 10/11 10/11
pfile4 7/8 7/8 9/10 11/13 17/18 20/22 17/18 17/18
pfile5 7/11 9/12 11/16 11/15 14/16 15/16 14/16 15/19
pfile6 6/12 7/12 11/15 10/15 10/20 18/21 12/21 10/26
pfile7 8/15 7/16 6/16 6/16 12/21 13/25 14/23 19/26
pfile8 7/12 9/13 8/12 8/15 14/26 12/29 14/27 21/26
pfile9 7/23 10/21 10/25 16/32 10/30 / 10/35 13/31
pfile10 9/30 9/25 16/32 10/31 27/30 21/37 18/35 23/48
pfile11 6/15 6/16 8/18 9/18 27/32 13/33 13/35 23/40
pfile12 16/33 10/25 12/26 13/28 22/43 29/47 / 49/71
pfile13 16/38 10/27 9/33 11/35 22/61 24/64 22/60 43/84
pfile14 18/45 / 15/41 10/41 18/42 22/41 19/44 25/51
pfile15 11/54 / 14/54 23/61 16/48 19/50 17/50 19/56
pfile16 16/63 / / 21/65 26/51 35/52 / 28/74
pfile17 45/96 / / 46/131 28/43 22/43 / 27/70
pfile18 25/91 / 38/79 / 18/32 18/32 / 16/35
pfile19 59/113 / / 27/117 25/75 / / /
pfile20 37/126 / / 56/148 25/110 / / /

Time in avg. 164612 11380 43515 268315 13370 11528 34125 33981

concern is the plan quality, the performance in average is quite competitive for
most of the domains.

One remarkable aspect is that STeLLa obtains sometimes better results for
more complex instances than LPG. This is because the LG provides a more global
view of the planning problem than local search planning.
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It is also important to remark that STeLLa v2.0 obtains similar results to the
previous version for those domains where regression is not needed. That is, both
planners exhibit the same performance but the new version can solve a broader
range of problems.

6 Conclusions and Further Work

In this paper we have presented the new version of STeLLa that participated in
the IPC2002. STeLLa v2.0 offers a new planning approach consisting in building
intermediate goals. However, the process to compute the intermediate goals is
not reliable enough because of the regression step which may not lead to the
best fringe.

Our ongoing work consists of building successive intermediate goals without
being subject to be fringes. This way, if we can assure that these intermediate
goals drive to an optimal plan, then solving a planning problem can be viewed as
solving several subproblems each consisting in achieving the next intermediate
goal.
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ernment CICYT project DPI2001-2094-C03-03 and by the Universidad Politec-
nica de Valencia projects UPV-2001-0017 and UPV-2001-0980.
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Abstract. In this paper we confront the Job Shop Scheduling problem by

means of an A* algorithm for heuristic state space searching. This algorithm

can guarantee optimal solutions, i.e. it is admissible, under certain 

conditions, but in this case it requires an amount of memory that grows

linearly as the search progresses. We hence start by focusing on techniques 

that enable us to reduce the size of the search space while maintaining the

ability of reaching optimal schedules. We then relax some of the conditions 

that guarantee optimality in order to achieve a further reduction in the

number of states visited. We report results from an experimental study

showing the extent to which this reduction is worth carrying out in practice.

1  Introduction 

State space searching is a classic artificial intelligence technique suited to problems 

involving deterministic actions and complete information. It has a number of

interesting properties, such as the ability to guarantee optimal solutions and the

possibility of exploiting domain knowledge to guide the search. Unfortunately, 

even when a great amount of knowledge is available at a reasonable computational 

cost, the total cost of a search process is prohibitive, since the number of explored

nodes grows linearly with the size of the search space, even for small problem

instances. For this reason, a number of techniques are usually employed to reduce 

the effective search space with the subsequent loss of optimality. 

In this paper we confront the Job Shop Scheduling (JSS) problem by means of

an A* heuristic search algorithm [6,7]. Firstly, we use a technique that enables us

to restrict the search space to the set of active schedules. This is a subset of feasible 

schedules to a given problem that contains at least one optimal solution. In order to 

do so, we exploit the strategy of the well-known G&T algorithm [4]. As we will 

see in the reported experiments, this technique combined with a classic heuristic 

can solve small problem instances to optimality. We then exploit two more 

methods aimed at further reducing the number of states expanded during the 

search. The first one consists in a reduction of the search space that limits the

search to a subset of the active schedules. The second is a weighted heuristic 
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method that assigns more reliance to the heuristic estimation during the first stage 

of the search. It becomes clear that neither of the aforementioned methods

maintains admissibility, i.e. the guarantee of reaching optimal solutions. However, 

the effect can be controlled in both cases by means of parameters. We report 

results from an experimental study in which we calculate the value of the

parameters that produce the optimal solution at the lowest cost of the search. 

The rest of the paper is organized as follows. In Section 2, we formally describe 

the JSS problem. In Section 3, we present a version the G&T algorithm, the so-

called hybrid G&T, and show how this algorithm can be adapted by means of a

parameter to define a search space representing either the whole set or a subset of

active schedules. In Section 4, we summarize the main characteristics of the A*

algorithm, as well as the heuristic strategies that we used in the experiments. In

Section 5, we report the results from our experimental study. Finally, the main

conclusions are summarized in Section 6, where we also propose a number of ideas

for further work.

2  The Job Shop Scheduling Problem

JSS requires scheduling a set of jobs {J1,...,Jn} on a set of physical resources or 

machines {R1,...,Rq}. Each job Ji consists of a set of tasks or operations {ti1,...,timi}

to be sequentially scheduled. Each task has a single resource requirement and a 

fixed duration or processing time duil and a start time stil whose value must be

determined. We assume that there is a release date and a due date between which

all the tasks have to be performed. 

Furthermore, the problem presents two non-unary constraints: precedence 

constraints and capacity constraints. Precedence constraints, defined by the 

sequential routings of the tasks within a job, translate into linear inequalities of the

type: stil + duil ≤ stil+1 (i.e. stil before stil+1). Capacity constraints, which restrict the 

use of each resource to only one task at a time, translate into disjunctive constraints

of the form: stil + duil ≤ stjk ∨ stjk + dujk ≤ stil (two tasks that use the same resource 

cannot overlap). The most widely used goal is to come up with a feasible schedule

t01 R0 t02 R1 t03 R2

4 3

t11 R0 t12 R2 t13 R1
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0
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Fig. 1. A directed graph representation of a JSS problem instance with three jobs.

The release date is 0 and the due date is 15. The resource requirement of each task

is indicated within the boxes. Arcs are weighted with the processing time of the

task at the outcoming node.
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such that the completion time of the whole set of tasks, i.e. the makespan, is 

minimized.

In the following, a problem instance will be represented by a directed graph G = 

(V, A∪E). Each node of the set V represents a task of the problem, with the

exception of the dummy nodes start and end, which represent tasks with

processing time 0. The set of arcs A represents the precedence constraints and the

set of arcs E represents the capacity constraints. The set E is decomposed into

subsets Ei with E=∪i=1..mEi, such that there is one Ei for each resource Ri. The 

subset Ei includes an arc (v,w) for each pair of tasks requiring the resource Ri. 

Figure 1 depicts an example with three jobs {J0,J1,J2} and three physical resources

{R0,R1,R2}. Solid arcs represent the elements of the set A, whereas dotted arcs

represent the elements of the set E. The arcs are weighted with the processing time 

of the task at the source node. The dummy task start is connected to the first task

of each job; and the last operation of each job is connected to the node end. 

A feasible schedule is represented by an acyclic subgraph Gs of G, 

Gs=(V,A∪H), where H=∪i=1..mHi, Hi being a Hamiltonian selection of Ei. The 

makespan of the schedule is the cost of a critical path. A critical path is a longest

path from node start to node end. When this value is less than or equal to the due

date, the schedule is a solution to the problem. Therefore, finding a solution can be 

reduced to discovering compatible Hamiltonian selections, i.e. orderings for the

tasks requiring the same resource or partial schedules, that translate into a solution

graph Gs without cycles whose critical path does not exceed the due date. Figure 2 

shows a graph representing a feasible solution to the problem of Figure 1. 

3 The G&T Algorithm and the State Space for the JSS Problem

This is the well-known algorithm proposed by Giffler and Thomson in [4]. Here

we present a  variant called hybrid G&T that is based on a chromosome-decoding

schema proposed by Bierwirth and Mattfeld in [2] within the framework of a

Genetic Algorithm. This schema is in turn inspired by a proposal made by Storer,

Wu and Vaccari in [11] for state space searching. In principle, the G&T is a greedy

algorithm that builds up a schedule for a given problem by scheduling one task at a

time. In each iteration, a subset of tasks B is determined such that no matter how a

t01 R0 t02 R1 t03 R2
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t11 R0 t12 R2 t13 R1
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t21 R1 t22 R0 t23 R23
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end
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Fig. 2. A feasible schedule for the problem of Figure 1. The boldface arcs show the 

critical path whose length, i.e. the makespan, is 12.
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task is selected from B to be scheduled next, the resulting schedule is active. Active 

schedules are a subset of feasible schedules in which no operation could be started

earlier without delaying some other operation. It is easy to prove that the set of

active schedules contains at least one optimal schedule. Thus, a search constrained 

to the whole set of active schedules is exhaustive, while keeping the size of the

search space much smaller than a search over the whole set of feasible schedules. 

Figure 3 shows the hybrid G&T algorithm. This is a variant of the genuine G&T

in which a narrowing mechanism is introduced that enables a reduction of set B in

each iteration. This is controlled by a reduction parameter δ∈[0,1]; when δ=1, 

sentence 6 has a null narrowing effect and hence we have the original G&T

algorithm. In this case, it is possible to envisage a non-deterministic sequence of

operation selections that gives rise to an optimal schedule. Otherwise, i.e. if δ<1, 

the search is restricted to a subset of the active schedules; thus guaranteeing the 

existence of such a sequence is no longer possible. As pointed out in [2], the 

algorithm produces a non-delay schedule at the extreme δ=0. Non-delay

scheduling means that no resource is kept idle when it could start processing some

operation.

Given its non-deterministic nature, the G&T algorithm can be particularized in

many ways by fixing a selection criterion at step 7. For example, it has been widely

used in the context of Genetic Algorithms as a decoding schema and is usually

combined with some dispatching rule to design a greedy, non-optimal algorithm.

In this paper, we use the G&T algorithm to define a search space that can be

Algortithm G&T hybrid 

 1. A = set containing the first task of each job;

      while A ≠∅ do

          2. Determine the task θ’∈A with the shortest completion time if 

               scheduled in the current state, that is tθ’+duθ’≤ tθ + duθ, ∀θ∈A; 

3. Let M’ be the resource required by θ’, and B the subset of A 
whose tasks require M’; 

          4. Delete from B every task that cannot start at a time lower than 

  tθ’+duθ’; 

          5. Determine task θ’’∈B with the lowest possible start time tθ’’ ;         
 /* the least start time of every operation in B, if it is selected next, is

 a value of  the interval [tθ’’, tθ’+duθ’] */ 
    6. Reduce the set B such that 

         B = { θ∈B / tθ < tθ’’ +δ(( tθ’+duθ’) - tθ’’) }, δ∈[0,1]};

          /* now the interval is reduced to [tθ’’, tθ’’ +δ(( tθ’+duθ’) - tθ’’] */ 

          7. Select θ*∈ B and schedule it at its lowest possible start time to
              build a partial schedule corresponding to the next state; 

  8. Delete θ* from A and insert the next task of θ* in that set if θ* 
              is not the last task of its job; 

      endwhile;

Fig. 3. The hybrid G&T algorithm; tθ stands for the start time of operation θ and duθ for its 

processing time.
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explored by a state space search algorithm such as backtracking or best first (BF). 

This idea was used for instance in [5] and consists in the following two steps, 

bearing in mind that the initial state s represents a null partial schedule PS∅: 

1. At a state n representing a partial schedule PST for a set of tasks T, calculate a 

set B as done by the G&T algorithm in an analogous situation. 

2. For each task t∈B, generate a successor n’ of n with a partial schedule PST’, T’

being T∪{t}, by scheduling t at its lowest start time from the partial schedule

PST.  

Hence the branching factor of the state space is given by the average value of

the cardinality of set B over the whole set of states. This branching factor is

expected to be much lower than the one obtained with other approaches like, for 

example, those proposed in [9] and [1], which might be found to be impractical for 

an admissible search, even for a small problem instance. On the other hand, the

cost c(n,n’) is given by the difference Cmax(PST’) – Cmax(PST), where Cmax(PST) is 

the maximum completion time of a task in the partial schedule PST. It is easy to

prove [10] that the state space generated in this way is a tree. 

The state space proposed in [9] consists in selecting an unscheduled operation at 

a given state and then considering all the possible starting times compatible with

the current partial schedule. For each one of these start times, a new partial 

schedule is built by scheduling the current task at this time. This strategy requires 

the establishment of a due date for each job so that the current set of possible start 

times could be restricted to a finite set. This set is initially determined from the 

release and due dates and the precedence constraints and is further reduced as long

as the search continues.  

On the other hand, the state space proposed in [1] consists in reductions of the

constraint graph of the problem by means of various types of commitments that 

can be asserted and retracted; for example, fixing a start time of an operation or 

posting a precedence constraint between activities. In this case, the approach

generalizes the JSS problem to other situations where, for example, one goal might

be to minimize the number of resources used. In both cases, good experimental 

results are achieved using a backtracking search guided by means of smart, 

powerful heuristics. However, it becomes clear that both of the cited schemas are

not suitable for an admissible search like A*, due to the fact that the branching

factor is so high that it is impractical to store all the states required. 

4    The A* Algorithm

The A* algorithm is a  general BF heuristic search for graphs [6,7], though the

algorithm is much simpler if the state space is a tree. It starts from an initial state s,

a set of goal nodes and a  transition operator SCS such that for each node n of the

search space, SCS(n) provides the set of successor states of n. Each transition from

a node n to a successor n’ has a positive cost c(n,n’). The algorithm searches for a

solution path from the node s to one of the goal states. At any one time, there is a

set of candidate nodes to be expanded which are maintained in an ordered list
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OPEN; this list is initialized with the node s. Then in each iteration, the node to be 

expanded is always the one in OPEN with the lowest value of the evaluation

function f, defined as f(n)=g(n)+h(n); where g(n) is the minimal cost known to

date from the node s to the node n, (of course if the search space is a tree, the value 

of g(n) does not change, otherwise this value has to be updated as long as the 

search progresses) and h(n) is a heuristic positive estimation of the minimal 

distance from n to the nearest goal. 

The A* algorithm has a number of interesting properties, most of which depend 

on the heuristic function h. First of all, the algorithm is complete. Moreover, if the

heuristic function underestimates the actual minimal cost, h*(n), from n to the 

goals, i.e. h(n)≤h*(n), for all nodes, the algorithm is admissible, i.e. the return of an

optimal solution is guaranteed. The heuristic function h(n) represents knowledge 

about a specific problem domain, therefore if complete knowledge were available 

at an assumable computational cost (at most polynomial on the problem size), i.e.

h(n)=h*(n), the best solution could be found by expanding the lowest number of

nodes possible. Unfortunately, this is rarely the case, and in practical cases we have

to look for the best underestimation whose computational cost is assumable. This is 

because another interesting property of the algorithm is that if we have two

admissible heuristics h1 and h2, such that h1(n)<h2(n), h2 is said to be more 

informed than h1 and it can be proved that in this case every node expanded by h2

is also expanded by h1. It is then said that the algorithm using h2 dominates the

one using h1.  

The most common technique for discovering admissible heuristics is problem

relaxation [7]. This consists in relaxing some of the problem constraints so as to

obtain a relaxed problem that can be solved to optimality, or at least a good 

underestimation can be made, in polynomial time. Then the solution cost of the

relaxed problem is taken as the real problem cost estimation. In the case of the JSS 

problem, the constraints that can be relaxed are precedence and capacity

constraints. Two problem relaxations are common: in the first, every capacity

constraint is relaxed; whereas in the second, every precedence constraint is relaxed. 

It is easy to see that the cost of the optimal solution in the first case can be 

calculated in linear time. In the second case, however, the relaxed problem has a

similar complexity to that of the original problem, although a reasonably good 

underestimation of its optimal cost can also be calculated in linear time. It is clear 

that the two aforementioned relaxations are quite strong, hence the relaxed problem

is actually much simpler than the original one and the resulting heuristic is thus not

too informed. Unfortunately, as far as we know, lower relaxed versions of the 

problem cannot be solved in an acceptable amount of time. Even though the 

heuristics obtained from the two relaxations mentioned above cannot be strictly

compared, they are both expected to perform similarly in square problems, i.e. 

problems with an equal number of jobs and resources. However, the second 

heuristic will probably perform better for problem instances with much more jobs

than resources, whereas in the opposite case, the first heuristic will probably do so. 

In the experimental study described in the next section we consider the first of

the aforementioned heuristics, which is calculated for a state n corresponding to a

partial schedule PST of a subset of tasks T, as follows:  
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where JOBS is the set of jobs of the problem instance, ( )T
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max PSC is the completion

time of the last scheduled task of job J at node n, ( )nJUS ,  is the set of unscheduled 

tasks of job J at node n and θdu is the processing time of task θ. 

Although the heuristic hp is clearly an underestimation of the optimal cost, the

difference h*(n)-hp(n) is not expected to be uniform for all nodes along the search

process. Nevertheless, this difference is expected to be quite large at the beginning

of the search, subsequently decreasing as the search progress and tends to be null at 

the end. This leads us to use the following dynamic weighted heuristic technique: a 

weighting factor P(n) is introduced into the h component of the evaluation function

f, so that this function is f(n)=g(n)+P(n)h(n). The value of P(n) depends on the 

depth of the node n. In this paper, we propose the following value:
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where K≥0 is the weighting parameter, depth(n) is the number of tasks scheduled at 

state n, N is the number of jobs and M is the number of resources. It is clear that for 

values of K>0, the aforementioned function f is not guaranteed to be admissible, 

since the component P(n)h(n) might overstimate the value of h*(n). However, for 

some value of K, this component is expected to be a good aproximation of h*(n). 

Weighted heuristic search is widely used; for instance, a dynamic weighted method

is proposed in [8] that guarantees that the cost of the solution does not worsen

more that a factor ε with respect to the optimal. In [3], a static method is proposed 

that uses a constant weighting factor W for planning problems; this method 

guarantees a worsening factor not higher than W. And a dynamic method similar to 

ours is used in [5] for the JSS problem in conjuntion with a limited memory

schema and a non-admissible heuristic obtained from a classic dispatching rule that 

overestimates the optimal cost. 

5 Experimental Results

In this section we report results from an experimental study on a  set of JSS

problems instances. We used the prototype implementation proposed in [10],

which is coded in C++ language and developed in Builder C++ 5.0 for Windows.

The hardware platform was a  Pentium III at 900 Mhz. and 125 Mbytes of RAM.

The first problem of the test bed was problem FT06; this is a  small problem

obtained from the OR library (http://www.ms.ic.ac.uk/info.html). The remaining

problem instances were generated by us, as the problem instances from the OR

library and other conventional repositories are too large to be solved to optimality

by our implementation in an acceptable amount of time.
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Table 1 shows the results obtained with problem FT06, running the algorithm

with the heuristics h0 and hp and considering values of the parameter δ ranging in

the interval [0.0,1.0]. As expected, heuristic h0 is unable to solve the problem. On

the other hand, heuristic hp can solve the problem to optimality, even with a space 

reduction given by δ=0.3. In this case, we can observe a significant reduction in

the number of expanded and generated nodes, the branching factor and the running 

time, as long as the parameter δ decreases from 1.0 to 0.3. For values of δ under

0.3, the number of expanded nodes is higher in some cases, as the search space 

does not contain an optimal solution.

Figure 4 shows the evolution of the branching factor over the depth of the 

search space for 2 values of the parameter δ. As we can see, a value of δ=0.3

produces a slightly lower branching factor over the first levels than δ=1.0, which

translates into a lower overall number of both generated and expanded nodes. Here, 

Table 1. Experimental results from the problem instance FT06 with heuristics h0  and hp. 

Heuristic 
Reduction 

parameter δ

Number of

generated 
nodes

Number of 

expanded 
nodes

Branching

Factor

Cost of the

reached 
solution

Run time

(hh:mm:ss)

0.0 89,129 66,141 1.26 57 09:03:34 

0.1 89,129 66,141 1.26 57 09:03:34 h0
0.2 160,575 127,765 1.26 57 57:23:32 

0.3 - - - - >125:00:00 

0.0 4,662 3,651 1.27 57 4 

0.1 4,662 3,651 1.27 57 4 

0.2 9,170 6,797 1.35 57 10

0.3 5,395 4,007 1.35 55 5 

0.4 8,061 5,702 1.41 55 8 

hp 0.5 11,340 7,589 1.49 55 10 

0.6 14,163 9,225 1.54 55 13

0.7 21,841 13,571 1.61 55 19 

0.8 26,056 15,399 1.69 55 23 

0.9 28,127 16,134 1.74 55 25 

1.0 28,127 16,134 1.74 55 25 

0

0.5

1

1.5

2

2.5

3

0 5 10 15 20 25 30 35

δ=1.0
δ=0.3

Fig. 4. Evolution of the branching factor over the depth of the search tree for two values of

the parameter δ.  
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the branching factor at depth N is calculated as the quotient of the number of states

generated at depth N+1 and N respectively. 

Table 2 shows the reduction in the number of nodes generated and expanded for 

increasing values of K. Here we consider the limit values of δ that generate an 

exhaustive search space (one containing an optimal solution). As we can see, the 

number of generated and expanded nodes clearly decreases while the optimal

solution is still reached, with the exception of value K=0.3, for which a suboptimal 

solution is reached. 

Table 3 shows the results of an experimental study on a set of 10 problem

instances of size 6×6 with random job sequences and processing times generated at 

random in the interval [5,95] from a uniform probability distribution. For each one

of the problems, we report the number of nodes expanded for the limit values of δ
and K. First for values δ=1 and K=0, which are the only values that guarantee 

optimality. Then for every instance, we kept K=0 and decreased the parameter δ
down to the lowest value (δmin) that produces an optimal solution. After that,

maintaining the value of δmin, the value of K is augmented to the largest value, 

Table 2. Experimental results from the problem instance FT06 with heuristic hp and 

different values of δ and K. In every case is the optimal solution reached, except with

K=0.3. In this case, a solution with cost 58 is reached with either value 1.0 or 0.3 of δ. 

δ = 0.3 δ = 1.0 

K Number of 

Generated Nodes

Number of Expanded 

Nodes

Number of 

Generated Nodes

Number of 

Expanded Nodes

0.00 5,395 4,007 28,127 16,134 

0.05 1,715 1,279 9,397 5,472 

0.10 1,092 806 5,257 3,013 

0.15 812 598 2,545 1,466

0.20 313 237 599 333

0.25 156 109 563 313

0.30 210 165 574 339

                  Table 3. Experimental results from the set of 10 problem instances

Number of Expanded Nodes KmaxProb. 

Inst. 
Best solution δ=1, 

K=0

δmin, 

K=0

δ=1, 

Kmax

δmin, 

Kmax

δmin δ=1 δmin

0 468 14,018 3,373 14,018 3,373 0.4 0.0 0.0 

1 514 1,843 717 1,843 717 0.4 0.0 0.0 

2 458 60,276 32,621 56,953 31,674 0.7 0.1 0.1 

3 561 3,235 280 457 102 0.0 0.2 0.2 

4 545 2,535 543 139 64 0.2 0.3 0.5 

5 450 1,337 219 175 48 0.2 0.2 0.2 

6 600?? - - - - - - -

7 471 11,627 118 11,627 118 0.8 0.0 0.0 

8 481 11,120 481 1776 44 0.0 0.1 0.6 

9 477 55,939 27,268 7,141 5,172 0.7 0.5 0.5 
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Kmax(δmin), that produced an optimal solution. And finally, keeping δ=1, the 

value of K is also augmented to the largest value, Kmax(δ=1), that produced an

optimal solution. As we can see, the variations of δ and K allowed without loss of

optimality are not the same for all problems and the actual computational cost of

obtaining the optimal schedule varies significantly from one problem to another. In

fact, problem instance number 6 could not be solved to optimality. The best 

solution we were able to obtain was by running the algorithm with δ=0.9 and

K=0.5, after expanding 62328 states.  

6 Conclusions 

The main conclusion of the experiments reported above is that in real problems it is

possible to reduce the size of the search space as well as to weight the heuristic 

evaluation function to some extent up to a certain point given by the values (δmin,

Kmax(δmin)) in such a way that the optimal solution is obtained by expanding a 

number of states much lower than the number of states expanded with values (1,0). 

Unfortunately, determining the limit values (δmin, Kmax(δmin)) for a given

problem instance is not trivial; it is a new search problem in the two-dimensional 

space (δ,K). As future work, we plan to study a systematic way to envisage these

values and experiment with other techniques to further reduce the search space and 

accurately weighting the heuristic function in order to improve efficiency so that 

bigger problem instances can be solved. 
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Abstract. SimPlanner is an integrated tool for planning and execution-
monitoring which allows to interleave planning and execution. In this
paper we present the on-line planner incorporated in SimPlanner. This
is a domain-independent planner for STRIPS domains. SimPlanner par-
ticipated in the IPC 2002, obtaining very competitive results.

1 Introduction

Off-line planning generates a complete plan before any action starts its execution
[15]. This forces to make some assumptions that are not possible in real environ-
ments like, for example, that actions are uninterruptable, that their effects are
deterministic, that the planner has complete knowledge of the world or that the
world only changes through the execution of actions.

On the other hand, on-line planning allows to start execution while the plan-
ner continues working in order to improve the overall planning and execution
time [15]. Nowadays there are only some few approaches for planning in dynamic
environments and/or with incomplete information [8]:

– Conditional planning : there exists two approaches in conditional planning.
The first one is based on those problems where the next action to be exe-
cuted in a plan can depend on the result of previous sensing actions, that is,
on information obtained by means of actions during execution time [11]. The
second approach tries to consider all the possible contingencies which can
happen in the world [2]. Although this solution is untractable in complex
environments, it is interesting for particularly dangerous domains. Proba-
bilistic planning is a more moderate variant, since it generates conditional
plans only for the most likely problems [4].

– Parallel planning and execution: this approach separates the planning pro-
cess from the execution [6]. The execution module is able to react to the
environment without the necessity of a plan. The planner is in charge of
modifying the behavior of this module in order to increase the satisfaction
probability of the objectives.

– Interleaving planning and execution: this approach allows quick and effective
responses to changes in the environment, and it has been adopted by many
researchers [1] [13].

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 825–834, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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SimPlanner is an integrated tool for planning and execution, and it is based
on this latter approach. The on-line planner generates a sequence of actions to
reach the goals, while the execution module carries out these actions and provides
the planner with sensing information. With this new incorporated information,
the planner updates its beliefs about the world.

2 Objectives

SimPlanner is aimed to be an integrated tool for planning and execution moni-
toring. SimPlanner has been developed to work under several domains and not
only for particular robot environments. Because SimPlanner is thought to be
a domain-independent tool, we have chosen PDDL 2.1 [7] as the planning lan-
guage for domain and problem specification. SimPlanner only uses level one of
PDDL1 (without disjuntive preconditions neither conditional effects), although
extending it to support levels 2 and 32 is quite simple.

Our second objective is to design a fast planner so that SimPlanner is able
to react rapidly to exogenous events. Moreover, planning should consume less
time than the execution, otherwise the behavior of the system could demean and
even lose the chance to reach the goals [12]. If this objective is accomplished,
the planner will have additional time to optimize the part of the plan that has
not been executed yet. Plan quality is not so relevant in dynamic environments
as it is not worth spending lots of time in computing a good plan when it may
get invalid shortly after execution starts [10].

The objective of this work is to illustrate the working of the on-line planner
integrated in SimPlanner. For this reason, the rest of the SimPlanner modules
will only be briefly commented in the following section.

3 SimPlanner Overview

The SimPlanner tool is thought to be used in real environments such as the
intelligent control of robots. However, it has initially been implemented as a
simulator in order to check its behavior without the necessity of integrating it
in different several domains.

The on-line planner is responsible for generating, in an incremental way, a
plan to achieve the goals. As soon as the planner calculates the first action, the
plan can begin to be executed. Starting from this moment, the planning and
execution processes continue working in parallel.

Monitoring is the process of observing the world and trying to find discrep-
ancies between the physical reality and the beliefs of the planner [5]. Contrary
to the classic planning, monitoring is needed for different reasons [11]:

– The planner can have an incomplete knowledge of the world in the initial
state.

1 Corresponding to the ADL level of the McDermott’s PDDL.
2 Levels 2 and 3 extend level 1 through numeric variables and durative actions.
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– The effects of the actions can be, sometimes, uncertain.
– Exogenous actions produced by external agents can take place.

There exists mainly two types of plan execution monitoring [8]: action mon-
itoring checks that preconditions are valid before the action execution and that
its effects have taken place as expected. The environment monitoring tries to
acquire information of the world that can condition the rest of the planning
process. Monitoring is, therefore, domain-dependent. Since SimPlanner is being
used at the moment as a simulator, this information is input in the system by
the user. The user is who decides what information the robot receives and which
unexpected events that happen in the world are communicated.

When an unexpected event is detected, the calculated plan is checked in
order to assure that it is still valid [5]. If this is the case, the execution simply
continues. Otherwise the replanning module is invoked. The replanner tries to
reuse as much of the calculated plan as possible without losing the quality of the
final plan. A fully detailed description of the replanning module can be found in
[14]. After this step, the on-line planner starts again.

4 The Online Planner

This work is focus to illustrate the sequential on-line planner integrated in Sim-
Planner. The planner is based on a depth-first search, with no provision for
backup. The reason for not using a complete search algorithm is, once again, the
necessity of finding very rapidly the first set of actions to be executed. However,
the use of a complete search as iterative deepening could be used at some partic-
ular times when there is enough slack time for planning. The planning decisions
(inferred actions) are consequently irrevocable in SimPlanner. This approach
speeds up the planning process, but presents two shortcomings:

– Dead-ends: it is possible to reach a state which it is impossible to achieve
the goals from [5].

– Loops: in spite of the mechanism SimPlanner uses to detect a previous
reached state, the planner can get stuck in a loop which prevents the planner
from finding a solution.

Therefore, the planner is not complete, but these shortcomings are acceptable
in most of cases due to the advantages it offers against classical off-line planners.
Moreover, it is possible to improve the planning performance by taking advantage
of the time gained by the planner during the execution.

The overall working scheme is shown in Figure 1. A planning problem
P = (O, I,G) is a triple where O is the set of actions, I the initial state and G
the top-level goals. This algorithm starts from the current state S0, which ini-
tially corresponds to I. The planner calculates the next action to be executed.
The current state S0 is updated by applying this action. This algorithm will be
executed repeatedly until all the goals are achieved (G ⊂ S0).

The SimPlanner planning algorithm can be divided into four main steps:
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Fig. 1. SimPlanner planner working scheme

1. Non-achieved goals selection: the non-achieved goals are those which are not
true in the current state ({gi : gi ∈ G ∧ gi �∈S0}).

2. Calculation of the approximate plans: an approximate plan is computed for
each non-achieved goal gi separately, i.e., P is decomposed in m planning
subproblems P1 = (O,S0, g1), P2 = (O,S0, g2), ..., Pm = (O,S0, gm).

3. Grouping of the approximate plans: approximate plans are grouped according
to their initial actions. Each of these groups is called a branch and, all the
approximate plans in a branch share, at least, the same first action.

4. Selection of the action to be executed : the branches are ordered according to
a conflict checking criteria. The next action to be executed will be the first
action of the branch ordered in the first place.

Steps two and four are the most complex tasks, so they are fully detailed in
the next sections.

4.1 Calculation of the Approximate Plans

The computation of an approximate plan is incrementally performed in three
stages. The starting point is to build a Relaxed Planning Graph (RPG). The
second stage generates a special type of graph named Backward Graph (BG)
and the final stage is aimed at extracting the approximate plans from the BG.
First stage: RPG

The RPG is a graph based on a GraphPlan-like expansion [3] where delete
effects are ignored. The first level of the RPG is a literal level which contains
all the literals that are true in the current state S0. The expansion of the RPG
finishes when a literal level containing all top-level goals is reached, or when it
is not possible to apply any new action. This type of relaxed graph is commonly
used in heuristic search based planners [9] as it allows to easily extract admissible
heuristics to guide the search.
Second Stage: BG

The BG is a graph whose nodes represent sets of subgoals and whose edges
denote clusters of actions. SimPlanner uses a regression process to create a BG
for each non-achieved top-level goal gi.
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Definition 1 A cluster for a literal li (C(li)) is the set of actions of the RPG
which produce li: C(li) = {ai : ai ∈ RPG ∧ li ∈ Add(ai)}

In this regression process, clusters of actions are applied over subgoals, i.e.,
the application of a cluster C(li) in a subgoal set yields a situation in which li
is achieved [16].

Definition 2 The application of a cluster C(li) to a subgoal set S returns a new
subgoal set S′ defined as:
S′ = Result(C(li), S) = S −Add(C(li)) + Prec(C(li)), where

Add(C(li)) = ∩Add(ai),∀ai ∈ C(li), and
Prec(C(li)) = ∩Prec(ai) �∈S0,∀ai ∈ C(li)

Definition 3 A BG is defined as a tuple (N,E) where nodes are sets of subgoals
and edges represent clusters of actions between two subgoal sets S and S′. An

edge is represented as S′ C(li)−→ S.

The first level of a BG is formed by a single node, corresponding to the top-
level goal gi. Each node in the BG is expanded by applying clusters of actions
to each literal in the node. The BG expansion continues until an empty node is
reached. The following algorithm shows, in a more formal way, the BG creation
process for a particular goal gi:✬

✫

✩

✪

N = ∅, E = ∅
n0 = {gi}
N = N ∪ n0

End = false
while ¬End do:

N ′ = N
for every non-expanded node n ∈ N ′ do:

for every subgoal l ∈ n do:
nnew = Result(C(l), n)
if nnew = ∅ then End = true endif
N = N ∪ nnew

E = E ∪ nnew
C(l)−→ n

endfor
endfor

endwhile
return (N, E)

Third stage: extracting approximate plans
Once the BG is created, our next goal is to select a single action from each

cluster. The BG can be viewed as a set of independent sequences of clusters
which reversely applied to a top-level goal gi lead to an empty set of subgoals.

Definition 4 A path in a BG = (N,E) (BGpath) is defined as a possible se-
quence of clusters in the BG. The reverse application of this sequence to a top-
level goal leads to an empty set of subgoals:
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BGpath = {C(l1), C(l2), ..., C(gi)} :

S1
C(l1)−→ ∅, S2 C(l2)−→ S1, ..., {gi} C(gi)−→ Sn ∈ E

For each BGpath in a BG, SimPlanner creates as many sequences of actions
as possible combinations can be formed with the actions in the clusters of the
BGpath. Each sequence of actions is called an approximate plan.

Definition 5 An approximate plan (AP) is a possible sequence of actions ex-
tracted from a BGpath. Any action in the AP belongs to the cluster located in
the same position within the sequence:
AP = {a1, a2, ..., an} : aj ∈ C(lj) ∧ C(lj) ∈ BGpath

Because the number of APs obtained from a BGpath can be very large,
SimPlanner applies a heuristic function to select the best-valued approximate
plans. This heuristic function uses a conflict-checking procedure to set a value to
each possible AP. A conflict (Conflict(aj , ai)) occurs when an action aj ordered
before ai deletes a precondition of ai and there is no intermediate action which
restores that literal. The heuristic function (h) is incrementally applied while
the approximate plans are being computed. Initially, the function is applied over
the first action of each AP, following over the first two actions of each AP and
so on. The application of h over a partial AP, which is made up of the first i
actions, is defined as follows:

h(AP1..i) =




i− j, if ∃aj : (aj < ai ∧ Conflict(aj , ai))∧
(�ak : aj < ak < ai ∧ Conflict(ak, ai))

∞, if ∀aj < ai, �Conflict(aj , ai)

The algorithm used to return the best-valued APs is detailed below. Notice
that all the APs have the same length (length(BGpath)), i.e. the same number
of actions. This is due to all the APs are obtained from paths in the same BG,
which also have the same length.✬

✫

✩

✪

L = set of all first partial APs = {AP1..1}
for i = 2 to length(BGpath) do:

for all AP1..i−1 ∈ L do: // Expansion of each partial AP in L
L = L − AP1..i−1

AP1..i = AP1..i−1 ∪ ComputeNextAction(AP1..i−1)
L = L ∪ AP1..i

endfor
max value = max(h(AP1..i)), ∀AP1..i ∈ L
L = L − {AP1..i : AP1..i ∈ L ∧ h(AP1..i) < max value}

endfor
return L

The resulting set L only contains a small set of all approximate plans obtained
from a BG. Additionally, some further criteria are used to reduce even more the
number of APs generated for each goal:
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– Actions in the plans are reordered, as some plans are sometimes permutations
of the same sequence of actions.

– The executability of each AP is checked, inserting additional actions if nec-
essary. Those plans with a lower number of executable actions are rejected.

4.2 Selection of the Action to Be Executed

Approximate plans are grouped into branches forming a tree topology. All the
APs in a branch begin with the same action, which is the root node of the tree.
Gradually, APs in a branch diverge to reach their own objectives.

Then, these branches are ordered in order to find out which branch must be
executed in the first place. A branch B1 is ordered before a branch B2 in the
following situations:

– Flexible orders: let’s suppose that the first action of branch B1 produces
literal p, and this literal is not deleted throughout the rest of the branch. If
the first action of branch B2 needs and also deletes literal p, then branch B1 is
ordered before branch B2. This type of situations often occurs in domains like
Logistics3, Zeno-Travel4, DriverLog4, etc. Flexible orders are very useful,
for example, to order the load and unload actions in transportation domains
before moving the involved vehicle.

– Non-flexible orders: let’s suppose that both branches have an action that
needs and deletes literal p. This is a non-flexible order since it is not possible
to order these actions unless an additional action which restores p is inserted
between them. If this additional action is found in only one of the branches,
then this branch is ordered before the other one. This type of situations often
occurs in domains where there exists very strong interactions between the
goals, such as BlocksWorld3, Depots4, FreeCell3, etc.

After applying this process, SimPlanner rejects those branches which are not
ordered at first place. If there is more than one branch left, some additional
criteria are applied in order to select a single branch. For example, if the goals
achieved by a branch B1 is a subset of the goals achieved by another branch B2,
B1 is discarded. Another rule is to remove those branches with a lower number
of executable actions, etc.

The first action of the selected branch is inserted at the end of the final plan.
The plan generation finishes when all the goals are achieved.

5 Results

SimPlanner has been tested on a wide range of domains: Blocksworld, Logistics,
Monkey, etc. Moreover, SimPlanner planner participated in the 2002 Interna-
tional Planning Competition (IPC2002). All the data shown in this section are
3 Domains used in the IPC 2000 (http://www.cs.toronto.edu/aips2000)
4 Domains used in the IPC 2002 (http://www.dur.ac.uk/d.p.long/competition.html)
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extracted from the results of this competition 5. The most similar planner to
SimPlanner in the competition was FF-Speed [9] as it is designed to return se-
quential plans very quickly. In fact, FF-Speed is probably the fastest planner in
its category, at the expense of a loss in the quality of the generated plans.

The graphics (Figures 2 and 3) show a comparative between SimPlanner
planner and FF-Speed for the Depots and Satellite domains. Depots domain is
a combination of the Logistics and the Blocksworld domains, and the Satellite
domain consists in planning and scheduling a set of observation tasks between
multiple satellites. An additional serie showing the time that SimPlanner takes
to compute the first action to execute (SP 1st action) is also included in these
graphics. The times obtained by SimPlanner and FF-Speed are quite similar.
FF-Speed is, in general, a bit faster than SimPlanner, although its behaviour is
more unpredictable (SimPlanner scales up very well as the size and complexity
of the problems increase). But the main contribution of SimPlanner is that it
is able to compute the first action of a plan very quickly (only a few tenths
of seconds in relatively big problems). As the problem resolution is close to
the goals, computation time for deducing an action is shorter and shorter. This
feature allows the planner to quickly interact in dynamic environments and get
the plan adapted to the new situations which can arise (unexpected events,
changes in the goals, etc.)
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Fig. 2. Time for the Depots domain

With regard to the quality of plans, in general SimPlanner produces longer
plans than FF-Speed (Figure 4). The planning approach used by SimPlanner
makes difficult to compute high quality plans.

However, since execution usually takes longer than planning, SimPlanner
can take advantage of this extra time to optimize the remaining plan. Also it is

5 Full results of IPC2002 available at
http://www.dur.ac.uk/d.p.long/competition.html
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Fig. 4. Quality of the plans for the Satellite domain

possible to adjust the heuristics used by the planner to minimize the error rate in
the action selection process. What we have presented here is still a preliminary
version of the on-line planner so it can be improved in many different ways.

6 Conclusions and Future Work

SimPlanner is a planning tool for working in dynamic environments or with
incomplete information. It allows to monitor a plan execution, to recover from
changes in the environment and to adapt the plan to the new needs in fractions
of a second. The results of the first version of the integrated on-line planner show
that it is able to work very efficiently in a wide range of domains.

We are currently extending SimPlanner to handle numeric variables and func-
tions. This is a very important feature in those domains in which distances and
consumable resources (batteries, fuel, etc.) are necessary. In these domains, such
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as intelligent control of robots, it is also important to be able to handle actions
with different durations.

On the other hand, we are working on the integration of SimPlanner in a
real environment of mobile robots. Aspects that arise in real environments (like
what variables to monitor, how to react when the execution is interrupted, etc.)
should be handled, producing a more complex and versatile tool.

Acknowledgements. This work has been partially funded by the Spanish Gov-
ernment CICYT project DPI-2001-2094-C03-03 and by the Technical University
of Valencia projects UPV-2001-0017 and UPV-2001-0980.
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Abstract. This paper presents a model based on pomsets (partially ordered mul-
tisets) for estimating the minimum number of setups in the workcells in Assem-
bly Sequence Planning. This problem is focused through the minimization of 
the makespan (total assembly time) in a multirobot system. The planning model
considers, apart from the durations and resources needed for the assembly tasks,
the delays due to the setups in the workcells. An A* algorithm is used to meet
the optimal solution. It uses the And/Or graph for the product to assemble, that 
corresponds to a compressed representation of all feasible assembly plans. Two
basic admissible heuristic functions can be defined from relaxed models of the
problem, considering the precedence constraints and the use of resources sepa-
rately. The pomset-based model presented in this paper takes into account the 
precedence constraints in order to obtain a better estimation for the second heuris-
tic function, so that the performance of the algorithm could be improved. 

1 Introduction 

Assembly planning is a very important problem in the manufacturing of products. It
involves the identification, selection and sequencing of assembly operations, stated as
their effects on the parts. The identification of assembly operations usually leads to
the set of all feasible assembly plans. The number of them grows exponentially with
the number of parts, and depends on other factors, such as how the single parts are 
interconnected in the whole assembly, i.e. the structure of the graph of connections. In
fact, this problem has been proved to be NP-complete [1]. The identification of as-
sembly tasks is carried out analyzing the graph of connections and taking into account
the geometry of parts and the properties of contacts between parts [2] [3]. 

Two kinds of approaches have been used for searching the optimal assembly plan.
One, the more qualitative, uses rules in order to eliminate assembly plans that in-
cludes difficult tasks or awkward intermediate subassemblies. Another approach, the 
more quantitative, uses an evaluation function that computes the merit of assembly
plans. There are various of these proposals in [4]. 

The criterion followed in this work is the minimization of the total assembly time
(makespan) in the execution of the plan in a multirobot system, supposed the estima-
tions of the durations of each possible task as well as of the necessary resources to
carry out them [5]. This approach allows using the results in different stages of the

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 835−844, 2002.
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whole planning process, from the design of the product and of the manufacturing sys-
tem, to the final execution of the assembly plan. 

The rest of the paper is organized as follows: Section 2 describes the problem of
assembly sequence planning and the model used. Section 3 shows the proposed A*
algorithm, as well as the two basic heuristics taken from relaxed models of the prob-
lem. The pomset-based model for estimating more accurately the minimum number of 
setups in the assembly machines is exposed in Section 4. Section 5 presents some of
the results obtained, and some final remarks are made in the concluding section. 

2 Assembly Sequence Planning 

The process of joining parts together to form a unit is known as assembly. An assem-
bly plan is a set of partially ordered assembly tasks, which allows the whole assembly
of a product. Each task consists of joining a set of sub-assemblies to give rise to an
ever larger sub-assembly. A sub-assembly is a group of parts having the property of
being able to be assembled independently of other parts of the product. An assembly
sequence is an ordered sequence of the assembly tasks satisfying all the precedence
constraints. Each assembly plan corresponds to one or more assembly sequences.

And/Or graphs have been used for a representation of the set of all feasible assem-
bly plans for a product [6]. The Or nodes correspond to sub-assemblies, the top node 
coinciding with the whole assembly, and the leaf nodes with the individual parts.
Each And node corresponds to the assembly task joining the sub-assemblies of its two
final nodes producing the sub-assembly of its initial node. In the And/Or graph repre-
sentation of assembly plans, an And/Or path whose top node is the And/Or graph top 
node and whose leaf nodes are the And/Or graph leaf nodes is associated to an assem-
bly plan, and is referred to as an assembly tree. An important advantage of this repre-
sentation, used in this work, is that the And/Or graph shows the independence of as-
sembly tasks that can be executed in parallel. Figure 1 shows an example of this rep-
resentation. And nodes are represented as hyperarcs. 

A B C D E

A B C D

A C D

A B A C A D C D B E

A B C D E

Fig. 1. And/Or graph of product ABCDE. 
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The problem is focused on searching an optimal assembly sequence, i.e. an order-
ing of an assembly plan (one of the And/Or trees of the And/Or graph). The evalua-
tion of solutions implies a previous estimation of the durations and resources (robots,
tools, fixtures…) needed for each assembly task in the And/Or graph. Another factor
taken into account here, is the time necessary for changing tools in the robots, which
is of the same order as the execution time of the assembly tasks and therefore cannot 
be disregarded as in Parts Manufacturing. ( ), ,cht R T T ′∆ will denote the time needed
for installing the tool T in the robot R if the tool T' was previously installed. Notice 
that any change of configuration in the robots can be modeled in this way.

3 Algorithm Description 

An algorithm based on the A* search [7] has been developed, which has two well-
differentiated parts: one of them studies the sequential execution of assembly tasks,
and the other solves the parallel execution of assembly tasks (the representation 
through the And/Or graph allows a natural study of this stage). This is actually the 
most complex section, because the execution of tasks involved in the assembly of a
sub-assembly is not independent of the rest, and can influence the execution of tasks
in the other part of the assembly.

Because of the And/Or graph’s structure, the assembly problem can be studied, 
starting from the final situation (the whole assembly) and going towards the initial
one (the individual parts). This way, we will solve the opposite problem, that of disas-
sembly, but supposing assembly tasks, so that the solution of the original problem can 
be made reversing the solution obtained by the algorithm.

Heuristic functions based on the execution of tasks taken only from the part of the 
tree below the node, and the time remaining for the use of tools and robots (supposing 
the minimum number of tool changes, in order to maintain the algorithm as A*) have
been used in order to expand the minimum number of nodes and avoid redundant nodes.

3.1 Sequential Execution of Tasks 

An A* algorithm to search for the global assembly plan can be implemented in the
following way. Beginning with an initial node whose state represents the complete 
assembly realization, and therefore corresponds to the root node of the And/Or graph 
(complete assembly), all its possible successors are generated, whose states will rep-
resent the execution at the end of the assembly process of the tasks corresponding to 
the And nodes coming from the root node of the And/Or graph.

Two types of nodes may be generated, depending on the destination Or nodes of
each chosen And node. If at least one of these Or nodes corresponds to an individual
part, the assembly process will continue to be sequential, and the node resulting from
the expansion may be treated as the initial node, where the node corresponding to the
non-trivial sub-assembly will take the place of the root node. 

If, on the other hand, the application of the task involves two non-trivial sub-
assemblies, in the resulting plan (or plans in general) the task arrangement is not totally
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specified (various possible sequences exist for each assembly plan), or tasks may be car-
ried out in parallel. There is also an interdependence amongst the sub-assemblies, be-
cause they potentially use the same set of resources. The treatment of this type of nodes
has therefore to be undertaken in a different way from those corresponding to sequential
task execution, and this will connect with the second part of this algorithm. 

The evaluation function used for the nodes generated in the sequential stage is 

( ) ( ) ( )f n g n h n= + (1)

g(n) being the time accumulated in the execution of tasks corresponding to the state of 
node n, including the delays in the necessary tool changes and in the transportation of
intermediate subassemblies, and h(n) being an optimistic estimation of the remaining
time in which to complete the global process. (h(n) should be a lower bound of the
remaining time for the algorithm to be A*.) Due to the fact that various different plans
(and therefore different task sets which would complete the assembly process) may be
reached from node n, a detailed study would be computationally costly, and therefore 

( )2( ) log ( ) 1h n durMin a n= ⋅ + (2)

has been chosen, a(n) being the number of tasks necessary to complete the assembly
plan, and durMin the minimum duration of tasks. As can be seen, it is also impossible 
to determine the minimum number of tool changes without a detailed study, and 
therefore when estimating h(n) it is assumed to be zero. 

All the assembly trees (task precedence trees) are obtained for the "parallel" nodes,
and are studied separately. The function h(n) corresponding to each tree is defined in
the following subsection.

3.2 Parallel Execution of Tasks

The objective of this part of the algorithm is to determine the total minimum time for 
the execution of the precedence trees obtained in the previous section. In order to do 
this, an A* algorithm is used again. Now, the nodes of the expansion tree present partial
information about the execution of the assembly process. Concretely, at each expansion 
step only one assembly task is introduced, and its processing time will affect only one of
the workstations, the same state being retained by the other workstations. 

The state corresponding to a node of the expansion tree is represented by using the 
tasks available for introduction in the state of the next step, termed "candidates", and 
their earliest starting times, denoted est(Ji). At the same time, the last tool used is in-
cluded for each robot, denoted lastTool(Rj), as well as the final time of use, denoted 
lastTime(Rj). 

The evaluation function for the nodes obtained by this algorithm is similar to (1), 
being now g(n) the largest of the earliest starting times of cand(n), the set of candi-
dates, and the final times of the already finished in n without successors. The function
h(n) must be an optimistic estimation of the time remaining, taking into account the
slacks between g(n) and the different times describing the state of n. Two different
heuristic functions have been defined in this work, taken from relaxed models of the
problem in which some constraints have been disregarded. 
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The heuristic function h1: precedence of tasks. It corresponds to an estimation of
the time remaining if the interdependencies between different branches in the tree are 
not taken into account. It is looked at only in depth. It can be defined as follows:

( )( )1 1
( )

( ) max 0, max ( ) ( , )
i

i i
cand nJ

h n h J e n J
∈

= − (3)

where ( , ) ( ) ( , )i ie n J g n est n J= − (4)

( )( )1 1
( )

( ) ( ) max ( ) , ( ), ( )
i

i i
J suc J

h J dur J h J J R J T J
∈

= + + τ (5)

( ) )( )( )1
( ) 1( , , ) max 0, max ( ) , ( ), ( ) ( )

i
i i

J suc J
J R T h J J R J T J h J

∈
τ = + τ − (6)

In the above expressions, n is an expansion node, J is an assembly task, and e(n, J) 
is the existing time slack. R(J) and T(J) are the robot and tool necessary for the execu-
tion of task J, and dur(J) is its duration. τ(J, R, T) is the added delay, due to the fact
that the tool T is being used by robot R in task J and successors, because of the neces-
sary tool changes. The equation (6) defines τ(J, R, T) when R ≠ R(J). In the case R = 
R(J), τ(J, R, T) is defined as ∆cht(R, T(J), T) (that could be zero if T = T(J)). 

Notice that h1(J) does not depend on the expansion nodes, and thus allows one to 
calculate a lower bound prior to using the A* algorithm.

The heuristic function h2: use of resources. It corresponds to an estimation of the 
time needed if only the remaining usage times of the tools in each robot are taken into
account, further supposing the number of tool changes to be at a minimum. It can be
defined as follows:

( )2 2( ) max ( , ) ( , )i i
robots

h n h n R e n R= − (7)

where ( , ) ( ) ( , )e n R g n lastTime n R= − (8)

and h2(n, Ri) is the minimum time of use of robot Ri without considering the task 
precedence constraints. If each tool is associated with only one robot, the calculation 
of h2(n, R) is equivalent to the traveling salesman problem, when considering the tools
not yet used and an initial node corresponding to the last used tool in the robot R: 

( )2 2
( )

( , ) ( , ) , ( )
j i

i j cht
H R J cand n

h n R h J T n R
∈ ∈

= + ∆ (9)

with h2(J, T) the remaining time of usage of tool T by task J and its successors. The
term ( ), ( )chtn R∆  refers to the time needed for the tool changes. In the usual case
that tool changing times do not depend on the type of tool, it can be calculated easily:

( ), ( ) ( , ) ( )cht cht chtn R N n R R∆ = ⋅ ∆ (10)

where Ncht(n, R) is the number of tool changes needed in R for the remaining tasks for
completing the assembly from n, and ∆cht(R) is the duration of a simple tool change in
R. Without considering any precedence information, an in order to maintain the ad-
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missibility of the heuristic, it must be supposed that the remaining tools will be in-
stalled only once in the estimation of Ncht(n, R). 

4 The Pomset-Based Model 

The heuristic h2 does not consider any information about precedence of tasks, and, in 
order to meet an admissible heuristic, it must be supposed that every tool will be in-
stalled once, so that the number of tool changes is minimized. The heuristic h3 is based 
on h2, but it estimates more accurately the number of tool changes. For that, a pomset-
based model is used that reflects some of the precedence constraints of the problem.

Given a precedence tree of tasks, the tasks using the same robot must be done se-
quentially. For each sequence of tasks using the same robot, it can be defined a se-
quence of tools, in the same order as that of the tasks which use them. Because we are 
only interested in the tool changes, we must transform that sequence of tools in an-
other one substituting consecutive repetitions of the same element for an instance of 
it. These sequences will be denoted as sequences of tools. 

The objective is to find, for each robot, the minimum number of times that each
tool must be installed, but estimated in the more realistic way possible. Figure 2
shows a simple example: for the precedence tree of tasks (a), the precedence tree of
usages of tools in the robot R1 is shown (b); in order to minimize the number of tool 
changes, T1 must be installed once, so that (c) represents the constraint precedence 
graph of tools, each node corresponding to possibly more than one consecutive usage
of the tool. Finally, (d) represents the pomset1 corresponding to a simplified model of 
(c), maintaining only the precedence constraints referring to the tool in the top node. 

The data structure pomset was introduced by Pratt [8] in the specification of con-
current programs. An alignment is a sequence of the elements of the pomset satisfying 
the ordering constraints. In our pomset-based model, not all the possible alignments
from the pomset will correspond to valid sequences of tools, because of the con-
straints that have been disregarded. For example, the pomset in Figure 2 (d) has an
alignment {T2,T3,T2,T1}, which does not correspond to any possible sequences of 
tool formed from (c). However, this in not the main purpose, but the number of tool 
changes, which is related to the cardinality of the pomset. 

According to the previous comments, the pomset can be defined as a tuple
,< >B F , B being a multiset containing the same elements (and multiplicity) as the

optimal sequence of tools taken from the precedence tree. On the other hand, F de-
notes the set of tools which can appear the first in any optimal sequence. 

Two basic operations are needed in the recursive definition of the pomsets (one for 
each robot) for a precedence tree. The first operation, denoted push, allows adding
one element to the pomset, proceeding from the root node. The other operation, de-
noted merge, is about merging the pomsets from the subtrees. 

The pomset ,< >B F  corresponding to a precedence tree whose root node is the
task J and robot R, denoted P (J, R), is given by

1 pomset = partially ordered multiset. A multiset is a set in which the elements can be repeated. 
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( )

{ } { }
( )

( )( )
1 1

1 2 1 2

( ) , ( ) if ( )

( , ) ( ), ( , ) if ( ) { }

( ) ( ), ( , ), ( , ) if ( ) { , }

T J T J suc J

J R push T J J R suc J J
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< > = ∅
≡ =

= =
P P

P P
(11)

if R is the robot used by J. If robot R is not the used by J, then the pomset is defined by

( ) ( )
1 1

1 2 1 2

if ( )

( , ) ( , ) if ( ) { }

( ) ( , ), ( , ) if ( ) { , }

suc J

J R J R suc J J

R R J merge J R J R suc J J J

∅ = ∅
≡ =

≠ =
P P

P P

(12)

The operation push is defined by

( ) ,{ } if
, ,

{ },{ } if

x x
push x

x x x

< > ∈
< > ≡

< > ∉�

B F
B F

B F
(13)

that shows that the set of first elements must contain the element pushed only, and 
that and instance of this element must be added (operator �, multiset additive union)
when the element does no belong to the set of first elements of the original pomset, 
reflecting the corresponding additional change tool. 

The operation merge is defined by

( ) ( )
( )

1 2 1 2 1 2
1 2

1 2 1 2 1 2

, , if ,
( , )

, if ,
merge

< > ≠ ∅
≡

< > = ∅
F F

F

B B D P P D P P
P P

B B F F D P P

�

� �
(14)

where ( ) ( ) ( ) ( )1 2 1 2 1 2 2 1, , ,′ ′≡F F FD P P F F D P P D P P� � � (15)

and ( ) { }, | # , # ,( ) ( )i j i i jx x x′ ≡ ∈ >FD P P F B B (16)

The multiset union operator �  is defined taking the maximum multiplicity of each
element, so that is the adequate operator for the resultant multiset from the merge of 
the pomsets. The resultant set of first elements is formed according to the concept of
dominance. Figure 3 shows two cases. The symbol ⊗ represents the merge operator, 
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T1 J2

R2
T4

J7 J8

J4
R2
T3J3

R2
T3 J5

R1
T1

J6
R1
T3

J0
R1
T2

R1
T2

R2
T4

R1

– T2T3

T1 –

–– T1

T2
T2

T1

T3 T2

T2

{T1,T2,T3}

(pomset)

(a) (b)

(c)

(d)

Fig. 2. An example of a pomset from the model. 
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and ⊕ is used for expressing the different possibilities we can obtain. In (a), we can
obtain a pomset without increasing the number of instances of each element, because
the element A in F1 has more instances in B1 than in B2, so we say that A is dominant. 
Moreover, B is not dominant because it cannot appear as first element in any optimal
sequence of tools, i.e. without increasing the number of instances. In this situation,
DF(P1,P2) is not empty, so we can determine the set of first elements without any 
problems. In case (b), A and B are not dominants, but the set of first elements cannot 
be empty. Notice that the optimal sequences can be taken from two different pomsets,
in which the number of instances for A and B are different, expressing that the first
element in an optimal sequence can be A or B, and depending of which is choosed, it 
has an additional instance. We say that there is an indetermination in the number of
instance of A and B. The model proposed in this work makes a simplification about
this aspect (see eq. (14)), so that the number of instances of A and B are not in-
creased, and both appear as possible first element in an optimal sequence. This way,
the resultant heuristic is admissible, but losing accuracy. On the other hand, if an ele-
ment is present in the set of first elements in both pomsets, it must be present in the
set of first elements in the resultant pomset. 

A last operation must be defined for the pomset structure, for obtaining the number 
of tool changes. This operation is denoted as ntrans, and for the model proposed in 
this work is defined as the number of elements of the multiset less one: 

( ) #( , ) 1
x

ntrans x
∈

= −
B

P B (17)

Finally, the new heuristic h3 is defined in the same way as h2 (eq. (9)), but in the 
calculation of ( ), ( )chtn R∆  (eq. (10)), the term Ncht (n, R) is now estimated more ac-
curately. If the candidate tasks in n are J1, ..., Jm, and T is the last tool used in R, 

( ) ( )( )( ), , ( , ),..., ( , )chtN n R ntrans push T merge J R J R= 1 mP P (18)

5 Results 

The algorithm has been tested in a variety of situations, considering different product 
structures (number of parts, number of connections between parts), different types of
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{ B, C }
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Fig. 3. An example of dominance.
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And/Or graphs (number of sub-assemblies, number of assembly tasks for each sub-
assembly), and different assembly resources (number of robots, number of tools).  

The results in Tables 1-4 correspond to a hypothetical product of 30 parts, with 396
Or nodes and 764 And nodes in the And/Or graph. The number of linear sequences is
about 1021. The tables show the effect of having more or less resources for assembling
the product in the performance of the algorithm. The results refer to 10 different com-
binations of durations and resources for assembly tasks.

The heuristic functions defined present two different effects in calculating h(n).
The estimation made from h1 is due to the most unfavorable candidate task. In the
other hand, h2 and h3 shows an additive effect, because of the uses of robots by all
candidate tasks. Therefore, two new heuristic functions can be defined from the com-

Table 1. Results for 2 robots and 2 tools/robot 

Nodes visited Time (ms)Heuristic Ave Max Min Ave Max Min N-Pr N-F % 
Error

h1 41492 89189 2520 19429 30590 180 4 6 0,990 
h2 9316 42775 32 1422 6420 0 5 0 0,000 
h3 617 3019 32 176 870 0 2 0 0,000 

max(h1, h2) 16385 71585 32 4291 30050 0 4 1 0,248 
max(h1, h3) 3422 30506 32 3257 31470 0 1 1 0,248 

Table 2. Results for 2 robots and 4 tools/robot 

Nodes visited Time (ms)Heuristic Ave Max Min Ave Max Min N-Pr N-F % 
Error

h1 40093 56108 3020 25025 30930 710 2 8 2,648 
h2 5311 19398 267 790 4230 50 1 0 0,000 
h3 1458 6120 32 198 930 0 1 0 0,000 

max(h1, h2) 5078 19009 387 1143 4450 60 1 0 0,000 
max(h1, h3) 1303 4805 32 418 1870 0 1 0 0,000 

Table 3. Results for 4 robots and 2 tools/robot 

Nodes visited Time (ms)Heuristic Ave Max Min Ave Max Min N-Pr N-F % 
Error

h1 16905 85540 32 2357 11700 0 1 0 0,000 
h2 2751 7195 32 263 710 0 2 0 0,000 
h3 1781 7011 32 533 2030 0 3 0 0,000 

max(h1, h2) 804 2098 32 99 220 0 2 0 0,000 
max(h1, h3) 794 2098 32 148 330 0 2 0 0,000 

Table 4. Results for 4 robots and 4 tools/robot. 

Nodes visited Time (ms)Heuristic Ave Max Min Ave Max Min N-Pr N-F % 
Error

h1 22697 93376 32 6084 30530 0 4 1 0,302 
h2 1808 5907 128 197 660 0 1 0 0,000 
h3 1072 5014 119 396 2260 0 1 0 0,000 

max(h1, h2) 1765 5907 32 278 980 0 2 0 0,000 
max(h1, h3) 1062 5014 119 396 2260 0 1 0 0,000 
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bination of both effects, taking the most realistic estimation, ( )1 2max ( ), ( )h n h n  and 
( )1 3max ( ), ( )h n h n . 

The use of A* algorithms presents some problems. The most important is the stor-
age space that could be occupied. The algorithm was adapted so that it uses a depth-
first search periodically for finding a new solution whose value could be used for
pruning the search tree. Another improvement was done in order to detect symme-
tries, so that redundant nodes are avoided. 

Apart from the number of nodes visited and execution times, the tables show how
many times the optimal solution was found by a depth-first movement (N-Pr), how
many times the algorithm did not find the optimal solution in 30 seconds, when the
available memory was exhausted (N-F), and the error rate. 

6 Conclusions 

A model for the selection of optimal assembly sequences for a product in a generic mul-
tirobot system has been presented. The objective of the plan is the minimization of the
total assembly time. To meet it, the model takes into account, in addition to the assem-
bly times and resources for each task, the times needed to change tools in the robots.

A pomset-based model has been proposed for estimating the number of workcells’
setups needed in Assembly Planning. The model is used in the definition of a heuristic 
function for an A* algorithm. The result is a more informed heuristic than the one 
which was based on, due to the combination of two kinds of constraints, the prece-
dence constraints and the use of the resources. 
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(Spain)

Abstract. This paper presents an innovative approach to self-adaptation of the
structure of a neuro-fuzzy controller in real time. Without any off-line
pretraining, the algorithm achieves very high control performance through the
iteration of a three-stage algorithm. In the first stage, coarse tuning of the neuro-
fuzzy rules (both rule consequents and membership functions of the premises)
is accomplished using the sign of the dependency of the plant output with
respect to the control signal and an overall analysis of the main operating
regions. In stage two, fine tuning of the rules is achieved based on the controller
output error using a gradient-based method. Finally, the third stage is
responsible of modifying the structure of the controller, proposing that input
variable which should get a new membership function in order to improve the
control policy in an optimum way.

1 Introduction

The problem of adjusting the parameters of a control system based on the control
performance in real time without any off-line pretraining is one of the most important
issues in intelligent systems research. The main difficulty encountered when dealing
with this topic is that the plant behavior is a priori unknown, i.e., neither the plant
model nor its differential equations are available.

As is well known, fuzzy logic controllers have proved successful in a number of
applications where no analytical model of the plant to be controlled is available [2],
[3]. Among the different ways of implementing a fuzzy controller, adaptive neuro-
fuzzy controllers are, at least in principle, able to deal with unpredictable or
unmodeled behaviors, which made them outperform non-adaptive control policies
when the real implementation is accomplished [5].

Recent approaches in this field are presented in [1] and [8]. In the very interesting
approach proposed by Andersen et al. [1], fine tuning of the controller rules (both
consequents and premises) is accomplished through the controller output error. Since
the plant output error reduction is not directly pursued, this method requires the
existence of a previously-tuned controller. This problem is overcome in [6] where a
SOC-based adaptation block works concurrently with the controller output error
method to achieve global learning of the controller parameters. Nevertheless, none of
the afore-mentioned works are capable of dealing with the problem of the automatic
structure identification of the main neuro-fuzzy controller.
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In this paper, the main drawbacks of the above presented approaches are overcome
by the use of a three-stage approach to automatically identify the optimum neuro-
fuzzy controller structure and tune the main fuzzy controller parameters in a
systematic way. The main features of the proposed algorithm are:
� It needs neither a model of the plant to be controlled nor its differential equations.
� Both fuzzy rules consequents and membership functions in the premises are fine

tuned to provide a high performance control policy.
� No initial guesses about the controller parameters are needed. The controller can

run in a standalone manner from the start with no off-line pretraining.
� Since this is a direct control policy, no plant model is created during the control

process. Furthermore, no great amount of data needs to be collected from the
plant, enabling the algorithm to work with high speed control processes.

2 Statement of the Problem

The main goal of this paper is to achieve real time control of a system which, in
general, may be non-linear and whose exact differential equations are unknown.
Furthermore, we assume there is no model of the plant available so there cannot be
any off-line pre-training of the main controller parameters. Starting from this “void”
neuro-fuzzy controller, we attempt to achieve the identification of the main controller
and optimize the controller’s rules and the parameters defining it in order to translate
the state of the plant to the desired value in the shortest possible time.

In mathematical terms, the system or plant to be controlled can be expressed in the
form of its differential equations or, equivalently, by its difference equations,
provided these are obtained from the former with the use of a short enough sampling
period

y(k+d) = f(y(k),...,y(k-p),u(k),...,u(k-q)) (1)

where d is the delay of the plant and f is an unknown continuous and derivable
function. The restriction usually imposed on plants is that they must be controllable,
i.e., that there always exists a control policy capable of translating the output to the
desired value (within the operation range). This means that there must not be any state
in which the output variable does not depend on the control input. Therefore, the
partial derivative of the plant output with respect to the control signal must never be
cancelled and as the plants are, in particular, derivable and continuous with respect to
the control input, this derivative must have a constant sign, i.e., the plant must be
monotonic with respect to the control signal. Thus, we can assume there exists a
function F such that the control signal given by

( )( ) ( )u k F x k= �
(2)

with
( )x k

r

=(r(k),y(k),...,y(k-p),u(k-1),...,u(k-q)) (3)
and r(k) being the desired output at instant k, is capable of reaching the set point

target after d instants of time, i.e., y(k+d) = r(k).
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3 Overview of the 3-Stage Algorithm

In the proposed algorithm, no information is needed about the equations that govern
the plant, although it is necessary to know the monotonicity of its output with respect
to the control signal, the delay of the plant (which can nearly always be taken as 1 if
we use a sampling period that is not very small) and the inputs that can have a
significant influence on the plant output.

For the main neuro-fuzzy controller, we will use a complete rule-based fuzzy
system [4], with rules of the form:

N1

1 2

ii
1 1 N ...  is X   ...   is X   u=R

NN i i iIF x AND AND x THEN (4)

where j

vX  is the j-th membership function of variable xv, N is the number of input

variables and 
1 2 Ni i ...iR  is a scalar value. The fuzzy inference method, as is commonly

used in all neuro-fuzzy systems, uses the product as T-norm and the centroid method
with sum-product operator as the defuzzification strategy, i.e., the weighted average
deffuzzification method. Thus, the output of our neuro-fuzzy controller is given by:
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where nv is the number of membership functions defined in variable xv.
In this paper, the membership functions are triangular functions with pair-wise

overlap, i.e. each variable has a non zero membership value in at most two fuzzy sets.
To define such a configuration, commonly known as a Triangular Partition (TP), [4],
[9], [11], only the centres of the membership functions need to be stored, since the
slopes of the triangles are calculated according to the centres of the surrounding
membership functions.

Figure 1 shows the general flowchart of the algorithm proposed to accomplish the
control task. Since no initial control parameters are available, the control process is
carried out in three stages:

In the first stage [8], a coarse tuning of the neuro-fuzzy controller parameters is
accomplished based on the plant output error. With a SOC-like algorithm, fuzzy rule
consequents are adapted after taking into account the sign of the dependence of the
plant output with respect to the control signal and the plant delay in a reward/penalty
manner. Meanwhile, the error distribution throughout the operating regions is
measured periodically in order to provide enough information for coarse tuning of the
membership functions (MFs) defined in the premises of the fuzzy rules.

Once coarse convergency is achieved in the first stage, the algorithm switches to
the second stage [8]. All fuzzy rule parameters are then fine tuned using as
information source the controller output error via a gradient-based algorithm. After
convergency of the second stage, if the control policy is not under the pre-defined



848         H.Pomares, I.Rojas, and J.González

specifications, the algorithm switches to the stage responsible of modifying the main
controller structure. This process is accomplished by examining the data taken from
the plant during the previous steps.

4 Parameter Optimization (Stages i & ii)

This section summarizes the method presented in [8] for the adjustment in real time of
the parameters of the main neuro-fuzzy controller for a fixed topology. As stated in

that paper, this process comprises two main stages: the first one is responsible of a
coarse tuning of both the rule consequents and rule antecedents (i.e., the membership
functions). The second one is in charge of the fine tuning of all of them. These are
described in the two next sub-sections.

4.1   Stage I: Coarse Tuning of the Main Controller Parameters

The main problem when real time control strategies must be faced lies in the fact that,
as the internal functioning of the system to be controlled is unknown, we are unaware
of how to modify the controller’s parameters. As stated in [12], the monotonicity of
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Fig. 1. Flowchart of the proposed control algorithm
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the plant provides valuable information on how to adapt the consequents of the fuzzy
rules. To modify these, we need only take into account the rules really used to obtain
u(k) as the neuro-fuzzy controller output. It is evident that with the kind of
information available from the plant, only a relatively coarse control can be applied to
the system. In this first stage of the algorithm, coarse adaptation of the fuzzy rule
consequents is accomplished by evaluating the current state of the plant and
proposing a correction of the rules responsible for the existence of such a state, either
as a reward or as a penalty, in the following way (see Eq. (4)):

( )
1 2 1 2

1 2

... ...

...

( ) · ( )· ( )

      · ( )· ( ) ( )
N N

N

i i i i i i y

i i i

R k C k d e k

C k d r k d y k

µ

µ

∆ = − =

− − −
(6)

where, as in [12], this modification is proportional to the degree with which the
rule was activated in achieving the control output u(k-d) now being evaluated at
instant k. In the above expression, r(k-d) is the set point required of the plant output at
instant k-d and y(k) is the current plant output. Note that it would be incorrect to use
r(k), as the rules that are activated at instant k-d serve to achieve the desired value r(k-
d) and not r(k). C is used for normalization purposes, and its absolute value can be
determined off-line by: |C| = � u/�y, where �y is the range in which the plant output
is going to operate and �u is the range of the controller’s actuator. Finally, the sign of
C depends on the monotonicity of the plant, i.e., if the plant output increases
(decreases) with increasing values of the control signal, C is positive (negative).

Using the above SOC-like algorithm, only the consequents of the fuzzy rules can
be tuned. However, the distribution of the membership functions also has a strong
influence on the performance of the control process, making it necessary to optimize
them. When a generic controller is working in real time, it is very common for there
to exist certain operating regions that are more important than others. On the other
hand, it is not uncommon to find operating regions which the system never reaches. In
all these cases, it is very convenient to re-structure the MF configuration in order to
concentrate fuzzy rules in the most important regions and to avoid unnecessary effort
on less important ones. The idea proposed in [8] to overcome this problem is based on
trying to find a MF configuration which distributes a certain performance criterion
homogeneously throughout the operating regions. In this case, the performance
criterion is the integral of the square error (ISE). Thus, the more a certain operating
region is activated the more frequently this region will contribute to the ISE. This
contribution must be compensated with smaller plant output errors. Conversely, less
activated regions can be allowed bigger plant output errors. In order to implement this
idea, we have to define a period of time T’ during which the ISE is computed. Thus,
the centre of the j-th membership function of input variable v can be associated with a

“slope” j
vp  of the form:

’ 2 1

2 ’ 2 1

· ( ( )) / ( ) ,   1

· ( ( )) / ( ) ,

t T j j
v v vtj

v t T j jy
v v vt

dt e x t x t c c
p

r dt e x t x t c c

+ −

+ +

  ∈ −  =  
  ∈   

∫
∫

�

� (7)

which represents the difference between the contribution of the preceding
operating region and the succeeding one to the integral of the square error during the
period of time T’. A positive value for such a slope means that the contribution to the
left hand sector is greater than that to the right and so the centre must be moved to the
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left to counteract this effect. The parameter ry, (the plant output range) has been
introduced as a normalization factor. As the order of the centres cannot be allowed to
vary, we perform the following movement:
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in which the temperature j
vT  of the centre j

vc , indicates how far the centre is

moved within the limits of possible movement. Thus, for very high temperatures the
centres will move large distances, while at low temperatures these movements will be
very small.

Finally, the whole stage finishes when centre locations are modified below a
certain threshold value. Since stage I is used only to coarse tune the controller fuzzy
rules, a typical value of 5% of the range of every input variable is selected in this
paper.

4.2   Stage II: Fine Tuning of the Main Controller Parameters

In this second stage, we use a gradient-based methodology in order to achieve a fine
tuning of the main controller parameters. For this purpose, we base our approach on
the algorithm proposed by Andersen et al. [1]: when the controller provides a control
signal at instant k, u(k) and the output is evaluated d sampling periods later y(k+d),
the error committed at the plant output is not the only information that may be
obtained. Regardless of whether or not this was the intended response, we now know
that, if the same transition from the same initial conditions but now with r(k) = y(k+d)
is ever required again, the optimal control signal is precisely u(k). Therefore, at every
sampling time, we do get an exact value of the true inverse function of the plant [10].
In mathematical terms, the control signal exerted at the plant at instant k is given by
(see Eq. (5)):

u(k) = ( )ˆ ( ); ( )F x k kΘr

(9)

where �(k) represents the set of parameters that define the controller at instant k
(rules plus membership functions) and ( )x k

r

 is given by Eq. (3). After d iterations, we
obtain at the plant output the value y(k+d). If we now replace the input vector

( )x k
r

by:

( )x k
r � (y(k+d),y(k),...,y(k-p),u(k-1),...,u(k-q)) (10)

an expression that only differs from ( )x k
r

 in the first element, where y(k+d)
replaces r(k), we obtain the following datum belonging to the actual inverse plant
function:

u(k) =  ( )ˆ( )F x k (11)
The neuro-fuzzy controller is now tested d iterations afterwards to see if it does
indeed output a signal equal to u(k) when required to drive the plant through this same
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transition. Instead of producing a control signal u(k), however, the controller outputs
the signal:

û(k) =  ( )ˆ ˆ( ); ( )F x k k dΘ + (12)
Thus, the controller output is in error by

eu(k) = u(k) - û(k) (13)
It is important to note that, although û(k) is produced by the controller, it is not

applied to the plant. Its only purpose is to calculate eu(k). Another important remark is
that, since this datum belongs to the current state of the plant, it is expected, by
continuity, that reducing the control output error implies a reduction in plant output
error. Thus, in each iteration k the error in the output of the controller is computed,
where the magnitude to be minimized is given by:

( ) 221 1 ˆ ˆ( ) ( ) ( ) ( ); ( )
2 2

uJ k e k d u k d F x k d k≡ − = − − − Θ   (14)

Therefore, the parameters of the main neuro-fuzzy controller are optimized in each
iteration in the following way:

( ) ( ) ( )k k J kη Θ∆Θ = − ⋅ ∇
�

(15)

5 Identification of the Main Controller Topology (Stage iii)

The modification of the main neuro-fuzzy controller in real time is a key topic that
has never been tackled in depth in the literature. Thus far, the majority of the adaptive
neuro-fuzzy systems proposed in the bibliography are based on neuro-fuzzy
controllers with a fixed number of membership functions. The reason for this is
straightforward since this is a very complex task.

In order to accomplish this issue, it is necessary to get as much information as
possible from all the operating regions through which the plant has proceeded. For
that reason, due to the fact that all operations must be made in real time from no
initial information, this must be compiled during the very control process.

In this section, we take advantage of the real data belonging to the actual inverse
function of the plant that we have used in the previous stage. For this purpose, we
define a grid in the input space and store the most recent datum belonging to each of
the hypercubes defined by that grid, substituting a pre-existing datum in this
hypercube. By these means, real data from the plant are stored in a memory M which
contains a uniform representation of the inverse function of the plant.  Once this task
is accomplished, we can use the methodology proposed in [7] in order to obtain the
information about which input variable should increase the number of its membership
functions. In mathematical terms, this procedure decomposes the domain of the input
variables (except that of the variable we are analyzing, in this case xv) into
infinitesimal intervals of the form:

[ ] [ ]

[ ] [ ]
1 1 1 1 1 1

1 1 1
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     , ,

v v v v v

v v v N N N

x x dx x x dx D D
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(16)

where 
v

D− ,
v

D+  are the lower and upper limits of the domain of variable v, and we
consider each one of them individually as one-dimensional subfunctions of variable xv

using the MFs already defined in that variable. As this is a fixed configuration, and
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the problem is linear, the approximation process can be done in a straightforward
manner, and a one-dimensional function is obtained:

( )
1 1 1,..., , ..., Nv v

v
x x x x vF x

− + (17)

which approximates the error surface in the region considered using the MFs of
variable xv and without the influence of the ones defined in the other variables. If
function (17) is capable of accurately approximating the error surface in its definition
domain, we conclude that, as far as this region is concerned, there is no need to insert
a new membership function into variable xv. Conversely, if this approximation is poor
then there is a high degree of responsibility of variable xv in the error existing in that
region.

By adding all the approximation errors with respect to the error surface for each
infinitesimal region, we can compute an index reflecting the degree of responsibility
of variable xv in the existing global error:
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1 1 1

1 1 1
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where ( )xe
�

 is the error surface, i.e., the error between the original function and

the one approximated by the current neuro-fuzzy system. Finally, we compute these
approximation indexes for each input variable and compare; the input variable with
highest Jv is the one selected to increment the number of membership functions.

6 Simulations

This section presents a simple example showing the functioning of the above-
described algorithm. Consider the system described by the following difference
equation:

( )

5 2 2

1.5 ( 1) ( )
( 1)

1 ( 1) ( )

        0.35 sin ( 1) ( ) 1.2 ( )

y k y k
y k

y k y k

y k y k u k

−Π ≡ + = +
+ − +

− + +
(19)

and assume its output must follow random set-points in the range [-4,4]. For this input
range, this plant happens to be very difficult to control in a optimum. As input
variables, the desired plant output r(k), the actual plant output y(k) and the two
previous outputs y(k-1) and y(k-2) are used. The period T’ for this case has been
selected as 500 epochs, which is estimated to be sufficient to compute the ISE values.
In Table 1, the evolution of the control process is presented for the whole algorithm
proposed, starting from a “void” neuro-fuzzy system, i.e., only one membership
function defined for each input variable and thus, only one constant output which is
initially set to zero.
    As can be seen from the table, the first decision that the third stage of the algorithm
makes is to use the set point r(k) as input variable. It must be taken into account that,
although the main controller is not using initially r(k), the auxiliary systems do use it
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Table 1. Evolution of the proposed algorithm.

r(k) y(k) y(k-1) y(k-2)

Config. J1 J2 J3 J4
MSE*1000 after

stage II

1x1x1x1 0.485 0.144 0.126 0.0154 6493

2x1x1x1 0.0320 0.201 0.194 0.0324 307.4

2x2x2x1 0.0233 0.105 0.105 0.0216 108.8

2x3x3x1 0.0148 0.0681 0.0687 0.0140 88.11

2x4x4x1 0.00975 0.0228 0.0235 0.00968 12.3

2x5x5x1 0.00816 0.137 0.0138 0.00862 5.17

2x6x6x1 0.00754 0.0956 0.0964 0.00787 1.74

and that is the reason why the control process can be accomplished even with only
one rule (the system will behave as a pure adaptative controller, with no learning).

Nevertheless, once two MFs are defined for the first variable, the algorithm starts
adding new MFs in y(k) and y(k-1) and never in y(k-2). This is the optimum
evolution since if we take a look at equation (19), we can check that the control output
u(k) varies linearly with r(k), that it does not depend on y(k-2) and that its
dependency with respect to y(k) and y(k-1) is exactly the same.

7 Conclusions

In this paper, a new algorithm to automatically identify the structure of a neuro-fuzzy
controller and self-tune all its parameters without any off-line pretraining has been
proposed. Using a three-stage approach, the methodology is capable of obtaining
optimum configurations and optimum parameter values for the fuzzy rules (both rule
consequents and membership functions defined in the premises) both in real time.
Starting from a “void” main neuro-fuzzy controller, coarse tuning is achieved based
on the plant output error. When the algorithm switches to the second stage, fine
tuning of the fuzzy rules is accomplished by using controller output error as the
information source. Finally, the third stage is responsible of finding a more suitable
main controller topology.
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Abstract. Embodied autonomous agents are systems that inhabit dynamic, un-
predictable environments in which they try to satisfy a set of time-dependent goals
or motivations in order to survive. One of the problems that this implies is action
selection, the task of resolving conflicts between competing behavioral alterna-
tives. We present an experimental comparison of two action selection mechanisms
(ASM), implementing “winner-takes-all” (WTA) and “voting-based” (VB) poli-
cies respectively, modeled using a motivational behavior-based approach. This
research shows the adequacy of these two ASM with respect to different sources
of environmental complexity and the tendency of each of them to show different
behavioral phenomena.

1 Introduction

In the mid 80’s, a new approach emerged in artificial intelligence (AI) to study in-
telligence in the context of “complete”, embodied autonomous agents [5]. This new
paradigm is highly inspired in biology, animal behavior (ethology), neuroscience and
evolutionary biology, and has been termed “behavior-based AI” or “animat1 approach”
[14,12]. The animat approach is appropriate for the class of problems that require a sys-
tem to autonomously fulfill several time-dependent goals or motivations in a dynamic,
unpredictable environment. The main problem in this area is to build architectures for
an autonomous agent that will result in the agent demonstrating adaptive, robust and
effective behavior. Specifically, two related subproblems have to be solved [9]: The
problem of action (or behavior) selection and the problem of learning from experience.
This research is focused on the first issue.

Action selection consists in making a decision as to what behavior to execute in order
to satisfy internal goals and guarantee survival in a given environment and situation. This
implies resolving conflicts between competing behavioral alternatives.We have modeled
two action selection mechanism (ASM) using a motivational behavior-based approach
that follows the architecture proposed in [6]. This means that the agent’s behavior is
driven by motivational states—impulses to action based on bodily needs. There are

1 Animat is shorthand for “artificial animal”

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 855–864, 2002.
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several ways in which the set of motivations can lead to the execution of a behavior, since
the same behavior may be able to satisfy more than one motivation and the satisfaction of
one motivation may lead the arousal of another. In this paper, we present an experimental
comparison of two action selection architectures implementing approaches that are often
regarded as opposite in the literature: “winner-takes-all” (WTA) and “voting-based”
(VB). With a WTA policy the animat will execute the behavior that satisfies its highest
motivation in the best way. This means that only the highest motivation drives behavior
selection. With a VB policy, all the motivations have influence on the final selection
since the animat will execute the behavior that best satisfies a subset of motivations at
the same time. In previous work [4,3] we did a systematic study and comparison of four
architectures that differed along a few relevant parameters; however, only the differences
between the two architectures we present here (WTA and VB) were significant enough,
giving rise to more stable results and differences in behavior. Drawing on the notion
of viability [1], used within the animat approach for different purposes [12,13,2], we
have defined several complementary viability indicators to assess behavior selection
performance, and we have analyzed our results in terms of some interesting behavioral
phenomena that [8] proposes as desirable features of architectures to achieve flexible
behavior selection.

2 The Valimar Environment

In order to test our architectures, we have created a typical behavior selection environ-
ment, called Valimar, in which our robot must select among and perform different activi-
ties in order to survive.The platform we have used isWebots 3.0 (www.cyberbotics.com),
a very realistic 3D mobile robot simulator allowing users to create different environments
with continuous space and complex physics. For these experiments, we have used Khep-
eras fitted with a color camera on their top to create two species of robots—Nessas (green
Kheperas) and Enemies (red Kheperas).Nessas are more complex creatures used to im-
plement the two behavior selection architectures described in Section 3.Enemies have
the same sensors and actuators as Nessas, but they have a much simpler architecture
and behavior (their main goal is to attack Nessas), since their only role is to introduce
dynamism in the environment. Neither Nessas nor Enemies can remember the location
of objects, and they also lack any planning capabilities. Valimar is surrounded by a wall
and contains cylindrically-shaped objects of different colors: food (yellow) and water
(blue) sources, nests (purple), obstacles (gray), dull blocks (red), and our two species of
robots. Since Enemies and dull blocks have the same color, Nessas can mistake one for
another.

3 Architectures for Behavior Selection

The architectures we have studied are neither strictly flat (parallel) nor hierarchical
(structured), but a combination of both that lies more on the flat side. They consist
of two layers—motivational and behavioral—that lead to a two-step computation of
intensity. This computation is parallel within each layer, but motivational intensity must
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be computed prior to the calculation of behavioral intensity. Both architectures have the
same elements but differ in how these are linked together in their arbitration mechanism.

3.1 Elements

Sensing and acting. The robots are equipped with the followingexternal sensors: eight
infrared proximity sensors and eight binary collision sensors; a radio emitter/receiver
used to transmit and detect the attack of another robot (paine); and a color camera return-
ing a RGB pattern of90 × 90 pixels used to detect direction and discriminate objects.
Object learning and recognition is performed by a combination of three ART1 neural
networks, each of them specialized to detect patterns in one of the RGB components. In
addition to external sensors, we have programmedinternal sensors to perceive the values
of physiological variables. Navigation (including obstacle avoidance) is controlled by a
neural network that improves over time through Hebbian learning.

Physiology. The robots have a synthetic physiology of survival-related essential vari-
ables that must be kept within a range of values for the robot to stay alive. They thus
define a physiological space [11] or viability zone [12] within which survival (contin-
ued existence) is guaranteed, whereas transgression of these boundaries leads to death.
Nessa’s essential variables are: damage, energy, glucose, moisture, internal pain2 (paini),
and stress.

External stimuli. In addition to internal variables, behavior selection is also influenced
by the presence of external stimuli that affect the motivational state of the robot. There
are six types of external stimuli to which Nessas can react: the different (colors of the)
objects in the environment plus external pain (paine).

Motivations. Motivations constitute urges to action based on bodily needs related to
self-sufficiency and survival. They implement a homeostatic process to maintain an
essential physiological variable within a certain range. A feedback detector generates
an error signal—the drive—when the value of this variable departs from its ideal value
(setpoint), and this triggers inhibitory and excitatory controlling elements (in this case,
the execution of behaviors) to adjust the variable in the adequate direction. The error is
a number normalized in the interval[0, 1], where 0 indicates no error and 1 results when
the actual value of the variable overflows/underflows the upper/lower limit, in which
case the robot dies. Each motivation receiving an error signal from its feedback detector
receives an intensity (activation level) proportional to the magnitude of the error. Several
motivations can be active at the same time, with varying degrees of intensity. Nessa’s
motivations are characterized by: a controlled (essential) physiological variable, a drive
to increase or decrease the level of the controlled variable, an (external) incentive stimulus
that can increase the motivation’s intensity, and a behavioral tendency of approach or
avoidance towards the stimulus. Table 1 (left) shows Nessas’ motivations with their
drives and incentive stimuli.

Behaviors. Our behaviors are coarse-grained subsystems implementing different com-
petencies, similarly to those proposed in [8,6]. Following the usual distinction in ethol-
ogy [10], Nessas have consummatory (goal-achieving) and appetitive (goal-directed)

2 Pain has a double characterization as internal and external stimulus. Internal pain receives its
value from externally felt pain but has more inertia, decreasing more slowly and lasting longer.
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behaviors. A consummatory behavior is executed only if it has been selected by the
motivational state of the robot and its incentive stimulus is present. If the stimulus is not
present, an appetitive behavior is activated to search for it. The execution of a behavior
has an impact on (increases or decreases) the level of specific physiological variables.
Behaviors can be activated and executed with different intensities that depend on the
intensities of the motivations related to them. The intensity with which a behavior is
executed affects motor strength (speed of the wheels) and the modification of physio-
logical variables (and hence the duration of the behavior). Table 1 (right) shows Nessas’
behaviors.

Table 1. Nessas’ motivations (left) and behaviors (right; names in italics indicate appetitive be-
haviors, the rest are consummatory).

Motivation Drive Incentive stimulus

Confusion ↓ stress nest

Excitement ↓ energy enemy

Fatigue ↑ energy nest

Hunger ↑ glucose food

Overmoisture ↓ moisture none

Overnutrition ↓ glucose none

Repair ↓ damage nest

Self-protection↓ paini enemy, paine

Thirst ↑ moisture water

Behavior Stimulus Effects

Avoid none ↓ energy, ↓ glucose,
↓ moisture, ↓ pain, ↑
stress

Attack enemy ↓ energy, ↓ glucose,
↓ moisture, ↓ pain, ↓
stress

Drink water ↓ energy, ↓ glucose,
↑ moisture

Eat food ↓ energy, ↑ glucose,
↓ moisture

Rest none ↑ energy, ↓ glucose,
↓ moisture

RunAway enemy ↓ energy, ↓ glucose,
↓ moisture, ↓ pain, ↑
stress

Search none ↓ energy, ↓ glucose,
↑ stress, ↓ moisture

Sleep nest ↓ damage, ↑ energy,
↓ glucose, ↓ stress, ↓
moisture

Wander none ↓ energy, ↓ glucose,
↓ moisture

3.2 Arbitration Mechanisms

Motivations and behaviors are connected indirectly through physiological variables, i.e.,
motivations take into account the effects that the execution of a behavior will have on the
physiology to make their selection. Our architectures differ in the way these elements
interact to select the behavior that the robot must execute. In the WTA approach, the
main selection is made at the level of motivations, and a single motivation is selected to
be in charge of selecting the behavior that best satisfies it. In the VB approach the main
decision is made at the level of behaviors, and each behavior receives activation from
all the motivations that will result affected by its execution, and behavior selection is
postponed until behavioral intensity has been computed. In this case, all the behaviors are
considered for the final selection, and the robot can satisfy several goals simultaneously.

The behavior selection loops are as follows.
Behavior selection loop in WTA. At every cycle (simulation step):
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1. The winner motivationjwinner is calculated.
a) For each motivationj:

i. Compute the intensity of the drive as proportional to the error of its con-
trolled variable (evj).

ii. Compute the effect of the presence of external stimuli on the intensity of
the motivation:aj =

∑
(sk ×ujk), wheresk is the intensity of stimulusk,

andujk is the weight betweenj andk.
iii. mj = evj + aj is the final intensity ofj.

b) The motivation with highest intensity is selected.
2. The intensity of each behavior linked (through the physiology) with the winner

motivation is computed asbi = mjwinner ×fiv, wherebi,mjwinner are the intensities
of behaviori and the winner motivation, respectively, andfiv is the effect that the
execution of behaviori has onv, which is the physiological variable controlled by
jwinner.

3. The behavior with highest intensity is selected to be executed.

Behavior selection loop in VB. At every cycle (simulation step):

1. Calculate the intensity of each motivationj:
a) Compute the intensity of the motivation’s drive as proportional to the error of

its controlled variable (evj).
b) Compute the effect of the presence of external stimuli on the intensity of the

motivationj: aj =
∑

(sk × ujk), wheresk is the intensity of stimulusk, and
ujk is the weight betweenj andk.

c) mj = evj + aj is the final intensity ofj.
2. The intensity of each behavior is computed asbi =

∑
(mj × fiv), wherebi, mj are

the intensities of behaviori and motivationj, respectively, andfiv is the effect that
the execution of behaviori has onv, the physiological variable controlled byj.

3. The behavior with highest intensity is selected to be executed.

4 Experiments

4.1 Viability Indicators

We have used the notion of viability [1] as general criterion to assess behavior selection
performance. The values (upper and lower boundaries) of the robot’s essential variables
define a physiological space [11] or viability zone [12] within which survival (continued
existence) is guaranteed, whereas transgression of these boundaries leads to death. The
behavior of the robot is thus viable when it keeps the values of the essential variables
within the boundaries of the physiological space.

In our opinion, however, this notion of viability is too vague to provide a direct
criterion to measure the goodness or performance of a behavior selection architecture, as
it leaves several possibilities open. For example, the performance of a behavior selection
architecture can be simply assessed in terms of the time it allows the robot to remain
viable (survive) in a given environment. Longer life spans usually indicate better behavior
selection performance but this correlation is not necessarily straightforward, since the
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“life quality” or “well-being” of the robot can be very different during its life span
depending on how viability is preserved during that period. A robot can live a long life
with poor “life quality” if the values of its essential variables are kept close to the critical
zone (near the boundaries) of the physiological space for a long period. On the contrary,
it can live a shorter life that ended due to “accidental” factors (e.g., the attack of one or
several predators or the absence of resources) during which it had good viability in terms
of “well-being” if the values of its essential variables remained close to their ideal values.
“Life quality” or “well-being” can also have different interpretations. It can for example
be measured in terms of global internal stability or “comfort” that takes into account the
average level of satisfaction of all the essential variables simultaneously. It can also be
seen in terms of how “balanced” the satisfaction of the different physiological needs is,
since the same level of comfort and life span can be achieved e.g., by satisfying one or
few motivations to a high degree while keeping the rest close to the critical zone, or by
satisfying all the motivations in a more homogeneous way.

We have therefore used three indicators of viability to measure and compare the
performance of our architectures:
Life span: The time that the robot survived (remained viable) during each run normal-
ized with the total simulation time,Slife = tlife/tsimul, wheretlife is the number of
simulation steps that the robot lived andtsimul is the total simulation time measured in
number of simulation steps.
Overall comfort:The average level of satisfaction of all the essential variables, measured
at each step ascstep = 1 − (Err/n), whereErr is the total sum of errors of the robot’s
physiological variables normalized between[0, 1] with n (the worst error possible in
each step), which corresponds to the sum of the intensities of the motivations’ drives
(Err =

∑
(evj)), andn is the number of compatible motivations3. Average control for

a run is given byC =
∑tlife

1 (cstep)/tlife, wheretlife is the number of simulation steps
that the robot lived.
Physiological balance: The homogeneity with which the different physiological needs
are satisfied, measured at each step asbstep = 1 − (Unb/maxunb), whereUnb is
the variance of the errors of the robot’s physiological variables normalized between
[0, 1] with maxunb (the worst variance possible in each step), which corresponds to the
variance of the intensities of the (compatible) motivations’ drives (Unb = σ2(evj)).
Average balance for a run is given by the mean of steps. Average physiological balance
for a run is given byB =

∑tlife

1 (bstep)/tlife.

4.2 Method

We have explored the effects of three sources of environmental complexity on the be-
havior and performance of our architectures:Number of objects (the more populated a
world is, the more complex navigation and perception are),availability of resources (the
fewer resources a world contains, the more difficult and costly it is to obtein them), and
dynamism (Enemies that can attack and kill Nessas, and also hamper foraging activi-
ties). To vary these sources of complexity, we created four Valimar settings (Table 2)
with different elements sparsely distributed across the world.

3 Two motivations are compatible if they do not control the same variable in opposite directions.
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Table 2. Elements of the four Valimar worlds.

Worlds Water sources Food sources Nests Obstacles Dull blocks Enemies Nessas

V1 4 4 2 2 2 0 1

V2 1 1 1 0 1 0 1

V3 2 2 1 2 0 1 1

V4 2 2 1 2 0 2 1

We tested the two architectures in 30 sets of runs for each Valimar world (V1, V2,
V3, V4), each set being comprised of a run for each architecture. This made a total of
240 runs (about 45 hours), each run lasting 10,000 simulation steps.

4.3 Results

Figure 1 shows average performance of both architectures in the four Valimar worlds in
terms of life span (left), overall comfort (center), and physiological balance (right).
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Fig. 1. Average performance of the two architectures in the four Valimar worlds in terms of life
span (left), overall comfort (center), and physiological balance (right). Mean confidence intervals
shown are calculated with a95% confidence level.

Analysis of variance (using ANOVA Single Factor) showed that the difference of
each architecture across worlds is statistically highly significant (99%) in terms of our
three viability indicators. Considering both architectures, these three indicators show
significant differences between static (V1, V2) and dynamic (V3, V4) worlds.

In static worlds, the life span obtained by the both architectures is very similar. In
terms of overall comfort, there is a clear tendency that shows that VB obtains better
results than WTA, although they obtain very similar results in terms of physiological
balance. In the dynamic world with one Enemy, big confidence intervals indicate that
similarities among architectures in terms of life span might be due to external factors
(e.g., the ability of the Enemy to find and attack Nessa) to a big extent. A clear difference
appears in the world with two Enemies, where WTA outperforms the VB architecture.
Mean confidence intervals of the other indicators show that dynamism affects them too
much to be significant when analyzed separately in dynamic worlds, and results have to



862 O. Avila-Garc´ıa and L. Ca˜namero

be nuanced by taking into account life span. It would seem, then, that the trend observed
in static worlds appears in dynamic worlds as well.

4.4 Discussion

Let us now discuss some phenomena commonly studied in animal decision making (see
e.g., [10]) that we have observed in our simulations, and that allow us to better understand
the differences between architectures and how they deal with different properties of the
environment. Some of these phenomena have been proposed by [8] as desirable features
of architectures to achieve flexible behavior selection.

Reactivity (openness). WTA is more reactive to changes in the environment than VB
because only one motivation drives behavior selection. Since with a VB policy all the
motivations influence the behavior selection, being thus the decision more “democratic",
it usually takes longer for VB to satisfy the most urgent physiological need (motivation)
and to react to external changes. Therefore, WTA deals better with quick and unpre-
dictable (physiological and external) environmental changes.

Stability of a sequence of behaviors occurs when behavioral intensities are (nearly)
similar for all the sequence. A non-stable sequence results in sudden changes4 in the
robot’s velocity and modification of its variables. WTA, being more reactive as it uses a
single motivation to drive behavior selection, was the less stable architecture.

Displacement behaviors appear in a competition between two motivations highly acti-
vated when a third motivation less activated and unrelated to the current context drives
behavior selection. This phenomenon was only observed in VB, as its “voting-based”
policy, together with the fact that links between motivations and behaviors can be posi-
tive (excitatory) or negative (inhibitory), can lead tomutual inhibition (cancellation) of
two motivations with high intensity.

Opportunism management. WTA is less opportunistic than VB as a consequence of
the way in which the influence of external stimuli are taken into account. In WTA
each external stimulus is computed only once to calculate the intensity of the winner
behavior because it only influences the highest activated motivation. However in VB the
same external stimulus can be computed more than once—as many times as motivations
contribute towards calculating the intensity of a particular behavior. This may explain
the fact that the performance of VB in terms of overall comfort seems to be the same in
static worlds in spite of the shortage of resources in V2, while with a WTA policy this
indicator is affected.

Situations of self-protection are more difficult to deal with when Nessas are executing
a consummatory behavior next to a resource, as they are more exposed to Enemies,
which can attack them on the back, where they are not detected, and block them against
resources, as shown in Figure 2. This roughly corresponds to what [8] denotes asvarying
attention—the fact that animals pay lower attention to danger when they are in an extreme
motivational state, e.g. very hungry. WTA, being more reactive (like a simple emotional
system), is the best in this case, while VB is more often trapped in these situations due
to its lower reactivity.

4 Recall that the intensity of the winner behavior has an impact on motor strength and on how
physiological variables are modified (and therefore on the duration of the behavior).
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Fig. 2. Nessas (lighter Kheperas) attacked and blocked by Enemies next to a nest.

Maximizing efficiency of behavioral choice, i.e., executing the behavior that best con-
tributes towards approaching the ideal zone of the physiological space, is usually consid-
ered an important desideratum for behavior selection mechanisms. The extent to which
maximization is achieved is directly related to the amount of “information” available
to each architecture about the effect that the execution of the behavior will have on the
physiology. WTA uses less information than VB, since it only takes into account the ef-
fects of behavior execution on one motivation to make the selection, while VB considers
the (positive and negative) effects of behavior execution on all motivations. Executing a
behavior that satisfies several motivations simultaneously (VB) is more efficient in static
worlds in terms of overall comfort than executing a behavior that only satisfies one goal
(WTA), as reflected by our results in Figure 1. However, maximizing efficiency does not
necessarily lead to better results in terms of physiological balance and life span, again
referred to static worlds, but leads to poorer reactivity and therefore presents drawbacks
in dynamic worlds, as seen above.

5 Conclusion and Future Work

We have presented a study comparing the performance of two different motivated be-
havior selection architectures (WTA and VB) in environments with varying degrees
and types of complexity. The indicators used have shown significant differences in the
behavior of both architectures between static and dynamic worlds. Interestingly, WTA
and VB obtained highly similar results in terms of physiological balance, and comple-
mentary ones in terms of life span and overall comfort. We have demonstrated that a
“winner-takes-all” policy is more adequate for unpredictable and dynamic environments
since it is the most reactive, while a “voting-based” policy is more adequate for static
and predictable worlds since in each step it takes the most efficient decision.

To continue this study we envisage several directions for future work. First, we plan
to perform quantitative analyses of the different behavioral phenomena observed (op-
portunism, displacement behaviors, etc.) in order to better understand the differences
between architectures. Second, we intend to study the optimization mechanisms under-
lying “winner-takes-all” versus “voting-based” architectures, to better understand our
results in terms of overall comfort and physiological balance. Third, we would like
to extend our model of motivational states to consider other aspects that contribute to
homeostatic regulation in addition to behavior execution, in particular physiological reg-
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ulation. Fourth, we want to increase the complexity of the world in terms of dynamism
to take into account not only the presence of enemies but also extinction and mobility
of resources. Finally, we plan to add basic emotions to our behavior selection archi-
tectures, following the design proposed by [6,7], and compare the performance of both
architectures with and without emotions in both more static and highly dynamic worlds.
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Abstract. A local deformable-model-based segmentation can be very helpful to
extract objects from an image, especially when no prototype about the object is
available. However, this technique can drive to an erroneous segmentation in
noisy images, in case of the active contour is captured by noise particles. If
some geometrical information (a priori knowledge) of the object is available,
then it can be used to validate the results and to obtain a better segmentation
through a refining stage. A Bayesian approach is proposed to evaluate the
solution of segmentation performed by a deformable model. The proposed
framework is validated for vessel segmentation on mammograms.  For that
purpose a specific geometric restriction term for vessels on mammograms is
formulated. Also a likelihood function of the contour and the image is
developed. Our model avoids manual initialization of the contour using a local
deformable model to obtain an initial contour approximation.

1   Introduction

A local deformable-model-based segmentation scheme can overcame some
limitations of the traditional image processing techniques and no model template
about the object is needed. The inherent continuity and smoothness of the models can
compensate for gaps and other regularities in object boundaries. Unfortunately, this
technique presents problems in noisy images. However, if some information of the
model such us geometrical features is available, then some problems caused by the
noise or edges from another objects in the image can be solved using a global
deformable model.

Several segmentation-scheme based on snakes (local deformable model) have been
developed for noisy images [1,2] but none of them are applicable for segmentation in
images with granular noise (macro-particles) or when objects are superimposed. We
present a model that is adequate for those cases where some geometrical information
about the object is available.

Our model is applied to vessel segmentation in mammograms. Vessel detection is
essential in many applications in radiology and, in mammograms is a fundamental
step for elimination of vascular false positives.
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This paper is organized as follows. In the next section a brief review of previous
work on geometrical deformable models is given. The limitations of these proposed
methods and some open problems are pointed out. Our new approximation to a
geometrical (global) deformable model is presented in Section 3, where a Bayesian
approach of the geometrical constraints is described. In section 4, two different
algorithms, global minimization and fast global minimization are proposed. In Section
5 the results show that our new geometrical deformable model is helpful to segment
objects with granular noise or another superimposed objects. Finally, in Section 6,
conclusions are presented.

2   Geometrical Deformable Models

Deformable models are a useful tool for image segmentation. They can be classified,
according to the information held by the model [3], in local deformable models and
global deformable models. Local deformable models manage information to pixel
level taking into account only a close pixel neighborhood. However, global
deformable models can use information from any location in the image. Local
deformable models are faster to converge and they do not need a template of the
object to be segmented. The most popular approach to local deformable model is the
“snake” by Kass et al[4]. Unfortunately, they are very sensitive to noise. On the other
hand, global deformable models have slower convergence than local deformable
models and usually they need a template of the object. However, global deformable
models are more robust and less sensitive to noise than local models.

Geometrical deformable models are a particular case of global deformable models
that use geometric information of the object. Geometrical models have been used for
a number of applications in image segmentation. Continuous geometric models
consider an object boundary as a whole and can use the a priori knowledge of object
shape to constrain the segmentation problem. Wang and Gosh [5] proposed a
geometrical deformable model based on the curve evolution theory in differential
geometry. Burger et al [6] used a geometrical priori knowledge information for the
segmentation of the aorta. Delibasis and Undrill [7] developed a geometric
deformable model for anatomical object recognition. And Clarysse and Friboulet [8]
proposed a 3-D deformable surface model with geometrical descriptors for the
recognition of the left-ventricular surface of the heart. Shen and Davatzikos [9] used
an attribute vector to characterize the geometric structure around each point of the
snake and only affine-segment transformations of a standard shape are allowed during
convergence process. This restriction permits a faster convergence but a close object
initialization has to be carried out. In addition, some kind of objects can not be
properly represented using this standard shape.

Our geometric model avoids guided initialization by using a previous local
deformable model where no user interaction is required.
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3   Description of Geometric Deformable Model

In the segmentation task, we assume the object to be detected is represented by a
contour(x) in an image(z). A polygon (or vector) representation of an object is a
representation where the contour is defined by a set of nodes giving coordinates of
contour points in a circular (clockwise) manner. Between each node, the contour is
defined by a straight line (or some spline-curves).

The Bayesian paradigm consist of four successive stages:

1. Construction of a prior probability distribution )(xπ where x is the contour of

the object. Priori knowledge is included in  )(xπ .
2. Combining the observed image z with the underlying contour x through a

conditional probability density )|( xzf .

3. Constructing the posterior density )|( zxp  from )(xπ  and )|( xzf by Bayes

Theorem giving

)|( zxp ∝  )(xπ )|( xzf (1)

4. Base any inference about the contour x on the posterior distribution )|( zxp

Prior knowledge is usually present on the contour to be recognized. This prior
knowledge is associated to features as shape, size, orientation, etc.

In Bayesian analysis, all kinds of inference are calculated from the posteriori
probability )|( zxp . Finding the maximum a posteriori (MAP) estimation is the most

used choice of inference. Constraints on contours are, for this approach, designed
through energy-functions. The energy-function consists of internal energy and
external energy, where the internal energy is related to geometric features of the
contour and external energy is related the contour and the image. Assume )(xU is the
total energy of the contour represented by x, and given by

);()();( int zxUxUzxU ext+= (2)

where Uint is the internal energy while Uext is the external energy (depending on the
observed image z). Then, a prior model is defined by

)(

int

int
1

)( xUe
Z

x −=π
(3)

where Zint is a normalization constant guaranteeing the prior model to be a proper
probability distribution.

Assume further that the likelihood for the observed image z given x is
defined by
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);(1
)|( zxU

ext

exte
Z

xzf −=
(4)

where Zext is a normalization constant similar to Zint. The posterior probability for
the contour conditioned on the image is then

);();()(int)|()()|( zxUzxUxU eexzfxzx ext −−− =∝∝ ππ (5)

verifying that minimization of the energy function corresponds to maximization of
the posterior distribution, that is, finding the Maximum a posteriori (MAP) solution.

This Bayesian framework is proposed in order to evaluate the contour solution
through a posteriori probability (APP) according to the )|( zxp  function and a

threshold of reliability pθ . The prior model, where the geometrical information is

incorporated, is discussed in section 3.1 and the probability densities for observed
image are presented in section 3.2.

3.1   Prior Model and Geometrical Information

Let’s consider that the contour x has a polygon representation ),..,,( 110 −= npppx

(contour of n points) with npp =0  and where pi gives the coordinates of a point on

the contour. A priori knowledge is present in the prior model through the )(xπ
distribution from Eq. 3. The a priori distribution should capture the knowledge
available about x . A common assumption is that the energy-function is built up by
potentials measuring local and global characteristics. To incorporate the a priori

v (s)

v1 (s)

v2 (s)

Fig. 1. Vessel geometric model
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geometrical information in the Bayesian approach, a new potential, Ugeom, is
considered to capture the geometrical information. Then,

)()()()( 21int xUxUxUxU geom⋅+⋅+⋅= γβα (6)

where )(1 xU  and )(2 xU  are the typical continuity and curvature term

respectively [4]. In addition, )(xU geom is the geometrical restriction term, and � , �

and �  parameters are regularization factors . In the following the term Ugeom is
developed.

3.1.1   Geometrical Constraints
Geometrically, a vessel can be defined as two parallel edges having a distance
between them (width of the vessel) within a range. Let’s consider that )(sv with

[ ]bas ,∈ , is the axis curve of the vessel. Then, the edges of the vessel, )(1 sv  and

)(2 sv  (Figure 1), can be defined as:

)(

)(
2)()(1 sv

sv
svsv

∇
∇+= λ , y

)(

)(
2)()(2 sv

sv
svsv

∇
∇−= λ ,

(7)
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Fig. 2. Width function W(x) for a vessel shape (a), and a circle
shape(b)
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with [ ]bas ,∈ , where )(sv∇  is the gradient vector of s and λ  is the width of the
vessel. That is, the two edges and the axis have the same gradient vector in a point s.

Given a contour point pi , we say that fpi is the frontal point of the pi, if fpi is the
contour point that intercept the line of gradient direction (perpendicular direction to
the contour) of the point pi. Then, we define the width of the contour at a point pi ,

)( ipW , as:

),()( iii fppdistancepW = (8)

that is, the distance between pi and its frontal point. The width function of a vessel
is represented in Figure 2a. Note that this function is dependent of the beginning point
p0. Also can be observed that this function is almost flat but two peaks. Because an
image has limited dimensions, just a fragment of the vessel is present in it, and two
additional edges are produced where the vessel crosses the borders of the image.
These edges produce the two peaks in the width function of the vessel.

Most values of the width function are closer to the medium value (Md) than to the
mean value of the function because the median value is less sensitive to extreme
values (two peaks in width function) than the mean value. Then we can think that a
shape is more similar to a vessel shape in the way that its width function is more
similar to a flat width function. However a circle shape has a flat width function
(Figure 2b), then additional features such us compactness or elongation have to be
taken into account. Finally, the geomU  potential function is defined as:

π
λ

σ
µ

4

)(
)(

)(

1

0 xC

n

MpW
xU

Max

n

i
di

geom +
⋅

−
=

∑
−

=

(9)

where the first term is an estimation of the normalized deviation of the
)( ipW function and Maxσ is the maximum deviation possible of )( ipW . Similarly,

C(x) = area/(perimeter)2 is the fractal dimension of the object and is minimal for a
disk-shaped region. The parameters � and λ are regularization factors between both
terms, and they must verify � + λ  = 1 in order to be keep the term Ugeom  normalized.

3.2   Probability Densities for Image Data

The probability density )|( xzf is related to the specification of the observed image

data. In our approach it is defined through an external energy, which depends on the
contour and the observed image. The external energy function connects the contour to
the image features were defined through potentials along the contour. Thus, a generic
external energy function can be defined as:
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∑
−

=

−=
1

0

);();(
n

i
iext zphzxU

(10)

where ),( zph i is some local measure from the observed image z at location pi

(contour pixel). Usually, measure is based on grey-levels itself or some gradient
value. In many cases, the complexity of the segmentation process does necessary to
take into account not only the observed measurements along the contour but also the
gray level inside and outside the contour. For example, the average gray-level inside
the object is very different from the average outside the object. Such information can
be very useful but it will increase the time of computation with respect to the local
measures. In this case, an alternative model is to assume one distribution function f1

for the pixels inside the object, and another distribution f2 for the pixels outside the
object, then

21

21

)()(

):(
R

pg

R

pg

zxU Rp
k

Rp
j

ext
kj

∑∑
∈∈ −−=

(11)

where R1 and R2 are the sets of pixels inside and outside the contour, respectively,
being R1 and R2 specified by x. Moreover, )( ipg is the gray value of the pixel pi in the

image.

4   Minimization

As pointed in previous section, maximizing the posterior distribution corresponds to
minimizing the energy function. Optimal solutions are usually hard to find.
Minimization algorithms can be based on dynamic programming [10], variational
calculus [4] or iterative exploration [11], which is the most popular approach. We use

Fig. 3. Initial contour and results with the local deformable model
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this approach for our model. This method consists in dynamically move the contour
towards the optimal solution. In the following the initial contour and iterative
exploration of our methods are presented

4.1   Initial Contour

Usually, deformable global models have longer computation time than local
deformable models. A critical factor in computation time is the initial contour. Some
systems require a human operator to draw an initial contour close to the object. In our
model, this requirement is avoided using a initial contour provided by a local
deformable model, where no initial contour close to the solution is required (see
example of fig 3).

Previous to geometrical deformable model application, the contour approximation
(initial contour) provided by the local model is evaluated through the a posteriori
probability (APP) of the contour. If the APP of the initial contour is high (above a

reliable threshold, pθ ) pzxp θ≥)|( , then no tuning is needed (Fig 4 a-c). However, a

low APP (below the reliable threshold) indicates that a tuning of the solution need to
be performed through the geometrical model (Fig 4 d-f) here presented.

4.2   Iterative Exploration

An easy way to minimize a global deformable model is an algorithm that moves the
contour points looking for a position of lower energy value. A neighborhood of M x
M of each contour point is explored and the point is moved to the location with lowest
energy value. This operation is performed for every point of the contour at each
iteration until the convergence criterion is done. The convergence criterion is based
on the percentage of points moved in the current iteration. If this value is less than C,
Where C is the convergence threshold, the algorithm finishes. This algorithm can be
resumed as:

(a) (b) (c)

(d) (e) (f)

Fig. 4. Results obtained with regular snake for noisy images
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Until Convergence criterion do

  For Pi = 1 to N do

    Explore energy value U(x)in M x M neighborhood of Pi
    Move Pi to the location with minimum energy value

  End For

End Until

5   Results

The new approach to a geometrical deformable contour segmentation has been
validated in a database of mammograms by detecting vessels on the images. These
images (called Regions of interest ROI) have a size of LL ⋅ , begin L = 128 pixels
with 1024 gray levels. A local deformable for noisy image segmentation [2] was
applied to a database of 200 ROIs. Some result images are shown in Figure 4. In 24
ROIS the local deformable model was not able to segment the vessel correctly
because it was captured by noise particles, as shown in Figure 4(a-c).

The threshold probability pθ for the evaluation was empirically set to 0.65 and

Maxσ = L⋅2 , which is the diagonal of the ROI Image. The � , �  and �  parameters
were also empirically adjusted to 1.0=α , 1.0=β  and 1=γ .

Results of some images obtained with the geometric deformable model are
presented in Figure 5. The upper row corresponds to the initial contour (from local
deformable model), and the bottom row corresponds to the tuning by the geometric
model. The algorithms were implemented in a Pentium II 450 Mhz, running Red Hat
6.0 linux operating system. The local deformable model spent 0.20 seconds per image
in average. The global deformable model spent 2 seconds in average per image.

(a) (b) (d)(c)

Fig. 5. Results. Initial contour approximation with local model (upper) and tuning by
geometric deformable model (bottom)
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6   Conclusions and Future Works

In this paper we have proposed a global deformable model that uses the geometrical
information as a priori knowledge of the object. This geometrical deformable model
refines the solution of a local deformable model when the local information is not
enough for segmenting the object. This situation can arise due to noise perturbation or
other objects in the image. Also a Bayesian framework of the model is provided in
order to evaluate the contour (initial estimation and solution) through a posterior
probability. A specific geometrical restriction term and a likelihood function for
contour vessels in mammograms are developed. An automatic initial contour for the
geometric deformable model is provided for a local deformable model, avoiding
manual initialization. Finally, a minimization algorithm based on iterative exploration
is proposed.

As future works we propose the following points: A faster minimization algorithm
because computation of the geomU  term makes the convergence algorithm very slow.

Moreover, an algorithm for automatic parameter adjusting could be very useful.
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Abstract. The recognition of continuous human activities performed with 
several limbs is still an open problem. We propose a novel approach for
recognition of continuous activities, which considers the direction change
between frames to track the motion of several limbs and uses a Bayesian
network to recognize different activities. The approach presented can recognize 
activities performed at different velocities by different people. We tested the 
model with real image sequences for 3 different activities performed on a
continuous way.

Keywords: Bayesian networks, human activity recognition, multiple
motions, continuous activity recognition 

1   Introduction

Performing an activity can imply that a human moves one or several limbs at the
same time. In the case of sports, for example, when an athlete throws a ball he or she
has to move his arms and legs at the same time. A  good throw requires coordination
between the limb movements. In order to recognize activities like this, we need to use
a model able to work with information from different sources. Given a  sequence of
images we can extract information about the activity and then recognize it. Therefore,
we require good models to represent and classify the activities. In this work we
propose a human activity recognition model based on Bayesian networks. A Bayesian
network realizes the classification of activities by associating the limb movements
with different activities. The proposed model includes several outstanding aspects:
• Characterization of the activity based on its global trajectory in order to

overcome occlusion and noise.
• Recognition of activities performed moving several limbs at the same time.

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 875−881, 2002.
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• Recognition of activities performed with different velocities.
• Representation and recognition of different activities using just one model.
• Recognition of activities performed on a continuous way.

The relevant previous work is commented in the next section. We describe our
model to represent activities in section 3. The recognition network is presented in
section 4. Experimental results are summarized in section 5. In section 6  we give
some conclusions and directions for future work.

2   Related Work

When we want to recognize human activities we have to consider two aspects:
representation and recognition. The former has been dealt in different ways. The
human body and the activities have been modeled like silhouettes [1] and like
temporal templates [2]. However, by trying to represent an activity with a silhouette
pose, the silhouette extraction is a  problem when shadows exist or there are many
objects in the environment. In the representation with temporal templates, it is
considered the global movement of the body, so that a  change in the movement of
some limb, no previously defined, will indicate a different activity.

The recognition process has been done using two main approaches: non-
probabilistic and probabilistic. The work of Ayers and Mubarak [3] is an example of
the non-probabilistic approach. They recognize human actions in an office
environment. Their system works if it has a previous description of the environment.
It can not work in unpredictable environments. In order to overcome the uncertainty
or the changes in the environment the probabilistic approach has been developed. The
most used probabilistic models in human activity recognition are hidden Markov
models [4], [5]. Alternative probabilistic models are Bayesian networks [6]. Their
application in computer vision has focused in the description of high level
information. Probabilistic methods can deal with uncertainty and changes in the way
the activity is performed.

In activity recognition, some situations make the recognition process more
difficult. Sometimes one limb hides the other (auto-occlusion). This makes more
difficult to follow the activity and the recognition process fails because of missing
information. Another situation that we have to consider is that people perform the
activities with different velocities and in different ways. All the previous works that
recognize activities with hidden Markov models define one model for each activity.
Previous works do not analyze the coordination between the movements of different
limbs (multiple motions). So far the recognition of activities performed in a
continuous way has not been achieved. In the next sections we describe a model that
deals with the previous problems.

876 R. Díaz de León and L.E. Sucar



3   Activity Modeling

The first step in human activity recognition is to represent the activities that we
want to recognize. Basically, we consider that when a person performs an activity we
can have a  global trajectory of each limb describing the movement. The global
trajectory of a  limb is its position sequence (X,Y,Z) obtained when the activity is
performed just once. The beginning and the end position of the activity can change.
We initially consider activities performed with the arms only. We use color
landmarks in the wrists to tract the motion of each limb (simplifying the low level
segmentation process) and apply a  color detection process to get each landmark
(figure 1). Then we extract its center of mass (we initially consider its position in just
one plane, X-Y) to get the wrist position in each frame and track the activity
trajectory. In this way the position of each limb is known every instant.

Working only with the X, Y  positions of the landmarks’ centroids is very
susceptible to the distance between the person and the camera. Therefore, we
calculate the direction of motion between two consecutive frames using the X, Y
positions. The directions are discretized in 8 sections as shown in the figure 2. When
there is no movement between frames we assign a value of zero. The problem here is
how to determine how many frames are required to represent an activity since an
activity is performed with different velocities by different persons or even by the
same person. The activities that we are considering can be performed in at most one
second. The frame rate employed is 15 frames per second. The movement of each
limb has a  direction sequence describing an activity. The most important aspect in
sequence is the direction changes. Based on statistics from different activities by
different people, we obtained that in a  sequence of 15 frames at most there are 7
direction changes. So in a  window of 15 frames we look for at most 7  direction
changes (figure 3). These directions are used in the recognition network, presented in
the next section.

(a) (b) 

Fig. 1. (a) Original image with landmarks in the wrist. (b) Landmarks after using a
color detection process
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Fig. 2. Discretized directions of motion between frames

5 5 5 4 4 4 8 8 8 1 1 1 2 5 5 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Fig. 3. Example of a window with direction changes. The first row shows direction changes. In
this example there are 6 direction changes (5, 4, 8, 1, 2, 5). The second row indicates the frame
number

4   Recognition Network

Activity recognition starts by capturing an image sequence in which one person
is performing some activity. The model in figure 4 shows a Bayesian network [7] in
which the root nodes represent the activities that are going to be recognized and the
leaf nodes represent the direction changes (observations) obtained from a window of
15 frames. If in the window there are less than 7 direction changes we instantiate with
a zero the nodes without direction change. Considering the direction changes we are
representing activities performed with different velocities because the activity is
characterized by its direction changes no by its velocity. We are considering that the
activities to be recognized can be performed with one or both arms. The node values
at the lower levels change according to the change of the activity direction reflecting
the evolution of the limb motion. We use seven nodes leaf associated to each hand in
order to describe the global trajectory of the hand movement (notice that those nodes
are connected in a sequential way). If some observation is missing in one or several of
such nodes, when we propagate this network obtains the probability of the
unobserved leaf nodes, providing the most probable trajectory. The network is able to
track the motion of each limb and at the same time recognize the most probable
activity. The nodes in the middle give information about the type of movement of
each arm.

The leaf nodes in the network are instantiated by the observations in each
window, and then the probabilities are propagated [8] in the network in order to get
the posterior probabilities of the root nodes. The root nodes have two possible values

1 

6

5

4

3 2 

8 

7 
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(Yes,No) for each activity. In this way we can recognize several activities performed
at the same time. After propagation, several nodes can have a high probability in its 
value “Yes”. Also, the network is able to recognize when the movement of several
limbs form an activity. This implies that there is coordination between the limb
motions. 

The Bayesian network model is applied in a window of 15 frames, and then 
displaced 3 frames to realize a continuous recognition. The activities to be recognized 
can take less than 15 frames.  We do not need to mark the beginning and the end of 
the activity. The frames that generate a high probability in one or more of the root 
nodes indicate when an activity considered in the model is performed. 

Fig. 4. Recognition network. The root nodes represent the activities to be recognized. The
middle nodes contain information about the movement of each arm. The leaf nodes have the
direction changes

5   Experimental Results

We trained the network with videos of 5 persons performing 3 types of activities:
goodbye, move right and attract the attention. Attract the attention is a  compound
activity in which the movement of both arms is required. This involves the
recognition of multiple motions. Every person performed the activities with different
velocities so the number of direction changes needed to represent the global activity
varied. We tested the activity recognition system using continuous activities. For
example, figure 5  shows part of a  sequence that had 378 frames where the person
performed the three activities in a continuous way. The system was able to recognize
correctly the activities goodbye and attract the attention in different sections of the
test sequences. In some sections the system did not recognized the activity, but it did
not give a wrong classification, neither.

879Recognition of Continuous Activities



5 7 9 10 12 

123 124 125 126 128 

234 236 238 242 247 

5 7 9 10 12 

123 124 125 126 128 

234 236 238 242 247 

Fig. 5. In the 3 first rows, an image sequence is showed with a color landmark in both wrists. In
the 3 bottom rows, the color landmark is depicted after applying a color detection process on
the original images. The number below is the frame number in one continuous sequence of the
activities “goodbye (5-12), move right (123-128) and attract the attention (234-247)”
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6   Conclusions

We have developed a model that can recognize compound activities (performed
with several limbs at the same time). It can recognize different activities performed
continuously at different speeds and by different persons by using a window to get the
direction changes of global activity trajectory. We made an analysis on how many
direction changes are enough to have a general activity representation, and concluded
that a reduced number of changes are sufficient for representing an activity and for its
recognition. We developed a  system that uses a  Bayesian network for continuous
recognition. With only one model we were able to model and to recognize different
activities.

We consider that the system is robust with respect to the distance of the person to
the camera and its position in the image as it was tested. Given that we are only
considering know the X, Y coordinates, it will be affected by the view angle.

Future work will test the recognition network and the window displacement in
order to improve the continuous recognition.
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Abstract. In this paper, we have highlighted the importance of the WMR model
for designing control strategies. In this sense, the differential model has been
used as reference model in order to design the control algorithm. After the con-
trol has been design, new actions will be generated for each additional wheel of
the real vehicle (non-differential model). This new approach simplifies the
overall control systems design procedure. The examples included in the paper,
illustrate the more outstanding issues of the designed control. Moreover, we
have particularized this control for the line tracking based on a vision system.
A velocity control in the longitudinal coordinate has been implemented instead
of a position control because we have no longitudinal information. Also, we
have simulated and validated this control, studying the effect of the sampling
time on the WMR behavior.

1   Introduction

The automation of industrial processes is frequently based on the use of wheeled mo-
bile robots (WMRs). In particular, WMR are mainly involved in the tracking of refer-
ences. In this sense, the kinematic control of a WMR is very useful for getting this
reference tracking. We have focused our research in a car-like vehicle and considered
the differential model as reference model in order to design the control.

Section II describes several alternatives for controlling the WMRs. The Kinematic
models, achieved in the previous work [3], are discussed in Section III. The kinematic
control is obtained in Section IV and its restrictions are checked through a complete
simulation included in Section V. Moreover, we particularize in Section VI the
achieved control to a specific application: the line tracking based on a vision system.
The simulation results of line tracking, obtained in Section VII, validate the kinematic
control developed. Finally, Section VIII remarks the most important contributions and
more outstanding issues of the present research.

2   Control of Wheeled Mobile Robots

2.1   Kinematic Control versus Dynamic Control

For WMR, kinematic control calculates the wheel velocities (in the rotation and ori-
entation axles) for tracking the reference, while the dynamic control calculates the
wheel accelerations (or torques). These control actions (velocities or accelerations /
torques) are used as references for the low-level control loops of the motors.
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The WMR dynamic control has the following drawbacks: 1) the required analysis
and computation become very complex; 2) it is very sensitive to uncertainties in
model parameters; 3) inertial sensors are robustless, inaccurate and expensive and 4)
estimators are also inaccurate and expensive.

On the contrary, the WMR kinematic control is simpler and valid as long as the
WMR linear and angular velocities have low values (no slip) as usual in industrial
environments.

2.2   WMR Control Based on Geometric Methods

This control consists on applying control actions in such a way that the WMR follows
a curve that connects its present with an objective position along the reference. For
instance, in [7] and [9] circulars arcs and 5th-order polynoms are used, respectively.

Note that this control forces a point-to-point trajectory tracking (pursuit), so it is
difficult to guarantee the stability for a particular trajectory. In fact, the main draw-
back of this control is to find the optimum adjustment, depending on the trajectory, of
some pursuit parameters for a good reference tracking.

2.3   WMR Control Based on Linear Approximations

Another possibility is to obtain a linear approximation model of the WMR around an
equilibrium point and, then, design a classical linear control. Continuous-time as well
as discrete-time model can be generated for this linear approximation.

The drawback of this approach is the robustless of the closed-loop control systems
when we get away of the equilibrium point, even leading to instability. From the expe-
rience on WMR, we can see that the validity range is very small. As an example, [2]
develops a WMR continuous direction control based on a linear approximation.

2.4   WMR Control Based on Non-linear Techniques

If we use the WMR non-linear model (either the continuous or the discrete model), we
have to find the non-linear control action that guarantees the system stability. For
instance, [5] applies a WMR kinematic adaptative discrete control where several pa-
rameters of the algorithm are experimental adjusted.

Moreover, stability may be guaranteed through the existence of a Lyapunov func-
tion, based on the designed control algorithm, that fulfils the Lyapunov theorem for
stability. For instance, [6] applies a WMR dynamic continuous control where exists a
Lyapunov function.

2.5   WMR Control Based on State Feedback Linearization

Also, a state feedback linearization of the WMR non-linear model (either the continu-
ous or the discrete model) allows us to apply, in a second stage, a classical control for
a reference tracking: point-to-point tracking, trajectory tracking, etc.
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Nevertheless, this control has the drawback of singularities, which invalidate the
linearization. However, if there are no singularities or they are never achieved, this
control is very suitable. So, we will consider this option.

3   WMR Kinematic Model

We focus our research in a car-like vehicle, very common in many WMR applications.
From a practical point of view, a unique steerable equivalent wheel (Fig. 1) is used
instead the two steerable wheels which are related through the Ackerman mechanism.
Therefore, we consider the car-like vehicle as a tricycle vehicle.

Fig. 1. Equivalent of a car-like vehicle (tricycle)

The meaning of the variables in Fig. 1 is: P: Midpoint of the fixed wheels axle;
(Xw, Yw): World coordinate system; (x, y): Position of the point P with respect to the
world coordinate system; : Vehicle orientation with respect to the world coordinate
system; (x, y, ): Vehicle posture; P’: Point attached to the WMR that tracks the
reference; e: Distance between P and P’; P’’: Generic point of the vehicle,
characterized by  and e’;  r: radius of the wheels; 2·l: Fixed wheels separation;  m:
Distance between P and the center of the equivalent steerable wheel; 21,ϕϕ && : Angular

velocities of the fixed wheels; : Angle of the equivalent steerable wheel; 3ϕ& : Angular

velocity of the equivalent steerable wheel.

3.1   Differential Model (Fixed Wheels Driven)

In this case, we achieved in [3] the following kinematic model of the vehicle:
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The angular velocity 3ϕ&  can auto adjust, supposing that exists enough friction

between the floor and the wheel, without slip. Nevertheless, the angle  cannot auto
adjust without slip, since it is necessary to adjust it through the value of β� , which is

obtained in (2) derivating (1b). Then, we control 1ϕ&  and 2ϕ& , and β�  for no slip.
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3.2   Tricycle Model (Steerable Wheel Driven)

In this case, we achieved in [3] the following kinematic model of the vehicle:
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The angular velocities 1ϕ&  and 2ϕ&  can auto adjust, supposing enough friction be-

tween the floor and the wheel, with no slip. Then, we control 3ϕ&  and β� .

3.3   Practical Kinematic Model

Both above models relate 1ϕ&  and 2ϕ& with 3ϕ&  through (2b) and (3b). So we can use

(1a) or (3a) without distinction, and finally obtain the angular/s velocity/es of the real
driven wheel/s. If we name X to the posture (state) and u / u’ to the inputs, we can
rewrite (1a) and (3a) as:

( ) uXX ⋅=B�

( ) u’u’XX ⋅= ∫,’B�  .

(4a)

(4b)

Note that (4a) depends linearly on the inputs, which makes easier a state feedback
linearization. Therefore, we use as practical model (1a). In any case, when controlling
the WMR, we must act over β� , as describes (2), for no slip. Nevertheless, if the ve-
locities of the fixed wheels vary discontinuously there will be slip, since we cannot
apply an infinite control action.

4 State Feedback Linearization and Control for a Car-Like
      Vehicle

4.1   State Feedback Linearization

According to [1], we can linearize as many states as inputs with a static state feedback.
In particular, as we have two inputs in (1a) we can linearize two states. Therefore, we
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would be able to control two state variables. If we consider as reference a trajectory in
a two-dimensional space, it is enough to control two state variables, which would
correspond to the WMR point coordinates that track the reference. Note that the
WMR orientation is not completely free, since if we specify a path we indirectly obli-
gate a WMR orientation.

Now, we develop a static state feedback linearization for the generic system (4a).
First, we make the state transformation h(X), being z1 the new states to be line-

arized, and k(X) completes the difeomorphism transformation.
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Then, the new state equation is:
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Therefore, the actions (7) linearize z1 so that w assigns its dynamic behavior.

( ) wXhu ⋅= −1~
 . (7)

In order to get a stable control: a) we have to assign a stable dynamics; b) the non-
linearized states must be bounded (what is fulfilled always for the model (1a)); and c)

singularity conditions, which depend on the singularity of ( )Xh
~

, must not arise.

4.2   Linear Control for Trajectory Tracking

We can assign, with w, different kind of controls (8a,b,c), where 11ref1 zzz −=~  is the

error and matrices A and B state the dynamics of the system.

∫⋅+⋅+=⋅+=⋅= 111ref11ref1 zBzAzwzAzwzAw ~~ , ~ , ~
&& cba  . (8a,b,c)

The option: (8a) is a point-to-point control where we close the loop with a propor-
tional feedback; while (8b) is a trajectory control where we close the loop with a pro-
portional feedback plus a derivative feedforward; and (8c) is an integral trajectory
control where we close the loop with a proportional and integral feedback plus a de-
rivative feedforward. So, considering (6) and (7) in (8a,b,c), we have:

 0~~~  ,  0~~  ,  0~ =⋅+⋅+=⋅+=⋅+ 1111111 zBzAzzAzzAz �����  . (9a,b,c)

Then, the point-to-point control (8a) has, according to (9a), a non-null velocity er-
ror (permanent error for a ramp reference) and an infinite acceleration error (for a
parabola reference), so it is not acceptable.

Nevertheless, the trajectory controls (8b,c) have, according to (9b,c), null perma-
nent error for any continuous reference. It is interesting to remark that (8c) allows us
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to assign an oscillating dynamics, while with (8b) there is not any oscillation. The
non-oscillating behavior is selected for WMRs.

4.3   Particularization for a Car-Like Vehicle

First, we apply a transformation h(X) to obtain a generic point P’’ of the WMR:
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Then, operating the matrix ( )Xh
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(11b)

According to (11b), the dynamics of the WMR points on the axle of the fixed
wheels cannot be linearized. Then, we can choose any WMR point as a tracking point
as long as it does not belong to the axle of the fixed wheels. So, taking as a tracking
point P’, which has {e’= e,  = 0} (it could be for instance the center of the vehicle),
the kinematic control results as follows,
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(12)

where ax and ay state the dynamics (poles) of the tracking error in the X and Y axis.
In the designed control (12), the angular velocities of the fixed wheels are continu-

ous (restriction for no slip in the steerable wheel) if the reference trajectory varies
smoothly along the time, what means a smooth path.

Note that the kinematic control designed produces, provided that P’ tracks a
smooth paths, continuous curvature paths in P (since the angle of the steerable wheel
varies continuously) without explicit them like in [8].

5   Simulation of the Kinematic Control Designed

We show two examples for the kinematic control designed in a simulation environ-
ment. Both of them have r = 0.2m, e = 2m, l = 0.8m, ax = ay = 2 s-1. Moreover, the
first example has m = 4m, x0 = 0, y0 = 4m,� 0 = 180º, and the second example m = 2m,
x0 = y0 = 0 = 0. {m ≡  meters, s ≡  seconds, º ≡  degrees }.

The reference of the first example is a semi-circumference followed by a straight
line. We can see that the designed control works properly: P’ tracks the reference
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(Fig. 2a) and the constant rate of the tracking error is 2s (Fig. 2b). Note that the angle
β required for no slip varies continuously, so exists a control action  (although it var-
ies instantaneously in the non-differentiable points of β, e.g. t ≅  6.5 s) that produces
this evolution. Nevertheless, we must initialize the angle β as it corresponds.

The reference of the second example has a non-smooth point. Apparently the de-
signed control works properly: P’ tracks the reference (Fig. 3a) and the constant rate
of the tracking error is 2s (Fig. 3b). But the angle β for no slip undergoes two discon-
tinuities (Fig. 3b). The value of the first discontinuity is π, and it is avoided calculat-
ing the arctan of (1b) in four quadrants.

Nevertheless, the second discontinuity, produced when P’ is on the non-smooth
point of the reference, means an unrealizable control action. For preventing the slip in
this situation, we should stop the WMR and reorient the steerable wheel.

   
Fig. 2. First example: a) paths described b) signals evolution

Fig. 3. Second example: a) paths described b) signals evolution

Note that P describes a smooth path, although it has a curvature discontinuity when
P’ is on the non-smooth point of the reference (Fig. 3a). So, a differential WMR (i.e.
without steerable wheel) is able to track with P’ non-smooth references.

Moreover, there is a maneuver (change in the direction of the movement) in the be-
ginning of the tracking (Fig.3a). This denotes that the kinematic control designed does
not distinguish between forward or backward tracking. So, we should orientate the
WMR to the reference, to avoid a backward tracking, with a previous trajectory.

Also, simulation results show excessive tracking error if the center of the vehicle is
considered. This is avoided just locating P’ over the center of the vehicle.

P’ref (––)
P’ (– –)
P (---)

β (––)
P’x-error (– –)
P’y-error (---)

P’ref (––)
P’ (– –)

P (---)

β (––)
P’x-error (– –)
P’y-error (---)
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6   Kinematic Control for the Line Tracking with a Vision System

The WMR positioning {ψ, h} with respect to a line (Fig. 4), obtained with the vision
system of [4], is related with the WMR posture as follows:

Yw

P’

hψ
P

Xw

e

Fig. 4. WMR positioning with respect to a line with a vision system

( )( )















 +⋅−
=

















ψ

ψ

θ
atedIndetermin

sin he

y

x

 . (13)

Then, x and θ are directly observables with {ψ, h} and y is not. Also, from (1a):
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Therefore, we cannot either observe y indirectly, since it does not affect x or θ.
On the other hand, we can rewrite the control action (17) as:
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According to (15), the state feedback linearization depends on θ, while the dy-
namics assignation w uses (in general) x, y and θ. Then, as we have no y information
(due to a vision limitation) we particularize the dynamics assignation so that we apply
a velocity control (instead of a position control) in the y direction. Then, (15) results:
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This control means to track the line with a velocity vref. Using (13) in (16) we get:
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Moreover, taking into account the processing time of the vision system, the kine-
matic control de control (17) is implemented in a discrete way. Then, we must guar-
antee the stability for discrete control actions. Then, using the rectangle approximation
in (9) and considering constant the WMR orientation between samples (T):

( )( ) ( ) ( ) ( )( ) ( )( )kt
kk

dt

td ψψ hh
zzz 111 ~~

 , 
T

1 ≈−+≈  . (18a)

(18b)
Then, it is straightforward that the dynamics of the discrete error is:

( ) 0~T~ =⋅⋅−−+ k1k zAz  . (19)

Therefore, the discrete poles ad related to the continuous poles ac are:

cd aa ⋅−= T1  . (20)

The above expression is useful to assign an adequate dynamics. Moreover, in order
to validate the approximations of (18), overcoat (18b), we have to assign a dynamics
slower than the sampling time.

Other posing is to use the kinematic model (1a) for positioning the WMR when we
have no positioning from the vision system so that we use a so fast sampling time as
we need.

7  Simulation of the Kinematic Control Designed for Line Tracking

Next, we show several simulated examples for the control designed in the previous
section. All of them have: r = 0.05m, e = 0.39m, l = 0.17m, m = 0.3m, vref = 0.1m/s, x0

= -0.3m, y0 = θ0 = 0. Also, we have estimated a sampling time of T = 0.5s for the
image processing.

The first and second examples have ax=0.3s-1, which means that we assign a dy-
namics around 7 times slower than sampling time of the control, what is acceptable.
Their simulations ratify this, since the tracking is well performed (Fig. 5a,b).

Moreover, to prove robustness control, we have introduced in the second example a
random noise (bounded to 2cm in WMR separation and 3º in WMR orientation),
giving weak oscillations on the control action (Fig. 5e).

The third example has ax = 0.8s-1, which means that we assign a tracking dynamics
around 2.5 times slower that the sampling time of the control, what is in the limit of an
admissible value. In fact, the tracking error describes (Fig. 5c) a small oscillation and
the control actions (Fig. 5f) are more drastic, so that we watch the beginning of a non-
stable dynamics.
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Fig. 5. Simulations of the control designed for line tracking

Moreover, another problem arises when we assign a fast dynamics: the reference
line may disappear from the plane image of the vision system, especially if the track-
ing point does not match the cross between the axis of the camera and the floor.

8   Conclusions

In this paper, we have tried to highlight the importance of the WMR model for de-
signing control strategies. In this sense, the differential model has been used as refer-
ence model in order to design the control algorithm. After the control has been design,
new action will be generated for the additional wheels of the real vehicle (non-
differential model). This new approach simplifies the overall control design proce-
dure. The simulated examples, illustrate the more outstanding issues of the control.

Moreover, we have particularized this control for the line tracking based on a vi-
sion system.  A velocity control in the longitudinal coordinate has been implemented
instead of a position control, as we have no longitudinal information. Also, we have
simulated and validated this control, studying the effect of the sampling time on the
WMR behavior.
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Abstract. In this paper we present a habituation mechanism which
includes a modification of the Stanley’s habituation model with the ad-
dition of a stage based on spectrogram to detect temporal patterns in
a signal and to obtain a measure of habituation to these patterns. This
means that this measure shows a saturation process as the pattern is
perceived by the system and when it disappears the measure drops. The
use of the spectrogram simplifies the detection of the temporal patterns
which can be detected with naive techniques. We have carried on some
experiments both a synthetic signal and real signals like readings of a
sonar in a mobile robot.

1 Introduction

Habituation and novelty detection can be thought as the two sides of the same
problem because habituation begins when novelty finishes. Novelty detection is
related with the discovery of stimuli not perceived before and habituation is
related with the saturation process that living beings exhibit when the same
stimulus is shown repeatedly, so habituation serves as a novelty filter [1]. Mars-
land [2] defines habituation as “a way of defocusing attention from features which
are seen often”. Both process are involved in social interaction where robots and
multimodal interfaces have to deal with a large amount of stimuli from the en-
vironment so it needs to filter it and to focus on interesting ones and leave out
the rest. Therefore, there are two problem to solve: what is interesting? and
when and how long a stimuli is interesting?. The former is task-dependent so
it is considered to be outside the scope of this work. The answers to the latter
questions are given by novelty detection and habituation.

With regard to the habituation, it has received great attention in the physio-
logical and psychological areas. In the physiological area, some researchers have
investigated the mechanisms of habituation of animals. One of the most known
works in this area is the study of the Aplysia’s gill-withdrawal reflex [3] which led
to the discovery physiological changes that are responsible for its habituation.
Crook and Hayes [4] comment the study carried out on two monkeys (macaca
mulatta) by Xiang and Brown who identified neurons that exhibit a habituation
mechanism since their activity decreases as the stimulus was shown repeatedly.
� Institute of Intelligent Systems and Numerical Applications in Engineering
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There are some models of habituation, although the proposed by Stanley [5]
to simulate the habituation data obtained from the cat spinal cord is widely used.
This model describes the decrease in the synaptic efficacy y by the first-order
differential equation

τ
dy(t)
dt

= α(y0 − y(t)) − S(t) (1)

where y0 is the normal, initial value of y, S(t) represents the external stimulation,
τ is the time constant that governs the rate of habituation and α regulates the
rate of recovery. Equation (1) ensures that the synaptic efficacy decreases when
the input signal S(t) increases and returns to its maximum y0 in the absence of
an input signal.

The model given by (1) can only explain short-term habituation, so Wang [6]
introduced a model to incorporate both short and long-term habituation using
an inverse S-shaped curve,

τ
dy(t)
dt

= αz(t)(y0 − y(t)) − βy(t)S(t) (2)

dz(t)
dt

= γz(t)(z(t) − l)S(t) (3)

where α, y0 and τ have the same meaning than in (1) and β regulates the
habituation and z(t) decreases monotonically with each activation of the external
stimulation S(t) and model the long term habituation. Due to this effect of z(t)
after a large number of activations, the recovery rate is slower.

The organization of the rest of this paper is as follows. In section 2 some
works about the use of the habituation and novelty concepts in different areas
are commented. Section 3 introduces the spectrograms like elements to detect
temporal patterns in signal. The implementation of the proposed method is
explained in section 4 and finally some experiments are presented in section 5.

2 Related Works

The concept of habituation (or novelty detection) has been used in different areas
like fault diagnosis, learning of temporal signals or learning in mobile robotics.
In the latter one, some works are based on mechanisms of storage that act as
short-term memories, therefore all the patterns not included in this memory are
considered novel. Marsland [7] proposes an approach using as memory mech-
anism a SOM neural network. To add the short-term memory to the original
network architecture, each neuron of the SOM is connected to an output neuron
with a habituable synapses based on the model (1). To solve the drawback of the
limited number of patterns that can be stored in a fixed size SOM, Marsland [8]
proposes a modification of the HSOM to add nodes as they are required giving
as result the GWR network. Ypma and Duin [9] also uses a SOM neural network
as a novelty detector in the area of fault diagnosis. They give the the SOM a
memory function as Marsland, but they compare the stored patterns with the



Habituation Based on Spectrogram Analysis 895

Time

F
re

qu
en

cy

0 100 200 300 400 500 600 700 800 900
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 1. Spectrogram of a signal

new using a new measure of map goodness. Crook and Hayes [4] also propose
novelty detection based on a neural network, specifically a Hopfield network.
The presence or absence of a pattern in the network is detected computing the
energy of it, which has a fix computational cost, instead of recalling the pattern,
which take several cycles.

Dasgupta and Forrest [10] propose a method for novelty detection using the
negative selection algorithm that comes from the self-nonself discrimination that
exhibits the immune system. The immune system has developed a mechanism
to detect any foreign cell (novelty). This mechanism has detectors which are
strings that do match with no own cell, so a match implies a shift in the normal
behaviour pattern and it normally corresponds to a foreign cell. In the work
of Dasgupta and Forrest a set of detectors is generated according to the nor-
mal behaviour of the system and then if a pattern matches with a detector, it
means that there exists a deviation in the normal behaviour, that is, it is novel.
Habituation has also been used to train neural networks which realizes dymanic
classification. The neural network of Stiles and Gosh [1] make uses of habituation
units as input to a feedforward network to encode temporal information as well
for classifications problems. The output of these habituation units is governed by
the model (1) with its own value of α and τ for each unit. Chang [11] also makes
use of model (1) to add a habituation mechanism to a neural network that learns
obstacle avoidance behaviours. The habituation mechanism improves the perfor-
mance of the learned behaviour when the robot is placed in a narrow hallway,
reducing the oscillations that it exhibits without the habituation mechanism.

3 Spectrogram as Temporal Patterns Detector

In some systems, it is necessary to have a habituation mechanism to temporal
pattern. For example a waving hand can catch the eye of a multimodal user
interface but after a while without any other stimuli the system will exhibit a
lack of interest in the waving hand, or if a face appears in its visual field, the
system reacts focusing its attention in the face, but if it keeps static for a long
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time it can be a picture not a person. In this situations, it is necessary to provide
the system of a mechanism that habituates to this repetitive or static location.

Here, an approach based on the spectrogram of the location of the stimulus is
proposed. The spectrogram is a time-frequency distribution of the signal which
is based on the Fourier Transform with a sliding window [12]. The following
equation

Φ(t, f) =
∣∣∣∣
∫ ∞

−∞
x(τ) exp(t−τ)2/T 2

exp−j2πfτ dτ

∣∣∣∣
2

(4)

gives the definition of a spectrogram with a Gaussian window function of half-
width T , and it is the power spectrum of a signal which corresponds to the
squared magnitude of the Fourier transform of the windowed signal. The window
can have others forms apart from the Gaussian one. In Figure 1 we have the
spectrogram of the signal that appears in Figure 2, where darker areas correspond
to higher power, so it can be observed that the frequency of the signal is changing
twice over the time.

In the proposed approach, it is exploited the fact that temporal patterns of
the stimulus have a specific pattern in the spectrogram. In the previous example,
a fixed frequency signal corresponds to a straight line parallel to the time axe
in the spectrogram, and the length of this line gives a clue about the time the
stimulus is present.

4 Implementation

In this section the implementation of the proposed method is explained. The aim
is to detect if the stimulus keeps a constant or repetitive location in the sensory
space. To illustrate the method we utilise the test signal shown in Figure 2 which
can be considered as the horizontal position of a stimulus in the visual field of
a camera. This stimulus keeps a constant position at pixel 9 (12 sec.), then it
oscillates around pixel 12 with a frequency of 2.5 Hz (18 sec.) and finally it moves
to pixel 6 and oscillates with a frequency of 1 Hz (15 sec.)
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Fig. 2. Test signal
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If we use the model of habituation (1) with the test signal, we get the response
of Figure 3 which does not exhibit a habituation process in spite of the repetitive
movement can produce habituation in some systems.
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Fig. 3. Habituation model response to test signal

So it is necessary to add a previous stage to the model in order to capture
the repetitive nature of the stimulus movement. This stage is based on a time-
frequency distribution like the spectrogram, but in this case we do not have
the complete signal to compute it, so the power spectral distribution (psd) is
computed using the Fast Fourier Transform (FFT) in a window and then the
power of the signal is obtained. The window to compute the spectrogram is
slided as the positions of the stimulus are obtained, for example from a visual
process. The psd gives the power of the signal at different frequencies so if we
keep a trace of the frequency associated to the maximum power we can get the
signature in the spectrogram and detect certain temporal patterns in the signal.
Figure 4 shows the signature obtained with a rectangular window of width 256
as we have explained for the test signal. From analysis of the signature we can
identified clearly three zones, each one corresponds to a different movement of
the stimulus: one from 0 to 12 secs., the second from 13 to 31 secs. and the last
from 33 to 44 secs. We have to note that there exists a delay between the change
of the frequency in the spectrogram and the actual change in the signal. This
delay obeys to the size of the window used to compute the FFT.

The identification of each of the previous zones in the spectrogram allows
us to detect regularities in the position of the stimulus in the sensor space.
Specifically, in Figure 4 each horizontal straight line corresponds to a periodical
movement with constant frequency. To detect these horizontal lines we use a
simple technique of fitting a straight line and then compute its slope; horizontal
areas has zero slope. If we compute the slope of a fitted line using 10 points in
the graph 4 and represent the absolute value of it, we get the graph 5, where it
can be observed that the areas where the slope is null corresponds to the areas
of interest in the spectrogram.
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Fig. 4. Frequency of maximum power of the test signal using a window of size 256

Once, the areas of interest are identified in the spectrogram with a value
of zero, the habituation model (1) can be fed and it will exhibit the desired
behaviour of saturation after a while of being the stimulus in the same position
or oscillating around a given one with a constant frequency (Fig. 6).
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Fig. 5. Absolute value of the line fitted
to the frequency graph
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Fig. 6. Results of the habituation
model after the detection of constant
frequency movement (α = 1.0, τ =
1.05)

5 Experiments

In this section we show the results obtained with the habituation method we
propose in this work. The first experiment corresponds to a problem of visual
stimulus habituation. We present to a camera a yellow card (Fig. 7) and we
move it after a while. Since the study of complex visual routines is out of scope
of this work, we choose the yellow colour because it makes easy the detection
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Fig. 7. Environment for the visual ha-
bituation experiment
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Fig. 8. Position in the x coordinate of
the yellow card

of the card in the office environment where the experiments where carried out.
For each frame of 384x288 pixels, we compute the position of the card and then
we apply the algorithm described in section 4. The values of the x-coordinate is
shown in figure 8 and the changes in frequency considered as changes in the slope
of the fitted straight line are shown in figure 9. When the yellow card starts to
move (6 secs.) there is a period where the frequency do not stabilises, but after
4 seconds the frequency is constant and it is detected correctly and the system
habituates to this movement as is shown in figure 10.
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Fig. 9. Slope of the straight line fitted
to the frequency change in the visual
habituation experiment
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Fig. 10. Habituation level for the vi-
sual problem (α = 0.5,τ = 1.0)

This experiment was designed to study the habituation method proposed in
this work in an environment of mobile robots and it consists of a mobile robot
traversing in straight line the environment shown in Figure 11 and detecting the
distance to the wall where there are holes/doors. The readings of the right sonar
(Fig. 12) exhibits a repetitive pattern with noise due to the nature of the sensor
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Fig. 11. Environment for the robot experiment

(sonar). The frequency of the pattern is very low because the update rate of the
sonars is 2Hz in this robot (Pioneer2) so the difference in frequency between the
flat wall and the wall with doors is small (Fig. 13) and it affects to the change
in slope of the fitted line (Fig. 14). The fact of having a small change in slope
forces to decrease the parameter α to a value of 0.1 in the model (1) to slow
down the recovery rate and thus introducing a break in the habituation curve
(Fig. 15) when the robot leaves the flat wall.
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Fig. 12. Readings of the robot’s right
sonar along the corridor
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Fig. 13. Frequencies of maximum
power for the corridor traverse problem

6 Conclusions and Future Work

In this work we have proposed a method to obtain a habituation measure to
temporal patterns based on the use of a time-frequency distribution of the signal
prior to a habituation model. The use of the spectrogram is due to the fact
that temporal patterns in the signal domain correspond to signatures in the
spectrogram which are easily detected by naive techniques like the study of the
slope of a fitted straight line. Besides with the power spectrum distribution,
the spectrogram can be computed incrementally so the habituation measure
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Fig. 14. Slope of the straight line fitted
to the frequency change in the robot
problem
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Fig. 15. Habituation level as the robot
traverse the corridor (α = 0.1, τ = 1.0)

is obtained with a delay that depends of the window size used to compute the
power spectrum distribution. We have tested the proposal in a problem of mobile
robots using as signal the readings of the sonar which are noised and detecting
correctly the two different zones in the corridor that the robot traverses.

The use of the model proposed by Stanley as habituation mechanism, implies
the need of adjusting the parameters α and τ to control the recovery rate which
depends in this proposal of the difference in frequency of the temporal patterns
of interest. Therefore, a future work is to obtain a relation between the difference
in frequency and the optimum α value to avoid to tune it by hand. Also, it is
necessary to extend the study to other temporal patterns apart from those with
constant frequency and the effect of those patterns in the spectrogram.
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Abstract. This paper proposes a behavior based architecture for robot
control which uses dynamic hierarchies of small schemas to generate au-
tonomous behavior. Each schema is a flow of execution with a target, can
be turned on and off, and has several parameters which tune its behavior.
Low level schemas are woken up and modulated by upper level schemas,
forming a hierarchy for a given behavior. At any time there are several
awake schemas per level, running concurrently, but only one of them
is activated by environment perception. When none or more than one
schema wants to be activated then upper level schema is called for arbi-
tration.This paper also describes an implementation of the architecture
and its use on a real robot.

1 Introduction

It is not science fiction to see a mobile robot guiding through a museum1, navi-
gating in an office environment, serving as a pet2, or even playing soccer3. Today
we’ve got best sensors and actuators ever. But how are they combined to gen-
erate behaviors? The hardware improvements have made clear the importance
of a good control architecture, making it a critical factor to obtain the goal of
autonomous behavior.

Robot control architecture can be defined as the organization of robot sen-
sory, actuation and computing capabilities in order to generate a wide set of
intelligent behaviors in certain environment. Architectures answer to a main
question: what to do next? (action selection), as well as another questions like
what is interesting in the environment? (attention), etc. Advances in architecture
will lead to even more complex behaviors and increasing reliable autonomy.

In next section main proposals in robot control architectures will be reviewed.
Section 3 presents our approach, Dynamic Schema Hierarchies, including its
action selection mechanism, its reconfiguration abilities and how perception is
organized in this proposal. The software architecture developed to implement
DSH is commented on section 4. Some conclusions and future lines end the
paper.
1 Minerva: http://www.cs.cmu.edu/∼minerva
2 Aibo:http://www.aibo.com
3 Robocup: http://www.robocup.org/

F.J. Garijo, J.C. Riquelme, and M. Toro (Eds.): IBERAMIA 2002, LNAI 2527, pp. 903–912, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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2 Robot Control Architectures

2.1 Deliberative Architectures

Symbolic AI has influenced on mobile robotics from its beginnings, resulting in
the deliberative approach. This makes emphasis on world modeling and planning
as deliberation for robot action. In mid eighties this was the main paradigm for
behavior generation. The control architecture was seen as an infinite information
loop: Sense-Model-Plan-Act (SMPA). In modeling step sensor data are fused into
a central world representation, which stores all data about environment, maybe
in a symbolic form. Most robot intelligence lie in the planning step, where a
planner searched in the state space and found a sequence operators to reach
some target state from the current one. Act were seen as a mere plan execution.

There was a single execution flow and a functional decomposition of the
problem, where the modules called functions from other modules (vision module,
path planning module).

2.2 Behavior Based Architectures

Rooted in connectionist theories in mid eighties new approaches which exhibited
impressive demos on real robots were proposed. The common factor of such works
was the distribution of control in several basic behavior units, called levels of
competence, schemas, agents, etc.

Each behavior unit is a fast loop from sensor to action, with its own partial
target. There is no central representation, each behavior processes its own sen-
sory information. Additionally, there are no explicit symbols about the environ-
ment. The emphasis is put in real world robots (embodiment) and in interaction
with the environment (situated).

Distribution of control poses the additional problem of behavior coordina-
tion. Each behavior has its own goal, but usually enters in contradiction with
another one. How is the final actuation calculated (action selection)?. There are
two major paradigms: arbitration and command fusion. Arbitration establishes a
competition for control among all the behaviors and only the winning one deter-
mines the final actuation. Priorities, activation networks from Pattie Maes [13]
and state based arbitration [3] fall in this category. Command fusion techniques
merge all the relevant outputs in a global one that take into account all behavior
preferences. Relevant approaches in command fusion include superposition[2],
fuzzy blending [15] and voting [14]. Coordination is always a difficult issue.

We will present here in more detail two foundational works leaving apart
extensions and refinements. They contain main relevant ideas of the approach.

Brook’s subsumption. In 1986 Rodney Brooks proposed a layered decompo-
sition of behavior in competence levels [6]. Since then many robots have been
developed using this paradigm (Herbert, Toto), showing a great proficiency in
low level tasks such as trash cans collecting, local navigation, etc. A competence
level is an informal specification of a desired class of behaviors for a robot. Each
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level is implemented by a net of Finite State Machines (FSM), which have low
bandwidth communication channels to exchange signals and small variables.

Low levels provide basic behaviors, i.e. avoid obstacles, wander, etc.. More
refined behaviors are generated building additional levels over the existing ones.
All levels run concurrently, and upper levels can suppress lower level outputs
and replace their inputs. This is called subsumption and gives name to the
architecture. This action selection mechanism uses fixed priorities hardwired in
the FSM net.

Arkin’ schemas. Following Arbib ideas [1], Ronald Arkin proposed a decom-
position of behavior in schemas [2]. His architecture, named AuRA, contains two
types of units: motor schemas and perceptive ones. “Each motor schema has an
embedded perceptual schema to provide the necessary sensor information” [2].

For instance, the output of a navigation motor schema is a vector with the de-
sired velocity and orientation to advance. The navigation behavior was obtained
by the combination of avoid-moving-obstacles, avoid-static-obstacles, stay-on-
path and move-to-goal schemas. Each schema can be implemented as a poten-
tial field, delivering a force vector for each location in the environment. The
commanded movement is the superposition of all fields [2].

Extensions to Arkin’s approach include the sequencing of several complex
behaviors. A Finite State Acceptor is used for arbitration, where each state
means the concurrent activation of certain schemas and triggering events are
defined to jump among states [3].

2.3 Hybrid Approaches

The trend in last years is an evolution to hybrid architectures that combine
the strengths of both paradigms. For instance, planning capabilities and fast
reactivity, because they both are important for complex tasks on real reliable
robots.

A successful approach is the layered 3T-architecture [5], based on Firby’s
RAP [9]. The control is distributed in a fixed hierarchy of three abstraction levels
that run concurrently and asynchronously. Upper layer includes deliberation over
symbolic representations and makes plans composed of tasks. The intermediate
level, called sequencer, receives such tasks and has a library of task recipes
describing how to achieve them. It activates and deactivates sets of skills to
accomplish the tasks. Skills compose the reactive layer. Each one is a continuous
routine that achieve or maintain certain goal in a given context (it is situated).

3 Dynamic Schema Hierarchies

We propose an approach named Dynamic Schema Hierarchies (DSH) that is
strongly rooted in Arbib [1] and Arkin ideas [2]. The basic unit of behavior is
called schema. Control is distributed among a hierarchy of schemas.



906 J.M. Cañas and V. Matellán

An schema is a flow of execution with a target. It can be turned on and
off, and accepts several input parameters which tune its own behavior. There
are perceptual schemas and motor schemas. Perceptual ones produce pieces of
information that can be read by other schemas. These data usually are sensor
observations or relevant stimuli in current environment, and they are the input
for motor schemas. Motor schemas access to such data and generate their out-
puts, which are the activation signal for other low level schemas (perceptual or
motor) and their modulation parameters.

All schemas are iterative processes, they perform their mission in iterations
which are executed periodically. Actually, the period of such iterations is a main
modulation parameter of the schema itself. Digital controllers are an example of
such paradigm, they deliver a corrective action each control cycle. Schemas are
also suspendable, they can be deactivated at the end on one iteration and they
will not produce any output until they are resumed again.

A perceptual schema can be in only two states: slept or active. When
active the schema is updating the stimuli variables it is in charge of. When
slept the variables themselves exist, but they are outdated. The change from
slept to active or vice versa is determined by upper level schemas.

For motor schemas things are a little bit more tricky, they can be in four
states: slept, checking, ready and active. A motor schema has precon-
ditions, which must be satisfied in order to be active. checking means the
schema is awake and actively checking its preconditions, but they don’t match
to current situation. When they do, the schema passes to ready and tries to
win action selection competition against other readymotor schemas in the same
level and so become active. Only active schemas deliver activation signals and
modulation parameters to lower level schemas.

Schemas can be implemented with many different techniques: simple rules
from sensor data, fuzzy controllers, planners, finite state machines, etc. The
only requirement is to be iterative and suspendable. In the case of a planner, the
plan is enforced to be considered a resource, an internalized plan [14] instead
of a symbolic one. This is because the schema has to deliver an action proposal
each iteration.

3.1 Hierarchy

Schemas are organized in hierarchies. These hierarchies are dynamically built.
For instance, if an active motor schema needs some information to accomplish
its target then it activates relevant perceptual schemas (square boxes in figure
1) in order to collect, search, build and update such information. It may also
awake a set of low level motor schemas (circles) that can be useful for its purpose
because implement right reactions to stimuli in the environment. It modulates
them to behave according to its own target and put them in checking state.
Not only the one convenient for current situation, but also all the lower motor
schemas which deal with plausible situations. This way low level schemas are
recursively woken up and modulated by upper level schemas, forming a unique
hierarchy for a given global behavior.
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At any time there are several checking motor schemas running concurrently
per level, displayed as solid circles in figure 1 (i.e. schemas 5, 6 and 7). Only one
of them per level is activated by environment perception or by explicit parent
arbitration, as we will see on 3.2. The active schemas are shown as filled circles
in figure 1 (1, 6 and 15). For instance motor schema 6 in figure 1 is the winner of
control competition at the level. It awakes perceptual schemas 11, 16 and motor
schemas 14, 15, and sets their modulation parameters.
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Fig. 1. Schema hierarchy and pool of slept schemas

Schemas unused for current task rest in a pool of schemas, suspended in
slept state, but ready for activation at any time. They appear as dashed squares
and circles in figure 1 (schemas 8, 9, 10, 12, 13, 17, 18, etc.). Actually, schemas
10, 12, and 13 are one step away from activation, they will be awaken if schema
5 passed to active in its level.

Sequence of behaviors can be implemented with DSH using a motor schema
coded as a finite state machine. Each state corresponds to one step in the se-
quence, and makes a different set of lower schemas to be awaken. It also activates
the perceptual schemas needed to detect triggering events that change its inter-
nal state.

3.2 DSH Action Selection

At any time the active perceptual schemas draw a perceptual subspace (atten-
tion subspace) that corresponds to all plausible values of relevant stimuli for each
level (displayed as white areas in figure 2). It is a subset of all possible stimuli,
because it doesn’t include the stimuli produced by slept perceptual schemas
(shadowed area in figure 2). This subspace is partitioned into activation regions,
which are defined as the areas where the preconditions of a motor schema are
satisfied. Parent schema sets its child motor schemas activation regions to be
more or less non overlapping.

A given situation corresponds to one point in such subspace, and may lie in
the activation region of one motor schema or another. Only the corresponding
motor schema will be activated, so situation activates only one schema per level
among checking ones. This is a coarse grained arbitration based on activation
regions.
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Fig. 2. Perceptual space: attention subspace and activation regions 

Despit,e such coarse grained arbitrat,ioil iilay appear sit,uat,ioils where inore 
thail oiie iilotor schema for a level sat,isfy their precoi~ditioi~s (act,ivation re,' m1011s 
overlap ill figure 2). Eveii situatioiis where noiie of t,heiil are READY for activatioii, 
that is, not covered by any act,ivat,ion region (absence of cont,rol). Child schemas 
det,ect such control failures checking their brothers' st,at,e, and t,hen parent is 
called for fine grained arbit,ration. Parent can change children parameters or 
just select oiie of theill as the ~viiiner of coiit,rol coinpet,itioii is it,s level. This is 
similar t,o coiltext dependelit blendiiig [15] , the pareiit scheina kiio~vs t,he coiit,ext 
for t,hat arbitrat,ioii, and so it call be very behavior specific. 

The action selection mechanism in DSH has a distribut,ed nature. There is no 
cent,ral arbit,er as in DAMN [ l l ] .  just parent and children. There is a competition 
per level, t,hat occurs once every child iterat,ion. This allows fast recoiifigurat~ion 
if situatioii changed. 

It is a coininitineilt betweell purposiveness t'op-do11711 and reactive inotiva- 
tions. Only schemas awaken from upper level are allowed to gain control. but 
finally perceived sit,uat,ion chooses one and only one winner among t,hem per 
level. The winner schema has double motivat,ion, t,ask-orient,ed and situation- 
oriented. Scheinas wit,hout ally of t,hein doii't add enough inot,ivat,ion for their 
activatioii aiid reinaiii silent, CHECKIKG or SLEPT. Act,ivat,ioil flows t,op-down in 
the hierarchy, similar to archit,ect,ure proposed by Tinbergen and Lorenz [12] for 
instinctive behavior in animals. Addition of mot,ivat,ion and lat,eral inhibition 
among same level nodes also appear in such ethological architectures. 

3.3 Perception 

In DSH iilotor scheinas make their decisioiis over inforinatioii produced by per- 
ceptual scheiilas. Percept'ioil is distributed ill percept'ual schemas, each oiie may 
produce several pieces of such iiiforiilatioii. They exist because at least one ino- 
tor schema event,ually needs t,he informat,ion they produce. It can be sensor dat,a 
that the schema  collect,^, or more complex stimuli about environment or t,he 
robot itself built by the scheina (for iiistance a map, a door, et'c.). All t'he events 
or stimuli t'hat we waiit t'o take iilt'o accouilt ill t'he behavior require a coinput'a- 
tioiial effort t,o detect and perceive theill. DSH iiicludes t,hein ill t,he architecture 
as percept,ual schemas, each one searches for and describes it,s st,imulus when 
present,. updating internal variables. 
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Due to hierarchical activation in DSH, perception is situated, and context
dependent. Perceptual schemas can be activated at will. The active ones fo-
cus only on stimuli which are relevant to current situation or global behavior
(attention). This filters out huge amounts of useless data from the sensors, i.e.
shadowed area in figure 2. It makes the system more efficient because no com-
putational resource is devoted to stimuli not interesting in current context.

There can be symbolic stimuli if they are convenient for the behavior at
hand. These abstract stimuli must be grounded, with clear building and updating
algorithms from sensor data or other lower level stimuli. Actually, different levels
in perceptual schemas allow for abstraction and compounded stimuli: perceptual
schemas can have as input the output of other perceptual schemas.

3.4 Reconfiguration

For a given task certain hierarchy generates the right robot behavior. The net
of schemas builds relevant stimuli from sensor data and reacts accordingly to
environment state. If the situation changes slightly, currently active schemas
can deal with it and maybe generate a slightly different motor commands. If the
situation changes a little bit more maybe one active schema is not appropriate
anymore and the environment itself activates another checking motor schema,
that was ready to react to such change.

In the case of bigger changes they cause a control conflict at a certain level.
In that case, the parent is called for arbitration and may decide to sleep useless
schemas, wake up another relevant ones, change its children modulation, or prop-
agate the conflict upwards forcing a hierarchy reconfiguration from upper level.
The mechanism to solve conflicts may vary from one schema to another (fuzzy
logic, simple rules, etc.). This reconfiguration may add new levels or reduce the
number of them. This can be seen as a dynamic controller, composed of several
controllers running in parallel and triggering events that change completely the
controllers net. Each event requires a corresponding perceptual schema to detect
it. This is similar to discrete state arbitration from [3], but accounts for hierarchy
of schemas not only for a single level.

The levels are not static but task dependent as in TCA task trees [16]. These
changes must be designed to work properly. Schemas don’t belong to any level
in particular. They can be located in a different level, probably with other pa-
rameters, for another global behavior. This way the schemas can be reused in
different levels depending on the desired final behavior.

4 Implementation Issues

We have used a small indoor robot, composed of a pioneer platform, and a off-
the-shelf laptop under Linux OS (figure 3). The robot is endowed with a 16 sonar
belt, bumpers, and two wheel encoders for position estimation. We have added a
cheap webcam connected through USB to the computer. Two DC motors allow
robot movements.
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Fig. 3. Supercoco, our robot and Saphira c© simulator

A software architecture has been developed to test the cognitive architec-
ture proposed. All our code is written in ANSI-C. We have developed two
socket servers which make available camera images, motor commands, raw sonar,
bumper, and encoder data to client programs through message protocol. These
servers can be connected both to robot simulator (Saphira environment [10]) or
real platform, so the same control program can run seamlessly on real robot or
on the simulator (without vision). The use of a simulator is very convenient for
debugging. Additionally, the laptop is wireless connected, so the control program
for real robot could run on-board, or in any other computer.

The DSH control program is a single client process, but with many kernel
threads inside. Each schema is implemented as a thread (we use standard Posix
threads on Linux) which periodically executes an iteration function. Communi-
cation between different threads is done through regular variables, because all
the threads share virtual memory space. Motor schemas read variables updated
by perceptual schemas, and low level schemas read their own parameters set by
a higher level schema.

To implement slept state we have used pthread condition variables.
Each schema has an associated condition variable, so it can sleep on it when
needed consuming no CPU cycles. Any schema may ask another one to be halted
writing on a shared variable. The next time that recipient schema executes its
iteration it will be suspended on its condition variable. The schema can be
resumed when another thread signal on its condition variable. Typically the
parent schema sets the child parameters and then wakes it up signalling on its
condition variable.

Activation regions and arbitration are implemented as callback functions.
Every iteration the motor schema calls its activation region function to check
whether current situation matches its preconditions or not. Parent schema de-
fines the activation region functions for each of its children. Additionally on each
iteration the motor schema also checks the state of its brothers in the level to
detect control overlaps or control absences. In such case, arbitration functions
are invoked to solve the conflict.
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4.1 Example

As an example we describe the gotopoint behavior developed using DSH: the
robot reaches its destination point in the local environment and makes detours
around obstacles if needed. It has been implemented as a parent motor schema
that activates two perceptual schemas and three motor ones: stop, followwall
and advance.

Stop schema stops the robot if obstacles are too close. This is the default
schema in case of control absence. Followwall schema accepts sonar data and
moves the robot parallel to closest obstacle. Advance schema moves it in certain
orientation, faster if there are no obstacle in such angle, and turning to get
it if needed. Activation regions are set in parent schema: if there is an obstacle
closer than 100 cm in goal angle then followwall schema is activated, otherwise
advance schema sends its motor commands. If a sudden obstacle gets closer than
20 cm then stop schema wins control competition.

First perceptual schema collects sonar and encoder data, and second one
calculates distance to closest obstacle in goal angle. Actually it can calculate
such distance in any orientation, but parent schema modulates it to do it in
goal one. Parent schema read encoder data and computes relative distance and
orientation to destination from current robot location. When detects the robot
is over the target point it suspends all its child schemas.

Followwall schema alone makes the robot to follow walls. So this is an
example of schema reusing. Used with a different activation region an together
with other schemas can help to achieve another global behavior.

5 Conclusions

A new architecture named DSH has been presented, which is based on dynamic
hierarchies of schemas. Perception and control are distributed in schemas, and
grouped in abstraction levels. These levels are not general but task dependent
which allow greater flexibility than fixed hierarchies. Perceptual schemas build
relevant information pieces and motor schemas take actuation decisions over
them in continuous loops.

It shares features with both deliberative and behavior based approaches,
and avoids centralized monitor of 3T paradigm. It offers uniform layer interface
and distributed context dependent monitor at every level. It may use symbolic
stimuli when needed, directly grounded on sensor data or even on other stimuli,
growing in abstraction. Also the absence of a central world model overcomes the
SMPA bottleneck and avoids the need for such complete model before starting
to act. The perception is task oriented, which avoid useless computation on non
interesting data.

Timely reactions to environment changes are favored by low level loops and
fast arbitration and reconfiguration capabilities. Deliberative schemas can be
used too, but they are enforced to deliver an action recommendation each itera-
tion. This prevents the use of plans as programs and enforces its use as resources
for action.
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A distributed arbitration is used for schema coordination. Each schema is
the arbiter for its children, defining non overlapping activation regions. This
combines top down (target oriented) and bottom up (environment oriented)
motivations for action selection.

The architecture is extensible. Adding a new schema is quite easy, it requires
to define the schema parameters and its iteration, arbitration functions. Also all
previous schemas can be reused as building blocks for new behaviors.

We are working to perceive more abstract stimuli, specially vision based (in
particular doors) and to extend the schema repertoire with more abstract ones,
as narrow door traversal.
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Abstract. In this paper we present a Monte Carlo localization algo-
rithm that exploits 3D information obtained by a trinocular stereo cam-
era. First, we obtain a 3D map by estimating the optimal transformations
between two consecutive views of the environment through the minimiza-
tion of an energy function. Then, we use a particle-filter algorithm for
addressing the localization in the map. For that purpose we define the
likelihood of each sample as depending not only on the compatibility of
its 3D perception with that of the observation, but also depending on
its compatibility in terms of visual appearance. Our experimental results
show the success of the algorithm both in easy and quite ambiguous
settings, and they also show the speed-up in convergence when visual
appearance is added to depth information.

1 Introduction

Current approaches to solve the problem of localizing a robot with respect to a
map that approximately describes the environment are widely based on sonar
sensors [1] [2].Such a map is usually build from an occupation grid [3], that is, a
bidimensional grid in which each cell contains the probability that its associated
space is occupied by an obstacle. In order to obtain such a grid one needs to
know robot’s motion (odometry), but this information becomes more and more
uncertain as the robot moves. Current techniques, like [2], relying on the EM
algorithm [4] attempt to deal with such uncertainty and in most cases these
approaches, like Monte Carlo methods [6] or bootstrap filters [7] are particular
cases of the so called particle filters.

How to translate the latter approaches to deal with 3D maps? Moravec de-
fined in [8] a method to build a 3D occupation grid (3D evidence grid) from
several stereoscopic views and outlined the benefits of such research in other
robotic problems like path planning and navigation. Current efforts in this area
follow different directions. On one hand it is attempted to obtain the geomet-
ric primitives that describe the map through the Hough transform [9]: aligning
these primitives and conveniently mapping their texture it is possible to build a
poligonal model. On the other hand, stereo is exploited to build 2D long-range
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sensors [10], that is only the Z component is considered. Other researchers use
3D information to build a topological map with landmarks like 3D corners [11].
In other works long-range laser scanners are used to obtain point clouds of the
environment [14] [15].

In this contribution we exploit the mapping method presented in [12] to
build a 3D occupation grid from a set of stereo views of the environment and
we address the adaptation of particle filters to solve the task of localizing the
robot with respect to that grid. As we also code appearance information in
the grid, it is possible to evaluate the contribution of visual appearance to the
localization tasks. The paper is organized as follows: Section 2 describes the
approach followed to obtain the 3D map; in section 3 we outline the elements
of the Bayesian approach (posterior, likelihood) and present our particle-filter
algorithm; in section 4 we show four representative experiments; finally, section
5 contains our conclusions and future works.

Fig. 1. Digiclops camera and Pioneer mobile robot.

2 3D Maps of the Environment

2.1 Observations and Actions

Our observations are taken by a Digiclops trinocular stereo camera, with a reso-
lution of 640x480 pixels and a frame rate of 14fps, mounted on a Pioneer mobile
robot (see Figure 1). An observation vt performed at instant t consists of kt

points of the 3D environment. For each one we register both their three spatial
coordinates and their local appearance (grey level) in the left image (reference
image):

vt = {p1, p2, ...pkt}, pi = (xi, yi, zi, ci). (1)

Assuming a flat ground and also that the camera is always normal to the
ground plane, its allowed motions are constrained to: translation along the X
axis (horizontal), translation along the Z axis (depth) and rotation with respect
to Y axis (vertical). Thus, robot’s pose ϕt at instant t is defined by its coordinates
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(x, z) in the XZ plane and the rotation α around Y, whereas a given robot action
at is defined by the increments with respect to the previous pose:

ϕt = (xt, zt, αt), at = (∆xt, ∆zt, ∆αt). (2)

Then, a robot trajectory (exploration) is defined by a sequence of t − 1
actions, that is At−1 = {a1, a2, . . . , at−1} and t associated observations V t =
{v1, v2, . . . , vt}.

2.2 Composing the 3D Map

The 3D mapping process of a given environment consists of registering a set of
observations V t along a trajectory At−1. In order to integrate all the observations
in the same 3D map we assume that the robot’s initial pose, and thus the origin
of the coordinate system of the map, is ϕ1 = (0, 0, 0). As this pose is associated
to observation v1, to map any observation vk of the trajectory we need to know
its pose, which may be obtained by accumulating all previous actions: ϕk =∑k−1

i=1 ai. Once the pose ϕk = (xk, zk, αk) is estimated we multiply all points in
vk by the matrix 3:

Tϕk
=




cos(−αk) 0 sin(−αk) xk

0 1 0 0
− sin(−αk) 0 cos(−αk) zk

0 0 0 1


 (3)

Integrating all observations over the same geometric space we obtain a first
approximation to the map of the environment composed by a high-density 3D
point cloud. This cloud is post-processed to remove replicated points (consider
that each observation may produce 11,000 points) and also to discard outliers.
Our map model is a geometric version of the Moravec’s model [8].

We divide the bounding box of the point cloud L = {p1, p2, . . . pm} in a
3D grid of voxels of constant size Tc (length of each edge of the cube). For each
voxel enclosing a number of points greater than Uc we take a prototype (average)
resulting a 3D matrix E in which we store the prototypes of each voxel in the
grid.

In Figure 2 we show a map of our department. After integrating 187 ob-
servations we obtain a point cloud of 2,294,666 points. Setting Tc = 8cm and
Tc = 15cm we obtain two maps of 25,637 and 19,809 prototypes respectively. In
both cases Uc = 3. As stereo errors are not correlated in time, the integration
process yields noise-free maps.

2.3 Action Estimation

Action estimation is key both for map building and localization. Thus, we apply
the energy minimization method described in [12]. Such a method searches the
action that minimizes a given distance between two clouds of 3D points. Here, we
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Fig. 2. Example of a map of our department. Left: point cloud after integrating all
observations. Right: two maps with different thresholds.

highlight such a distance. Given the observations vk and vk+1, and the unknown
action ak, we define ṽk and ṽk+1 as the observations mapped respectively to ϕk =∑k−1

i=1 ai and ϕk+1 = ϕk + ak. Action ak is the one that minimizes D(ṽk, ṽk+1),
a distance D(va, vb) between two clouds of points va and vb defined as follows:

D(va, vb) =
∑Ka

i=1Dpp(pi, P (pi, vb))
Ka

, (4)

where pi ∈ va and P (pi, vb) is the closest point to pi in vb, that is:

P (pi, vb) = arg min
pm∈vb

‖(xi, yi, zi)− (xm, ym, zm)‖. (5)

Finally, Dpp(pa, pb) is the distance in terms of 3D coordinates and image
appearance between points pa and pb:

Dpp(pa, pb) = ‖(xa, ya, za)− (xb, yb, zb)‖+ γ|ca − cb|, (6)

being γ a penalization constant defined so that both terms lie in the same
range.

Given the latter distance, minimization is performed through Simulated An-
nealing [13] properly initialized: In order to reduce the number of iterations
required to converge, we tend to start to search from the previous action. More-
over, as the cost of evaluating the distance is quadratic with the number of points
we use a reduced version of the original clouds: We divide each depth image in
cells of constant size and then we choose a prototype of each cell. The proto-
type is the disparity value dC that minimizes the sum of differences between the
disparities of the cell C = {d1, d2, . . . dn}:

dC = argmin
d∈C

N∑
i=1

|d− di| (7)
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For instance, in Figure 3, we show the original 640x480 image, its associated
depth image with 47,202 valid points, and the reduced 160x120 depth image
with 1,520 valid points, assuming cells of 4x4 pixels.

Fig. 3. Obtaining reduced views for action estimation.

In this work, the action estimation is a local process, that is prone to early
erroneous estimations. We are currently investigating in globally consistent ap-
proaches.

3 Localization in the 3D Map

3.1 Posterior Term

Given a 3D map M obtained as explained in the latter section, we have adapted
the CONDENSATION (CONDitional DENSity propagATION) filter proposed
in [5] to the task of obtaining a sample-based estimation of the posterior proba-
bility density function p(ϕt|V t, At−1) that measures the probability of the cur-
rent pose ϕt given the sequence of observations V t = {v1, v2 . . . vt} and actions
At−1 = {a1, a2 . . . at−1} performed over M .

3.2 Likelihood Term

The CONDENSATION algorithm consists of estimating the latter posterior
through a sampling process. Each sample represents a localization/pose hypoth-
esis ϕi, and we denote its likelihood given an observation vj by p(ϕi|vj).

Given the distance between the observation vj , mapped in the pose hypothe-
sis ϕi, and the map M , that is D(ṽj ,M), the likelihood of such a pose is defined
as the exponential expression:

p(ϕi|vj) = e− D(ṽj ,M)

σ2 (8)

3.3 The CONDENSATION Algorithm

The CONDENSATION algorithm encodes the current posterior probabilityof a
pose p(ϕt|V t, At−1) given t observations V t = {v1, v2 . . . vt} and t − 1 actions
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At−1 = {a1, a2 . . . at−1} as a set ofN samples (ϕ1, ϕ2 . . . ϕN ) and their associated
probabilities (ω1, ω2, . . . ωN ) attending to their likelihoods.

Initially the samples set is chosen attending to the prior distribution p(ϕ0).
Then, the iteration associated to instant t consists of three steps: (1) compute
the predicted pose of each sample given action at−1; (2) update the probabilities
of each sample given the new pose and the current observation vt; (3) build a
new set considering the latter probabilities:

CONDENSATION Algorithm

Input: Mt−1 = {(ϕ1t−1, ω1t−1), (ϕ2t−1, ω2t−1), . . . (ϕN
t−1, ω

N
t−1)}

Output: Mt = {(ϕ1t , ω1t ), (ϕ2t , ω2t ), . . . (ϕN
t , ωN

t )}
1. Prediction: given action at−1 the predicted pose for

each sample ϕi
t−1 ∈Mt−1 is given by

ϕ̆i
t = ϕi

t−1 + at−1 + ε, i = 1, 2, . . . N

where ε = (N(0, σx), N(0, σz), N(0, σα)).

2. Update: Given the observation vt the new probabil-
ity ω̆i

t for each sample ϕ̆i
t ∈ M̆t is given by

ω̆i
t = p(ϕ̆i

t|vt), i = 1, 2, . . . N .

3. Resampling: build a new set of N samples resam-
pling (with substitution) the set M̆t in such a way
that each sample ϕ̆i

t is chosen with a probability pro-
portional to ω̆i

t:

(ϕi
t, ω

i
t)← Sample from M̆t, i = 1, 2, . . . N .

Then normalize the probabilities ωi
t of the samples

in Mt to satisfy
∑N

i−1 ω
i
t = 1, that is

ωi
t ← ωi

t∑N

j=1
ωj

t

, i = 1, 2, . . . N

Robot localization is seen as an iterative process along step-by-step explo-
ration. Assuming that N is high enough to capture the true location of the robot,
the algorithm tends to concentrate all samples around that location as the robot
moves around following, in this case, a first-order Markov chain over the action
space. We consider that the algorithm has converged when the dispersion ψ(Mt)
is below a give threshold Ud and the highest probability max(ωi

t) is greater than
another threshold Uv (to deal with situations in which the initial sample is too
sparse). We define dispersion ψ(Mt) in terms of the averaged distance between
the 2D coordinates of all pairs of samples in the set Mt:

ψ(Mt) =
∑

ϕi∈Mt

∑
ϕj∈Mt

‖(xi
t, z

i
t)− (xj

t , z
j
t )‖

N2 (9)
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3.4 Process Optimization

The bottleneck of the algorithm is the computation of the likelihood function
for all the samples in the set. More precisely, the estimation of the closest pro-
totype to each transformed point. In order to reduce the computation load, we
build offline an extended map Ê in which each voxel stores the coordinates of
the closer prototype (non-void cell) in the 3D matrix that registers M . Being
pm = (xm, ym, zm, 0) the minimal coordinates of all points in the map, the cell
(ia, ja, ka) in M associated to any point pa is given by:

M(ia, ja, ka) = (�xa − xm

Tc
	, �ya − ym

Tc
	, �za − zm

Tc
	) (10)

M may be transformed into Ê though registering the closer prototype among
its direct neighbors and then propagate such computation for each of them until
all the space is covered. Then at each (i, j, k) we will have the closest prototype
to the center pc(i, j, k) = (xm + iTc + Tc

2 , ym + jTc + Tc

2 , zm + kTc + Tc

2 ) of that
cell:

Ê(i, j, k) = arg min
pr∈M

‖(xr, yr, zr)− pc(i, j, k)‖. (11)

In Figure 4 we show a 2D sketch corresponding to 6 of the 79 iterations
needed to extend the map in Figure 2 using Tc = 15cm and Uc = 3.

Fig. 4. Growing process for obtaining Ê.

4 Experiments and Validation

In this section we will show our four most representative experiments addressed
to validate the method. In all cases we use the map in Figure 2 with Tc = 15cm
and Uc = 3.
Experiment 1: First of all, the robot explores a unambiguous part of the

environment (the top right corner). Using 2000 samples for pose estimation, at
the 6th iteration, ϕ∗ = (2.01m,−17.94m, 276.70◦) is the sample with highest
probability, being the real pose of the robot ϕr = (2.05m,−17.97m, 277.66◦).
Each iteration consumes an averaged time of 2.55 secs in a Pentiun III 900Mhz.In
Figure 5 we show several iterations of this experiment.
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Fig. 5. Experiment 1: Iterations 1, 3 and 6 of CONDENSATION (from left to right)
over a easy part. The arrow indicates the actual robot’s position.

Experiment 2: Now, the robot explores an ambiguous part of the environ-
ment (the long corridor on the right). In Figure 6 we show several iterations of
this experiment and in Figure 7 the evolution of the samples dispersion. We also
are using 2000 samples for pose estimation. In the 10th iteration the sample with
highest probability is ϕ∗ = (0.80m,−7.71m, 189.92◦) being the real pose of the
robot ϕr = (0.74m,−7.70m, 190.73◦).

Fig. 6. Experiment 2: Iterations 1,4 and 10 of CONDENSATION (from left to right)
over an ambiguous trajectory.

Experiment 3: In order to evaluate the contribution of visual appearance
we have repeated the latter experiment without considering that component
(γ = 0). This results are in a lower convergence rate. Such a rate is even lower
when we also discard the Y component (Figure 7).
Experiment 4: In this case our purpose is to analyze the stability of the al-

gorithm with respect to the number of samples considered. We repeat the second
experiment but using only 500 samples, and the result is shown in Figure 8. The
samples are finally clustered in an incorrect position, revealing the dependence
of the approach on the number of samples.
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Fig. 7. Experiment 3: Evolution of the convergence rate for the complete algorithm,
without appearance and without the Y component.

Fig. 8. Experiment 4: Iterations 1, 2 and 5 of the CONDENSATION algorithm with
only 500 samples.

5 Conclusions and Future Work

In this paper we have adapted the CONDENSATION algorithm to the task
of localizing a robot in a 3D map build by means of a stereo camera. We have
designed a geometric map that encodes both 3D and appearance information and
we have developed an auxiliar structure that contributes to reduce the temporal
complexity of sampling. In our experiments we have evaluate the performance
of the approach in real situations in which the map does not necessarily coincide
with the environment and real perceptions may contain significant differences
with respect to the data stored in the map.

As we can see in the experiments, to obtain a good localization it is necessary
to mantain a minimum concentration of samples. Now, the number of samples
and the time to compute them are directly proportional to the size of the map.
We are currently working on different hierarchical representations for reducing
the search in more complex maps.
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On the other hand, we are investigating both the definition and consideration
of 3D landmarks and the use of more elaborated information of appearance like
PCA or ICA models.
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Abstract. In this paper we present a method for automatic segmentation of 3D
complex scenes from a single range image. A complex scene includes several
objects with: irregular shapes, occlusion, the same colour or intensity level and
placed in any pose. Unlike most existing methods which proceed with a set of
images obtained from different viewpoints, in this work a single view is used
and a 3D segmentation process is developed to separate the constituent parts of
a complex scene. The method is based on establishing suitable virtual-
viewpoints in order to carry out a new range data segmentation technique. For a
virtual-viewpoint a strategy [3D range data] – [2D projected range data] – [2D
segmentation] – [3D segmented range data], is accomplished. The proposed
method has been applied to a set of complex scenes and it can be said that the
results guarantee the benefits of the method.

1   Introduction

Image segmentation is one of the most important subjects in image processing which
finds wide applications in pattern recognition and 3D vision. It consists of
partitioning the image into its constituent parts and extracting these parts of interest
(objects). Until now a wide variety of different segmentation algorithms have been
developed. Criteria used in the image-partitioning process are largely dependent on
the nature of the input data, the desired high-level task and the nature of the scene.
In complex scenes, there are usually occluded surfaces in the image obtained from a
view point, that is why most of the techniques developed until now use sets of data
(intensity images or range images) taken from different viewpoints to obtain a
complete model of the scene [1], [2], [3], [4], [5]. In these techniques, the problem of
the camera positioning to reduce the number of views, known as the Best-Next-View
problem, arises.

When we say “3D segmentation”, two environments can be referred to single
scenes or complex scenes. In the first case, 3D segmentation involves isolated objects,
scenes with no occlusion, intensity image segmentation techniques of stereo pairs, etc.
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Segmentation means to extract features or primitives of the object. Different
strategies are applied to perform these tasks. In general, approaches can be
categorized into two types: edge-based approaches and region-based approaches. In
edge-based approaches, the points located on the edges are first identified, followed
by edge linking and contour processes. Edges or contours could segment the scene.
In region-based approaches a number of seed regions are first chosen. These seed
regions grow by adding neighbour points based on some compatibility threshold [6],
[7], [8], [9]. In [10] a segmentation approach of range images is proposed. They use
curved segments as segmentation primitives instead of individual pixels. So the
amount of data is reduced and a fast segmentation process is obtained. A simulated
electrical charge distribution is used in [11] in order to establish the surface curvature
of the objects.

3D Segmentation of complex scenes is a bigger problem in computer vision. In the
worst case, a complex scene includes: objects with irregular shapes; objects viewed
from any direction, objects with self-occlusion or partially occluded by other objects
and uniform intensity/colour appearance. In our case, we are concerned with complex
scenes and range images to solve this problem. Range images have been used most
frequently in 3D object recognition tasks and a lot of progress has been made in this
field. Although several techniques based on modelling have been applied to segment
parts of the scene using range data [12], [13], [14], [15], there are very few
researchers working on segmentation/recognition based on range data processing.
Therefore nowadays it is widely accepted that recognition of a real world scene based
on a single range view is a difficult task.

In this paper, we present a region-based segmentation method for partitioning a
complex scene image into meaningful regions (objects). To do this, we use a single
range data image. In the next section, we will have a glance at the whole process. In
section 3 and section 4, we describe two main stages: scene exploration and scene
segmentation, respectively. Next, in section 5, experimental results achieved with the
application of the proposed method to a set of real range images are shown. Finally, in
section 6 we conclude and discuss limitations and future research.

2 Overview of the Process

As it has been said, we use a single view of the scene for separating all its constituent
objects. The proposed segmentation scheme is an iterative process composed of three
successive steps:
1. Range data obtaining: We use real range images obtained with a gray range finder.

For the first iteration, range data are the scene surface points given by the sensor.
For following iterations, the new range data will be the old range data without the
range data segmented in the last iteration.

2. Scene exploration:  A virtual camera is placed in the scene for exploring the range
data and a procedure for searching for an appropriate virtual viewpoint is
accomplished. The strategy developed to choose these viewpoints will be
explained in section 3.
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3. Scene Segmentation: Taking into account a virtual viewpoint, 2D data orthogonal
projection is taken to perform a segmentation process. When the segmentation of
the processed 2D image has been finished, an inverse transformation is
accomplished to reassign each 2D segment to its corresponding 3D segment in the
scene.

The process is iteratively executed until there are no objects in the scene. For each
iteration several possibilities can be given:
� No segmentation. It means that for the current exploration viewpoint it is not

possible to segment any part of the current scene data.
� Segmentation. The current scene is segmented into several parts. For each

segmented part there are two possibilities :
� The segmented part corresponds to an object.
� The segmented part corresponds to more than one object. In this case each

segment will be considered as a new range image for step 1.

3 Scene Exploration

In this section we will explain how the election of the virtual viewpoint is made. We
use the mesh of nodes created by tessellating the unit sphere in order to limit the
number of viewpoint candidates. Nowadays we have considered a tessellated sphere
formed by 320 nodes with 3-connectivity (see Fig. 1.a) where each node N defines the
viewpoint ON, O being the centre of the sphere. As it has been said before, we are
interested in the projected image of the range data over the viewpoint chosen. Since a
viewpoint and its opposite provide the same projected image of the scene we only
consider the half-tessellated-sphere.

Probability between 0 and 1 is associated to each node N according to the
topological organization proposed in [16], [17]: the Modeling Wave Set, MWS.
Before explaining the probability mapping procedure, a short reference about MWS
will be given.

MWS structure organizes the nodes of the tessellated sphere as disjointed subsets,
each one containing a group of nodes spatially disposed over the sphere as a closed
quasi-circle (see Fig. 1.b). Each of the disjointed subsets is called wave front, WF. To
build a modelling wave MW, a node of the tessellated sphere must be chosen as the
origin of the structure. This node, called initial focus, constitutes the first wave front
WF1 of the MW and will be used to identify it. Then, the remaining WF are
sequentially obtained by building rings of nodes over the sphere until it is completely
covered.

MW structure is used for updating the probabilities P associates to the nodes
(viewpoints) for each iteration. For the t iteration, we select the node with the highest
value of probability as the appropriate viewpoint. The viewpoint chosen defines an
initial focus WF1(t) and its corresponding MW(t) (Fig. 1.b). After the process and
taking into account the result of the segmentation, the map of probabilities is updated
for iteration t+1as follows:
� P(WF1(t+1))=0. The old focus probability is assigned a value 0 because we will

not use this node (or viewpoint) any more. It does not matter if we have segmented
regions or not.
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Fig. 1. a) Tessellated sphere and a MW drawn over it. b) Exploration viewpoint defined by a
node of the sphere and the associate MW structure

� If the iteration is successful (segmented regions), we consider the nodes around the
focus as good points to be selected for future segmentations and we increase the
probability associated to the closest neighbours of WF1. The nearest WF to WF1

will have the highest increase. In this case the expression used for updating is the
following:
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where vmax is the maximum value among the obtained after summing the term (1-
0.2i) to the old probabilities.

� If the iteration is not successful (no segmented regions), we consider the nodes
around the focus as bad points to be selected for future segmentations. So we
decrease the probability associated to the close neighbours of WF1. The nearest WF
to WF1 will have the highest reduction. The expression used in this case is:
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When the probability values have been changed, the t+1 iteration begins and the
node with the highest value of probability is again selected as the appropriate
viewpoint. Figure 2 illustrates the general procedure. Then the process continues with
the next step, the scene segmentation.

For the first iteration, the map of probabilities must be imposed in an arbitrary
manner because scarce information about good or bad viewpoints is known
beforehand. It is just known that the viewpoint (or node) defined by the camera Nc is a
bad viewpoint and consequently its neighbour nodes should be as well. Therefore, we
can model this situation as the 0 iteration where: all nodes have probability 1, the
viewpoint chosen is Nc and it is not successful. So in the first iteration P(Nc)=0 and  Nc
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neighbour probabilities will be close to zero. Next an arbitrary node with probability 1
will be selected as the first viewpoint and the whole process will be run.

Fig. 2. Probability distribution and updating after a iteration step

4 Scene Segmentation

To obtain the constituent objects of the scene, we perform a transformation of the 3D
data and the segmentation is made on a 2D image. The sequence developed to reach
this objective is explained in Fig. 3.a).

The process begins with a 3D •2D transformation using the viewpoint chosen in the
previous step. This conversion provides a multidimensional structure that stores the
information of the relationship between every  3D point and its respective 2D pixel.
We call this  structure multipixel matrix (see Fig. 3.b). It is an array of two-
dimensional matrixes. The first matrix stores the indexes of the projected points
corresponding to the 2D black pixels. Since there may be points whose projection
match up to the same 2D pixel, we must accumulate the information of each one in
order not to lose any of them when the inverse transformation is made. To do this, we
develop the multipixel matrix in such a way that each vector in the third dimension
(depth in Fig. 3.b) stores all the 3D points with identical 2D projection.

With the projected points Ip we conform a 2D image  with the purpose of carrying
out a specific image processing. So 2D image size and a conversion to a binary image
I1 are given. Then we run a 2D region-based segmentation algorithm over the binary
image. If the viewpoint is appropriate several binary disjointed segments of the image
will be obtained and the algorithm will continue. On the contrary, if there are no
disjointed segments, the result will be negative and a new viewpoint must be selected.
We call I2 the 2D segmented image.

 After the segmentation phase, we define the regions on the original projected
image from these segments Isp. The binary conversion is undone and the regions on
the recovered 2D image are found. Once we have segmented regions on the 2D
projection, the information stored in the multipixel matrix is used to carry out the
inverse transformation. This way, if the algorithm has segmented disjointed regions in
the projected image, the corresponding 3D points will be extracted at the end of the
iteration. Each disjointed region is considered as the viewed part of an object in the
scene and consequently as a 3D segment.
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The segmented parts are removed from the scene for the next iteration and a new
scene is again explored. The process continues searching a new viewpoint with the
remaining data. At the same time and in the same way, each segmented part could
become a new range image for exploring if the number of data-points of the segment
is high enough. So a segmentation distributed strategy could be achieved if necessary.

Fig. 3. a) Scene segmentation chart. b) Multipixel matrix structure

Fig. 4 shows an example illustrating the successive phases in the segmentation
process. It begins at the first iteration. In a) intensity image and the corresponding
range image of the scene are shown. An exploration viewpoint is chosen following
section 3 and the corresponding projected range-data are plotted in b). After 2D image
processing we deal with the image I1 and perform the segmentation. As it can be seen
in c) several segments are extracted. Then we recover the 3D points corresponding to
each segment (d) and we identify them. Finally these points are removed to the
original range image and the new range data for the next iteration is shown in e).

Fig. 4. Segmentation process. Example

d)

a) b)

c) e)
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5 Experimental Results

We have tested our algorithm on a set of real data images. The scenes are composed
of several objects that can have irregular shapes. The objects are viewed from any
direction and there are objects with self-occlusion or partially occluded by other
objects. Moreover, the objects have been painted with the same colour.

The entire segmentation algorithm has been implemented in a Pentium III 1 GHz
machine. The results achieved with some of the scenes have been summarized in
Table 1. The intensity images of the scenes numbered in the first column as Scene
no.1 up to Scene no. 5 can be seen in Fig. 5. Table 1 illustrates, in the second column,
the total number of points that compose the input range images, which has been called
NT. In the third column the number of objects that constitute the scenes (Ob) are
shown. The number of iterations of our algorithm needed to separate all the objects in
the scenes, denoted I, appears in column four. Scene no. 5 takes a higher number of
iterations than the others due to its higher occlusion complexity. In the next column,
we have registered the number of points belonging to each segmented 3D object once
the process has terminated, NOb. The last column reveals the quantity of points that has
been lost during the process showing the percentage with respect to the initial data. As
it can be seen, this number is low enough to confirm the goodness of our method. The
average time taken by the algorithm to complete the process is 50 seconds.

Table 1. Results presentation

N
ObN

T
Ob I

Ob1 Ob2 Ob3 Ob4 Ob5
N

L 
(%)

Scene no. 1 29932 4 4 10520 4234 8439 6527 - 0.71

Scene no. 2 24632 5 3 5014 6177 3349 5047 4905 0.57

Scene no. 3 19661 5 3 5453 3131 3638 5821 1424 0.98

Scene no. 4 16737 5 2 3327 3027 4008 3294 2786 1.5

Scene no. 5 22936 4 18 6539 3746 8778 2822 - 4.58

Fig. 5. The five  scenes analyzed in table 1
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Figs. 6 and 7 exemplify the results achieved after the segmentation algorithm has
been run on two scenes. In Fig. 6.a) we show the intensity image of scene number 2.
The range image obtained with the range finder of such a scene is shown in b). This
range image constitutes the input data to the segmentation process. Fig. 6.c)  displays
the viewpoint selected among the possible candidates and in (d) the projected image
obtained with this viewpoint can be seen. Fig. 6.e) shows three objects segmented at
this iteration. In Fig. 6.f) we show the new scene to be analyzed after the elimination
of the segmented objects and the viewpoint that gives the projected image shown in
Fig. 6.g). Range data of each segment recovered at the end of the iteration is exposed
in Fig. 6. h).

As it mentioned in section 4, sometimes the extracted segment corresponds to more
than one object of the scene. This situation is contemplated by the method in the
following manner: the algorithm automatically detects that such circumstances have
taken place and performs a new segmentation over those segments starting from
Scene Exploration. The probability values considered to select the viewpoint are those
existing in the iteration in which the region was segmented. This occurred, i.e., in
scene number 3. The four objects segmented after a number of iterations are shown in
Fig. 7. b) to e). As it can be seen the segment in e) corresponds to two objects. Fig.
7.f) and g) illustrate the two objects obtained when the algorithm continues its
execution recursively.

Fig. 6. Input data image and resultant segmentation. a) Intensity image of scene no.2. b) Range
image of the same scene. c) Selected viewpoint among the possible candidates. d) Projected
image obtained. e) Segmented object no.1, 2 and 3. f) Resultant scene after the segmentation
and new viewpoint. g) Corresponding projected image. h) Segmented object no.4 and 5.
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Fig. 7. Input data image and resultant segmentation. a) Range image of scene no. 3. b) to d)
Segmented objects no. 1 to 3. e) Segmented region composed of two objects. f) and g)
Segmented regions no. 4 and 5

6 Conclusions

In this paper, a method for automatic segmentation of 3D complex scenes has been
presented. Contrasting most existing techniques, which proceed with a set of images
obtained from different viewpoints, an important feature of our approach is that we
use a single range image to separate the constituent parts of a 3D complex scene,
which can include several objects with irregular shapes, occlusion, the same colour
and place in any pose. This is achieved by applying a new strategy based on the
selection of virtual-viewpoints that let us develop a range data segmentation algorithm
over 2D projected images. Next, an inverse transformation is executed to relocate
each 2D segment to its corresponding 3D object in the scene.

Experiments carried out on a set of real range images have proved the validity of
our method. They have shown that it can successfully be used to perform the
segmentation of a 3D scene. Nowadays we are improving this strategy for scenes with
a higher number of objects and occlusion complexity.

References

1. Banta, J.E., Zhien, Y, Wang, X. Z., Zhang, G., Smith, M.T., and Abidi, M.A.: A “Best-
Next-View” Algorithm for Three-Dimensional Scene Reconstruction Using Range Images.
Proceedings SPIE, Vol. 2588, (1995), 418–429

2. Pito, R.: A Solution to the Next Best View Problem for Automated CAD Acquisition of
Free-form Objects Using Range Cameras. Proceedings SPIE Symposium on Intelligent
Systems and Advanced Manufacturing, Phila, PA, (1995).



932 P. Merchán et al.

3. Curless, B., and Levoy, M.: A Volumetric Method for Building Complex Models from
Range Images. SIGGRAPH96, Computer Graphics Proceedings, (1996).

4. Massios, N. A., and Fisher, R. B.: A Best Next View Selection Algorithm Incorporating a
Quality Criterion. Proceedings of the 6th British Machine Vision Conference, (1998), 780–
789.

5. Reed, M. K. and Allen, P. K.: Constraint-Based Sensor Planning for Scene Modeling. IEEE
Transactions on Pattern Analysis and Machine Intelligence, Vol. 22, no.12, (2000), 1460–
1467.

6. Zhang, Y. J.: Evaluation and comparison of different segmentation algorithms. Pattern
Recognition Letters, Vol. 18, Issue 10, (1997), 963–974.

7. Hoover, A., Baptiste, G. J., Jiang, X., Flynn, P. J., Bunke, H., Goldgof, D. B., Bowyer, K,
Eggert, D. W., Fitzgibbon, A., and Fisher, R. B., An Experimental Comparison of Range
Images Segmentation Algorithms. IEEE Transactions on Pattern Analysis and Machine
Intelligence, Vol. 18, no.7, (1996), 673–689.

8. Stamos, I. and Allen, P. K.: 3-D Model Construction using Range and Image Data.
Proceedings of IEEE International Conference on Computer Vision and Pattern
Recognition, Vol. I, South Carolina, (2000), 531–536.

9. Huang, J. and Menq, C.H.: Automatic Data Segmentation for Geometric Feature Extraction
From Unorganized 3-D Coordinate Points. IEEE Transactions on Robotics and
Automation, Vol. 17, no. 3, (2001), 268–279.

10. Jiang, X., Bunke, H. and Meier, U.: High Level Feature Based Range Image Segmentation.
Image and Vision Computing, 18 , (2000), 817–822.

11. Wu, K. and Levine, M. D.: 3D part Segmentation Using Simulated Electrical Charge
Distributions. IEEE Transactions on Pattern Analysis and Machine Intelligence, Vol. 19,
no.11, (1997), 1223–1235.

12. Benlamri, R.: Range Image segmentation of scenes with occluded curved objects. Pattern
Recognition Letters 21, (2000), 1051–1060.

13. Lee, K.M., Mee, P. and Park, R.H.: Robust Adaptative Segmentation of Range Images.
IEEE Transactions on Pattern Analysis and Machine Intelligence, Vol. 20, no.2, (1998) ,
200–205.

14. Johnson A. and Hebert M.: Using Spin Images for Efficient Object Recognition in Cluttered 3D
Scenes. IEEE Transactions on Pattern Analysis and Machine Intelligence, Vol. 21, no. 5,
(1999), 433–449.

15. Marchand, E. and Chaumette, F.: Active Vision for Complete Scene Reconstruction and
Exploration. IEEE Transactions on Pattern Analysis and Machine Intelligence, Vol. 21, no.
1, (1999), 433–449.

16. Adán, A., Cerrada, C. and Feliu, V.: Modeling Wave Set: Definition and Application of a
new Topological Organization for 3D Object Modeling. Computer Vision and Image
Understanding, Vol. 79, (2000), 281–307.

17. Adán, A., Cerrada, C. and Feliu, V.: Automatic pose determination of 3D shapes based on
modeling wave sets: a new data structure for object modelling. Image and Vision
Computing, Vol. 19, (2001), 867–890.



Recognizing Indoor Images with Unsupervised
Segmentation and Graph Matching

Miguel Angel Lozano and Francisco Escolano

Robot Vision Group
Departamento de Ciencia de la Computación e Inteligencia Artificial

Universidad de Alicante, Spain
{malozano, sco}@dccia.ua.es

http://rvg.dccia.ua.es

Abstract. In this paper we address the problem of recognizing scenes
by performing unsupervised segmentation followed by matching the re-
sulting adjacency region graph. Our segmentation method is an adaptive
extension of the Asymetric Clustering Model, a distributional clustering
method based on the EM algorithm, whereas our matching proposal con-
sists of embodying the Graduated Assignement cost function in a Comb
Algorithm modified to perform constrained optimization in a discrete
space. We present both segmentation and matching results that support
our initial claim indicating that such an strategy provides both class
discrimination and individual-within-a-class discrimination in indoor im-
ages which usually exhibit a high degree of perceptual ambiguity.

1 Introduction

Scene recognition is a key element in mobile robotics tasks like self-localization
or exploration. Current approaches can be broadly classified as holistic [1] [2]
[3] [4] and region-based[5] [6] [7]. Holistic methods exploit texture,color, and
shape statistics without identifying objects previously. For instance, Torralba
and Sinha propose a low dimensional representation that encodes statistics of
Gabor filters’ outputs and it is suitable for distinguishing views associated to spe-
cific parts of the environment [2]. On the other hand, region-based approaches
allow the access to objects properties at the cost of incrementing the compu-
tational load due to the need of segmenting the images. One recent example
is Carson et al’s Blobworld framework [7], which relies on grouping pixels with
similar features in regions and then use their characteristic statistics for identify-
ing images with similar regions. We conjecture that inside indoor environments,
which tend to be very ambiguous, the integration of segmentation and structural
matching provides not only good recognition results at the class level, that is,
distinguishing between views of corridor-A and of room-123, but at the individ-
ual level, allowing us to discriminate which part of corridor-A are we visiting.
As this requires an extra cost and thus, the main contribution of this work is
to provide effective and efficient segmentation and matching algorithms to that
purpose.
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Our segmentation module, described in Sect.2, relies on the Asymetric Clus-
tering Model (ACM) proposed by Hoffman and Puzicha [8] [9], a distributional
strategy that outperforms the classical K-means approach. We extend this model
by making it adaptive, that is, able of identifying the optimal number of tex-
ture+color classes, and adaptivity is facilitated by the EM nature of the ap-
proach [10]. On the other hand, our proposal to region-matching is to embody
the quadratic cost function proposed by Gold and Rangarajan in their Gradu-
ated Assignment approach [11], in the Comb Algorithm, a random search method
proposed by Li [12], and adapt it to ensure matching constraints. In Sect.3 we
present several recognition results that support our initial claim about class and
individual performance. Our conclusions and future work issues are summarized
in Sect.4.

2 Unsupervised Segmentation

2.1 EM Algorithm for Asymetric Clustering

GivenN image blocks x1, . . . , xN , each one having associatedM possible features
y1, . . . , yM , the Asymetric Clustering Model (ACM) maximizes the log-likelihood

L(I, q) = −
N∑

i=1

K∑
α=1

IiαKL(pj|i, qj|α) , (1)

where: pj|i encodes the individual histogram, that is, the empirical probability of
observing each feature yj given xi; qj|α is the prototypical histogram associated
to one of the K classes cα; KL(pj|i, qj|α) is the symmetric Kullback-Leibler
divergence between the individual and the prototypical histograms; and Iiα ∈
{0, 1} are class-membership variables.

As pj|i are fixed, one must find both the most likely prototypical histograms
qj|α and membership variables Iiα. Prototypical histograms are built on all in-
dividual histograms assigned to each class, but such an assignment depends
on the membership variables. Following the EM-approach proposed by Hoffman
and Puzicha, in which the class-memberships are hidden or unobserved variables,
we start by providing good initial estimations of both the prototypes and the
memberships, feeding with them an iterative process in which we alternate the
estimation of expected memberships with the re-estimation of the prototypes.

Initialization. Initial prototypes are selected by a greedy procedure: First pro-
totype is assumed to be a block selected randomly, and the following ones are
the most distant blocks from any of the yet selected prototypes. Given these
initial prototypes q̂0j|α, initial memberships Î0iα are selected as follows:

Î0iα =
{
1 if α = argminβ KL(pj|i, q̂0j|β)
0 otherwise
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E-step. Consists of estimating the expected membership variables Îiα ∈ [0, 1]
given the current estimation of the prototypical histogram qj|α:

Ît+1
iα =

ρ̂t
α exp{−KL(pj|i, q̂i|α)/T}∑K

β=1 ρ̂t
β exp{−KL(pj|i, q̂i|β)/T}

,being ρ̂t
α =

1
N

N∑
i=1

Ît
iα , (2)

that is, the probability of assigning any block xi to class cα at iteration t, and T
the temperature, a control parameter which is reduced at each iteration (we are
using the deterministic annealing version of the E-step, because it is less prone
to local maxima than the un-annealed one).

M-step. Given the expected membership variables Ît+1
iα , the prototypical his-

tograms are re-estimated as follows:

q̂t+1
j|α =

N∑
i=1

πiγpj|i ,where πiα =
Ît
iα∑N

k=1 Ît
kα

, (3)

that is, the prototype consists of the linear combination of all individuals pj|i.
The weights of such a combination are the ratios πiα between the membership
of each individual to cα and the sum of all memberships to the same class. This
is consistent with a distributional-clustering strategy.

Adaptation. Assuming that the iterative process is divided in epochs, our
adaptation mechanism consists of starting by a high number of classes Kmax

and then reducing such a number, if proceeds, at the end of each epoch. At that
moment we select the two closest prototypes q̂j|α and q̂j|β as candidates to be
fused, and we compute hα the heterogeneity of cα

hα =
N∑

i=1

KL(pj|i, qj|α)πiα , (4)

obtaining hβ in the same way. Then, we compute the fused prototype q̂j|γ by
applying Equation 3 and considering that Iiγ = Iiα + Iiβ , that is

q̂j|γ =
N∑

i=1

πiγpj|i . (5)

Finally, we fuse cα and cβ whenever hγ < (hα+hβ)µ, where µ ∈ [0, 1] is a merge
factor addressed to facilitate class fusion. After such a decision a new epoch
begins. A minimal number of iterations per epoch are needed to reach a stable
partial solution before trying two fuse two other classes.
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2.2 Segmentation Results

Considering indoor images of 320×240 pixels, the feature extraction step consists
on recovering texture and color statistics at blocks of size 32 × 32, that is, of
radius 16 pixels. These blocks are taken each 8 pixels, that is, there is a partial
overlap of 25%, providing N = 37×27 = 999 blocks per image. Texture features
rely on 8 Gabor filters with 4 orientations (0, 45, 90, and 135 degrees) and 2 scales
(σ = 1.0 and σ = 2.0, corresponding to 7× 7 and 13× 13 windows respectively).
Filter-output frequencies associated to each filter are registered in histograms
of 16 equally spaced bins. Thus, there are 8 × 16 = 128 texture features per
block, which are completed with 16 more features provided by the histogram
associated to the first HSB color component (hue or chromaticity) inside the
block. Consequently, the overall number of features is 144.

The unsupervised clustering algorithm proceeds through 10 epochs of 10
iterations each (100 iterations). Temperature range is fixed to [1.0 . . . 0.05], that
is, each iteration t, T value is 0.095+ e−t +0.05 . On the other hand, the merge
factor µ is set to 0.8, and to Kmax = 10. In Fig. 1 we compare the segmentation
results obtained with and without adaptation. After clustering we proceed to
group neighboring blocks belonging to the same class in homogeneous regions.
Small regions (those with less than ν = 20 blocks) are removed and absorbed by
the more similar region in its neighborhood).

Fig. 1. Segmentation results. (a) Input indoor image.(b) Non-adaptive segmentation.
(c) Adaptive segmentation. (d) After removing spurious blocks in (c).
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3 Graph Matching

3.1 Stochastic Search for Assignement

Given an input segmented image we build an undirected data graph GD =
(VD, ED) with one vertex a ∈ VD per region and one edge (a, b) ∈ ED per pair
of adjacent regions. Similarly, we consider a stored graph GS = (VS , ES) with
vertexes i ∈ VS and edges (i, j) ∈ ED. Then, the adjacency matrices D and S of
both graphs are defined by

Dab =
{
1 if (a, b) ∈ ED

0 otherwise and Sij =
{
1 if (i, j) ∈ ES

0 otherwise .

A feasible solution to the graph matching problem between GD and GS is en-
coded by a matrix M of size |VD| × |VS | with binary variables

Mai =
{
1 if a ∈ VD matches i ∈ VS

0 otherwise

satisfying the constraints defined respectively over the rows and columns of M

|VS |∑
i=1

Mai ≤ 1,∀a and
|VD|∑
a=1

Mai ≤ 1,∀i . (6)

Cost Function. Gold and Rangarajan formulated the problem in terms of
finding the feasible solution M that maximizes the following cost function,

F (M) =
|VD|∑
a=1

|VS |∑
i=1

|VD|∑
b=1

|VS |∑
j=1

MaiMbjCaibj , (7)

where Caibj = DabSij , that is, when a ∈ VD matches i ∈ VS , and also b ∈ VD

matches j ∈ VS , it is desirable that edges (a, i) ∈ ED and (b, j) ∈ ES exist, that
is, that Mai = Mbj = 1. However, this cost only encodes structural compatibility
between both graphs. In order to enforce the preference of matching vertexes
(regions) with compatible features (texture and color) we redefine Caibj as

Caibj = DabSij exp{−KL(qa, qi)} , (8)

where qa = qj|α(a) and qi = qj|α(i) are respectively the prototypical his-
tograms of the classes of vertexes a and i.

Constrained Maximization. Gold and Rangarajan’s deterministic annealing
algorithm proceeds by estimating the averaged matching variables at each tem-
perature T , while enforcing the satisfaction of matching constraints for the rows
and columns of the candidate solution. Our preliminary matching experiments
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with this method showed that it assigns each vertex with another one with sim-
ilar structure but this does not usually ensures that the mapping is globally
consistent. This is why we replaced annealing phase by a global strategy, a mod-
ified Comb (Common structure of the best local maxima) algorithm, originally
applied to labeling problems in MRF models, which explores the set of extended
feasible solutions. An extended feasible solution is a matching matrix M̂ with
one more row and one more column, corresponding to slack variables (which are
very useful to deal with noisy nodes), whose rows and columns add up to the
unit, that is, a permutation matrix of binary variables.

The Comb algorithm maintains a population P = {M̂ (1), . . . , M̂ (L)} with the
L (experimentally set to 10 individuals) best local maxima found so far. Such
a population is initialized according to an uniform distribution over the space
of feasible solutions. Each iteration begins by selecting, also randomly, a pair
of local maxima M̂ (a) and M̂ (b). As this method relies on the assumption that
local maxima share some matching variables with the global maxima, it derives
a new candidate to local maximum M̂ (0) by combining the latter pair. Such a
combination consists of (i) retaining common variables, (ii) randomly generating
new values for components with different variables and (iii) ensuring that the
result is still a permutation matrix. This provides the starting point of a hill-
climbing process which consists of randomly changing the value at a component
while ensuring that the resulting matrix satisfies the matching constraints and
then testing whether it provides a better solution. If so, a new hill-climbing step
begins. Otherwise, if after A = 10 attempts it is not possible to improve the
current matrix a new local maximum M̂∗ is declared. Such a local maximum
updates P as follows: If

F (M̂∗) > M̂worst where M̂worst = arg min
M̂∈P

F (M̂) , (9)

then the worst local maximum so far M̂worst is replaced by M̂∗. Otherwise the
population does not change. Such an updating rule ensures that the quality of
the individuals in P is improved, expecting that such an improvement eventually
reaches the global maximum. Thus, if we detect that the quality of P can not
be improved we assume that the algorithm has found the global maximum (the
best local maximum so far). The algorithm also terminates when the latter
termination condition is not satisfied after I = 1000 iterations.

3.2 Recognition Results

In order to test the adequacy of our approach in scene recognition, we have
build two subjective classes of images, each one registering different viewpoints
of two different places (natural landmarks) in our lab (see Fig. 2): class-A (images
A1,A2,A3, and A4) and class-B (B1 and B2). Sample matching results between
images of the same class (A1 and A2) and of different classes (A1 and B1) are
showed in Fig. 3. The main question addressed here is whether these classes
are not subjective but real classes. In Table 1 we show the best costs for each
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Fig. 2. Experimental set. Images A1 (first reference), A2 (15-degrees-rotation), A3
(2-meters-backwards), A4 (4-meters-backwards), B1 (second reference) and B2 (90-
degrees-rotation

matching. Self matchings appear in boldface, matching between class-A images
are emphasized, whereas matchings between class-B images, and between class-
A and class-B images appear in normal text. We also show the a sort list of the
three preferred matchings for each image (row in the matrix). Each image not
only prefers itself, as expected, but its second and third choices are images in
the same subjective class, when possible). In the case of B1 and B2, their third
choice is A4, the more distant image from the first reference A1. Furthermore,
we also show the degrees of ambiguity of the first and second matchings (ratios
between the best costs of the second and the first matching, and between the
best costs of the third and the second ones, respectively) and these degrees tend
to be low at least for the winner matching.
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Fig. 3. Matching results. Top: Images A1 , A2, and B1; Middle: Matching between A1
and A2; Bottom: Matching between A1 and B1. The co-occurrence of structure and
appearance is key for discrimination.

Such a good performance is due to the co-occurrence of structural and ap-
pearance information between viewpoints of the same landmark. However, when
we relax such a constraint and evaluate each matching only on behalf of struc-
tural compatibility, classes A and B are no longer distinct. In Table 2 we see that
in many cases a given image does not prefer itself or even an image of the same
subjective class. Furthermore, the analysis of the degrees of ambiguity reveals
that the highest ambiguity in the latter case (0.62) is even lower that the current
lowest ambiguity, reaching even 1.0 in the case of B2.



Recognizing Indoor Images with Unsupervised Segmentation 941

The averaged segmentation time was of 7.1 secs. in an ATHLON-XP-1700
processor, whereas the averaged processing time of the graph-matching step was
of 4.8 secs, given an averaged size of 22 nodes per graph.

Table 1. Cost matrix when fusing structure and appearance.

A1 A2 A3 A4 B1 B2 Sorted Preferences Ambiguities

A1 1.55 0.96 0.42 0.15 0.03 0.01 A1, A2, A3 0.62, 0.44
A2 1.07 2.92 0.49 0.20 0.02 0.01 A2, A1, A3 0.37, 0.46
A3 0.36 0.49 2.66 0.23 0.02 0.03 A3, A2, A1 0.18, 0.73
A4 0.20 0.23 0.29 1.47 0.03 0.19 A4, A3, A2 0.20, 0.79
B1 0.03 0.03 0.03 0.04 3.06 0.68 B1, B2, A4 0.22, 0.06
B2 0.01 0.01 0.03 0.19 0.68 2.00 B2, B1, A4 0.34, 0.28

Table 2. Cost matrix when using only structural information.

A1 A2 A3 A4 B1 B2 Sorted Preferences Ambiguities

A1 1.73 1.69 1.66 1.30 1.76 2.00 B2, B1, A1 0.88, 0.98
A2 1.85 2.92 1.33 1.69 1.24 1.00 A2, A1, A3 0.63, 0.72
A3 1.50 1.16 2.66 0.83 1.66 2.00 A3, B2, B1 0.75, 0.83
A4 1.30 1.24 1.83 1.80 1.29 2.00 B2, A3, A4 0.92, 0.98
B1 1.65 1.54 1.66 1.65 3.41 2.00 B1, B2, A3 0.59, 0.83
B2 2.00 1.00 2.00 2.00 2.00 2.00 B1, B2, A3 1.00, 1.00

4 Conclusions

There are two main contribution in this paper: the adaptation and integration
of state-of-the-art algorithms for unsupervised clustering and graph matching to
the context of scene recognition, and the finding that this framework provides
promising results for addressing the appearance-based localization problem in
indoor environments. Future work includes the automatic inference of visual
landmarks in the environment as well as the development of incremental local-
ization algorithms which perform scene clustering adaptively.
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Abstract. In this paper several vision-based systems for the operation
of a solar power tower plant are shown. These systems detect the presence
of clouds next to the sun and compute a field coverture factor which
features the area of the heliostat field that is shadowed by them. This
cloud detection process is fundamental in order to preserve the integrity
of the solar central receiver located at the top of the tower of these solar
plants. These systems prevent the rupture of the receiver by thermal
stress.

1 Introduction

Solar power provides an energy source which varies independently and cannot
be adjusted to suit the desired demand. Although solar radiation does have pre-
dictable seasonal and daily cyclic variations, it is also affected by unpredictable
disturbances caused by atmospheric conditions such as cloud coverture, humid-
ity and air transparency. The ability to predict when a cloud will cover the field
is one of the main problems in the operation of the solar power tower plants. In
this kind of plants there is a heliostat field that reflects the solar radiation to a
central receiver located at the top of a tower. At normal operating conditions
the mean temperature of the receiver reaches up to 800oC. When a cloud covers
the sun, a sudden reduction of radiation occurs, and consequently the temper-
ature of the receiver goes down. Besides this, at the moment the cloud lets the
sun shine again, the receiver will suffer a thermal shock. If this phenomenon
occurs several times the receiver will get damaged due to thermal stress. In this
paper a system capable of detecting the presence of clouds next to the sun is
presented. This system will send this information to the master control which, in
turn, will order several heliostats to turn away, so that the receiver temperature
can decrease before the cloud covers the sun, and hence will reduce the risk of
the receiver rupture. In [4] and [3] advanced master controls of solar plants are
shown.

In this paper three different aspects are presented: A method for the location
and tracking of the sun based on artificial vision. Then, an algorithm for the
segmentation of clouds based on artificial vision. Finally, a geometric method
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to determine, using the captured images, which zones of the heliostat field are
shadowed by clouds.

When vision-based methods are used, the following characteristics have to
be considered: The brightness in the scene changes with the day hour and with
the orientation of the camera. The brightness distribution of the sky is not
uniform and there is a descending gradient towards the horizon. The clouds
have a random form and a random luminosity.

These characteristics make more difficult the segmentation of the elements
present in the scene. In order to help the segmentation process, the color infor-
mation of each element has been used [5].

This paper is organized as follows: Section 2 describes the method used to
locate the sun. In section 3 a method to segment the clouds surrounding the sun
is given. Section 4 presents a method to estimate the area of the heliostat field
that is covered by clouds. Conclusions are given in section 5.

2 Sun Location Procedure

High concentration solar systems require the sun to be tracked with high ac-
curacy. Normally, heliostat positioning control used to follow the sun is made
based on computation of the solar vector in open loop like done in [1]. In the
system proposed in this paper, the solar vector is also employed in an upper
level to position a pant-tilt platform, but a second control level is added, based
on the detection of the sun through vision methods in a closed-loop (figure 1).
The color information of the image has been used to make the detection process

Fig. 1. Positioning System Diagram.

easier. The HSV color decomposition has been chosen because it enables to dis-
tinguish among the hue, saturation and value of each element of the scene [5].
The high variation of these color components in the different elements in the
scene will help in the segment process.

After a thorough study of the HSV components in the image of the sun,
clouds and sky, the following characteristics have been determined.
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Value: When the sun is visible, its value is over 90% of the absolute maximum.
Saturation: The Clouds and the Sun have a similar saturation but the sky’s

one is clearly different.
Hue: The sky is blue and the sun is yellow, however the clouds used to be of

many colors.

According to this, it is proposed to use the Value to do a preliminary seg-
mentation, and in a second step to verify it through the Saturation and Hue
components.

The detailed procedure for the sun location is as follows:
First of all, the image has to be captured (figure 2) and its color model has

to be transformed into HSV, so that the three needed components are avail-
able (figure 2). Next, a Wiener filter will be applied at each color component.
Notice that the saturation will be used in a complementary form 1-S, which
represents a color with high content of white with a highly valued index. The
algorithm applies a threshold of 93% to the Value Image. This image will be
denoted Threshold Value Image (TVI) and will be used next(figure 3). The next
step consists in applying edge detection using the Sobel Method. The algorithm
calculates the minimum value of the image and applies a threshold slightly upper
to it. This takes advantage of the fact that the statistical distribution of the Sun
Value fits to a gaussian one. Therefore the sun appears with the lowest levels
in the edge detection(figure 4). Next, a median filter is applied to the resultant
binary image (figure 3). The algorithm identifies connected regions and removes
those of less size (figure 5). It also calculates the mass center and the charac-
teristic length of the resultant region. This length will be taken as the initial
estimation of the sun radius (figure 5).

Fig. 2. From left to right Sun and Clouds Image. Decomposition H,S,V with Wiener
Filter

The algorithm increases or decreases the sun radius using the information
of the Value component, and varies the center position until the sun circle fits
with the TVI mentioned before (figure 6). It also adjusts the position and radius
of the sun inside the circle, that has been previously calculated with the Value
information, using the information of the Saturation component. The algorithm
calculates the mass centre of those zones which have a saturation higher than
the average saturation, and calculates the characteristic length of the sun using
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Fig. 3. From left to right, Threshold in Value Component, Threshold in edges over it,
median filter

Fig. 4. From left to right, edge detection in columns, rows, and fusion of them

Fig. 5. From left to right, Connected regions, Bigger Region, Mass Center

this average saturation (figures 7 and 8). As a final step, the algorithm verifies
the sun position using the Hue component (figure 7), transforms the image into
RGB and represents over it the sun circle (figure 9). It also represents the sun
as an artificial image, using a gaussian node (figure 9).

Fig. 6. From left to right, Initial Sun Circle, Final Circle, Mass Center
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Fig. 7. From left to right, Sun Circle in Value, Sun circle in Saturation, Sun in Hue

Fig. 8. From left to right, Mass Center in Saturation, Internal Circle in Saturation,
Sun Circle in Saturation

Fig. 9. From left to right, Sun Circle, Sun as a gaussian node in several color repre-
sentations

3 A Method to Segment the Clouds

As mentioned before, in order to preserve the integrity of the receiver, it is
necessary to detect and identify the clouds next to the sun. The proposed method
makes that possible, and also determines the minimum distance between them
at each instant.

The method is described in several steps: The algorithm computes the edge
image starting from the original Value image. Figure 11 shows how the edges of
the clouds appear very clear. This fact will be used to generate an automatic
threshold using statistical information like the image histogram and its proba-
bilistic distribution. The curve slope changes sharply when reaching a particular
value. This value is chosen as the threshold (figure 10). After this, a median
filtering is applied to the resultant image (figure 11). Next, the algorithm com-
putes the growth of regions in the edges of the clouds using the saturation image
and excluding the position of the sun (figure 12). In the following step, the al-
gorithm detects connected regions and labels them (figure 12). It also calculates
the minimum distance from each cloud to the sun, and saves these points (figure
13). Finally, the algorithm represents a grid around the sun and labels its ele-
ments (figure 13).Both procedures, the sun and cloud segmentation, have been



948 M. López-Mart́ınez, M. Vargas, and F.R. Rubio

achieved taking into account only the static information of the images. In or-
der to improve these procedures it will be added the dynamic information in a
similar way as the ones shown in [4] and [6].

Fig. 10. Automatic Threshold for the edge detection of clouds based on the slope of
the probabilistic function.

Fig. 11. From left to right, Edges Image, Thresholded Image, Median Filter

Fig. 12. From left to right, Growth of clouds using Saturation, Clouds with Gaussian
Node, labeled clouds
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Fig. 13. From left to right, Minimum distance Sun-Clouds, Labeled Regions, Clouds
and Regions

The following step is to associate a region of the image next to the sun to a
region of the heliostat field. In this way, when a particular region of the image is
covered by a cloud, that means that a cloud is covering a specific region of the
field. That will be shown in the next section.

4 A Method to Determine the Coverture of the Heliostat
Field

A vision-based method to determine which regions of a heliostat field are covered
by clouds, is presented in this section.

Several methods can be used in order to estimate the altitude of a cloud:
They are mainly stereo vision and infrared vision. The method presented here
is based on infrared vision. It is well known that the atmosphere temperature
varies with the altitude. The higher altitudes, the lower temperatures. Obviously,
this same principle applies to the temperature of the clouds. In figure 14a, the
variation of temperature as a function of the altitude and the type of cloud,
is shown. Ground and clouds temperatures will be measured with an infrared
camera. Using this information the clouds altitude can be estimated.

Fig. 14. Standard Atmosphere and Infrared Image
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Figure 14b shows an infrared image in which the estimated temperature is
under than 2oC. Therefore, using the hypothesis of standard atmosphere, the
estimated altitude is 2km.

Using the information about the segmentation of the sun and the clouds, the
covered field area will be estimated. In order to achieve this, a template, which
represents the field as if it was seen from fixed axis, will be used. A triangle will
be taken as the field template, which will change its form as a function of the
solar time (figure 15a). The size of this triangle will depend on the estimation
of the cloud altitude.

In this way, with an image of the sun, the surrounding clouds, and the altitude
estimation, it will be possible to estimate the covered field area. In order to
calculate the triangle, which represents three points of the field as seen from
a camera located in the sun, the field has been projected taking into account
the elevation and azimuth angles. These angles have been calculated using the
algorithm in [1], which gives the solar vector.

As a first approximation, it has been considered that the solar vector is the
same for the three points of the triangle due to the huge distance between the
sun and the earth.

On the other hand, the field with the orientation of the solar vector, has
been projected at a parallel plane to the ground at the altitude of the clouds
H (figure 15b). Next, each point of this projection has been prolonged towards
the position of the camera and over the image plane. As it is known, the image
plane is perpendicular to the optical axis of the camera. The camera attitude is
controlled so that the sun is in the center of the image. Therefore, in the image,
the sun corresponds to the camera which is located in the mass center of the
triangle that delimits the heliostat field.

Analyzing figure 15a, the following geometric relations can be established in
order to obtain the attitude of the triangle as a function of θSolar, the azimuth
angle of the sun taking the East as reference.

d1S = d1C ·cos(θ)

d3S = −d3C ·cos(
π

2
− θ − α3)

d4S = d4C ·sin(θ − α4)

dCS1 = −d1C ·sin(θ)

dCS3 = −d3C ·sin(
π

2
− θ − α3)

dCS4 = d4C ·cos(θ − α4) (1)

The signs have been defined in this way in order to make easier the cor-
respondence of the triangle in the image and the triangle in the field. In the
center of the image, where the sun will be located, an axis system has been situ-
ated. As mentioned before, this point corresponds to the situation of the camera.
Similarly, the following equations (obtained from figure 15b) allow to locate the
triangle as a function of the elevation angle of the sun, ϕsolar.

dCC′ =
H

sin(ϕ)
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Fig. 15. From left to the right, Heliostat field plant sight and Azimuth angle of the
sun. Heliostat field – Projection over the image plane

dsuelo =
H

tan(ϕ)

d̂SC4 = dsuelo − dSC4

γ4 = arctan(
H

d̂SC4

)

δ4 =
π

2
+ ϕ − γ4

dSC4′′ =
sin(γ4)
sin(δ4)

·dSC4 (2)

With these expressions, the triangle that represents the heliostat field, can
be drawn over the image of the sun. If a cloud covers part of the triangle then
the corresponding part of the field will be covered.

5 Conclusions

A method to segment the sun and the clouds and determine geometrically the
covered area in a heliostat field has been shown.

This information is fundamental to achieve a correct operation of the solar
power tower plant, and will let the master control system to take into account
these factors, in order to reduce the number of heliostats aiming to the receiver
and decrease the incident radiation when clouds are about to shade the heliostat
field.
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Alcobé, Josep Roure 32
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Garćıa-Orellana, Carlos J. 42
Garrell, Josep Maria 350
Garza, Luis E. 265
Gasca, Rafael M. 172, 303
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Raducanu, Bogdan 526
Ramı́rez, R. Carolina Medina 121
Ramı́rez, Raul Garduño 785
Ramı́rez-Quintana, Maria Jose 204
Read, Timothy 734
Reinoso, Óscar 714
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